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RESUME. We review some recent results in which we develop a new method for proving glo-
bal unique continuation for some conservative PDEs. The main tool is to prove some global
propagation of analyticity. We first present some known results on the subject. Then, we sketch
the abstract method we use, which relies on some finite determining mode property. We give
applications to semilinear wave, plates and Schrodinger equation.

Propagation globale de I’analyticité et prolongement unique pour des équations
semilinéaires conservatives

RESUME. Nous passons en revue des résultats récents ol nous développons une nouvelle mé-
thode pour obtenir des résultats de prolongement unique pour des EDP conservatives. L outil
principal est une preuve de propagation globale de I’analyticité. Nous présentons des résultats
connus sur le sujet. Ensuite, nous donnons une esquisse de la méthode abstraite que nous utili-
sons, qui repose sur une reconstruction a partir d’'un nombre fini de modes. Nous donnons des
applications aux ondes non linéaires, aux plaques non linéaires et a 1’équation de Schrédinger
non linéaire.

1. Introduction

In this article, we intend to survey some recent results concerning some proofs of global
propagation of analyticity that allow to obtain some global unique continuation results with
natural global geometric assumptions.

In a first part we will present the problematic. Then, in Section 2, we will present some known
results on the subject. Afterward, in Section 3 we will present our results for the semilinear wave
equation. Then, in Section 4, we will present an abstract result and give a sketch of the proof.
Then we will present some further results concerning the semilinear plate equation in Section 5
and semilinear Schrodinger equation in Section 6.

The results are sometimes written in a slightly informal way. We refer to the original articles
[47, 55, 54] for more precise formulations.
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1.1. Propagation of information

The informal question we address is the following : if we can say "something" about the
behavior of a solution to a PDE, somewhere in a subdomain, what can we say about the solution
on the whole domain ?

From a physical perspective, this means that we have information only on part of the domain,
and we ask whether it is possible to get the knowledge of our system everywhere. In more
mathematical terms, this can be expressed through the following questions.

Let P be a linear or nonlinear differential operator defined on Q for a domain Q C R" (or a
manifold). Consider u is a solution P(u) = 0 in Q. For ® C Q, we can study :
— propagation of nullity (or uniqueness) : unique continuation

ulp=0 = u=0onQ.

— propagation of smallness : quantification of the unique continuation

. ? .
u smallin® =—— wu smallin Q.

— propagation of regularity :
u regular in ® == u regular in Q.

The method we develop is quite general for conservative equations and relies on observability
estimates. We provide an abstract result, presented in more detail in Section 4, that allow us
to propagate analyticity in time from the observation to the full solution. This result, or a pos-
sible refinement, yields applications to nonlinear wave equations (see Section 3), nonlinear plate
equations (see Section 5) and nonlinear Schrédinger equations (see Section 6). We believe that
it could be applied to several other systems and is amenable to generalizations.

Before getting into the details of the results, we discuss some motivations for the questions
we address. Propagation of analyticity and unique continuation for nonlinear equations, beyond
their intrinsic interest, arise mainly in various rigidity problems. In certain situations, we need to
identify some objects that satisfy very specific properties and they are often expected to be the
asymptotic solutions at large time. We present some examples below.

— Nonlinear stabilization problems : consider some partially damped equation of the form,
for instance, 0?u — Au+ 1o0,u = f(u) or 9%u+ A%u+ 1y0;u = f(u) with ® C Q. A main
obstacle to the decay would be the existence of undamped solutions that would satisfy
d;u = 0 on . It is very desirable to obtain such a result with some geometric assumptions
on ® that are as minimal as possible. In the case that these objects do exist, they are
expected to describe the asymptotic behavior of solutions, for instance if they belong to
some attractor set. We refer, for instance, to [65, 16, 37, 43] for such problems in the
context of wave equations.

— The rigidity of stationary black holes : this problem consists in classifying the set of
solutions of the Finstein equation that contain a Killing vector field, are asymptotic to
the Minkowski metric, and satisfy suitable additional assumptions. It is conjectured that
there are no solutions of this type beyond the Kerr family. This subject has recently been
the subject of intense research (see [34] for a survey). The result is already known to be
true for analytic solutions. In particular, a result of propagation of analyticity for such
solutions would certainly allow some great progress on this question. Although our paper
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is restricted to semilinear equations, we might expect that our result, along with additional
ideas, could extend to the fully nonlinear setting.

— Nonlinear scattering theory : on R\ O, where O is a finite union of compact obstacles,
consider, for instance, equations 0>u — Au = f(u) or 0>u + A?u = f(u). The question of
scattering asks whether there exists a linear solution u; such that u(r) —uy(t) — O as
|t| = +oo in some suitable norm. There might be several obstacles to this property. One is
the existence of solutions with the compactness property, which means that {u(z) |t € R}
is compact. An even worse scenario is the existence of a solution that remains supported
in a fixed compact set in space. This is the typical situation of unique continuation that our
analysis might cover. Note that the current methods for this problem use Morawetz-type
estimates (see, for instance, [10] outside of a star-shaped obstacle or [40] for NLS outside
of a convex obstacle), but it seems that they cannot reach the more general geometries we
wish to treat.

In order to be more concrete, let us present more precisely how the question of propagation of
information reads in the context of the semilinear wave equation.

1.2. Propagation of information for semilinear wave equation

In many evolution equations, time has a special role and it is very useful to consider the
questions we described before in this context. The equation under consideration is the following
semilinear wave equation

RPu—Agu+fu)=0 (t,x) €[0,T] xQ,
W rixan = 0 (1,x) €[0,T] x0Q, (NLW)
(u,0;u)(0) = (up,u;) x€Q,
and we aim to study the three following properties :
— propagation of nullity (or uniqueness) : unique continuation
a,u\[oﬂmzo = u=0.
— propagation of smallness : observability estimates
du smallin [0,7] x® = (up,u;) small.
— propagation of analyticity :
u analytic (in time) in [0,7] x @ == u analytic in [0,7] x Q.
The main result we present concerning semilinear wave equations will be to provide a positive
answer to these questions when (®, T') satisfy the Geometric Control Condition, see Theorem 3
and 4 below.

Before addressing these results in detail, let us discuss the known results on unique continua-
tion and explain the difficulties in obtaining global results under natural geometric assumptions.

2. Known results of unique continuation

2.1. Classical local unique continuation theorems for linear equations

Many of the available unique continuation results are local in nature. We consider Q a boun-
ded open subset of R", P a linear differential operator on Q, xy € Q a point, and a hypersurface



C. LAURENT & C. LoyoLA

Tatarl'l (63, 64], Carleman [14],
Holmgren [27], | Robbiano- .
Theorem . Calderén  [13],
John [36] Zuily [60], Hormander [28]
Hormander [31]
Regularity analytic  coeffi- | partially analytic | coefficients C*
of  coeffi- || . . . 1
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cients
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ersurface y p(x,V®) £0 waves and @ non | (2.2)
P characteristic)

FIGURE 1. The main local unique continuation theorems

S = {® =0} containing x(. The aim is to prove some local unique continuation for an operator
P across the hypersurface S = {® = 0}, say, a statement like

Pu=0inQ, u=0inQN{® >0} == u=0close to xo.

