CONTROL AND STABILIZATION OF THE BENJAMIN-ONO EQUATION
IN L2(T)

CAMILLE LAURENT, FELIPE LINARES, AND LIONEL ROSIER

ABSTRACT. We prove the control and stabilization of the Benjamin-Ono equation in L*(T),
the lowest regularity where the initial value problem is well-posed. This problem was already
initiated in [31] where a stronger stabilization term was used (that makes the equation of
parabolic type in the control zone). Here we employ a more natural stabilization term related
to the L? norm. Moreover, by proving a theorem of controllability in L?, we manage to prove
the global controllability in large time. Our analysis relies strongly on the bilinear estimates
proved in [36] and some new extension of these estimates established here.

1. INTRODUCTION
In this paper, we consider the BO equation posed on the periodic domain T = R/(27Z):
ur + Hugy —uu, =0, xz €T, teR, (1.1)
where u is real valued and the Hilbert transform H is defined via Fourier transform as

(Fu) (&) = —isgn(€)u(e), €L

The BO equation, posed on the line, arises as a model in waves propagation in stratified fluids
(see [6], and [40]) and has widely been studied in many different contexts (see [1], [2], [3], [8],
[10], [14], [15], [16],[18], [20], [23], [25],[37],[38], [35], [39], [49], [50)).

In the periodic setting the best known result up to date regarding well-posedness for the
Cauchy problem was obtained by Molinet [33] (see also [36]) which guarantees the global well-
posedness of the problem (1.1) for initial L? data.

The BO equation possesses an infinite number of conserved quantities (see [9]). The first two
conserved quantities are

L(t) = /T w(z, ) dz
and
Ir(t) :/TUQ(a:,t)dx.

Since the BO equation was derived to study the propagation of interfaces of stratified fluids,
it is natural to think I; and Iy as expressing conservation of volume (or mass) and energy,
respectively.

Here we will study the equation (1.1) from a control point of view with a forcing term f =
f(x,t) added to the equation as a control input:

up + Hugy —uuy = f(z,t), z€T, teR, (1.2)
1
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where f is assumed to be supported in a given open set w C T. In control theory the following
problems are essential:

Exact Control Problem: Given an initial state ug and a terminal state u; in a certain
space, can one find an appropriate control input f so that the equation (1.2) admits a solution
u which satisfies u(-,0) = up and u(-,T) = u1?

Stabilization Problem: Can one find a feedback law f = Kwu so that the resulting closed-
loop system

up + Hugy —uwug = Ku, x€T, teR"T
is asymptotically stable as t — +o00?

Those questions were first investigated by Russell and Zhang in [48] for the Korteweg-de Vries
equation, which serves as a model for propagation of surface waves along a channel:

Ut + Uppy — Uty = f, €T, teR. (1.3)

In their work, in order to keep the mass I;(t) conserved, the control input was chosen of the
form

f(a,t) = ($h)(x,t) := a(@) (h(z,t) - /Ta(’y)h(y,t) dy) (1.4)

where h is considered as a new control input, and a(z) is a given nonnegative smooth function
such that {z € T; a(z) > 0} = w and

2mla] = /Ta(x) do = 1.

For the chosen a, it is easy to see that

d/u(m,t)da::/f(:z:,t)d:vzo Vte R
dt Jr T

for any solution u = u(z,t) of the system
Ut + Ugpe — Uy = Gh, xz €T, t€R. (1.5)

Thus the mass of the system is indeed conserved.

The control of dispersive nonlinear waves equations on a periodic domain has been extensively
studied in the last decade: see e.g. [48, 45, 28] for the Korteweg-de Vries equation, [32] for
the Boussinesq system, [47] for the BBM equation, and [12, 43, 26, 46, 27] for the nonlinear
Schrodinger equation. By contrast, the control theory of the BO equation is at its early stage.
The linear problem was studied by Linares and Ortega [29]. They established the following
results regarding control and stabilization in this case.

Theorem A ([29]). Let s > 0 and T > 0 be given. Then for any ug,u1 € H*(T) with [ug] = [u1]
one can find a control input h € L*(0, T, H*(T)) such that the solution of the system

up + Huge = Gh, u(z,0) = up(z) (1.6)
satisfies u(x,T) = ui(x).
In order to stabilize (1.6), they employed a simple control law

h(z,t) = =G u(z,t) = —Gu(z,t).
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The resulting closed-loop system reads’
ut + Hugy = —3G5*u.

Theorem B ([29]). Let s > 0 be given. Then there exist some constants C > 0 and X\ > 0 such
that for any ug € H*(T), the solution of

up + Hugy = —99*@6, u(x,O) = UO(x)a

satisfies
Ju(-,t) = [uo]ll zrs() < Ce™ M |luo — [uo]lgrs(ry ¥Vt >0.

One of the main difficulties to extend the linear results to the nonlinear ones comes from the
fact that one cannot use the contraction principle in its usual form to establish the local well-
posedness of BO in H§(T) = {u € H5(T), [u] =0} for s > 0 (see [38]). The method of proof in
[33] and [36] used strongly Tao’s gauge transform, and it is not clear whether this approach can
be followed when an additional control term is present in the equation. Nevertheless, Linares and
Rosier in [31] obtained the first results regarding stabilization and control for the BO equation.
For completeness we will briefly describe these results.

In [31], it was considered the following feedback law

h = —D(Su),

where m(g) = [£|u(§), to stabilize the BO equation. Thus scaling in (1.3) by u gives (at least
formally)

1 9 T 1 2 1 2

DIy + [ 1D G agmdt = 3l ey (17)
which suggests that the energy is dissipated over time. On the other hand, (1.7) reveals a
smoothing effect, at least in the region {a > 0}. Using a propagation of regularity property in
the same vein as in [12, 26, 27, 28], it was proved that the smoothing effect holds everywhere,
ie.

Using this smoothing effect and the classical compactness/uniqueness argument, it was shown
that the corresponding closed-loop equation is semi-globally exponentially stable. More precisely,

Theorem C ([31]). Let R > 0 be given. Then there exist some constants C = C(R) and
A = MR) such that for any uo € HS(T) with ||uo|| < R, the weak solutions in the sense of
vanishing viscosity of

Ut + Hugy — uug = —5(D(Su)), u(z,0) = up(x), (1.9)

satisfy
lu(@)ll < Ce *|lug]| vt > 0.

Using again the smoothing effect (1.8), it was possible to extend (at least locally) the expo-
nential stability from H{(T) to H§(T) for s > 1/2.

1Actually, it is easy seen that G is self-adjoint (i.e. §* = G). However, we shall keep the usual notation for the
feedback h = —G*u throughout .
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Theorem D ([31]). Let s € (%, 2]. Then there exists p > 0 such that for any data ug € H§(T)
with |[uol|grs(1y < p, there ewists for all T > 0 a unique solution u(t) of (1.9) in the class

1
C([0,T), H§(T))N L?(0, T, Hg+2 (T)). Furthermore, there exist some constants C > 0 and X\ > 0
such that

lut)]ls < Ce M uglly ¥t > 0.

Finally, including the same feedback law h = —D(Gu) in the control input to obtain a smooth-
ing effect, it was derived an exact controllability result for the full equation as well. More
precisely,

Theorem E ([31]). Let s € (3,2] and T > 0 be given. Then there exists § > 0 such that for
any up, w1 € H§(T) satisfying

luollgsery <60, |lutllpsery <6

one can find a control input h € L*(0,T, Hsfé(’ﬂ‘)) such that the system (1.5) admits a solution

u € C([0,T], H§(T)) N L*(0, T, Hg+§(T)) satisfying

u(z,0) = up(z), u(z,T)=ui(x).

Our main purpose here is to obtain the control and stabilization result in the largest space
where local well-posedness is known for the BO equation, that is, for initial data in L?(T). As
we commented above the main difficulty to treat the problem for data in L? was to use the
gauge transform w = _%PJ,_ (ue™2"") introduced in [50]. We first consider the Cauchy problem
associated to the BO equation with a forcing term, that is,

u(z,0) = up(z) (1.10)

{ut+f}fum—uux =g, €T, t>0,
for data in L?(T) and g € L?([0,T], L?>(T)). Then, we establish the well-posedness theory for
(1.10). The main tool used is the bilinear estimates approach employed by Molinet and Pilod
[36] to show the local well-posedness of the BO equation in both cases in the real line and
in the periodic setting for data in L?(T) (see [18] for the first proof of this result in L?(R)).
The argument in [36] takes advantage of uniform estimates for small data for which the gauge
transform is well defined and a scaled argument (subcritical) to consider any size data. In our
case, we apply some Sobolev estimates which avoid the use of uniform estimates and we apply
directly the argument in [36]. Then we have to analyze the gauge transform for large frequency
data, for which this transformation has a bad behavior. Doing so we extend previous estimates
to overcome this difficulty. For instance we refine the bilinear estimates and obtain an extra
time factor (see Lemma 2.8) used to deal with large data as well as intermediate estimates to
treat the same situation (see the Appendix).

Next we describe the main results in this paper.
We begin with the exact controllability result. More precisely,

Theorem 1.1.
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(i) (Small data) For any T > 0, there exists some § > 0 such that for any ug,u; € L?(T)
with
[uoll <6, [lwal <6 and  [uo] = [ui]

one can find a control input h € L*([0,T], L*(T)) such that the solution u of the system

(1.11)

U + J{umc — UlUy = 9ha
u(z,0) = up(z)

satisfies u(x,T) = ui(x) on T.

(ii) (Large data) For any R > 0, there exists a positive T' = T(R) such that the above property
holds for any ug,u; € L*(T) with

Juoll < R, |luil| < R and [ug] = [u1].

Remark 1.1. We will give the proof of the theorem assuming that [ug] = [u1] = 0. The general
case can be done after the change of variables u(x,t) = u(x — t[ug],t) — [ug] is made in the
equation in (1.11). The results in Theorem A remain valid for the new equation in 1.

