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Abstract

This article is concerned with quantitative unique continuation estimates for equations involving a
“sum of squares” operator £ on a compact manifold M assuming: (¢) the Chow-Rashevski-Hérmander
condition ensuring the hypoellipticity of £, and (i¢) the analyticity of M and the coefficients of L.

k

The first result is the tunneling estimate ||¢|| 2y > Ce™? for normalized eigenfunctions ¢ of £
from a nonempty open set w C M, where k is the hypoellipticity index of £ and A the eigenvalue.

The main result is a stability estimate for solutions to the hypoelliptic wave equation (87 +L£)u = 0:
for T > 2sup,c(dist(z,w)) (here, dist is the sub-Riemannian distance), the observation of the

solution on (0,7) X w determines the data. The constant involved in the estimate is Ce" where A is
the typical frequency of the data.

We then prove the approximate controllability of the hypoelliptic heat equation (0:+ £)v = 1., f in
any time, with appropriate (exponential) cost, depending on k. In case k = 2 (Grushin, Heisenberg...),
we further show approximate controllability to trajectories with polynomial cost in large time.

We also explain how the analyticity assumption can be relaxed, and a boundary O M can be added
in some situations.

Most results turn out to be optimal on a family of Grushin-type operators.

The main proof relies on the general strategy developed by the authors in | |
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1 Introduction and main results

1.1 Introduction

Let M be a smooth compact connected d-dimensional manifold without boundary. We denote X*° the
space of smooth vector fields on M (with real coefficients), which we identify to derivations on M. We
assume M is endowed with a smooth positive density measure ds, so that we may integrate functions on
M!. We may then define the space L?(M) = L?(M,ds) of square integrable functions with respect to
this measure. For X € X*°, we define by X* its formal dual operator for the duality of L?(M), that is?,

/ X* () (2)v(z)ds(x) = / w(@)X (0)(@)ds(x), for any u,v € C(M).
M M

Given m € N and m vector fields® X,---,X,, € X>, we are interested in properties of the following
(non-positive) second order operator, associated to the X;’s (namely the so-called type I Hormander
operator)*

L= ix;‘xi. (1.1)
i=1

Note that this operator is formally symmetric nonnegative, when defined on functions in C*°(M), since
we have

(L) ooy = D |1 Xiul 720 - (1.2)
1=1

Both from the geometric control and the operator theoretic points of view, it is in this context natural
to consider iterated Lie brackets of the vector fields X;. We refer for instance to the following classical
article [ | and textbooks [ , , , |-

Definition 1.1. For any family F of smooth vector fields on M and ¢ € N*| we define the subspaces
Lie‘(F) of X by iteration as follows:

e Lie'(F) is the space spanned by F in X',
e Lie‘*1(F) = span (Liez(]-') U {[X, Y XeFYe Lieé(}-)}).
For any point z € M, £ € N*, we denote Lie’(F)(x) the set of all tangent vectors X (x) with X € Lie‘(F).

We shall always assume that the family (X;) satisfies the Chow-Rashevski-Hérmander condition (or is
“bracket generating”).

1See e.g. | , Chapter 16 p427]: given a local chart (U, k) of M, we have fUK uds = fn(U,{) wo k™1 (y)" (y)dy for an
appropriate smooth positive function ¢, and for any u € C9(Uy).

2Note that in the local chart (Us, x) we have X" = 32, a5 (2)9;, and thus (X*)* =37, —a%(2)9; — 0;af — 6{;: af, which
is a vector field (namely —X) plus a multiplication operator (namely — divgs(X), see Remark 1.28 below).
3The assumption 1 < m < d is sometimes made in the references we use, but can always be removed.

4See Remark 1.28 below for a discussion on general sub-Riemannian Laplacians.




Assumption 1.1. There exists £ > 1 so that for any € M, Lie/(Xy,--- , X,,,)(z) = T, M°. Denote then
by k£ € N* the minimal ¢ for which this holds.

The integer k will sometimes be refered to as the hypoellipticity index of L. Assumption 1.1 is central
in control theory and operator theory, for it characterizes both the controllability of the controlled ODE
driven by the vector fields (X;) and the Hypoellipticity of the operator £. Let us now recall these two
seminal results, namely the Chow-Rashevski theorem and the Hérmander theorem, which we both use in
the sequel.