In particular, we want to prevent the situation in which a smooth function u both solves Pu =0
and vanishes on S, possibly “flatly”, in the sense that all its derivatives vanish. This problem has
a very long history, and it would be impossible to be fair with the full literature. We refer for
instance to [51, 45] for a general treatment or [46] for presentation with special emphasis on the
wave equation. We can roughly summarize the types of results in the following Figure 1, where
p denotes the principal symbol of the linear operator P.

The oldest results on local unique continuation are of Holmgren-John type (Column 1 in Fi-
gure 1). They ensure the local unique continuation for linear operators with analytic coefficients
under the assumption that & is non characteristic, that is

p(x,V®(x)) # 0. (2.1

For the specific example of the wave operator P = 9> — A with principal symbol p(x,&) = &> +
.|, where &; (resp. &,) are the Fourier variable dual to the time variable ¢ (resp. the space
variable x), it can be written

(0,®)? # |V, ®|> <= {® =0} not tangent to the light cone.

This last assumption can be seen to be almost optimal for the 1D wave equation by taking the
example of a solution with initial datum supported in {x,|x| < 1} and with support the truncated
light cone {(¢,x),|x| < |¢f|+ 1}. In that case, the unique continuation along the hypersurface
{x =1+ 1} is false. Yet, the assumption of analytic coefficients is very demanding and many
authors tried to go further.

One of the main tools in this context is the use of Carleman estimates (Column 3 in Figure 1).

It has led to a general theory (see for instance [30, Section 18] or [52]) where the crucial assump-
tion for the hypersurface is that @ strictly pseudoconvex. It is a quite complicated assumption,

4
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which, in the case of differential operator of order 2 with real principal symbol slightly simplifies
to

P8 ={p,®}(x,§)=0 = {p{p,P}}(x,§)>0 forall§+#0, (2.2)

where {,.} is the Poisson bracket. Roughly speaking it is a condition of order 2 that ensures
that the bicharacteristic of p that are tangent to {® = 0} stay on the side {® > 0}. For instance,
for the wave equation, the pseudoconvexity condition of a hypersurface {® = 0} for the wave
operator writes :

X? = |X,|* and d®(x0)(X) =0 = Hess ®(xp)(X,X) >0 forall X = (X,,X,) € R'™\ {0}.

For instance, in the particular case ®(¢,x) = ®(x), that is the unique continuation from a cylinder,
it is sufficient to ask the (usual) convexity assumption Hess ® > 0. If ®(x) = |x|> — 1, ® works
for unique continuation, but not —®. That means that you can prove unique continuation for the
wave equation from the exterior of a ball to the interior, but not from inside to outside. This is in
strong contrast with the Holmgren-John theorem which did not have preference directions.

It turns out that some geometric assumptions stronger than the Holmgren theorem are actually
needed in general. Indeed, concerning the unique continuation with even smooth V, the classical
counterexamples of Alinhac-Bahouendi [2] (see also the earlier [28, Theorem 8.9.4]), refined by
Hoérmander [32], are quite striking. They show that Hormander’s pseudoconvexity condition is
not far from being optimal for local unique continuation. For any s > 1 and d > 2, they construct
some u and V € G*(Bgi+4(0,1),C) (Gevrey functions) so that

0?u — Au = Vu on Bgi+a(0, 1),
supp(u) = {(t,x1,...,x4) | x1 > 0} N Bpri+(0,1).

This suggests that in geometrical situations where the strong pseudoconvexity of the hypersur-
face is not satisfied, we cannot expect local unique continuation for a potential V that is not
analytic.

The last type of results concern the unique continuation with partial analyticity (Column 2 in
Figure 1) which will be crucial for obtaining our main result Theorem 3 from the propagation of
regularity result Theorem 4. The history of this theory is quite long, with several breakthroughs
and improvements, in particular by Tataru [63, 64], Robbiano-Zuily [60] and Hormander [31],
that we do not detail here (see for instance [46, Section 4] for more details).

In this context, R" is decomposed into R" x R™ and we assume that the coefficients of
the operator P are analytic in the variable x,. In most of our examples, we will use n, = 1 and
X, =t will be the time variable. There is now a general theory comparable to the one for classical
Carleman estimates which involves some related assumptions of strictly pseudoconvex functions
in the cone {&, = 0} which roughly requires to check the usual pseudoconvexity assumption
(which, in general, contain (2.2) and other convexity type requirements) only for the & so that
€, = 0, that is of the form (0,&,). We refer for instance to [52] or [45] for a more general
overview. It turns out that for the wave equation, this assumption reduces to the noncharacteristic
assumption (2.1), that is p(x,V®) # 0, see for instance [46, Lemma 3.6] for a proof. So, as
already mentioned for the Holmgren-John theorem, concerning the geometry constraints, this
result is very satisfactory. It remains the assumption of coefficients analytic with time, but it is
already a weaker assumption that the analytic assumption of the Holmgren-John result.

Also, it is worth mentioning that this theory actually encompasses the two types of results
described before : the Holmgren-John’s theorem is a particular case of this theory with n, = n
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while the Hormander’s theorem can be deduced from the case n, = 0. It is actually interpolating
between Holmgren-John’s theorem and the Hormander’s theorem.

Finally, we might expect to prove directly a unique continuation theorem for nonlinear equa-
tion. Nevertheless, another counterexample that undermines such approach is provided by Mé-
tivier in [57], where it is proved that a nonlinear version of the Holmgren-John theorem fails in
general. The operators for which it applies are not wave operators, but a nonlinear Holmgren-
John theorem, even for a more specific class of operators has, up to our knowledge, never been
obtained so far, except for scalar operators of order 1.

2.2. Some previous global results for semilinear waves

All the results presented in the previous subsection are local in nature. But it is of course pos-
sible to make them global by iterating them and constructing some foliation of hypersurface to
finally obtain some global unique continuation theorem. Yet, the global geometry enters into the
problem. We describe some of these issues and results for the nonlinear wave equation (NLW).

From now onward, unless stated otherwise, Q is a smooth compact Riemannian manifold
with (or without) boundary of dimension d.

2.2.1. Nonlinear solutions are also linear solutions

As already mentioned, a nonlinear version of the Holmgren-John theorem is known to be false
in general, see [57]. Indeed, there are very few unique continuation results that genuinely take
the nonlinearity itself into account. We are only aware of Alexakis-Shao [1] that use the sign of
the nonlinearity in a Carleman estimates (see also [48] for the nonlinear Schodinger equation).

In most of the articles, the strategy is the following "trick" to consider a nonlinear equation as
a linear one.

Let u be a solution of (NLW) and satisfying o, u| 0,7]xe = 0. We want to know if it implies

u=00n[0,7] x Q. (2.3)
The idea for this problem is to consider the function w = d;u. It is solution of

w4+ Vw=0,

W|[0,T]><(D = 07

with V = f’(u). We can therefore see w as a solution of Pyw = 0 where Py is the linear operator
U+ V. But there is of course a price to pay. Even if the the coefficients of the nonlinear equation
are very regular, the regularity of the potential V = f’(u) now depends on the regularity of the
solution itself. Therefore, in the classical unique continuation results presented in Section 2.1,
we need to inspect the allowed regularity of the lower order terms of the operator P to make
them coincide with the regularity of V = f'(u).