The argument of proof is as follows. The control result for large data (ii) will be a combination
of a stabilization result presented below and of the result (i) for small data, as is usual in control
theory (see for instance [13, 12, 26, 27, 28]). The local control result (ii) will be proved using a
perturbation argument from the linear result [29]. The difficulty comes from the fact that we
need some estimates at higher order for the nonlinear equation, which are quite complicated
due to the absence of a direct Duhamel formulation. Indeed, we need to have an expansion
for all the elements used for the well-posedness theory. These estimates will come from the
Benjamin-Ono equation verified by u, from the equation verified by the gauge transform w and
from the “inversion” of the gauge transform. For example, we will need some estimates of the
form 2iw = Pyu + o||(u,v)||%) and some Lipschitz type estimates of this fact.

In order to stabilize (1.11), we employ a simple control law

h(z,t) = =G u(z,1t).
where G* denotes the adjoint operator of §. Thus the resulting closed-loop system is
up + Hugy + vu, = —G55%u.

Theorem 1.2. There exist some nondcreasing functions ¢, A : Ry — Ry such that for any
ug € L(T), the solution of

(1.12)

up + Hugy — uuy = =35 u,
U(Z‘, 0) - UO(.%')

satisfies
(- t) = [uolll 2(ry < Ce Mug — [uo]ll z2(T) Vi >0
where A = A([|uol[), €' = C(||uol])-
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Remark 1.2. After the change of variables u(x,t) = u(x — t[ug),t) — [uo] described in Remark
1.1, we are left with some solutions with [u] = 0 and with the same equation but with G replaced
by G, defined by

(Sl ) = ae = ) (il = pt.0) = [ a)hloot) dy) (1.13)

with p = [ug).
We will give the proof of the theorem assuming that p = [ug] = 0 and detail in some remarks
the necessary modifications when G is replaced by G,,.

The proof of the stabilization theorem will be obtained by an observability estimate proved by
the compactness-uniqueness method. The difference from the case of the nonlinear Schrédinger
equation (see for instance [12, 26, 27]) or other nonlinear conservative equations ([13, 28, 42, 41])
comes again from the use of the gauge transform. We need to propagate some information from
the zone of damping to the whole space. Yet, the absence of Duhamel formulation prevents from
doing that directly on the solution w. The idea is to transfer this information from the solution
u to the gauge transform w, next to apply some propagation results to w and finally to obtain
the expected result by returning to the original solution wu.

As it was already mentioned, one of our main ingredients in our analysis is the study of the
well-posedness of the IVP

Ou+ HO*u —udpu=g, €T, t>0, (1.14)
u(z,0) = uo(z),
for data up € L*(T) and where g € L?([0,T], L*(T)).
More precisely,
Theorem 1.3. For any ug € L*(T), g € L?([0,T], L*(T)) and T > 0, there exists a solution
u e C([0,T], LA(T)) N X; "' 0 LALY(T) (1.15)
of (1.14) such that
in—1~
w= 0, Py (e 2% ) e X, (1.16)
where - )
@ = u(x — tlug),t) — [ug] and 07! := © Eel”.
i
The solution u is unique in the class
we L®((0,T); L3(T)) N L*((0,T) x T) and w e X3'/2.

Moreover, u € C([0,T]; L*>(T)) and the flow map data—solution: (ug,g) — w is locally Lipschitz

continuous from L*(T) into C([0,T]; L*(T)).

The proof of this theorem does not follow directly from the theory established by Molinet and
Pilod [36]. We have to distinguish two cases, small and large data instead. To apply the scale
argument in [36] there is a need of some uniform estimates that do not hold when we introduced
the source term ¢g and consider any data. To deal with large data we have to go around the
gauge transform since in this case it not “invertible”. We prove the theorem when [ug] = 0. The
general case follows as we commented above.
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The plan of the paper is as follows: in Section 2 we introduce some notations and establish
estimates needed in our analysis. General estimates which do not depend on the size of the
data are derived in Section 3. In Section 4 we deduce estimates used to complete the proof
of Theorem 1.3 for small data. Next in Section 5 we establish Theorem 1.3 for large data.
The control results are proved in Section 6. Section 7 contains preliminary tools to establish
Theorem 1.2. The stabilization is demonstrated in Section 8, and finally we include an appendix
containing some technical results.

2. NOTATIONS AND PRELIMINARY ESTIMATES

We use standard notation in Partial Differential Equations. In addition, we will use C to
denote various constants that may change from line to line. For any positive numbers a and b,
we use the notation a < b to mean that there exists a constant C' such that a < C'b.

For a 2m-periodic function f we define its Fourier transform on Z by

~

f&) = /T e " f(x)dx, €.

The free group associated with the linearized Benjamin-Ono equation denoted by U(-) is
defined as - R
U(t)f(6) = " F(©).
The norm of Sobolev spaces H*(T) will be denoted by || - ||s and when s = 0 the notation || - ||
will be used.
We will use the following projection operators: for N € N* we define

Pif = xg.f, P<of = X{&O}f, Psnf= X{sz}f 2.1)
Ponf = xge<nyfs  Pof = J(0), Py T = xqe1<ny ]
and o .
ANf = xqe>ny - (2.2)

For s,b € R we define the spaces X*°, Z5® and Z%b via the norms

ol = ([ [+ 16160 ot6, )P dear)
Iollzos = ([ ([ tr+ 1l (e 7l dey2ar) ™,

and

1/2
ol zes = 10wl 2o + (D lowlZen)
N

where d¢ denotes the counting measure in Z, (z) =1+ |z|, and vy corresponds to a classical
Littlewood-Paley decomposition (see [36]).
We also define the spaces X3 and X;l as

[l xs = vl xsr2 + [0l 740

and
[Vll g = 10l xsmare + V]l Zo -1
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When s = 0 we will use Xs and X to simplify the notation.
Next we define the restriction in time spaces. More precisely, for any function space B and
any T > 0, we denote by B the corresponding restriction in time space endowed with the norm

lull 5y = inf {llvllp = v(-)=wu() in [0,T)}. (2.3)
Note that, as pointed out in [36], we have the embedding
X3 Zy" c o([0,T), H*(T)).
We end this section by introducing the functional space X with the norm
1€ w)llx = Nz o,7),22) + lull Lo o,zpxmy + llull xora 4 llwll o2 + Jwll 7o

and we denote by X; the functional space corresponding to the norm for v and Xy the func-
tional space given by the norm corresponding to w as above. We will also use the notation

U= (u,w) € X.

2.1. Linear estimates. We will begin presenting some estimates in the Bourgain spaces. The
reader is referred to [17] for details.

Lemma 2.1. Let s € R. Then
In@WE)Allxs < NIl

Lemma 2.2. Let s € R. Then for any 0 < 6 < 1/2,

t
In(®) /0 Ut~ VW) A oy s S TH] oy (2.4)
and ,
||77(15)/0 Ut =t H () dt'llxs S NHI ooy + 1H ] 7o (2.5)

Lemma 2.3. For any T >0, s € R and —% <V <b< %, it holds
b—b'
leell gor S 77 ] oo (2.6)

The next estimate is a Strichartz type estimate (see [36]).

Lemma 2.4. It holds that
el S ull o,

and for any T > 0 and%ﬁbgé,
< 7b—%
lullzs , ST [lull you-
Recalling the notation X} = X%~1/2n Z0~1 we have that

Lemma 2.5. For 0 < e < 1, it holds

Izl x5 S T2l 2o, mpxm)- (2.7)
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Proof. From the definition we have that

Ep. 1—/(/<T+15|5> 5(r s>|)2—/§(/<o>‘1r<a—|5|f &))?
//<J> 1+25 €16, €) |2<// (r+ |ele)™ 1+25 ny :\|2||§<o,—1/2+a

—1—2¢

where we have used the Cauchy-Schwarz inequality and the integrability of <a> . We can
use Lemma 2.3 to finish the proof. O
Define F' = 9; 'u where 07 'u = €710, € € Z*.

Lemma 2.6. Let F;, i = 1,2, be defined as above. Then
le2*t — €2"2(| poo() S Jlua — ual g2, (2.8)
1Py (62" = e2"2) | poo(ry S (14 [[uallz2 + luzlg2) wr — wzl 2, (2.9)

and .

1Py (e2" — 1) poo(ry S llualze- (2.10)

Proof. Using Sobolev embedding and the definition of ' we have
le2"t = ¢2™ ooy < |Fi = Falli < ClIFy = Falln < C llur = wall 2.

Next we prove (2.9). Since Py is not a continuous operator in L we use first the Sobolev
embedding and then the L? continuity.

HP+(€%F1 —62 )HLoo <C||€2F1 62F2HH1 <C(1+”F1HH1 +”F2||H1)||F1 F2||H1'

The definition of F; yields the result.
Similarly, we obtain

1Py (e3 = 1) | ooy < C 3™ = Ul < C Pl < Cllual] g
O

The next result guarantees the existence of smooth solutions for the Cauchy problem (1.11).

Theorem 2.1 (Existence of smooth solutions).
e (Local) For a given T > 0 and s > 3/2, the initial value problem

up + Hugy — uuy, = g, zeT, t>0,
u(x70) = UO(x)
is locally well-posed for initial data ug € H*(T) and g € L?([0,T), H*(T)). Moreover,
the map (uo,g) — u is continuous from H*(T) x L*([0,T], HS(T)) — C(]0,T),H*(T)).
e (Global) Let s > 2, T > 0. Then for any (ug,g) € H*(T) x L?([0,T), H*(T)) the IVP

(2.11) has a unique solution

(2.11)

u e C([0,T], H*(T)).

We notice that the result is also true with a damping term —GSG*u instead of g.
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Proof. The local theory follows using parabolic regularization (see for instance [21]) for the ex-
istence and uniqueness. The continuous dependence follows by using the Bona-Smith argument
[4].

To extend the local theory globally we will make use of some quantities conserved by the BO
flow. We will sketch the proof for completeness. We begin with the L? estimate. We proceed as
follows. Multiply the equation in (2.11) by w and integrate with respect to x.

1d 9 1 9 9
- = < — . . .
s [ iz = [ ugds < Jjul? + 0] (212)
Gronwall’s inequality implies
T
lu@®)]* < C {lluol® +/ lg(t)l|72 dt} exp(CT), for 0<t<T. (2.13)
0

Next we obtain a H' a priori estimate. We use the fourth conserved quantity associated to
the BO flow, that is,

W) = / (20,0 - glﬂ H(Dpu) + T) da.