Theorem 1.2 (Chow | |, Rashevski [ ). Under Assumption 1.1, the following statement holds:
for any xo, 21 € M, any T > 0, there exist u; € L'(0,T) fori € {1,--- ,m} such that the unique solution
of

() =Y w®)Xi(y(1), 7(0) =g (1.3)
i=1

satisfies y(T) = x1.

We refer e.g. to | , Chapter 1.4], [ , Chapter 1.4] or | , Chapter 2| for statements and
proofs of the Chow-Rashevski theorem, and in particular for the definition of the solution of (1.3). See
also [ , Chapter 3| for examples and applications in control theory. This theorem motivates the
following definition.

Definition 1.3 (Horizontal path). We say that an absolutely continuous function v : [0,7] — M is a
horizontal path if there exist u; € L'(0, T;R) for i = 1,---m such that for almost every ¢ € [0, T], we have

Y(t) = 3235, wi(H) Xa(y (1))

Such a trajectory is in particular absolutely continuous and almost everywhere tangent to the so-called
horizontal distribution span(Xy,---,X,,). The second key role played by Assumption 1.1 in analysis is
summarized in the following result.

Theorem 1.4 (Hormander | ], Rothschild-Stein [ D). Under Assumption 1.1, the operator L
in (1.1) is hypoelliptic, that is, for all u € D'(M) and xo € M, if Lu € C*® near xg then u € C* near
xo-

Moreover, it is subelliptic of order %, that is, the following estimates hold: there is C > 0 such that for
any u € C>(M), we have

m
1ull3, 4 gy < C D Xl Tty + C N1l o pny (1.4)
i=1
2 2
H“HH%(M) < C(Lu,u)rz(my +C ||U||L2(M) ) (1.5)
2 2 2
HUHH%(M) < CllLullzo gy + Cllullzzan - (1.6)
The hypoellipticity was shown by Hérmander | |, who also provides with a subelliptic estimate
with loss (see also [ , ] or | , Chapter 2| for a simpler proof). The optimal subelliptic

5Note that it is sufficient to assume that for all 2 € M, there is £ = £(z) € N such that this holds. The upper semi-
continuity of z — ¢(z) and the compactness of M then imply the stronger form of Assumption 1.1 as stated.



estimate (1.4) with gain of 1/k derivatives is proved by | | (see also | , p288| for a different proof).
More precisely, (even slightly hidden) it is written in [ ] Theorem 17 and estimate (17.20) p311 in a
local form. It is then easy to globalise on the compact manifold M to obtain (1.4) (since commutators of
X; with a smooth cutoff function is a multiplication operator).

Both estimates (1.5) and (1.6) may then be deduced from (1.4). This is clear for (1.5) when recall-
ing (1.2). The proof of (1.6) requires a commutator argument (detailed e.g. in | |) and is proved in
Appendix B.1, as well as H® variants of (1.5) and (1.6). Note that these subelliptic estimates are also
obtained in Fefferman-Phong | | for some wider class of symetric operators, not neccessarily sums of
squares, and with a shorter proof.

Since the operator £ is symmetric non-negative, the hypoellipticity of £ + 1 and the compactness of
M directly imply that £ is essentially selfadjoint (see e.g. Reed-Simon | , Theorem X.26]). Hence, it
extends uniquely as a selfadjoint operator (its Friedrich extension)

L:D(L) C LA (M) — LA(M),

with, according to (1.6), H2(M) C D(L) ¢ H#(M) (still under Assumption 1.1). The operator £ is
hence selfadjoint on L?(M), with compact resolvent: it admits a Hilbert basis of eigenfunctions (¢;);en,
associated with the real eigenvalues (););en, sorted increasingly, that is

Lpi = Nii, (©is95) L2 (M) = dijs O=X <A <A< <A = Ho0. (1.7)

Note that a bootstrap argument in (1.6) shows that ¢; € C>°(M). In particular, the spectral decomposi-
tion allows to define solutions of the hypoelliptic wave and heat equations (respectively (07 + £)v = 0 and
(8¢ + L)u = 0), which we shall consider in this paper.

In addition to Assumption 1.1, we will also assume in the main part of the article that everything
is real-analytic. This assumption in not made in Section 5 though, where we give some results in the
non-analytic context.

Assumption 1.2. The manifold M, the density ds, and the vector fields X; are real-analytic.