Note that this "trick" is quite specific to the context of unique continuation where we don’t
look for constructing a nonlinear solution since is already given in the problem.
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2.2.2. Using Hormander theorem and classical Carleman estimates

As already mentioned, the classical Carleman estimates and the Hormander theorem have the
advantage that the regularity required is not so demanding. For instance, the usual theory al-
lows some lower order terms that are L™ and some additional dispersive type estimates, similar
to Strichartz estimates, allow sometimes to lower this to L”([0,7],L9(Q) spaces with suitable
(p,q). The limitation comes more from the geometric assumptions which are not so natural.
Basically, we need to be in some situations where there exists a foliation of hypersurfaces that
are pseudoconvex as in (2.2). Achieving global unique continuation would then require itera-
ting some local unique continuation results across a hypersurface {® = 0}. Yet, for a general
configuration, the global geometric assumptions resulting from the use of Hormander theorem
for the unique continuation are not very natural and are stronger than (GCC). Typical geometric
assumptions are often of “multiplier type” (or Morawetz type), meaning ® is a neighborhood of
{x €9dQ|(x—x0)-n(x) >0} which are known to be stronger than the geometric control condi-
tion (see [58] for a discussion about the links between these assumptions). Moreover, on curved
spaces, this type of condition often needs to be checked by hand in each situation, which is
mostly impossible in general.

In regards to classical Carleman estimates, many authors explored the global assumptions
needed to obtain them, as well as their consequences. Global Carleman estimates for waves
were proved in [23, Chapter 4] and [9] with applications to controllability and inverse problems.
Another line of investigations in a geometric context was undertaken in [18, 62, 35] aiming to
present geometric assumptions that would ensure the usual pseudoconvexity, with applications
to observability estimates and null-controllability.

For treating nonlinear problems, admitting lower-order terms in unique continuation results
is crucial. For instance, in the present work, a nonlinearity of the form f(u) is treated as a term
Vu with potential V. Here, a previous analysis allows to obtain that the nonlinear solution is
actually very regular. Yet, having nonlinear problems in mind, it has sometimes been a goal
to minimize the regularity of the admissible lower-order terms. A global unique continuation
statement was proved in [61], with application to energy decay for nonlinear waves. This led
to some “dispersive” Carleman estimates with Strichartz-type spaces. The literature is vast, and
we refer, for instance, to [39, 17, 41], and the references therein. For a more complete historical
overview of Carleman estimates, we refer to [46, Section 4].

2.2.3. Using unique continuation with partial analyticity

To globalize the unique continuation for wave equations from the Tataru-Robbiano-Zuily-
Hoérmander theory, we only need to construct a foliation of noncharacteristic hypersurfaces,
which is much simpler than constructing pseudoconvex hypersurfaces. Such foliations can be
found, for instance, in [50] or [53]. This approach yields the following global result.

Théoréme 1 (Tataru-Robbiano-Zuily-Hormander). Let V be bounded and analytic in t. Let ® C
Q open and T > 2sup, . dist(x,®). Let (ug,u1) € H} x L*(Q) and u solution of
?u—Agu+Vu=0 in (0,T)x Q
U, =0 in (0,T)x0Q
(u,911)(0) = (uo, 1),
that satisfies u =0 on [0,T] X ®. Then u =0 on [0,T] x Q.
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This theorem is very satisfactory from a geometric point of view, since no assumption is made
on the observation set ®. Moreover, the limit time 2 sup,.q dist(x,®) can be seen to be optimal
by finite speed of propagation : we can consider initial data compactly supported close to a point
x1 so that dist(x,®) > sup,q dist(x,®) — € and work on the interval [T, 7.

Note also that a quantitative version of Theorem 1 has also been given in Laurent-Léautaud [44]
giving some estimates of the form

(o, )l g1 g2 < Ce™ HMHLZ((O,T);HI((D)) )

where A = Moo a0l g2
H(MOMI)HLZXH—l

Returning to our unique continuation problem for (NLW), and following the discussion of
Section 2.2.1, the main obstruction lies in the fact that V = f’(u) must be analytic in time so that
Theorem 1 can be applied. But, unlike parabolic equations, solutions to hyperbolic equations
are in general far from being analytic. This explains why the fundamental step of our proof is to
prove that such analyticity actually holds for the very particular solutions satisfying (2.3). This
is the content of Theorem 4 below. But before getting tho this result, we need to introduce the
observability property, which is a quantitative version of unique continuation.

needs to be thought as the typical frequency of the initial datum.

2.3. Observability under Geometric Control Condition

An observability estimate is, in some sense, the strongest possible quantification of the unique
continuation. It writes as a linear estimates where the norm of the observation is bounded below
by the norm of the initial data. When it turns to the linear wave equation, the right geometric
assumption is the following classical Geometric Control Condition which is very natural since
we learn in physics that light travels along the rays of geometric optics.

Définition GCC. We say (o, T) Geometric Control Condition (GCC) if every ray of geometric
optics traveling at speed 1 meets O in time < T.

The definition of "ray of geometric optics" is actually not trivial to define mathematically, see
Melrose-Sjostrand [56], but quite natural to draw, see Figure 2.3 below. It leads to the following

observability estimate.

Théoreme 2 (Bardos-Lebeau-Rauch [8]). If (®,T) satisfies (GCC), then for every solution of
02u—Agu=0 in (0,7)xQ
Up, =0 in (0,7) x0Q
(u,a,u)(O) - (uOvul)a

we have

It 1)l g2 < C 1wl 20,71
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Projection of a generalized
bicharacteristic
onto the variable x

FIGURE 2. The Geometric Control Condition of Bardos-Lebeau-Rauch.

3. Main results for semilinear waves

3.1. Unique continuation for semilinear waves
When it comes to the semilinear equation, our main result is the following.

Théoreme 3 (Unique continuation, Laurent-Loyola [47]). d < 3. Assume that :

— (,T) satisfies the Geometric Control Condition (GCC),

— f is energy subcritical and real analytic, f(0) = 0.
If (u,0u) € CO([0,T],H} x L*(Q)) solution of (NLW) with finite Strichartz norms satisfies d,u =
0 in [0,T] X @, then d,u =0 in [0,T] x Q and u is a stationary solution (solution of elliptic
equation). If, moreover, the nonlinearity is defocusing

sf(s) >0 ifdQ#0, (3.1)
sf(s) >ys*  ifoQ =0,
for some ¥y > 0 and for all s € R, then u = 0.

It was already proved in infinite time 7 = +oo by Joly-Laurent [37] using an infinite time re-
gularization argument due to Hale-Raugel [26]. It was also proved in infinite time in the presence
of weak trapping by Joly-Laurent [38], under more restrictive assumptions on the nonlinearity.
The novelty here is the fact that it holds in the exact time of Geometric Control Condition. Mo-
reover, the new method allows to prove some propagation of analyticity and is quite flexible
to treat other models; see Sections 5 and 6. Once this unique continuation is established, it is
possible to derive observability estimates for the nonlinear equation (NLW),

(0, un)ll 1 ez < ClOwtll 200,77 )

for the subcritical defocusing wave equation (C depends on the size of the data).