We apply the operator 40,ud, — 3uH(0,u) — %uQTH& + u3 to the equation in (2.11) and
integrate by parts to obtain

4
% (2(axu)2 - g@ﬂ H (D) + UZ> dz
5 (2.14)
= /(48$u8$g — 3uH(0zu)g — 3 w2 Hg + ulg) da
The Cauchy-Schwarz inequality, interpolation and Hilbert transform’s properties give
3
40,u0zg — 3uH (Opu)g — = u?HO, g9)d
‘/(81189 3uH(0yu)g 5 U 8g+ug> az‘ (2.15)
< Cllozull® + ¢ (lel*(lgll=g]l + 19=g11*) + l[ull*Igl* + |0:9]1%)-
Combining (2.14) and (2.15) we obtain
d
7 Yau(®) = Ch(u@ll, llg@®)]1) + € 19zu(t)]?, (2.16)
where
4/3
h(llu@)I1 9(®)ll) = lu®OIP W@ + lg®I) + lu@®* g0 + lg®)3. (2.17)

By using the Cauchy-Schwarz inequality, Sobolev embedding and Gagliardo-Nirenberg inter-
polation we also deduce that

W4(u(0)) < C([luoll)- (2.18)
Integrating (2.16) with respect to ¢ and using (2.18) it follows then that

Wy (u(t)) < C(I!Uoll1)+H(t)+C/0 105u(s)|* ds (2.19)
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where

t ~
Hi(t) :/0 h(llu(s)ll, [lg(s)ll1) ds < h(tyslszU(t)Ha 191l 22 (f0,,11 (7))
On the other hand,

19su(®)|2 = é\h(u(t)) + 2 / w(t)? H(Ou(t)) dz — é / u(t)* da.

Interpolation and Young’s inequality imply then
1
10z u(t)]* < o Yalu(®)) + (m + ) |0z (t)|* + el o) [[u(®)]|°, (2.20)

where 11, 12 are positive numbers.
A suitable choice of 71, 2 in (2.18) combined with inequality (2.19) implies

t
10zu()]* < Clluollx) + Ha(t) + C/ 10u ()| dt,
0

where Hi(t) = H(t) + Cllu(t)]|°.
Gronwall’s inequality implies

T
|0zu(®)||> < {C(|Juol1) +/0 Hy(t')dt'} exp{CT}, for 0<t<T. (2.21)

This inequality and the estimate (2.13) for ||u|| give an a priori estimate for the H'-norm.

To establish a H? a priori estimate for solutions of (2.11) we consider the sixth conserved
quantity associated to the Benjamin-Ono equation, that is,

Wo(u) = / {“66 _ {iu43{(6xu) + gzﬁ J—C(uazu)}] dx

+ g / [5u2(3xu)2 + u{H(0pu) }* + 2u H(Opu) %(u@xu)] dz
+ 10 / {(aggu)2 H(Opu) + 2ud2u I}C(axu)] dx + 8 / (0%u)? da.

The argument to show the a priori estimate in this case although similar is rather technical,
so we will give the final statement of the results without giving the details. Proceeding as in the
previous case we can show that

D6 (u(t)) < C(lluoll2) + Fo(t) + C/Ot 107u(®)|? dt', (2.22)

where

Fo(t) = /0 FUlu()I] 10zuls)ll; [lg(s)l2) ds-
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Using the Cauchy-Schwarz inequality, Gagliardo-Nirenberg’s interpolation, Young’s inequality
and (2.22) we get

[02u(®)| < <s(w) + Fu(u(®)], | su(®)])

8
SC(\\Uol!2)+Fo(t)+F1(\U(t)||1)+0/0 107u(t)[|* dt"

Thus an application of Gronwall’s inequality gives

107 w(®)* < {C([luoll2) +/O (Fo(t) + Fa([[u(®)ll1)) dt'} exp(Ct). (2.23)

Once the H? a priori estimates are available, the structure of the equation and the Sobolev
embedding theorem allow us to obtain an a priori estimate in higher order Sobolev spaces. This
is basically the content of the next claim.

Claim. For any s > 2 and 0 <t < T the solutions of the IVP (2.11) satisfy

T T
lu®)lls < C{lluolls + /0 lg(t) 1+ dt'}y exp{C /0 At a2 de).  (2.24)

Proof of the Claim. Apply the operator J® to the equation (2.11), then multiply by J*u and
integrate with respect to x:
1d
—— [ (Ju)? dx = /(Js(uaxu) Jou) dx + /Jsu Jgdx
2dt (2.25)

< I/(Js(uaxw Sou) da| + ullsllglls

where in the last inequality we use the Cauchy-Schwarz inequality. To estimate the first term on
the right hand side of the last inequality we use the periodic version of Kato-Ponce commutator
estimate (see [19], [22])

‘/J uauJudm‘<‘/ 8uJud:c]+|/8qu )? dz|

(2.26)
< Clfull e + 19wl z) [u(t)]13-
Combining (2.25), (2.26) and Young’s inequality we obtain
1d
§%||U(t)\|2 < O(l[ullz= + |9ullpeo) [u®)I]2 + [lg(t)|3- (2.27)
Hence Sobolev’s embedding and Gronwall’s inequality yield (2.24) proving our claim. O

Some estimates similar to all the previous ones, including the a priori estimate (2.24), are valid
if we add the term €92u, € > 0, on the right hand side of (2.11). We refer to Iorio [20] Lemma
Bl and Lemma B3 for more details (note that in this reference, the sign of the nonlinearity
is different but we can easily get to the same equation by the change of unknown u <> —u at
the cost of a slight change of the conserved quantities and the sign of their coefficients of odd
order). Since the local theory is established via the parabolic regularization method the a priori
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estimates above can be used to extend the local solution globally. This completes the proof of
Theorem 2.1 O

Lemma 2.7. Let u € X then the function

{f :(0,T] = R (228)

t o flulx,
is continuous, where Xy is the norm of restriction on [0,t). Moreover, there exists C such that
li < .
lim £(1) < O (u(0), w(0))]
Proof. For a proof of this result see for instance [26] (Lemma 1.4) or [24] (Lemma 6.3). O

In what follows, we will omit the dependence on T of the space X and we will denote X = Xp
for simplicity.

2.2. The equation after gauge transform. Now we define the gauge transformation to obtain
a new equation. Consider the IVP

{&tu + HO?*u = udyu + g = %GI(UQ) + g,

4(0) = ug (2.29)

where u a real valued function and ug, g are real valued functions with zero mean. Set w =
9Py (e 2y, F = 97w, and G = 85 'g, then (2.29) becomes

{atF +HOZF = 5(0.F)* — 3Po(F}) +0; g (2.30)
F(0) = 9, tuy.
Denote by W = P+(e%F), the solution of
OW —i02W = — P, [(02P_F)e 5] - %m (— %PO(FZ?) @) 5],
Since e~ 2F = W + PgoeféF and the cancelation P [(8%P_F)P§067%F] = 0 we obtain
OW —i02W = —P,[(02P_-F)W] — %m [(- %PO(FJ?) +G)e 2.
Denoting w = 9, W = —%PJr(ue_%F), it follows that
Oyw — 102w = —9, Py [W(P-0,u)] — %axa [(— %PO(FJE) +G)e3F)
= 0P [W(P-0w)] — L Py [ge™3"] = 1Py [(— 3 Polu?) + GJue 3],
We want to prove that at order one, if u(0) = ug, w = —%PJru with

t
2 _r 2
u(t) = e zug +/O et )g{azg(T) dr + O(HUOH%2 + HgH%,?([O,T],L?))'
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The main tool in our analysis is equation

dw — i2w = =9, Py [W(P-0,u)] — 5Py [geféF] — 2P [(— 3Po(u?) + G)ueféF} (2.31)
w(0) = wp. '
We denote the right hand side of (2.31) as
i —iF 1 1 2 —iF
—0, Py [W(P-0,u)] — §P+ [ge 2" — ZP+[( - §Po(u )+ G)ue 2" (2.32)
=I+I+1L
In our arguments we use the integral equivalent form of the solution of (2.31), that is,
t
w(t) = W(t)wo + / Wt —t)(I+ T+ m)(¢)dt,
0 (2.33)

= W(t)wo + IW(1),
where W(t) denotes the unitary group associated to the linear Schrédinger equation.

Remark 2.1. We observe that the estimates in Lemmas 2.1-2.4 also hold for solution of the
IVP (2.31).

We will end this section giving the statement of the key (main) bilinear estimate we will use
in our analysis. It was proved by Molinet and Pilod (see Proposition 3.5 of [36]).

Lemma 2.8. Let 0 € (0,1/8). We have uniformly for 0 <T <1
100 Py [W (P-01)] |l x5 < CT? || (u, w) |

We shall remark that this estimate is a slight modification of the estimates in [36] since we
also have a factor T? that will be very useful to make some bootstrap and absorption. In the
appendix, we sketch the modification of proof of Molinet-Pilod [36] that allows us to obtain that
term.

In what follows, we will fix 6 € (0,1/8) such that Lemma 2.8 and (2.7) hold for 0 < 7' < 1.

3. GENERAL ESTIMATES

In this section we will derive estimates needed in our argument which are independent of the
size of the initial data.

3.1. Estimates on w.
Lemma 3.1. Let w be the solution of (2.31). Then it holds that
[wll o o,71,L2) < l[wll oo < [ (w, )|,

and

lwllao,z1xmy < llwll yo.rr2 < l(w, w)llx

Proof. It follows readily from the space definition and Lemma 2.4. O
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Lemma 3.2. For w in (2.31) and 6 € (0,1/8) the following estimates hold

Jollx, < lwollze + CT (lgll 2oy o) + N9l 0.0 + )l + s w)|%).  (3.1)
Moreover,
lw —wellx, < CT? (gl L2(o,17,22) I (ws w) | x + [ (w, w) 5 + [ (, w)[[%) (3:2)
where wy, is solution of
_ 352 —_ip
Orwy, — 105wy, sPrg (3.3)
wr,(0) = wp.