In particular, it implies that the operator £ has analytic coefficients in any analytic coordinate set
compatible with the manifold M. Note that under this assumption, the converse of Theorems 1.2 and 1.4
also hold, namely:

¢ Attainability, in the sense of Theorems 1.2, implies Assumption 1.1, see [ , | (see also |
| for generalizations);

e The hypoellipticity of £, in the sense of Theorem 1.4, implies Assumption 1.1, see | , Theo-
rem 2.2] if there is no point xg where all X; cancel.

The analyticity assumption is further discussed in Sections 1.2.4 and 1.3 below.

Before stating our main results, let us provide with classical examples of operators that are considered
in the present paper.

Example 1.5 (Elliptic operators, k = 1). In the case k = 1, then, span(Xy, -+, X,,)(z) = T, M for all
x € M, and the operator L is elliptic. Most of the results stated in this paper (or stronger versions of
them) are already known in this situation (and in greater generality), see | , , ]. That all
Laplace-Beltrami operators can be written under the form (1.1) is a consequence of Remark 1.1 below.



Example 1.6 (The Grushin operator, k = 2). Consider the torus M = (R/27Z) x (R/Z) (which we identify
with [—1,1[x[0, 1[ with periodicity conditions), endowed with the Lebesgue measure ds = dzidzs and

0 7]

L=—(02 +2702) = X{ X1 + X;Xo, with Xl:aTcl’ Xzlea—xz.

We have span(X7, Xo) = R? if 71 # 0, but on the singular set z; = 0, we have span(X;, X5) = RXj.
However, we have [X7, X5] = 8%2, so that span(Xy, Xo,[X1, X2]) = R? on the whole M, and Assump-
tion 1.1 is satisfied for k¥ = 2. Remark that x? is not analytic (not even C') on the torus M; here it
can be replaced e.g. by sin(mwx1/2)2, being analytic and satisfying the same Hypoelliptic property. The
original Grushin example will also be discussed later with Dirichlet boundary conditions, in which case it

is smooth on [-1,1] x (R/Z) or [-1,1] x [0, 1].
Example 1.7 (Higher order Grushin operators, k € N). Consider again M = (R/2Z)x(R/Z), ds = dz1dz
and, for v € N, set

9 9
L,=—(02 +27702) = X{ X1 + X3 X5, with X;=—-—, X,=2]

= —_. ].-
0x1 1 0xo (1.8)

Again, x%v may be replaced by sin(mz1/2)%7 so that £, has analytic coefficients. We have span(X;, X») =
B_o ] _

R? if 21 # 0, but on the singular set x; = 0, we have to use iterated Lie brackets: Since [8%1,3:1 o
/J’xffla%z for all 8 > 1, we have, with F = {X;, X5}, that

e Lie!(F) is the space spanned by F in X>;

o Lie!(F) = {f = aa%l + e bixﬁa%z la,b; € R} for 1 <0 <~+1;

o Lie(F) = Lie™(F) = {f = a5 + Bla1)s la € R BERX] pif €27+ 1.

Hence, for 2 = (0,22), we have Lie*(F)(z) = R-2 if £ < v+ 1 and Lie” ™' (F)(z) = R2. In particular,

- ox
Assumption 1.1 is fulfilled with k& = y+1. Note that we recover Example 1.5 in case v = 0 and Example 1.6
in case v = 1.

Example 1.8 (The Heisenberg operator on the Heisenberg group). On R? with current point w = (z,y, s),
the following two vector fields X = 0, + 2y0, and X3 = 0y — 220, constitute the model case for contact
geometry. Indeed, we have, with F = {X;, X5}, that

e Lie’(F) = span(F) is of dimension 2 at any point in R?;
e Lie?(F) = R? at any point in R?, since [X7, X5] = —40,.

Let us now define a compact context in which these are two analytic vector fields.
First equip R? with the (non-commutative) group law

wew' = (z,y,s)e (2, y,s) =@+, y+vy, s+ —2zy +2ya’).