As explained earlier in Section 2.2, the main step consists in proving that the solutions consi-
dered in Theorem 3 are actually analytic in time. This property allows us to apply the general
theory of unique continuation under partial analyticity and conclude.
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3.2. Propagation of analyticity

Our second main result establishes that a solution of (NLW) which is analytic in time on a
subdomain [0, 7| x o satisfying the Geometric Control Condition is actually analytic in time on
the whole domain. More precisely, we have the following.

Théoréme 4 (Propagation of analyticity, Laurent-Loyola [47]). Letd <3 and 6 € (1/2,1]. Let
(u,0u) € C°([0,T], H' TN HY x HE(Q)) be a solution of (NLW). Assume :

(1) (o,T) satisfies the Geometric Control Condition (GCC).

(2) u analytic int on (0,T) x @ : the map t € (0,T) — xu(t,-) € H'T°(Q) is analytic for
any Y, € C°(Q) whose support is contained in .

(3) s+ f(s) is real analytic and f(0) = 0.
Then t — u(t,-) is analytic from (0,T) to H*(Q) NH} (Q).

The proof of this theorem is actually a consequence of an abstract result described in Section
4.1. Note that, in order to apply Theorem 4 to the solutions considered in Theorem 3, it is
necessary to gain regularity from H} x L? to H'*° N H} x HZ(Q). This is possible using the
Geometric Control Condition (GCC) and methods inspired by Dehman-Lebeau-Zuazua [16].

The previous theorem concerns analyticity in time only. Exploiting the hyperbolic property
of the wave, it is possible to propagate analyticity to all variables.

Corollaire 5. If, moreover, the metric and the boundary are analytic in x, then u is analytic in
all variables.

The proof of Corollary 5 from Theorem 4 is actually quite short.

Since u is analytic in time, we can define its extension in a small complex neighborhood of the
time variable. For a fixed #o, consider v(s,x) = u(fo + is,x). It is solution of the elliptic equation
—02v — Agv+ f(v) = 0. Since all the coefficients are analytic, v is therefore analytic by some
classical results for elliptic equations [22].

3.3. (ultra)Short bibliography on propagation of regularity

The literature for the propagation of regularity and local results is huge. So, we only intend
to give the lines of results that exist.

The problem is better understood in the C™ or H* context. For the linear equation, the pro-
pagation of H* regularity along the rays of Geometric Optics for the Dirichlet problem is well
understood since the work of Melrose-Sjostrand [56]; see [33] for a complete historical over-
view on the internal and boundary problem. Concerning the H* regularity of nonlinear equations,
the microlocal propagation has been the object of several studies since the work of Bony [11].
The global propagation from a set satisfying (GCC) is proved in Dehman-Lebeau-Zuazua [16]
using a bootstrap argument and propagation of H* regularity for smoother source terms.

Regarding the propagation of analyticity for linear equation, the propagation along bicharac-
teristics was proved in Hormander [29] for a large class of operators. Yet, the problem becomes
more complicated in the presence of boundary, especially for glancing rays, where there can be
some diffraction, see Friedlander-Melrose [21] or Rauch-Sjostrand [59] for details. The propa-
gation of analyticity that we prove may also be of interest in this context.

10
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For the propagation of analyticity for nonlinear equations, there are much less results dating
back to the 1980s and 1990s. Alinhac-Métivier proved in [3, 4] that if u is a regular enough
solution of a general nonlinear PDE, the analyticity of u propagates along any hypersurface for
which the real characteristics of the linearized operator cross the hypersurface transversally. Sub-
sequently, there has been some activity to understand what kind of singularities propagate for
nonlinear waves. It was found that the situation is quite complicated since microlocal analytic
singularities do not remain confined to bicharacteristics as in the linear case, but can give rise to
nonlinear interactions. For more details, see Godin [25] and Gérard [24]. Yet, in our geometric
context, obtaining a global result from local propagation of singularities typically involves pro-
pagation from hypersurfaces of the form § = {® = 0} with ®(z,x) = ®(x). In such cases, the
operator is never hyperbolic with respect to S, and there can be some bicharacteristics transverse
to S as soon as d > 2. In particular, the results from [3, 4] do not seem to apply.

4. Idea of proof

4.1. Abstract result
Our assumption will be as follows.

Assumption 1. (1) A is skew-adjoint with compact resolvent, giving ”Sobolev spaces” X°.

(2) observability for C € L(X°,X°) :

obs

T
IWoll3e < € /0 |CeWo |5 dt. 4.1)

(3) F is a "compact” nonlinearity with a gain of derivatives : X° —» X°T€,
(4) F is analytic.
(5) a technical assumption : there exists s > 0 so that [(A*A)*,C] € L(X25,X5F¢),
The abstract result we obtain is the following. For simplicity, we state the result that proves
the propagation of the analytic regularity for solution whose observation vanishes, which is
sufficient for the unique continuation property of Theorem 3. The result used to prove Theorem

4 involves additional terms, but the spirit of the proof is the same. We believe that this simplified
formulation makes the proof easier to present.

Théoreme 6 (Laurent-Loyola [47]). Let T* > T.
Then, any solution U € C°([0,T*],X°®) satisfying

o,U =AU +F(U) on [0,77], 49
CU(t)=0 fort € [0,T*], 42)

is real analytic in t in (0,T*) with value in X°.

Let us now comment how to apply it to the semilinear wave equation. Let 3 > 0. Set X =
H} (Q) x L*(Q) and introduce the operator

A= (AgO_B é) with D(A) = (HX(Q) NH(Q)) x H ().

11



C. LAURENT & C. LoyoLA

Here, A, denotes the Dirichlet Laplacian defined on L? For the standard scalar product on X
(with ||u||12q] = || Vul|?, + Bl|ul|7.), where we used the same notation for the Dirichlet Laplacian
0

defined on H} (Q) and L?(Q) with their natural respective domains. For 6 > 0, H§ and X° denote
the spaces

Hg = D((_Ag>6/2>v
X® = D((A"A)°1?) = D((—=Ag)""9/?) x D((=Ag)°?) = Hp'"® x H.
For (o, T) satisfying (GCC), the observation operator C € L(X°,X°) is given by
C(9,¥) = (0,b0V),

where b, is a smooth function so that b (x) > 1 for x € ®. Condition (2) of Assumption 1 is
exactly Theorem 2. In regards to the nonlinearity, we set

F:(u,v) €X®— (0,f(u)) € X°.

One the one hand, we can roughly say that part (3) of Assumption 1 comes from the fact that
f(u) € HY whilst u € H11)+°, so a small gain is possible while working at a fixed regularity
scale. On the other hand, F' inherits the regularity of f, which verifies part (4) of Assumption 1
provided that f is analytic. In this formulation, a solution to the semilinear wave equation (NLW)
satisfying d,u = 0 on [0, 7] x ®, can be written in the abstract form (4.2) with state U = (u, 0,u).

4.2. Scheme of proof

The proof of Theorem 6 is partially inspired by Hale-Raugel [26] in the context of the re-
gularity of the attractor. The idea is to prove the property of finite determining modes : for this
particular class of solutions, the knowledge of the low-frequency component of the solution
allows us to recover its high-frequency component.