Proof. We first prove that
[TWIlx, < CT@(II(%U))II% + {19l 22 o,z + 1w w0) % + Hgl\Lz([o,T],m)H(%w)llX)- (3.4)
Using Lemma 2.2 we obtain
[IWIlxy S M1Tlxg 4 (ML + (1T - (3.5)
From Lemma 2.8 we have that
Mllxy < CT?|(u, w)|%-

The term II will be crucial in our analysis. We rewrite it as

H:—§P+[ge 2 ] :—§P+g—§P+[g(e 2 —1)] (3.6)
=17+ 1Iyy
Hence Lemma 2.5 yields
I x; < CT| ULl 20,195 + 1MLl £2(o,77%m)
< CT?(lgllz2orxm) + gl L2 o<y le ™25 = 1| pos 0,775
< CT&(HQHH([O,T}XT) + llgll 2o rysm 1wl oo (0,77, 22)
< CT?(llgll r2o.mxm) + 9l 20,15y | (1 w) [ x ) -
For I, we also use Lemma 2.5

1
|| x; < C TP r2qp0,77xm) < CT?|| — §P0(u2) + Gl 220,17, 00) 1wl oo (0,17, .2

< CT(Jullfs (o122 + 190 2(t0,77,L2)) 2l Low (0,17,22)
< CT@(H(U’U))H%( + llgll 20,7, 02) 1w, w) [ x ).

Combining the above estimates with (3.5) yields (3.4).
Finally, using Duhamel formulation, Lemmas 2.1, 2.2, (3.5) and standard estimates we have

lwllx, = lwllxor + llwll o0
< Jwollzz + CT? (gl 20322 + Ngll 20,29 1oty )l + () % + ()1 (3.7)
< Jwoll 2 + CT? (llgl 2oy + N9z go.z1.00) + 0ty )l + [, w)I%)-
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Similarly,

[w—wirllx, = lw—wr| xo1/2 + |lw — w700 35
) )
< CT? (gl 2(o,ry,22) | (s w) | x =+ (1w, w)[[5 + [ (w, w)[[%)

where wy, is as in (3.3).

Next we derive the Lipschitz estimates corresponding to the X5 norm.

Lemma 3.3 (Lipschitz estimates). Let wy and wy be solutions of (2.31) and 6 € (0,1/8). Then
the following estimates hold:

Jwy — w2l x, < lwox — wozl + CT? g1 — g2llz2(jo. 7%y (1 + 1U]|x)
+ CT?||Uy — U x (HU1||X + 102llx + (U1l x + [[U2]1x)? (3.9)

+ 01 + lgzllaqoryeny (1 + 1211 x) )
and
(w1 — wr1)— (w2 —wr2)llx, < CT? g1 — g2llz2(jo.71xm) 1 UL | x

+ 10 = Uallx (U l1x + 1Uallx + (0 x + [0a]1x)? (3.10)

+ 101 + gzl qoryemy (1 + 1211 x) )
where w1 and wr, 2 are solutions of (3.3).
Proof. We first show that
|IW1 — IWs||x, < CT? ||lg1 — g2l 2.1y (1 + || U] x)
+CT°|U;s - U2HX(HU1HX +|Uallx + (U]l x + [|U2]lx)* (3.11)

+ 0211 + g2 2o 2y (1 + 121 x) )

Let w; and wy be two solutions of (2.31). We use the notation (2.32). From Lemma 2.2 we
obtain
[TW1 = IWallx, S [1Tlxs + Il + [T - (3.12)
Since I is bilinear, we get the estimates by writing
I} — Iy = =0, Py [Wi(P-0yu1)] + 0, Py [Wa(P-0pus)]
= =0, P [(Wh — Wa)(P-0pu1)] — O Py [Wa(P-0y(u1 — u2))].
Thus
Ty = Toflxy < CT? lwy — wallx, lunllx, + llwallx,llur — uallx,
< CT°||Ur = Uzl x (IIUhlx + [|Uallx).-

We write I =11 + Iy as in (3.6) . Since I, is linear, we obtain

M1 —Tpollxy < CT MLy — Tp ol r2o.mxm) < CT g1 = g2l 2(0.1yxT) -
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For IIny, we write
Inga—Une = =5 P ([ (€737 = 1)] = [g2(e737 — 1)]]
=5 Pelllor — ) (7 = )] + a2 — 2]

Myza—Tnzellx, < CT Mz — Tyl z2 o)

< CT(|lg1 — g2l 2o r1xmy 1wl o (o,77,22) + 92l 22077y 1wt — w2l e (0,77,22))

< CT(||lg1 — g2llrzqo = U1l x + llg2ll 2o U1 — Uzllx).
For I, we write

W~ 1 =P ([(= A0 + Grme 7] = [(= SR03) + Ga)use i)
=P [( - %Po((m —ug)(ug 4+ u2)) + G1 — GQ)ulef%Fl]

(= L Po(d) + o) (1 — wa)e™ 30+ un(e™ 3P0 — em3))]

Using the same estimates (the only difference is that we use (2.6) for the Lipschitz estimate of
the term e~2%"), we have then

[y — M|y, < CT|My — Myl r2qp0.77)
1
<CT’| - o Po((ur —uz)(ur +uz)) + G1 = Gall 2 (o1, ooy l[uall oo o7, £2)
1
+CT?| - §P0(u§) + Gall L2 (j0,7), 1) (Hul — w2l peo(f0,17,22)
+ ||u2HL°°([O,T],L2)”6_%F1 - 6_%F2||L°°([O,T}><’]T)>
< CT?Jur — wa|paqoryem) (lun |l ago.ryery + Nzl pago.rysemy) 1w ll oo jo.77,22)
+CT? 91 — g2l 22qo.7.2) 1wt || s 0. 77.22)
+ OT? (lwall 7o o.0.2) + 1920l 2 011,22 (1 + N[zl oo o,17,22)) w1 — wall oo (o,17,22)
2
< 07" (111 = Uallx (1011 x + 10211x)* + llg1 = gelloqo e Uzl x )

+CT? (10al% + llgall oy (1 + 102110 ) 103 = Ualx.

The estimates (3.9) and (3.10) follow by using Duhamel formulation, Lemmas 2.1, 2.2, (3.5)
and standard estimates. O

3.2. The estimates coming from the original Benjamin-Ono equation. We consider
again the IVP

O+ Ho*u = 30, (u?) + g (3.13)
u(0) = up. '
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Lemma 3.4. Let u be a solution of (3.13). Then the following estimate holds:
lull 10 < Clluoll 2 + Il (u, w) 15 + llgllz2om,2)- (3.14)

Moreover, if we denote by uy, the solution of

Owur, + HO*up =g
u(0) = uy,

we have
lu = urfl x-1 < l(w, w)|[%- (3.15)

,1

Proof. Using the definition of the space X L1 e have the estimate

1
HUHX;M < lullz2o,7),5-1) + ||§aa:(u2) + gl 20,1, 51

Using energy estimates we get

1
lellz2o2y,1-1) < Clluollzz + Cll502 () + gll 2 o,17,1-1)-

Finally, we deduce that

1
lull 11 < Clluollzz + 11502 (w®) + gl z2qo.ry.-1)

< Clluollpz + I1v?ll z2(o.77,22) + 191l £2((0,77,£2) (3.16)
< Clluollzz + ||u||%4([O,T],L4) + g/l 2 (0,17, 22)
< Clluoll 2 + 1w, w5 + gl r2(o,1,L2)-

O

Using the previous lemma, it is not difficult to deduce the Lipschitz estimates in the X L
norm. Indeed,

Lemma 3.5 (Lipschitz estimates). The next estimates hold
lur = wal[y—11 S fluox = wozllze + llgr = g2l 20,11 xm) (517)
+ [lur — w2l Lo, r ey (| (wts w) [ x + [ (ug, w2) | x)
and

lur = urn = (ug = uro)l x 11 S (w1, wr) = (ug, wa) || x (Il (ur, wi)llx + [(u2, wo)llx). (3.18)

Proof. The arguments in Lemma 3.4 with the required modifications yield the inequalities. [J
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3.3. Estimates coming from the gauge transform. Since w = —%P+ (ue_%F) we have that
ue™ 2 = 2iw 4+ P<o(ue2!"). Hence
u = 2iwes" + e%FPSO(ue*%F). (3.19)
But the second term is bad, it roughly says (at the first order in u) that for the negative
frequencies, u = wu, and so it does not allow to invert. But for positive frequencies
Piu=2iP, [we%F] + P. [P+(e%F)P§0(ue*%F)]
— 2Py w + 2Py [w(e2" —1)] + Py [Py (e2") Peg(ue™27)] (3.20)
=2iw+ A+ B,

where we have used P [Pgo(e%F)ng(ueféF)] = 0. In this case, the third term is quadratic in
u. Indeed,

B = P, [Py (e3T)Pg(ue™3)] = Py [Pye

ol

T 1)Po(ue™3)] + Py [Peo(ue™5")]

i i (3.21)
=Py [P+(€§F - 1)P§0(ue_5F)].
Lemma 3.6. It holds that
Pl oo o.r1.22) + 1Prull oy <ry < llwllxs + [l (u, w)[[% (3.22)
and
1Pyu = 2iw]| oo (jo,77,2) + | Pyt = 2iw]| pao,ryxry < Il(w, w)][%- (3.23)

Proof. We use the decomposition (3.20) to estimate P;. From Lemma 3.1 it follows that
126wl| oo 0,1,22) + 120wl 2o, myxmy < lwll oo + llwll yorr2 < llwllx,- (3.24)
Since P, is a pseudo-differential operator of order 0, it maps L* into itself. Hence
I All 2o (f0,77,22) I All L4 [o,7) xT)
< (hollzeeqoryz) + lwllzago,rem)lle2™ = Lz oy (3.25)
S (lwll goo + llwll our2) ull oo qo2y.22) < I(wy w)|%
and
1Bl e (o,7,22) + 1Bl pago,rixmy < 1P+ (€27 = 1)z orwny (1l e o,z 2) + el 22 o,ryxm)
S N (w, w) %
Combining these estimates we obtain the desired inequalities. O
Next we obtain Lipschitz estimates for the terms involving the operator P.. More precisely,
Lemma 3.7 (Lipschitz Estimates). It holds that
| Pyur—2iwy — (Pruz — 2iws)|| peo 0,77, 12y + [ Prur — 26wt — (Pyur — 2iwz) || Lago,m <)