With this law, (R?,e) (with R® endowed with its canonical differential structure) is a Lie group which
we denote by G. Given L > 0, the set I' = LZ x LZ x L?Z is a subgroup of G, and both vector



fields X; and Xy are left invariant vector fields on G, i.e. setting my : G — G,w — g ® w, we have
dmg(X;(w)) = X;j(mg(w)) = X;(g ®w) for j = 1,2. The subgroup I' being co-compact, the left quotient
M =T\ G is a compact three dimensional analytic manifold. Moreover, the vector fields X1, X2 go to
the quotient as analytic vector fields on M. From the computation on R?, we obtain dim Lie'(F)(w) = 2
and Lie?(F)(w) = T, M for some/any point w € M. The Haar measure turns out to be the Euclidian
measure in the coordinates (z,y,s). We consider the operator £ = X;X; + X;Xo = —X7 — X2 = —Ay,
where Ay is the Kohn Laplacian, for which £ = 2. We refer for instance to [ , Section 1.2] for
more on this example.

This last example belongs to the following general class of constant rank sub-Riemannian structures.

Example 1.9 (Lie Groups). Assume that (M, e) is a compact d-dimensional Lie group. Let 1 be the
identity of (M,e), and write L := Ty M its Lie algebra. Recall (see e.g. | , Tome II, p627]) that
there is a unique real-analytic differentiable structure on M compatible with the action of e, with which
we endow M. We write as in the above example my : M — M,z — g e x for the left multiplication.
Given m < d and m vectors (e, - - ey) € L™, we denote by (X1, -, X,,) the associated m left-invariant
vector fields defined, for € M, by X (x) := dm,(X;(1)) = dmg(e;).

Now, we assume that the vectors (e1,---e,,) generate the whole Lie algebra, namely Lie(M) = L,
which implies that the vector fields (X, -, X,,) satisfy Assumption 1.1, for some k.

Finally, we remark that, by construction, both the vector fields X; and the Haar measure ds of M are
real-analytic and left invariant. All our results shall hence apply to the associated operator L.

Finally, let us mention that hypoelliptic operators appear naturally in several physical and mathemat-
ical contexts such as stochastic processes and the theory of functions of several complex variables. We
refer to | , Chapter 2] for a presentation of some of these applications.

1.2 Main results

Our main results under Assumptions 1.1 and 1.2 are of three different types:
1. Tunneling estimates for eigenfunctions ¢; of £ (Section 1.2.1);

2. Quantitative approximate observability (and associated controllability) of the hypoelliptic wave equa-
tion (92 + L)v = 0 from a subset w C M (Section 1.2.2);

3. Quantitative approximate observability (and associated controllability) of the hypoelliptic heat equa-
tion (0¢ + L)u = 0 from w (Section 1.2.3);.

Also, we provide with a class of examples (which are generalizations of those considered in Example (1.7))
where all these results hold as well without the analyticity Assumption 1.2 (Section 1.2.4).

All results obtained depend explicitely on the hypoellipticity index k of the operator considered, i.e. the
minimal number of iterated brackets necessary to span the whole tangent space, given by Assumption 1.1.
We finally prove with an example that the results are optimal in general.

1.2.1 Eigenfunction tunneling

Our first result is the following.



Theorem 1.10. Let w be a nonempty open subset of M. Then, there is C,c > 0 such that every eigen-
function ¢; of L associated to the eigenvalue \; satisfies

c)\]?/z
loillzomy < Ce™i lojllLzw)- (1.9)
k/2
This estimate may be read as |¢;llr2w) > %efdf for all normalized eigenfunctions, and hence
quantizes the possible vanishing rate of eigenfunctions on any subdomain w.
In the case k = 1, i.e. when L is an elliptic operator, the analyticity assumption 1.2 is not needed and

the result follows from the Donnelly-Fefferman paper | ]. In this situation, it also holds on a manifold
with boundary for Dirichlet eigenfunctions [ | (see also [ | for other boundary conditions).
We shall also deduce from estimates of | , Section 2.3] that the tunneling estimate (1.9) is optimal

in the following particular setting (close to Example (1.7)).

Example 1.11 (Higher order Grushin operators on the rectangle). Consider the manifold with boundary
M = [-1,1] x [0,1] or M = [-1,1] x (R/Z), endowed with the Lebesgue measure dz, and for v > 0,
define the operator £, = — (92, +27'92,) as in (1.8) with Dirichlet conditions on M. If v € N, then the
operator L, is hypoelliptic of order k =y + 1 (i.e. Assumption 1.1 is fulfilled with k =~ + 1).