More precisely, we introduce the low and high-frequency projections, for some large n to be
fixed later on,

P, = 1), ((AA")'/?) and Q, =1 B,.

For U = U(t) a mild solution of (4.2) in C°([0,7],X°), let us consider the splitting
U=%P%U+QU=:UrL+Ug.

Applying these projectors to the equation, noticing that A and the projectors commute, we see
that these components solve

o UL(t) =AUL(t)+PLF(UL+Up),

o Uy(t) =AUy(t)+PIF(UL+Uy), (4.3)
CUH(l) :—CUL(l).

We want to write Uy = R (Ur) for an analytic reconstruction operator & and n large. This
will indeed be the case, see Theorem 7 below. Assuming this for the moment, the equation by
the low-frequency component in (4.3) writes

a[UL(l) :AUL<I) +Q),{JF(UL+K(UL))

This is now an autonomous equation for U;. Moreover, since A is a bounded operator and &,
is an analytic operator, this is an ODE in Banach space with an analytic nonlinearity. So U

12
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is analytic in time. Therefore, it is also the case for Uy = K (U.) by composition of analytic
functions. This gives the expected result once we have constructed X.
The main task is therefore to build this reconstruction operator, as stated below.

Nonlinear reconstruction.

Théoreme 7 (Nonlinear reconstruction, Laurent-Loyola [47]). Let Ry > 0. There exist n € N
and a nonlinear Lipschitz (reconstruction) operator R_

R: BRO(CO([()?T]?TI{‘XG)) —>BR0(CO([07T]7T5X6))
so that for any U € Bg,(C°([0,T],X°)) that satisfies

qU =AU +F(U), onl0,T],
CU(r) =0, fort €[0,T],

then, PHU = R (PLU).
Moreover, R_extends holomorphically in a small neighbourhood.

Note that this reconstruction operator is defined for any function, but is of interest only for
the pathological functions satisfying the zero observation property (4.2).

To prove Theorem 7 and achieve the reconstruction, we need to inspect the equation satisfied
by the high-frequency component of PLU, namely the last two lines of (4.3) :

{ O Un(t) =AUy(t)+PBYF(UL+Un),
CUn(t) =—CUL(t).

We need to prove that for a fixed U;, regarded as a parameter or source term from now on,
there is a unique solution to (4.4). The first equation is a classical semilinear equation with a
source term Uy. So, if it were posed as an initial value problem, this would follow from the usual
fixed point argument based on the Duhamel formula. However, in this setting, the low-frequency
component is prescribed, whereas the initial value of the high-frequency component is not.

The idea is therefore to replace the usual initial value problem Uy (0) = Uy o by the observa-
tion condition CUy = —CU, since the low frequency term Uy, is assumed to be known in this
part of the problem. This suggests that given Uy, we could try to reconstruct Uy by solving the
corresponding nonlinear observability system. Indeed, in the linear case, according to (4.1), the
observability of the linear semigroup ¢ € [0,T] ~ €™ enables us to recover an initial condition
Wy solely in terms of an observation. Neglecting for the moment the source term given by the
nonlinearity, this would allow us to reconstruct Wy in terms of the observation of W, namely
CW = —CV. Lemma 8 below provides a generalization of this reconstruction problem when
source terms are present. It will take the role of the usual Duhamel formula but replacing the
initial value problem by an observability problem.

“4.4)

Linear reconstruction.

Lemma 8 (A Duhamel formula/observation problem). For any H € L'([0,T],X°) and G €
L2(]0,T],X°), there exists a unique W € C°([0,T],X°) solution of

IW(r) =AW(1)+H,
Incw =IIG.

13
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Here IT denotes the orthogonal projector onto the range of the observation operator C. The
necessity of introducing this projector can be easily seen by considering the homogeneous case
H = 0, which corresponds to reconstructing a free solution from its observation. It is clear then
that not all observations are admissible. For instance, for a wave equation and an observation on
[0,T] x o, only those observations that are solutions of the free wave equation on [0,7] x ® can
be obtained from an observation of a free wave equation. Concerning the uniqueness, we are
also led to the free wave equation and it is a direct consequence of the observability inequality.
The proof of Lemma 8 relies mainly on functional analysis arguments, using the fact that the
observability inequality (4.1) ensures that the observation operator is injective and has closed
range. Moreover, since we are interested only in the equation at high-frequency, we will require
the following slight variant.

Lemma 9. For any n € N, H € L'([0,T],X°) and G € L*([0,T],X®), there exists a unique
W € C([0,T], P X°%) solution of

oW () =AW(t)+PHH,
I,CW =11,G.

I, orthogonal projector on the Range of the observation operator C restricted to P,

End of the proof. To complete the proof of Theorem 7, the idea is to carry out a fixed point
argument for equation (4.4), in a similar way as for a usual initial value problem, but using
Lemma 9 as a replacement for the Duhamel formula. Recall that Uy appears as a source term
and in the observation. It is supposed to be known in this reconstruction argument.

In order to perform a fixed argument, some smallness is required. Usually, in the initial value
problem, this is achieved by taking the time 7 to be small or assuming small initial datum. In
this context, neither option is available, since T is fixed and the solution may be large. Instead,
smallness is obtained by choosing the parameter parameter n sufficiently large, corresponding to
a high-frequency regime. In this framework, the third part (3) of Assumption 1, namely, that F
is a nonlinear map from bounded sets of X into X°*€, provides the required smallness for large
n. Therefore, at sufficiently high frequency n, we can treat the nonlinearity as a perturbation and
successfully complete this reconstruction procedure. More precisely, this yields the existence of
the nonlinear reconstruction map X.

Finally, the analyticity of &, which is the last claim of Theorem 7, is shown by checking the
analyticity of all the terms involved. This relies on the assumption that F is analytic, that is part
(4) in Assumption 1, and on standard results of the regularity of a fixed point with respect to
parameters. As precised earlier this is actually essential to demonstrate that 7 € (0,7) — UL (t) €
X© is analytic, and consequently that the same holds for Uy.

5. Nonlinear plate equation

The previously described abstract framework allow us to obtain similar result for other PDEs,
such as the nonlinear plate equation,

Ofu+ Aju~+Bu+ f(u) ,X) €
Upg = A”\ag X) €
(u,0,u)(0) = (up,u;) x€Q,

[0,T] x Q,
0

=0 (r
=0 ( [0,7] x 0Q, (NLP)
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where f : R — R is the nonlinearity. The following assumption will be made on the observation
zone.

Assumption 2. The Schridinger equation is observable in L* from ® in time Ty > 0 : there
exists C = C(Tp, ®) > 0 such that for any vy € L*(Q) it holds

Ty .
Ivoll3 @ <€ [ e v gy

Although it is an open question to find the optimal geometric condition on ® for which As-
sumption 2 is verified, it is known to hold true in several (quite nontrivial) situations : ® sa-
tisfying the (GCC) on compact manifolds with or without boundary [49], ® open touching the
boundary in the two-dimensional euclidean disk [5], @ any open set in T¢ [42, 6], ® any open set
in hyperbolic surfaces [19], just to mention some. See [12, 7] for further examples. The unique
continuation result is the following.