<, w1) = ()l (N, )+ i )l + iz, ) ) (3:20)
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and
|Pyur — Pyusl|poo(om,22) + | Pru1 — Pruzlpago, <) (3.27)
< lwr = walx, + || (w1, w1) = (w2, wa)||x (| (wr, w1) l|x + [ (uz, wo)ll x + || (w2, w2)[1%)-

Proof. Recall the decomposition (3.20). To establish the corresponding Lipschitz estimates we
write

Ai — Ay = 2iPy [wi (€371 —1)] — 2iPy [wa(e3™ — 1)]
= 2iP; [(w; — wg)(e%F1 -1)+ wg(e%Fl - e%FQ)].
Hence
A1 — Azl oo (jo,17,22) + 141 — Azl La(jo,r)xT)
S(H’wl - w2”L<>o([0,T},L2) + flwr — w2HL4([O,T]><']I‘))He%F1 - 1HL°°([O,T]><'JT)
+ (Il ooy, 22) + lwzllao.ryemy) €2 ™ = €3[| e go.17,cm)
<(flwr - wal| o0 + [lwr — UJQHX%U?) [t |l oo (j0,77,22)
+ ([lwall o0 + Hw2HXg,1/2)HU1 — 2| oo ([0,7),L2)
<01 = Uallx (U]l x + [[U2]1x)-
On the other hand, we write
By — By = Py [Py (2™ — 1) Peg(ure™21) — Py (e22 — 1) Pog(uge™2%2)]
=Py [P+(6%F1 - e%FQ)PSO(uleféFl) + P_i_(e%F2 —1)P<o((u1 — ug)eféFl + U2(€7%F1 - eféFQ))].
Thus
|B1 — Bal| Lo (j0,17,2) + |1 B1 — Bal| 14 (jo,m <)
< C (IU1lx + 10allx + (10 1x + [T211x)?) 07 = Tl
These estimates lead to inequalities (3.26) and (3.27). O

4. SMALL DATA ESTIMATES

The control results as well as the proof of Theorem 1.3 depend on the size data. In this
section we aim to establish all the estimates related to small data needed in our arguments. We
will also give the proof of Theorem 1.3 corresponding to small data.

Since we are just considering real valued functions we have P_u = P, u, thus

[wll oo o,71,22) + lullLaomyxry = 1Pl oo o,m,22) + 1Pl Lao,mxm)-
Gathering the information from Lemmas 3.2, 3.6 and 3.4 yields
leollxa < lwoll 2 + Clglzzqomy o) + 1912 o2 + s w) % + 1y w) 1)
[ll 2o o,77,22) + lull agoryxmy < llwllx, + [1(u, w)[1%

lull -0 < Hluoll e + (s w)% + gl p2omy,22)-
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and finally
(s w)llx < lluollze + gl z2o.ry,22) + 190 2oy, p2) + Iws w)lE + [l (u, )%
If |9l 2(0,17,22) is small enough, it follows that

(s w)llx < lluollze + lgllzqory.c2y + Il (ws w) [ + [1(u, w) |-

Then, since all these quantities are continuous in 7" and have value at t = 0 bounded by C||uo]| 2,
see Lemma 2.7, we can apply a bootstrap argument to get for |luoll and ||g||z2(j0,77,22), small
enough, that

1(w, w)llx S lluollz2 + lgllz2o,m,22)- (4.1)

4.1. First order estimates. Using the Lipschitz bound in the previous section we will establish
some estimates useful to prove the control results.
The estimates (3.23) and (3.10) yield

[1Pru = 2iwl| oo jo,71,2) < [l (w, )% < lluollZz + 9072 0.7.2)
lw —wr|lx, = lw—wg| x01/2 + w —wrl z00 < gl 2oy, 22|l (W w) [ x + [ (w, w)|%-
Finally, we have by triangular inequality (noting that Z%° C L*>([0,T7, L2))
|Pru — 2iwg || ooy rey < lluolliz + H9H%2([0,T],L2)

where
8twL — i@ng = %P+9,
wL(O) = Wo

In particular, since w is real valued, P_u = Pu, so
[P—u = 2iwp||pee o2y < lluollze + 19l 220,77, 2)-
But, we notice that v = Pyu + P_u and uy, = 2iwy, 4+ 2iwy,. In particular, it follows that

|u — UL||L°°([0,T],L2) S ||U0H%2 + HgH%Q([O,T],L?)‘ (4.2)

4.2. Lipschitz estimates. If ||ug;

s 119ill2(0,77,22), © = 1,2, are small enough, we still have
| (uiy wi)llx S Nwoill + llgill L2 jo,m,22)-
Assume that [luo | + [|gillL2(jo,7),22) < €, with € small. Then (3.9) becomes
Jwi —wallx, $ o — woz2ll + llgr — g2ll 2o, xmy + €l (w1, w1) — (u2, w2)||x-
Inequality (3.17) becomes
lur = ually 10 S lluos = wopll + llgr = gallz2(orixm) + ell(ur, wr) — (ug, wo)llx
and inequality (3.27) becomes

| Prur — Prua||pee (o, 22) + [[1Prur — Prua| pago myxm)
S llwr — walx, + el (u1, w1) — (uz, w2)||x-
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Thus gathering all these estimates of the X-norm components (using again that u is real
valued and that the estimates about P, u are sufficient for the L>°([0, 7], L?) and L*([0,T] x T)
norms), we get

[ (u1, w1) = (uz, w2) | x S lluo — woz2ll + ll91 — 92l 2o, ryxmy + &ll(ur, w1) — (u2, w2)|x
which gives by absorption for € small enough
[ (u1,w1) = (u2, wa) |l x < lluwo,1 — woz2ll + llg1 — g2/l 2(jo,7)x)- (4.3)
For the estimates of the second order terms, we have from (3.10) and (4.3)
lwr — w1 — (w2 —wr2)llx, S e (uog —uozll + g1 — g2l 20, 17xm))
and from (3.26) that
| Pyuy — 2iwy — (Pyrug — 2iwa) || e orrzy S € (luog — wozll + lgr — g2ll L2 qo,r<my) -
The triangular inequality yields
|1Pyur — 2iwp 1 — (Pyug — 2iwp o)l ooy S € (luog — wopll + 191 — 921l n2(o,1xm)) -

Once again, we notice that since u;, g; are real valued, this implies

lur —up,y — (ug — up2)ll oo, r2) S € (luog — wozll + 1191 — g2ll 2o 1yx) ) - (4.4)

Proof of Theorem 1.3 (small data case). The main ingredient is the Lipschitz inequality (4.3).
Once this is established, the proof of the theorem follows from standard arguments. For a
detailed and careful proof of it, see [36]. O

5. LARGE DATA ESTIMATES

In this section we will complete the proof of Theorem 1.3 and establish some estimates for
large data useful for further analysis.

5.1. Low-frequency estimate. In this subsection, we establish some estimates of the low
frequency component of the solution for eventually large data. These estimates are necessary
because the gauge transform is not invertible at low frequency for large data.

Let N € N* be fixed. We will prove some estimates that might depend on N.

Lemma 5.1. For u solution of the IVP (3.13), we have the following uniform estimate for
0<T<1

| Pnull oo o,7,22) + | Pnull Lago. ) <)

< C(N)luoll L2 + C(N)gll 2o 1) + CONT Y ullFa o y5em) (5.1)
and for two different solutions
1Py (ur — u2)| Lo jo,7,22) + 1PN (w1 — u2)[ 240, 17xT)
< C(N)|luo,r —uoz2lizz + C(N)g1 — g2ll L2 jo,myxm) (5.2)

+ C(N)T1/2(Hu1HL4([O,T]><T) + ”U2HL4([O,T]><T)) w1 — w2l Lago,7xT)-



CONTROL AND STABILIZATION OF THE BENJAMIN-ONO EQUATION IN L?(T) 23

Proof. We first link the L* estimate to the L$°L2 one by using Sobolev estimates, that is,
1Py ull o, xm) < CTY 4| Prvull oo .17, 04) < ClIIPNUl| oo o0y < C(N) | Pl oo (0,17, 2)-
To estimate the L$°L2 norm we use the solution uy of the equation satisfied by uy = Pyu,
ie.
) {atuN + HO2uy = L Py, (u?) + Pyg,
un(0) = Pnuyg.
From semi-group estimates we obtain
I1Pnull oo o,77,22) < Clluollzz + Cll PN (w?)| p1qo,m,02) + CI PN gl o7),22)
< Clluollz2 + C(N)TY2| Py (u?)| 2 o.11,22) + Cllgll L or,02)
< Clluollz2 + Cllgll2qo.r,22) + CONTY 2wl 2 o.17m)-
The same argument leads to (5.2). O

5.1.1. Global large data estimates. We change a little the decomposition (3.19). The point is,
roughly speaking, to make the gauge transform “invertible” at high frequency (the frequency
will depend on the size of the data). For large F' the second term of the gauge transform (3.19)
is bad, and the gauge transform cannot be inverted for large F. But in some sense, it can
be inverted at large positive frequencies. Note that another way of obtaining global estimates
for large data used by Molinet [33] was to use the scaling argument to get to some small data
(because the equation is subcritical). But this approach requires to have some estimates uniform
on the lengths of the interval. Many of the estimates we used are indeed uniform, but this is
not the case of the Sobolev embedding H!' < L. One solution found by Molinet in [33] was
to apply this estimate to P, and the estimate indeed becomes uniform. Our approach is quite in
the same spirit however we believe that it gives another point of view and may be more reliable
in the case of damped equation or source term.

Let N € N* be large, to be chosen later. Applying the operator P>y to both sides to (3.19)
we obtain

P>yu = 2iP>y[we"] + Poy [Pon(e2") P<oue™2")]
= Ay + By.