Proposition 1.12. Consider, for v > 0 the situation of Example 1.11. Assume that w N {z1 =0} = 0.
Then there exists C,co > 0 and a sequence (), p;) of eigenvalues and associated eigenfunctions of L., with
Aj — +oo such that
=
—coX,
lejllr2w) < Cem % lejllLz(m)-

We recall that if v € N*, then £, is hypoelliptic of order £ = 7 4 1, so that Proposition 1.12 shows
that, in general, one cannot expect a better estimate than that of Theorem 1.10. We shall also prove
(see Section 1.2.4) that Estimate (1.9) holds as well in a setting containing those of Example 1.7 and
Example 1.11, thus providing a genuine converse of Proposition 1.12 (for v € N*).

Note that in the analytic context, the qualitative uniqueness:

(Ecp:)\apon./\/l, <p:00nw) = ¢=0o0n M,

was proved by Bony | |, as a consequence of the Holmgren-John theorem. Removing the analyticity
assumption, even for such a qualitative unique continuation property, remains a very subtle issue, as
discussed in Section 1.3.1 below.

1.2.2 Quantitative approximate observability of the hypoelliptic wave equation

To state our main result here, we need to introduce the appropriate notions of Sobolev spaces and sub-
Riemannian distance, which are adapted to the analysis of the operator L.
All along the paper, we shall use the functional calculus given, for appropriate functions f and u, by

f(L)u= Z TG (s 95) L2 () ;- (1.10)



This allows for instance to define the operators (1 + £)% : (M) — C°°(M), which, by duality, may be
extended as operators (1 + £)3 : D'(M) — D’'(M). We next define the Sobolev spaces

He ={uecD M), (1+L)5uc M)}, scR,
and associated norms

lullygs, = [[(1+ £)2ul] seR.

L2(M)

Let us now also introduce basic notions of sub-Riemannian geometry needed to formulate our main
result. We refer to | , , , , , | for an introductions to sub-Riemannian
geometry, as well as for further developments. The so-called sub-Riemannian metric associated to the
vector fields (X1,- -, X,,) is defined, for € M and v € T, M, by

g(@,v) = inf {;uf (U1, ,um) € Rm,;uiXi(x) = v} if v € span(X;(x),i € {1, -- ’m})’(l.ll)

400 if not.

This defines for any z € M a positive definite quadratic form g(x,-) on the the horizontal space
span(Xq(z), -, Xp(2)).

Remark that, if finite, the infimum is in fact a minimum, and is realized by a unique vector (u1,- -« ,um) €
R™. Given v : [0,1] — M an absolutely continuous path, we define its length accordingly by

length(s) 1= [ V/ogB@ A

The fact that this quantity is finite implies that 4(t) € span (X1(y(f)), -, X, (y(t))) for almost all
t € [0,1]. Also, it is always finite if 7 is a horizontal path (in the sense of Definition 1.3).
Then, this allows to define a sub-Riemannian (also called Carnot-Carathéodory) distance on M by

de(zo, 1) = inf {length(y) |y horizontal path, v(0) = zg, (1) =1 }.

The Chow-Rashevski Theorem 1.2 implies that, under Assumption 1.1, the distance defined by d. is always
finite.

With these definitions in hand, we may now state our main result, which concerns the quantitative
unique continuation (or quantitative approximate observability) for the Hypoelliptic wave equation

(u,0u)|t=0 = (uo,u1). (1.12)

{ Bu+Lu = 0
Theorem 1.13. Let L as above satisfying Assumptions 1.1 and 1.2. Assume that w is a non empty open
set of M and let T > sup,c g dz(x,w). Then, there exist k,C, 19 > 0 such that we have

kpuk

1
(eto, wi)ll ez < O™l ey + 7 100, w) gy e (1.13)

for all > po and for any (uo,u1) € Hy x L2, and associated solution u solution of (1.12) on|—T,T].



Note first that this estimate could be stated equivalently for all © > 0 (see e.g. | , Lemma A.3]).
We chose to keep the above formulation to underline the interesting case (being u large). Note also that
this theorem can be equivalently rewritten under one of the following two formulations (see e.g. [
Lemma A.3])

b

oyl o

k -
oy u) s w2 < CeN Nullpagorppeey»  With A= ; (1.14)

) T e

or

oyl o

T
log <|(u07u1)|H1£XL2 + 1) k

”'U‘HL2(]—T,T[><W)

||(U0aul)||L2><Hzl <C s (1.15)

where, in the last expression, the function z — (log(1 + %))_% has to be extended by zero at z = 07.