Théoréme 10 (Loyola [54]). Let f be real analytic with f(0) =0. Let 0 < Ty < T and ® €
® are two nonempty open sets such that ® satisfies Assumption 2 in time Ty. If one solution
U = (u,0u) € C°([0,T],H* NH} x L*(Q)) of (NLP) satisfies d,u =0 in [0,T] X ®, then d;u =
0 in [0,T] x Q and u is a stationary solution (solution of elliptic equation). If, moreover, the
nonlinearity f satisfies the defocusing assumption (3.1), then u = 0.

As described in Section 2.2.1, our strategy is based in the following :

— The first ingredient is a recent unique continuation result for the linear plate operator
due to Filippas-Laurent-Léautaud [20]. It allows lower-order terms assuming Grevrey-2
regularity in time (in particular, analyticity fits in) and fairly general global geometric as-
sumptions. This has to be compared with the Tataru-Robbiano-Zuily-Hérmander theorem,
which notably does not apply to the plate operator [20, Appendix B].

— The second ingredient is a propagation of analyticity in time for the nonlinear equation,
obtained in Laurent and Loyola [47]. The nonlinear plate indeed fits in the abstract frame-
work of Section 4.1 and thus Theorem 6 applies.

This unique continuation result is the main ingredient in [55] that allows us to obtain some
semiglobal stabilization and controllability results for the nonlinear plate equation under more
natural geometric conditions coming from Assumption 2. Notably, most previously known re-
sults in the literature hold under strong assumptions of *multiplier-type’, see Section 2.2.2. In
this direction, we improve upon the current literature on unique continuation for nonlinear plates.

6. Nonlinear Schrodinger equation

From now on let us assume that Q is a compact boundaryless Riemannian manifold of di-
mension d, and let us consider the nonlinear Schrédinger equation

O+ Aqu = f(u) (t,x) € (0,T) x Q,
{ t u(O)g: Uuo xXeQ, (NLS)

with nonlinearity f : C — C. In a similar spirit as before, we have the following propagation of
analyticity in time from a subdomain (0,7) x ® where the (GCC) holds.

Théoréme 11 (Propagation of analyticity, Loyola [55]). Letd € Nands>d/2. Letu € C°([0,T],H*(Q))
be a solution of (NLS). Assume :
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(1) (0,Ty) satisfies the Geometric Control Condition (GCC) for some Ty > 0,

(2) t € (0,T) — yu(t,-) € H*(Q) is analytic for any cutoff function x, € C*(Q) whose sup-
port is contained in ®.

(3) s f(s) is real analytic with f(0) = 0.
Then t — u(t,-) is analytic from (0,T) into H*(Q).

As described in Section 2.2.3, we can obtain a unique continuation statement using the Tataru-
Robbiano-Zuily-Hoérmander result for the linear Schrodinger equation with potential ; see [44,
Theorem 6.4] for a quantitative statement of such result. In the H'-subcritical case, we assume
that (Q, g) can be any of the following manifolds :

— a compact boundaryless surface ;

— T? or the irrational torus R*/(0;Z x 8,7 x 637Z) with §; € R;

— SPor$? xS
Furthermore, we consider f(u) = P'(|u|?)u to be of polynomial type, where :

(1) if d = 2 then P is a polynomial function with real coefficients, satisfying P(0) = 0 and
the defocusing assumption P’(r) o e

(2) if d =3, then P'(r) = or+ B with o > 0, B > 0, corresponding to the cubic nonlinearity.

The unique continuation result is the following.

Théoréme 12 (Unique continuation, Loyola [55]). Let (Q,g) be any of the manifolds described
above and let f be as in 1-2 according to the dimension of the manifold. Assume that there
exists some Ty > 0 such that (0, Ty) satisfies the Geometric Control Condition. If one solution
u of (NLS), belonging to a suitable functional space Xy C C([0,T],H'(Q)), satisfies d;u = 0 in
(0,T) x o, thenu=01in (0,T) x Q.

Here X; denotes a suitable functional space inherited from the wellposedness framework in
each case. Namely, for d = 2, X; ensures finite Strichartz norm and for d = 3, X3 corresponds
to the Bourgain space XTI’[7 with b € (1/2,1]. This answers in the affirmative an open question
posed by Dehman-Gérard-Lebeau [15] in the nonlinear case.

Notably, the compactness assumption on the nonlinearity, namely, part (3) of Assumption 1,
does not hold for (NLS). We therefore need a variant of Theorem 4.2 that fits this framework.
Below we briefly explain how to drop the compactness assumption on the nonlinearity, stressing
the main issues in the proof.

6.1. On the nonlinear reconstruction
The set of assumptions can be roughly stated as follows.
Assumption 3. (1) A is skew-adjoint with compact resolvent, giving “Sobolev spaces” X°.
(2) F:X°® — XC is analytic, and both F and DF are Lipschitz on bounded subsets.
(3) Uniform observability : for C € L(X®), a large n and suitable inputs V €V,

{aw—m+@mmmm
W(O) =Wy € QHXG,

with 'V a technical set which enjoys some compactness properties.

T
= [Wollje <@, [ ICWO)Focr,

obs
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In this setup, the following variation of the abstract Theorem 6 holds.

Théoreme 13. Let T* > T and K be a "suitable" compact set of C°([0,T*],X°). Then any
solution U € X of

{ U =AU +F(U) on [0,77], (6.1)

CU(t)=0 forr € [0,T%],
is real analytic int in (0,T*) with value in X°.

The key issue lies in how to perform a similar reconstruction procedure as in Section 4.2. For
a solution U to (6.1). We split in low and high frequencies U = U, + Uy and by studying the
equation satisfied by the high-frequency component, we aim to find a suitable analytic recons-
truction operator R so that Uy = R (Uy). To face the lack of compactness of the nonlinearity F,
we take into account the linear variation of the high-frequency component Uy along Q,DF (Uy)
when U is a solution living on a compact set. That is, we are led to study the high-frequency
observability problem :

{ 0:Up (1) = (A+ QDF (UL))Un + QH (UL, Un),
CU[—[(Z‘) = —CUL(t).

where H (UL, Uy) = F(Up + Uy ) — DF (U )Uy. We stress three key issues :

(1) Part (3) of Assumption 3 allows us to perform the reconstruction for the linearized sys-
tem at high-frequency, similar to Lemma 9 and considering the projector accordingly.
This is why we enforce the observability estimate to be uniform with respect to the
frequency threshold and to low-frequency parameter as well.

(2) Athigh-frequency n, the Lipschitz control provided by F (part (2) of Assumption 3) and
that the solution itself enjoy some compactness properties, allows us to close the fixed
point argument. This guarantees the existence of a reconstruction operator ..

(3) The analyticity of R is delicate as it depends in a (quite)nonlinear way with respect to
the low-frequency input : not only through the nonlinearity F, but also through the li-
nearization at high-frequency and the corresponding projector of the linearized observed
solutions.

Once we are able to write Uy = R (Ur) with R analytic, the proof follows similarly as des-
cribed in Section 4.2.

Bibliographie

[1] Spyros Alexakis and Arick Shao. Global uniqueness theorems for linear and nonlinear waves. J. Funct. Anal.,
269(11) :3458-3499, 2015.

[2] Serge Alinhac and Mohamed Salah Baouendi. A nonuniqueness result for operators of principal type. Math. Z.,
220(4) :561-568, 1995.