We apply the same estimates as before to get (the action of operator P>y on L* can be easily
seen to be uniform on N by noticing that P>y = eNep, i)

IAN Lo 0,77, 12) + AN zaor1xm) < C (lwll oo o9, 12) + 1wl Lago, <))
<C (||szga0 + ||wHX%1/2) < C|wlx,-

For By, we also use Lemma A.3 in the Appendix.
BNl oo (0,17,2) + [IBN I 24 ([0,71xT)

< 1Py (e2 ™) oo o,myxm) (1l oo o71,22) + 1l aqo. 7<) )

C 9
< — .
< <l )l
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The above estimates yield

Lemma 5.2. For N € N* large, it holds that

C
P> Nl poeo,r),02) + 1 P2null Lagorxry < llwllx, + ﬁH(“’ w)[l%- (5:3)

5.1.2. Large data Lipschitz estimates. The previous decomposition is still not sufficient. This

time, it is because of the first term of the gauge transform. The difficulty now comes from the

the low frequency of F' which a priori do not allow to make P>y [wg (e%F 1 e3P 2)} small.

We change a little bit the decomposition inspired by Molinet [33] p. 663. Let N € N* be
large, to be chosen later.

e 2 = PuyW + Pey(e37)
Then decomposing F' = QnF + Py F, we get
e 2NE e%PNF(PZNW + PSN(e_%F)).
Taking derivative in x yields
(QNu)e*%QNF = —(PNu)e%PNF(PZNW + PSN(e*%F)) + e%PNF(QiPZNw + PSN(ue*%F))
or
Qnu = —(PNu)e%PNF(PzNW + PSN(G_%F)) + e%PNF(QiPzNw + PSN(ue_%F))
+ (Qnu) (1 — e*%QNF).
We now apply P>3n to the last identity to obtain
Psgnu = —Psgy [(Pyu)es™F Poy W] — Pogn [(Pru)es™F Poy(em55)]
+ 2iPs3n [e%PNFPZNw] + Psan [e%PNFPSN(ue_%F)]
+ Pogy[(@uu)(1 — e 10VFY]
= Ay + By +Cy + Dy + En.
We write
An1—Ang = —P>3n [(PN(ul — ug))e%PNFlPZNWl + (PNug)(e%PNFl — e%PNF2)PZNW1
+ (Pyug)e2 N2 Py (W — Wh)].
Then using the Sobolev estimate (A.1) of the Appendix on the terms with W, we get

IAN1—AN 2l Loo(0,77,02) + AN — AN 2|l Lao,mxm)
C (5.4)
< TNHUI — Uallx [1U1]lx + UL 1L x + 1O U2 llx + 102015 ]

To obtain estimates on By, we first notice that due to the frequency localization, we have

By = —Psan [(Pyu) Pon(e2PNF) Poy(e727)].
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Thus we can write
By — B = Pssn[(Pn(u1 — uz)) Pon (3PN F1) Py (7371
+ (Pyug)Pon (e — eV Py (em31)
b (Prun) Pon(e34) Py (4 — 4]
Using the estimates of Lemma A.3 for the term with P>y, we obtain
IBn,1 — Byl (o.r,02) + 1Byt — Byl Lago,r<m)

C f (5.5)
SﬁHUl = Ul x [I1U[1x + 10115 + 10 1% + 1Uz2llx + 102015 + [10211%]-

Cy is the crucial term that contains the information on w and we have to estimate it with
respect to the norm of Pyu.

CN71 — CN’Q = 2’iP23N [(E%PNFl — G%PNFQ)PZNwl - G%PNFZPEN(wl — wg)] .

Thus
ICNn1 — Onallpe(o,1),02) + ICN1 — On2llLago,rx) (5.:6)
< C||Pn(un — u2) oo (o,17,2) 101l x + Cllwr — wa]|x,-
Dy can be treated similarly as By. By frequency localization, we also obtain
Dy = Poan[Poan(e3™F) Py (ue™37))
and then
[Dni—Dn2llLe(o,1),22) + IDN,1 — D2l Lao,r)xm)
(5.7)

C
< 5t - allx T x + 0 + 101 + 102l + [1T20% + 020X ]-
For Fy, we use the third estimate of Lemma A.3.

Eng—Eng = P23N[(QN(U1 - UQ))(l - 67%QNF1)] + P>3n [(QNUQ)(eféQNF2 — eféQNFl)].
Hence

HEN,l — EN,Q”LOO([O,T},L?) + ”EN,I - EN,2HL4([0,T]><T)

C (5.8)
< 7N||U1 — Dallx [1U1 ] x + U115 + [[U2llx + 102115 ]-
Gathering the estimates (5.4)-(5.8) results in the
Lemma 5.3.
| P>sn (ur — u2)peojo,7),22) + |1 P>3n (w1 — u2)|| 240, 71x)
< C||Pn(un — u2)| Lo jo,m,22) Ut x + Cllwr — w2l x, (5.9)

C
+ ﬁ\\Ul — Uallx [1U]lx + U5 + 1UL% + 102]1x + [|U2]% + [1U2]1%] -
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5.2. Large data global estimates. From Lemmas 3.2, 5.1, 5.2, and 3.16 we have

lllxa < llwollzz + CT? (gl 2qoryz) + 913 oz, + s @)% + s, w)lI%),
C
IPoxullmgomzo) + IPovullusqorisn) < Il + 7w w),

lull 10 < Clhuollze + lulagory oy + lollzaqo o
and
| PNl oo o,7,22) + 1 PNull Lago,r1x)
< C(N)luollz2 + C(N)gll 2o,y + CONT ([l F 4 0,17y

1/2

Since the term [u/|%, ( ) in the third inequality has not factor of T" or N™*/= we need to

[07T]7L4
combine the second and third estimates to obtain

C
lullx, < C(N) [lluollzz + lgllz2qo,r),e2)] + lwllx, + ﬁll(u,w)lﬁf + CIN)T2ullFa o 210m)

C 2

+ <C(N) [lwollzz + llgllz2ory.22)] + llwllx, + ﬁ”(%w)’@( + C(N)T1/2Huui‘l([o,T}x'ﬂ‘)) :

Notice that ||wgl|z2 < ||up||z2 and since we assume that 0 < T <1, N € N*, we have
I w)llx < OO (ol ze + gl z2qo.zr.coy + 912207110

(
(aﬁ+;;+cmnw%mwwm§+me&)
(C(N) [Ilwoll 2 + lgll 2 or1,c2) + 191172077, 2)]

(

(

C (5.10)

CT 4 e CONT) (w0l + s w)l)

N)[lluollz2 + lluoll72 + llgll L2(o.71,2) + ||g||i2([0,T},L2)]

+

_'_

_l’_
<C

+(CT% + —= + (T2 ([|(u, w)llx + [[(u, w)[I%).

With this estimate at hand we proceed to establish a uniform Lipschitz bound for large data.

We can now use a bootstrap argument (see for instance Lemma 2.2 of [5]) using Lemma 2.7
for the continuity and limit in zero. Let R > 0 such that [juo||z2 + [|9]lz2(j0,77,02) < R. We first
pick N large enough and then 7" small enough (only depending on R and universal constants)
to get by a boot strap

I, w)l|x < C(R)[lluollzz + llgll r2o,m,22)] -

This gives the expected result for times 7' small enough (the smallness only depending on R,
ie. T < C(R)). To globalize the result, we use the energy estimate (for ¢ positive or negative),
obtained by multiplying the equation by u and integration by parts, and which is valid for
smooth solutions

t
waﬁw=M®H%—2Aguw.
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By Cauchy-Schwarz inequality,

1 t
nmmmswmw;+wﬁmﬁm+2énmw;d&
We conclude by Gronwall’s lemma that the L? norm is bounded on every compact interval.

5.3. Large data Lipschitz estimates. We assume |luol[z2 + [|g]/z2(jo,7,z2) < R. From the
previous section we have

IUllx < C(R).
Thus the estimates (3.9) and (5.2) yield
[wi = wal|x, < [lwos — wozllzz + C(R)|lg1 — g2ll L2(oryxry + C(RT? UL = Ul x  (5.11)
and

| Pn (u1 — u2)| Lo jo,1),22) + 1PN (w1 — u2)l| 220, 77xT)

(5.12)
< C(N)[luog — wozllrz + C(N)llgr — gall 2oy + C(N, RYTY2||Uy — U x.
The estimate (5.9) can be rewritten as
P> N (w1 — u2) || oo (jo,r7,02) + [1P>N (w1 — u2)| Lago, 1<)
C(R (5.13)
< OB Px a1 = o) oy + Cllun — walls, + <2203 — Ul

and from Lemma 3.5 it follows that
lur = wsl[ 11 < fluox —wozllze + llgr = g2ll 2o, rxmy + C(R)l[ur — ual[Laqo1xmy-  (5:14)
Therefore, combining the estimates (5.11)-(5.14) leads to

UL — Usllx < C(N,R)([luog — uo2llzz + llg1 — g2l 2o, 1))
C(R)
+ (C(N,R)TY? + =2 4 ¢(R)T?) | Uy — Us)| x.
(c( ) ~ (R)T?)||Uy — Us| x

So, by choosing N large enough only depending on R and then T small enough (only depending
on N, R so only on R), we get

UL — Us||x < C(N,R)(|luox — wozllzz + g1 — 92/l 2o, 71x)) - (5.15)

The estimate (5.15) allows us to establish the existence and uniqueness of the solution of the
problem (1.14). The continuity of the flow follows by Bona-Smith argument. This completes
the proof of Theorem 1.3.

6. CONTROL RESULTS

In this section we will prove Theorem 1.1. First we will consider the damped equation and
use the theory established in the previous section to this case.
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6.1. Case of the damped equation. We consider the equation

u + HO2u = 30,(u?) — §G*u (6.1)
u(T)=0 '
We view the damping term as a source term, setting ¢ = —GG*u. Thus, we have
lgllz20,77,02) < CTY2||ull oo (0.1, 22) < CT2 (u, w)] .
Hence estimate (5.10) becomes

lww)llx < CO)[luollze + uol]
+wﬁ+j;+anWMmeu+m%w@y

We can conclude similarly by bootstrap for small times (only depending on the size). This
gives the expected result for small times. For large times, we use the energy estimate (for ¢
positive or negative)

t
|Mm;=wwﬁraéwwwéw-

For positive times, the energy is decreasing, for negative times, we conclude by Gronwall’s
lemma.

We conclude similarly for the Lipschitz estimates.