Again, in the particular situation of Example 1.11, i.e. for the operators (1.8), the sequence of eigen-
functions of Proposition 1.12 shows that the exponent e**" in (1.13) (resp. eA in (1.14) and log_%
in (1.15)) cannot be improved in general.

Remark 1.14. That d is the relevant distance function in view of the study of the Hypoelliptic partial
differential operator £ comes from the fact that the sub-Riemannian metric g(z, v) and the principal symbol
((z, €) of the operator £ are linked through the Legendre transform £ g(z,v) = maxeers pm((€,v) — 24(, €))
(see | , Section 1.2] or Appendix C): d. is thus the appropriate distance when analyzing properties of
L.

Moreover, the assumption on the time 7' > sup,c 1 dz(2,w) is optimal because of the finite speed of
propagation satisfied by equation (1.12). Indeed, Hypoelliptic wave equations also satisfy a finite speed
of propagation similar to the classical wave equation but with the Riemannian distance replaced by the
sub-Riemannian distance dz. This (not obvious) fact was proved by Melrose [ | (see also the remarks
in | , Section 4] for the link between the distance defined in | | and dg).

As a corollary of this result (see | Jor| , Appendix]), we obtain the approximate controllability
of the Hypoelliptic wave equation, as well as an estimate of the cost of approximate controls. Here, we
only state approximate controllability to zero, which is equivalent to approximate controllability to the
whole state space H: x L? on account to the reversibility of the equation.

Corollary 1.15 (Cost of approximate control). For any T' > 2sup,caq dz(x,w), there exist C,c > 0 such
that for any e > 0 and any (ug,u1) € Hp x L?, there exists g € L*((0,T) x w) with

||g||L2((07T)><w) < Ce<F H(u07u1)||7.[1£><[12 )
such that the solution of

(02 + L)u = 1,9 in (0,T) x M,
(U, atu)|t=0 = (UO; ul)a in M7

satisfies || (u, O)li—r | izt < 10 un)llpgp -

10



To the authors’ knowledge, these results are the first ones concerning the approximate observabil-
ity /controllability of hypoelliptic waves. They furnish not only the approximate observability /controllability
but also an (optimal in general) estimate of the cost.

In the elliptic case k = 1, these can be obtained by the theory developed by Lebeau in | | (even on
a manifold with boundary). However, in this (elliptic) case, the analyticity assumption can be removed,
as proved by the authors in | |.  This followed a long series of papers concerning the qualitative
unique continuation | , , , , | (see also [ , , | for more general
operators), i.e. the property:

(0 +L)u=00n (-T,T) x M, u=0o0n (—T,T)xw) = u=0,

and another series of papers [ , , | concerning variants of Estimate (1.13) (still in the
elliptic case k = 1) which are not optimal with respect to the minimal time and the exponent of . We
refer to the introductions of [ , | for a more detailed discussion on this issue. Here, in the analytic

context, we directly prove the quantitative result but, to our knowledge, even the qualitative result was
not known.

We shall see that we prove actually a more general statement in which the term H(uo,ul)HHlaXH in
the right-handside of Estimate (1.13) can be changed into ||(uo, “1)||7-sz7-tjjl for any s > 0, if changing
the power of p accordingly, see Theorem 1.31 below.

1.2.3 Quantitative approximate observability of the hypoelliptic heat equation

We now turn to the study of observability properties for solutions of the hypoelliptic heat equation

{ Oy + Ly=0, in (0,T) x M,

y(0)=yo i M, (1.16)

from a subdomain w C M. By duality, we are equivalently concerned here with different controllability
properties of the following system

(0 + L)u=1,9, in (0,7) x M,
{ w(0) = o, in M. (1.17)

We provide with three main results, still under Assumptions 1.1 and 1.2:

1. For any k € N*, we prove an approximate observability result in any time 7" > 0 with a frequency-

lloll 1

W, or, equivalently, approximate controllability
L

with cost e=F. These are the analogues of Theorem 1.13 and Corollary 1.15 for parabolic equations.

depending constant of order CeCAk, where A =

2. If we moreover assume the data to be sufficiently smooth (in some Gevrey-type norm with respect
to the spectral decomposition of £), then the cost of approximate observability can be improved to
a polynomial one, i.e. of the form E% for some 8 > 0; this yields approximate controllability in a

much weaker topology, but with a much lower cost.