[3] Serge Alinhac and Guy Métivier. Propagation de I’analyticité des solutions de systemes hyperboliques non-
linéaires. Invent. Math., 75 :189-204, 1984.

[4] Serge Alinhac and Guy Métivier. Propagation de I’analyticité des solutions d’équations nonlinéaires de type
principal. Comm. Partial Differential Equations, 9(6) :523-537, 1984.

[5] Nalini Anantharaman, Matthieu Léautaud, and Fabricio Macia. Wigner measures and observability for the
Schrodinger equation on the disk. Invent. Math., 206(2) :485-599, 2016.

17



C. LAURENT & C. LoyoLA

[6] Nalini Anantharaman and Fabricio Macia. Semiclassical measures for the Schrodinger equation on the torus. J.
Eur. Math. Soc. (JEMS), 16(6) :1253—-1288, 2014.

[7] Nalini Anantharaman and Gabriel Riviere. Dispersion and controllability for the Schrodinger equation on ne-
gatively curved manifolds. Anal. PDE, 5(2) :313-338, 2012.

[8] Claude Bardos, Gilles Lebeau, and Jeffrey Rauch. Sharp sufficient conditions for the observation, control, and
stabilization of waves from the boundary. SIAM J. Control Optim., 30(5) :1024—-1065, 1992.

[9] Lucie Baudouin, Maya De Buhan, and Sylvain Ervedoza. Global Carleman estimates for waves and applica-
tions. Comm. Partial Differential Equations, 38(5) :823-859, 2013.

[10] Matthew D. Blair, Hart F. Smith, and Christopher D. Sogge. Strichartz estimates for the wave equation on
manifolds with boundary. Ann. Inst. Henri Poincaré, Anal. Non Linéaire, 26(5) :1817-1829, 2009.

[11] Jean-Michel Bony. Calcul symbolique et propagation des singularites pour les équations aux dérivées partielles
non linéaires. (Symbolic calculus and propagation of singularities for nonlinear partial differential equations).
Ann. Sci. Ec. Norm. Supér. (4), 14 :209-246, 1981.

[12] Nicolas Burq and Maciej Zworski. Geometric control in the presence of a black box. J. Amer. Math. Soc.,
17(2) :443-471, 2004.

[13] Alberto Pedro Calderén. Uniqueness in the Cauchy problem for partial differential equations. Amer. J. Math.,
80 :16-36, 1958.

[14] Torsten Carleman. Sur un probléme d’unicité pour les systemes d’équations aux dérivées partielles a deux
variables indépendantes. Ark. Mat. Astr. Fys., 26B(17) :1-9, 1939.

[15] B. Dehman, P. Gérard, and G. Lebeau. Stabilization and control for the nonlinear Schrédinger equation on a
compact surface. Math. Z., 254(4) :729-749, 2006.

[16] Belhassen Dehman, Gilles Lebeau, and Enrique Zuazua. Stabilization and control for the subcritical semilinear
wave equation. Ann. Sci. Ecole Norm. Sup. (4), 36(4) :525-551, 2003.

[17] David Dos Santos Ferreira. Sharp L” Carleman estimates and unique continuation. Duke Math. J., 129(3) :503—
550, 2005.

[18] Thomas Duyckaerts, Xu Zhang, and Enrique Zuazua. On the optimality of the observability inequalities for
parabolic and hyperbolic systems with potentials. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 25(1) :1-41,
2008.

[19] Semyon Dyatlov, Long Jin, and Stéphane Nonnenmacher. Control of eigenfunctions on surfaces of variable
curvature. J. Am. Math. Soc., 35(2) :361-465, 2022.

[20] Spyridon Filippas, Camille Laurent, and Matthieu Léautaud. Unique continuation for Schrodinger operators
with partially Gevrey coefficients. Commun. Am. Math. Soc., 5 :321-391, 2025.

[21] F. G. Friedlander and R. B. Melrose. The wave front set of the solution of a simple initial-boundary value
problem with glancing rays. Il. Math. Proc. Cambridge Philos. Soc., 81(1) :97-120, 1977.

[22] Avner Friedman. On the regularity of the solutions of nonlinear elliptic and parabolic systems of partial diffe-
rential equations. J. Math. Mech., 7 :43-59, 1958.

[23] Andrei V. Fursikov and Oleg Yu. Imanuvilov. Controllability of evolution equations, volume 34 of Lecture Notes
Series. Seoul National University Research Institute of Mathematics Global Analysis Research Center, Seoul,
1996.

[24] Patrick Gérard. Solutions conormales analytiques d’équations hyperboliques non linéaires. (Conormal analytic
solutions of nonlinear hyperbolic equations). Commun. Partial Differ. Equations, 13(3) :345-375, 1988.

[25] Paul Godin. Propagation of analytic regularity for analytic fully nonlinear second order strictly hyperbolic
equations in two variables. Commun. Partial Differ. Equations, 11 :353-366, 1986.

[26] Jack K. Hale and Genevieve Raugel. Regularity, determining modes and Galerkin methods. J. Math. Pures
Appl. (9), 82(9) :1075-1136, 2003.

[27] Erik Holmgren. Uber Systeme von linearen partiellen Differentialgleichungen. Ofversigt af Kongl. Vetenskaps-
Acad. Forh., 58 :91-103, 1901.

18



GLOBAL PROPAGATION OF ANALYTICITY AND UNIQUE CONTINUATION

[28] Lars Hormander. Linear partial differential operators, volume Band 116 of Die Grundlehren der mathe-
matischen Wissenschaften. Academic Press, Inc., Publishers, New York; Springer-Verlag, Berlin-Gottingen-
Heidelberg, 1963.

[29] Lars Hormander. Uniqueness theorems and wave front sets for solutions of linear differential equations with
analytic coefficients. Comm. Pure Appl. Math., 24 :671-704, 1971.

[30] Lars Hormander. The analysis of linear partial differential operators. IV, volume 275 of Grundlehren der Ma-
thematischen Wissenschaften. Springer-Verlag, Berlin, 1994. Fourier integral operators, Corrected reprint of the
1985 original.

[31] Lars Hormander. On the uniqueness of the Cauchy problem under partial analyticity assumptions. In Geome-
trical optics and related topics (Cortona, 1996), volume 32 of Progr. Nonlinear Differential Equations Appl.,
pages 179-219. Birkhéuser Boston, Boston, MA, 1997.

[32] Lars Hormander. A counterexample of Gevrey class to the uniqueness of the Cauchy problem. Math. Res. Lett.,
7(5-6) :615-624, 2000.

[33] Lars Hormander. The analysis of linear partial differential operators. III. Classics in Mathematics. Springer,
Berlin, 2007. Pseudo-differential operators, Reprint of the 1994 edition.

[34] Alexandru D. Ionescu and Sergiu Klainerman. Rigidity results in general relativity : a review. In One hundred
years of general relativity. A jubilee volume on general relativity and mathematics, pages 123—156. Somerville,
MA : International Press, 2015.

[35] Vaibhav Kumar Jena and Arick Shao. Control of waves on Lorentzian manifolds with curvature bounds. ESAIM
Control Optim. Calc. Var., 30 :Paper No. 65, 60, 2024.