Now we proceed to prove Theorem 1.1. We want to control the following problem

Opu + HO*u = udyu — GG*h,
u(T)=0
where § is defined as in (1.4).
We seek a control of the form of a solution of (hg is real valued with zero mean)
Oth + HO2h =0
h(0) = hy.
We denote by B the nonlinear operator defined by Bhy = u(0). Let uz, be the solution of
Owur, + HO?up, = —GG*h
UL(T) =0.
The linear operator from L?(T) to itself defined by Lhg = ur(0) is the HUM operator, which

is a bijection of L?(T) by the observability inequality of Linares-Ortega [29]. We note Who =
u(0) = ur(0) + Kho = Lho + Khg. (4.2) can be written as

1K holl 2 < Cllhol|72

for ||hol| 12 small enough. Let ug € L*(T). So, the objective Who = Lho+Khg = ug is equivalent
to hg = —L ' Kho+ L™ 'ug, that is hg is a fixed point of B defined by Bhg = —L ' Kho+ L™ 'uy.
But, we have

1Bhol|z2 < CllKhollz2 + Clluollz2 < Cllhollzz + Clluol| 2
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Thus, if we denote Br the unit ball of L? of radius R = 2C||ugl|z2, B sends Bg into itself if
CR < 1/2, that is, if ||ugl|z2 is chosen small enough.

Moreover, estimate (4.4) shows that for two solutions of the nonhomogeneous problem u;, usg
coming from the controls g; = —GG*h; (recall that we have assumed ||gi||z2(jo,rxT) < €, which
is equivalent to ||ho|| 2 < €), we have the estimates

[Khoy — Khoalle < llur —upy — (u2 —ur2)lleqomrzy < ellgr — g2llz2o,r)x1)-

Since Bho,1 — Bhoa = Kho1 — Khg 2, this means that for € small enough (that is R = 2C||ug|| 2
small enough), B is contracting and reproduce Br. Therefore, it has a fixed point which is the
expected control.

It ends the proof of Theorem 1.1 part (i) for small data.

7. STUDY OF CONTRADICTING BOUNDED SEQUENCES OF DAMPED EQUATIONS

7.1. Large data. In this section u, is a solution as in Lemma 7.1. We assume to be proved
that (u,,w,) is bounded in X. The final aim is to prove the strong convergence in L? as stated
in Theorem 7.2. We assume [up] = 0 and explain the required modifications in a remark for
the general case. Mainly, according to Remark 1.2, the modifications require to apply the same
arguments to u and to replace § by §,,.

Lemma 7.1. Suppose un s a bounded sequence in L? with [uo,n] = 0 with associated solutions
Unp,

un(o) = UQ,n-

Assume moreover that Gu, — 0 in L*([0,T] x T). Then, u, — 0 in L*([0,T], L?) and weakly-*
in L>=([0,T], L?).

Remark 7.1. We could certainly get rid of the term GG*u,, (converging to 0 in L*([0,T] x L?))
and work with solutions of the free equation. Yet, we have chosen to keep it since it did not
perturb too much the analysis and it seemed easier than proving a general perturbation theorem.

Proof. We assume u,, — u in L2([0,T], L?) up to subsequence. The only problem to use directly
Proposition 2.8 of [31] is that because of the nonlinear term, it is not clear that w is solution of
the Benjamin-Ono equation (see Molinet [34, 35] for some cases where the limit equation is a
modified equation).

Denote the sequence ¢, (t) = [ a(y)un l‘, t)dy, bounded in L?([0,7]) and weakly convergent
to ¢(t). Denote r, = un . We have a(z)[rn] =0, in LQ([O T] x T). In particular, r, — 0
in L2([0,T] x w) and 72 — 0 in L([0,T] x w) Therefore, r2 — 0 in the distributional sense of

D'(]0, T[xw) and hence it is the same for 9,72. But we have

(9;57',21 = axun — 20, (cpup) + 83;0721 = (%u% — 20, (cpup)
= 8xui — 20, (cpry)

But, we have r, — 0 in L([0,T] x w) 80 ¢,7, — 0 in L'([0,T] x w) and so in the distributional
sense in D'(]0, T[xw), and the same for 0, (cpmy).
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So, we conclude that d,u2 — 0 in the distributional sense of D’(]0, T[xw). In particular, the
weak limit u is solution in the sense of distribution D’(]0, T[xw) of
up + Hugy = ¢(t) + Hugy = 0.

Therefore, we have Huy,, = 0 in the distributional sense of D'(]0, T[xw).
Moreover, since 1, converges to zero in the distributional sense of D’(]0, T'[xw), it is the same
for 7y, gex = Un zze and we have ug,,; = 0 in the distributional sense of D’(]0, T[xw).
We conclude that w = 0 as in Linares-Rosier [31] Proposition 2.8. 0

Remark 7.2. In the case of [upn] = p # 0, we can, for instance, set u,, = u, — pr and obtain
stmilarly u, — p using that w, is solution of Owu,, + H@ggn = poyu,, + u,0zu, — 95%u,,.

Lemma 7.2. u, — 0 in L%([0,T], L?) implies wy, — 0 in L?([0,T), L?) with w, = P+(un67%F")

(for solutions). The same holds for up,e” 2.

Proof. F,, weakly-* converges to 0 in L°°([0,T], H') and 0;F, is bounded in L>([0,7], H™1)
and hence by Aubin-Lions lemma, F, converges strongly to 0 in L°°([0,7], L*°). By the
mean value theorem, e 2! converges strongly to 1 in L>([0,T],L*°). Actually, 0,F, =
—HO2F, + (0. Fn)? — S Po(F2,) + 071 G5 uy, is bounded in ([0, T], H~') since 02F, = O up,
and (0, F,)% = u2 is bounded in L>([0,T], L') c L*>([0,T], H™1).

Let ¢ € L?([0,T], L?). We write

e T
[0,T]xT [0,T]xT [0,T]xT [0,T]xT

The first term converges to 0 by strong convergence of e~ —1in L*2([0,T7], L>). The second
converges to 0 by weak convergence. The same proof without Py gives the result for upe 2. 0O

Lemma 7.3. ¢,(t) = [a(y)un(y,t)dy is bounded in H*([0,T]) and converges strongly to 0 in
L*([0, 7).

Proof. We compute
1
cn(t) = /]I‘a(y) [g_fajun(ta y) + §8y(un(ta y)Q) + 99*%1] dy

= /Tfmﬁa(y)un(t,y)dy;Aaya(y)(un(t,y)Q)dy+/Ta(y)SS*undy-

éa(t)] < C'Hun(t)HLQ(T)+C'Hun(t)”%2(1r)

So [len(®)ll2qory < Cllunllz2o,m,z2) + C||un||%oo([07T]7L2) < C. Lemma 7.3 follows by Sobolev
embedding and weak convergence to 0 of u,,. O

Remark 7.3. For Lemma 7.2 and 7.3, the same argument applies with G replaced by G,, since
we only use the boundedness as an operator of L>([0,T), L?).

Lemma 7.4. Su, — 0 in L*([0,T] x T) implies that a(z)w, — 0 in L*([0,T] x T).
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Proof. Lemma 7.3 implies that we have in fact a(2)u, — 0in L*([0,7]xT) and so a(m)e_%F"un —
0 in L2([0,T] x T), and the same for Py (a(z)e” 2" u,).
We write
a(@)wn = a@) Py (une™35) = Py (a(@)une™37) + [a(a), Py) (une™+77).
So, it remains to prove that the second term in the right hand side is strongly convergent in
L%([0,T) x T).
Using Lemma 2.5 of Linares-Rosier [31], we get

I[a(z), Py](une™ 2" | n20.myxm) < llune™ 2™ | z2(0,7),5-1)-

Using Lemma 7.2, we get that une_%F” — 01in L%([0,7T] x T). To apply Aubin-Lions’ lemma,
we just need to prove that O (uneféFn) is bounded in some space LP([0,T], H™*), s € R. We also
notice that uneféF" = 2i8x67%F”, so , we just have to prove that 81567%}?” = —%(atFn)eféF" is
bounded in some LP([0,T], H*). But, we have shown in the proof of Lemma 7.2 that 0;F,, was
bounded in L*°([0,T], H~') and we notice easily that e~ 25 is bounded in L>([0,T], H'), since
Ope” 2t = —%une_%Fn is bounded in L*°([0,T], L?). Thus by product, d;e~ 2" is bounded in

L>=([0,T), H1Y). O
Remark 7.4. Lemma 7.4 has to be changed when G is replaced by G,,. Indeed, in that case, the
zone of damping is moving at speed p. But, we can use the infinite speed of propagation to get
a sitmilar result as follows.

If Sty — 0 in L2([0,T) x T), we infer similarly that a(x — tp)u, — 0 in L*([0,T] x T). If
for instance [—c, c] C w with ¢ > 0, we easily conclude that there exists an € (a priori depending
on 1) such that i, — 0 in L%([0,¢] x [—¢,¢]).

This result will be enough for what follows since the time T > 0 and the open set w are
arbitrary (w non empty).

Now, we borrow a propagation theorem from [26].
Theorem 7.1. Let w, be a sequence of solutions of
10ywy, + 8§wn = fa
such that for one 0 < b <1, we have

—1+4b,—b —7 0

T

lwn| xoo < C, Ix

‘wnHX;H-b,—b — 0 and an

Moreover, we assume that there is a non empty open set w such that w, — 0 in L*([0,T], L*(w)).
Then wy, — 0 in L} ([0,T], L*(T)).
We want to apply this lemma with b = 1/2 and
1

] i 1 i
frn = =03 Py [Wy(P-0puy)] — %P+ [gne 2] — ZP+ (- 5Po(uz) + Gy)une 21"

with g, = §G*u,, G, = 0, 'gn. That is, we need to prove

lonll oy <€ flewnll (-3-3 = 0 and [l ful] gy =0

We decompose fn, = f&+ f} with f¢ = =9, Py [Wn(P-0,u,)]. We know that
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* [[wn] xo2 < C,
L ||fn||X0»—1/2 < C.
Lemma 7.5. For any 0 € [0,1], we have the bound
Il 20252 < C.