3. Finally, in the very particular case k = 2 (including Grushin and Heisenberg operators), we prove
an approximate observability /controllability property to trajectories in large time with a polynomial
cost. This may be interpreted as a counterpart of the exact controllability to trajectories for the
heat equation [ ) | (case k = 1). There is no similar result if k£ > 2.

11



The first result we obtain provides the cost of approximate observability of the whole state space
L?(M). There is no restriction for the hypoellipticity index &, but the (exponential) cost depends on this
parameter.

Theorem 1.16. For all T > 0, there exist C,c > 0 such that for any yo € HL- and associated solution y
of (1.16), we have

T
ol <0 [* [ et a= T (113)
0 Ju yoll 2
and, for any p > 0,
v [T 1
ool < e’ [ [ fute.o)? o a5l (1.19)
That (1.18) and (1.19) are equivalent comes for instance from |[ , Lemma A.3]. Again, in the

particular situation of Example 1.11, i.e. for the operators (1.8), the sequence of eigenfunctions of Propo-
sition 1.12 shows that the exponent e*#" in (1.19) (resp. A" in (1.18)) cannot be improved in general.

This theorem generalizes the results of Fernandez-Cara-Zuazua and Phung [ , | in the
elliptic case k = 1. Yet, in this framework, the analyticity was not necessary (as in all above stated results
in the case k = 1) and the setting can be relaxed (uniform dependence of the constants with respect to
lower order terms and to the time T, boundary value problems...).

As a corollary (see [ , Appendix]), we obtain, given an initial state and a target state both belonging
to the space L?(M), and given a precision ¢, the existence of a control function bringing the initial state
in an e-neighborhood of the target (in appropriate topology). We obtain as well an estimate of the cost of
the control.

Corollary 1.17 (Cost of approximate control to the state space). For any T > 0, there exist C,c > 0
such that for any € > 0 and any ug € L*(M),u; € L*(M), there exists g € L*((0,T) x w) with

efTL'

l9ll 2 (0,1 %) < CeF [le™“ug = wal] 1o

such that the solution of (1.17) issued from ug satisfies

1u(T) = w1 < € lle™Fuo — | oy -

To state our second result concerning the hypoelliptic heat equation, we need to introduce the following
spectral Gevrey-type norms for functions defined on M: For a > 0, § € R, we set

Hu||Z9 = Z 20N |uy)?,  with w= Zujcpj. (1.20)
jEN JEN
For 6 > 0, we define H*? to be the subspace of L?(M) consisting in functions u such that lully o < oo
For 0 < 0, we let H*? be the completed of linear combinations of eigenfunctions for this norm. Remark
that taking as usual L?(M) as a pivot space, the space H*~? is identified to (Haﬂ)/ for 6 > 0. Also,
according to the hypoellipticity Assumption 1.1 (see Corollary B.2) we have H*? ¢ C>(M) for § > 0, so
that H*~% is larger than spaces of distributions on M (and its topology weaker).
We obtain the following result, which assumes the data to be extremely regular and then yields ap-
proximate observability with a polynomial cost only. The regularity needed is linked to the hypoellipticity
index k.

12



Theorem 1.18. Fiz any k € N*. There exists 0y > 0 such that for any T > 0 and any 0 > 0y, there exist
C > 0 so that for € > 0, we have for any solution y to (1.16),

C T
lyollz: < —5— /T/Z/ ly(t,2)|* dt dz + < [|y(0)]5 /.0 (1.21)
£7=0o w

Again Proposition 1.12 shows that a polynomial cost is optimal for data in H?%% in the situation of
Example 1.11. Note that we provide with an explicit dependence of the polynomial cost (i.e. the power
02000) with respect to the regularity of the data; in particular, we see how it improves when 6 becomes
larger. As a Corollary of Theorem 1.18, we obtain an approximate controllability result with polynomial

cost, but the target is well approximated in a very weak topology.