[36] Fritz John. On linear partial differential equations with analytic coefficients. Unique continuation of data.
Comm. Pure Appl. Math., 2 :209-253, 1949.

[37] Romain Joly and Camille Laurent. Stabilization for the semilinear wave equation with geometric control condi-
tion. Anal. PDE, 6(5) :1089-1119, 2013.

[38] Romain Joly and Camille Laurent. Decay of semilinear damped wave equations : cases without geometric
control condition. Ann. H. Lebesgue, 3 :1241-1289, 2020.

[39] Carlos E. Kenig, Alberto Ruiz, and Christopher D. Sogge. Uniform Sobolev inequalities and unique continua-
tion for second order constant coefficient differential operators. Duke Math. J., 55(2) :329-347, 1987.

[40] Rowan Killip, Monica Visan, and Xiaoyi Zhang. Quintic NLS in the exterior of a strictly convex obstacle. Amer.
J. Math., 138(5) :1193-1346, 2016.

[41] Herbert Koch and Daniel Tataru. Dispersive estimates for principally normal pseudodifferential operators.
Comm. Pure Appl. Math., 58(2) :217-284, 2005.

[42] Vilmos Komornik. On the exact internal controllability of a Petrowsky system. J. Math. Pures Appl. (9),
71(4) :331-342, 1992.

[43] Camille Laurent. On stabilization and control for the critical Klein-Gordon equation on a 3-D compact manifold.
J. Funct. Anal., 260(5) :1304-1368, 2011.

[44] Camille Laurent and Matthieu Léautaud. Quantitative unique continuation for operators with partially analytic
coefficients. Application to approximate control for waves. J. Eur. Math. Soc. (JEMS), 21(4) :957-1069, 2019.

[45] Camille Laurent and Matthieu Léautaud. Unique continuation and applications. Lecture notes, https://
laurentca.perso.math.cnrs.fr/papiers/UCPApplications.pdf. 2022.

[46] Camille Laurent and Matthieu Léautaud. Lectures on unique continuation for waves. to appear in "Panoramas
et Syntheses", Société’ Mathématiques de France , arxiv.org/pdf/2307.02155, 2023.

[47] Camille Laurent and Cristébal Loyola. Global propagation of analyticity and unique continuation for semilinear
waves, 2024.

[48] Kévin Le Balc’h and Jérémy Martin. Global stabilization of the cubic defocusing nonlinear Schrédinger equa-
tion on the torus. Ann. Fac. Sci. Toulouse Math. (6), 34(3) :539-579, 2025.

[49] Gilles Lebeau. Control of the Schrodinger equation. J. Math. Pures Appl. (9), 71(3) :267-291, 1992.
[50] Gilles Lebeau. Contrdle analytique. I. Estimations a priori. Duke Math. J., 68(1) :1-30, 1992.

19


https://laurentca.perso.math.cnrs.fr/papiers/UCPApplications.pdf
https://laurentca.perso.math.cnrs.fr/papiers/UCPApplications.pdf

C. LAURENT & C. LoyoLA

[51] Nicolas Lerner. Carleman inequalities. An introduction and more, volume 353 of Grundlehren Math. Wiss.
Cham : Springer, 2019.

[52] Nicolas Lerner. Unique continuation through transversal characteristic hypersurfaces. J. Anal. Math.,
138(1) :135-156, 2019.

[53] Walter Littman. Remarks on global uniqueness theorems for partial differential equations. In Differential geo-
metric methods in the control of partial differential equations (Boulder, CO, 1999), volume 268 of Contemp.
Math., pages 363-371. Amer. Math. Soc., Providence, RI, 2000.

[54] Cristébal Loyola. Stabilization and control of the nonlinear plate equation. Preprint, arXiv :2511.17468
[math.AP] (2025), 2025.

[55] Cristébal Loyola. Unique continuation and stabilization for nonlinear Schrédinger equations under the Geome-
tric Control Condition. Preprint, arXiv :2510.14632 [math.AP] (2025), 2025.

[56] Richard B. Melrose and Johannes Sjostrand. Singularities of boundary value problems. I. Comm. Pure Appl.
Math., 31(5) :593-617, 1978.

[57] Guy Métivier. Counterexamples to Holmgren’s uniqueness for analytic nonlinear Cauchy problems. Invent.
Math., 112(1) :217-222, 1993.

[58] Luc Miller. Escape function conditions for the observation, control, and stabilization of the wave equation.
SIAM J. Control Optim., 41(5) :1554-1566, 2003.

[59] Jeffrey Rauch and Johannes Sjostrand. Propagation of analytic singularities along diffracted rays. Indiana Uniyv.
Math. J., 30(3) :389-401, 1981.

[60] Luc Robbiano and Claude Zuily. Uniqueness in the Cauchy problem for operators with partially holomorphic
coefficients. Invent. Math., 131(3) :493-539, 1998.

[61] Alberto Ruiz. Unique continuation for weak solutions of the wave equation plus a potential. J. Math. Pures
Appl. (9), 71(5) :455-467, 1992.

[62] Arick Shao. On Carleman and observability estimates for wave equations on time-dependent domains. Proc.
Lond. Math. Soc. (3), 119(4) :998-1064, 2019.

[63] Daniel Tataru. Unique continuation for solutions to PDE’s; between Hormander’s theorem and Holmgren’s
theorem. Comm. Partial Differential Equations, 20(5-6) :855-884, 1995.

[64] Daniel Tataru. Unique continuation for operators with partially analytic coefficients. J. Math. Pures Appl. (9),
78(5) :505-521, 1999.

[65] Enrique Zuazua. Exponential decay for the semilinear wave equation with localized damping in unbounded
domains. J. Math. Pures Appl. (9), 70(4) :513-529, 1991.

CAMILLE LAURENT CRISTOBAL LOYOLA

Laboratoire de Mathématiques de Reims (LMR)-UMR  Laboratoire Jacques-Louis Lions

9008 Sorbonne Université

U.FR. Sciences Exactes et Naturelles 4 Place Jussieu

Moulin de la Housse - BP 1039 75005 Paris

51687 REIMS cedex 2 FRANCE

FRANCE cristobal.loyola@sorbonne-universite.fr

camille.laurent @univ-reims.fr

20


mailto:camille.laurent@univ-reims.fr
mailto:cristobal.loyola@sorbonne-universite.fr

	1. Introduction
	1.1. Propagation of information
	1.2. Propagation of information for semilinear wave equation

	2. Known results of unique continuation
	2.1. Classical local unique continuation theorems for linear equations
	2.2. Some previous global results for semilinear waves
	2.2.1. Nonlinear solutions are also linear solutions
	2.2.2.  Using Hörmander theorem and classical Carleman estimates
	2.2.3. Using unique continuation with partial analyticity

	2.3. Observability under Geometric Control Condition

	3. Main results for semilinear waves
	3.1. Unique continuation for semilinear waves
	3.2. Propagation of analyticity
	3.3. (ultra)Short bibliography on propagation of regularity

	4. Idea of proof
	4.1. Abstract result
	4.2. Scheme of proof

	5. Nonlinear plate equation
	6. Nonlinear Schrödinger equation
	6.1. On the nonlinear reconstruction

	Bibliographie