Proof. 1f we prove || fu| y—2.0 = || fullL2(jo,m,7-2) < C, by interpolation, this gives
T
1l —ap, 150 < C-

So, to bound f2, we need to prove that Wn(P,axun) is bounded in L?([0,T], H~'). We write
Wi (P-0pun) L2 jo,1),5-1) < ClIWallz2(0,7), 81 102nll Loo (jo,77, -1
< Cllwnllp2(o,71,2) lunll oo o,77,02) < C

where we have used that H! is an algebra and so by duality, H' « H—' — H~1.
The bound for f? is easier (and corresponds actually to the estimates of IT and II1 in section
3.1)

A

I eqorm-2) < 2l e2qomeey < lgnllz2qompe) + 11 — *Po( 2) + Ghllpoo(jo.17xm) Ul 20,77,22)

IN

lgnllz2o,z1,22) + (lwnlFoo (o 77,22) + Hg"HLQ([O:T]:LQ))HunHLQ([O,T],LZ)'

O
With for instance 6 = %,
[ fnll xb <C

4 11
So, since —% < —% and —% < - 10, the embedding of X, S0 < X2 ? is compact and we

can extract a subsequence and pick a function f such that
o= fIl_-
XT

We can get that f = 0 using the equation verified by w,, f, and use the fact that we already
know that w, — 0 in the distributional sense.

[ ——

-
=

— 0.

1 _1
22

This constitutes the case b = % The same holds for wy,.
We can now state the following theorem.

Theorem 7.2. Under the same assumptions as in Lemma 7.1, we have u,, — 0 in L2, ([0,T], L*(T))

Proof. Using Theorem 7.1 and the prev1ous analysis, we get w,, — 0 in L? ([0, 7], L*(T)). By

definition of w,,, we have w, = — P+(une 3 ") But, we have proved in Lemma 7.2 that e —3Fn

converges strongly to 1 in L*°([0, T] L*°). So, we can write
Piuy, = 2iw, — Py [un(e_%F" - 1)]

This gives Pyu, — 0in L? ([0,T], L*(T)) and the same result for u,, since u, is real valued. [J

loc
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7.2. Small data.
Lemma 7.6. For ug € L*(T), let u denote the solution of
{&tu + J’C&%u = uldu — §G*u,
u(0) = o,
and let uy, denote the solution of

{8tuL + fH@%uL = —99*uL

ur(0) = up. (7.1)

Then, there exist some constants Ty > 0, € > 0 and C > 0 such that for T < Ty and ||ugl|z2 < €,
we have

|w = urll Lo (jo,1),22) < C [[uol|72

Proof. Let v denote the solution of

{&w + HO2 = —§G*u 72)
v(0) = uyp.
From (4.2) applied with ¢ = —GG*u and ||ug||z2 small enough, we have
lu = vl Lo o,71,22) S 119G ullZ2(0.27,22) + 1wl
< lullfzgo,79,12) + w7 (7.3)

S OUT +1) fJuo 172
for some constant C7 > 0 where we used the fact that ||u(t)||z2 < |Jug||r2 for any t > 0.
On the other hand, by classical semigroup estimates we have that
v —wurllpeoqory,22) S 195" (v — ur)|lro,1,22)
S llu =l oo, z2) (7.4)
< O T [lu—ur || e o,1],22)-
Combining (7.3) and (7.4) and the triangle inequality yield

lu = urll o (o.7,02) < Ch lluoll72 + Co T |lu — ur| oo (o,77,22)-

Thus
< Ci T 9
[|lu — “LHLOO([O,T],L?) > m ||UOHL2
whenever ||ugl|z2 < e and T < Tp = ﬁ

O

Proposition 7.1. Suppose u, o is a sequence of smooth functions strongly convergent to 0 in
L?, with associated solutions u, of the problem

Oy, + }Cagun = upOyun — 95 uy,
un(o) = UQ,n,
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and in addition assume that
IS ll2orr) < o lze. (75)
Then, ug, = 0 for n large enough.
Proof. We denote u,, 1, the solution of
{&un,L + HO2un, 1, = —GG un 1
Un,1,(0) = ug -

By the observability of the linear damped system, proved in [29] Theorem 1.2, we know that for
some T' that can be chosen T < Ty, we have

T
ol < € [ 19wl (76)
But, we have from triangular inequality, (7.5) and Lemma 7.6, that
ISun L7z myxr) < ClSunllizomxmy + CIS(n,L — wn)lZ2(o.mxm)

<

|22 + Clluonlz2

—[luon
n
Combining the previous estimate with (7.6) gives

1
32 < € + luonlEe) ol

[wo,n

Since ||up |72 converges to zero, this gives ug, = 0 for n large enough. O

8. STABILIZATION

In this section we will prove Theorem 1.2. We will use the argument in [31]. However to
complete the arguments we have to make some modifications as we did in the previous section.
Because of the identity
1 2 2 1 2
S @I+ ISullz2 (o)) = 5 lluoll (8.1)
we observe that ||u(t)|| is nonincreasing, so that the exponential decay is guaranteed if
lu((n +1)T)|| < kl||u(nT)| for some & < 1.

To prove the theorem, it is sufficient to show the following observability inequality: For any
T > 0 and any R > 1 there exists a constant C(R,T) such that for any ug € HJ(T) with
|luo|l < R it holds

T
HMWSCAH%wWﬁ (8.2)

where u denotes the solution of (1.12).
Suppose there exists a sequence ug,, € HY(T) such that for each n we have ||ug || < R (where
R > 1) but

T
wmw>nA 1S ()2 dt. (8.3)
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Then from Theorem 7.2, we have for a subsequence (still denoted by w,,) that
u, — 0 in L _([0,T], L*(T)).
Thus one can select some ¢y € (0,7") such that, extracting again a subsequence,
un(tg) = 0 in  L*(T).

Since

)

1 1
§”Un(t0)H2 + ngnH%z([O,to}x’ﬂ‘) 9
we conclude that
[uonll2 — 0.

The assumptions of Proposition 7.1 are fulfilled. We finally get ug, = 0 for n large enough,
which is a contradiction to (8.3).
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APPENDIX A.

In the following, we will establish a slight modification of the bilinear estimate of Molinet-
Pilod [36], Proposition 3.5, with a gain of a power of 7. Such an estimate will allow to avoid
the dilation argument for small time and large data and it could also be interesting for other
purposes. This type of gain was already obtained by Bourgain in [7] for the KdV equation and
it relies mainly on the fact that the equation we consider is subcritical on L? with respect to
the scaling.

Lemma A.1. We have for 0 < T <1 the estimate
192 P [W (P-0zu)] || yo.-1/2 < CT®||(u, w)|I%
Proof. Let h, u, w be some extension (same notation by abuse). We use the same notation as

in [36] and continue the computations started in [36]. We continue the estimates of I4 starting
from estimate (3.32) in [36].

[Lal < llBll 2wl go.sllull s < CTY275 0] 2 ] o,z [l s,
For Ip, we use (3.33) and (3.34) of [36] to get

h
1Ip| < ( Z 1P, (

" >1/2) 12) 2l ozl
(

< CT1/2 3/8”

0,1/2
1/2) | X7 2lIn 2 el o s ull

< CT1/2_3/8HhHL2||wHX%3/8||u||L4a
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and using (3.38)

11o| < (D I1Pw, (

~

h
()"

v 1/2 —
) 1) Il oo lull a0 < CT 2=/ o ool oo ull 1

Lemma A.2. Let € > 0. The following estimate holds uniformly for 0 <T < 1:
102 Py [W(P-05)] | 70,1 < CTY*% (u, )%

Proof. We can see using (3.43) of [36] that

1/2 — 1/2
a1 < (3 NanlGepae) 2wl goors lulls < CTY27¥3 (S llgnla ) 2 ol el o
N N

and using estimate line 15 p 381 of [36]

/Bl +|Jol < (H(é)v‘ m H(g)v‘

=)l gona (lulza + o).

But
1GE) e+ 1) T = o= g
< OTV/8¢ <0>5\2+€ »

< CTl/S—E(Z H<a>*1/2*€gNHing)1/2

N
< CT1/8E(Z/E/<T+£\£I>_1_2619N(T75)!2)1/2
N T
< CTl/SfE(Z ”gN”%gL?_o)l/Q,
N

which gives

_ 1/2
sl + 1ol < OTYVS (3 lawl3agee) ol gonss (e + lull 10)-
N

The result follows by duality.
Note that the two previous lemmas give Lemma 2.8.

Lemma A.3. Let N € N*. We have the following estimates, uniformly in N.

Na C
[1P>n(e"2)|[ L= < ﬁHFHHlv

L itz c
[Pxn (e —e2)||lLe < ﬁ[l + I+ B2l g ]I = Pl
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and

C
< —= [+ |Fll g + B2l g ] [|FL — Foll g

VN

Remark A.1. Note that these estimates are very close to the estimate

P P
[P>1(e"2)[| oo (o)) < CIF] 22 (0,0

but uniform on the length A, as used by Molinet [33].
This gain comes from the fact that the inequality is subcritical. Roughly speaking, L scales
like HY? which gives a gain at high frequency.

Proof. We will mainly use the following estimate, which is only the Sobolev embedding at high
frequency.

00 —+00

Z )/ Z n?|f(n)])"? < fnfnm (A1)

N n=N

[1P>n (f)llzee <

F

We apply this estimate to f = e 3 e,

L R
Py (e = el

C . C P . F
< —uﬁ — e < (16 = @) — (@) 1)

(HF1 Byllzz + [Pl g min(L, [ Fy — Fall o) + [Pl | Fy — Fllan)

ﬂ

where, for the last estimate, we have used estimate (2.6) together with

(8F1)€2—(6F2)6A2—(8F1)(€2—6 2)+e 28( — F).

This proves the second inequality of the lemma. The first estimate of the lemma is a consequence
P - F
of the previous inequality with F» = 0 using the fact that P>y (e'2) = Ps>y(e'z —1).
The last inequality is proved using the Gagliardo—Nirenberg inequality on T, i.e.

;ONF1 QN 2 NF1 QN 2 QN 2H1/2|| i N

QN2 1/2
€755 — | e < [l - Iz + [le% [

The previous computation shows that

iQNFl iQNFQ

e 27 —e' 2 || CI1+ 1QNFill i + QN el i ] [QNFL — QnFa|

<
< C+ Bl + |1 Fall ][I FL — Fl g
But, the mean value theorem gives

1 GNF1

C
lei 2 — ¢ (F1 = By)llzz = 11 — Bl
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