Corollary 1.19 (Cost of approximate control to the state space in very weak topology). With 6y > 0
given as in Theorem 1.18 (depending only on M,w, L), for any T > 0 and 6 > Oy, there exist C > 0 such
that for any € > 0 and any ug € L*(M),u; € L*(M), there exists g € L*((0,T) x w) with

-TL

||g||L2((O,T)><w) < T ||6 Ug — u1||L2(M) ’
£7-0g

such that the solution of (1.17) issued from ug satisfies
-TL
10(T) = wllijo,—g < & [le™ u0 = ]| o -

We are not aware of any such results, even for the usual heat equation (i.e. with & = 1). In this case,
our proof also works in the C*° context, and in the presence of boundaries, starting from the estimates
obtained in | | or the spectral estimates of | I

Our last main result concerning the hypoelliptic heat equation is, as opposed to the first two ones,
concerned with final state approximate observability (or equivalently an approximate controllability to
trajectories) with a polynomial cost, and is restricted to the case k = 2.

Theorem 1.20. Assume that k = 2. There exist Ty, C > 0 such that for alln > 0, all T > Ty +n and all
e > 0, we have for any solution y to (1.16),

1 T
DI < 55 [ [ Wt it do ey, (12

e—C/n

with D = min{ ==, 1} and § = 7=t

In particular, we obtain an explicit estimate on how the cost improves as 7 increases. This result gives
directly the following corollary concerning approximate controllability to trajectories (or, equivalently, to
zero) at a polynomial cost (see again | , Appendix]).

Corollary 1.21 (Cost of approximate control to trajectories if k = 2). Assume that k = 2, and let To > 0
as in Theorem 1.20. For alln > 0, all T > Ty +n and all € > 0, we have the following statement: for any
ug, g € L?, there exists g € L*((0,T) x w) with

C N
90l 20,1y xw) < o [wo — toll 2

13



such that the associated solution u of (1.17) satisfies

||u(T) - 67TL@0||L2(M) < ellug — tol| 2 5

where § = = and C = C'(mTO,T).

Ty
To+n)

Remark that these two results only hold in the case k = 2. Once again, in the particular situation of
Example 1.11, i.e. for the operators (1.8), the sequence of eigenfunctions of Proposition 1.12 shows that
this result cannot hold if k¥ > 3 (or even, if v > 1). Let us here be more precise: assume in the context of
Example 1.11 that an estimate of the form (1.22) is satisfied for a cost function ®(¢), that is

T
TG < 0@ [ [ ) ot ey, forale >0,

and test it with y(t) = e~*i'¢; (solution of (1.16)), where ¢; is given by Proposition 1.12. Then we have
for all € > 0,

efzco,\f/"‘
e 2T < <I>(s)/\7 +¢e, foralle>D0.
J
Fixing then e = ¢; := 672;# — 0T and taking logarithm yields 2(00)\72 —\T) <log®(e;). That ®(e) <
C/eP (i.e. having a polynomial cost) implies k& < 2. In the case k = 2, this implies ®(¢;) > (2)%70_1, S0
e;j) T

that for T' < ¢y, the polynomial cost cannot be improved. Unfortunately, the constant 7 in the above
result is much larger than ¢y, so that this discussion does not imply neither that the polynomial cost is
the optimal one, nor that a minimal time is necessary. However, as we shall see in Section 1.3.2 below, it
may happen that exact controllabilty holds for no time 7" > 0, which may indicate that a polynomial cost
is not far from being sharp.

1.2.4 Relaxing the analyticity assumption

In this section, we provide with a simple family of examples for which the analyticity Assumption 1.2 can
be partially removed. Still this family contains those of Examples 1.7 and 1.11. In this context, most
above results hold as well. The motivation is both to relax the analyticity assumption (and replace it with
analyticity with respect to one set of variables), and to include the setting of the article [ ]

Example 1.22 (Partially analytic Grushin-type operators). Consider the manifold with boundary M =
[-1,1] x (R/Z), endowed with the Lebesgue measure dz, and define, for f € C*([-1,1] x (R/Z)), the
Grushin type operator

L= X{Xl + X;XQ, X, = am, Xo = f(l'l,l'g)aww (1.23)

that is
L=-02 — 202, — (2f0u, [)0n,,
with Dirichlet conditions on M. We further assume that

e f(x1,x2) is analytic in the variable x5 (that is, for any point = (21, z2) €] — 1, 1[x(R/Z), f is equal
to its partial Taylor expansion at xo with respect to the variable x5 uniformly in a neighborhood of
vin]— 1,1[x(R/Z));
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e there exists € > 0 such that f(z1,22) = f(x1) does not depend on z2, and f(x1) > 0 for all
x1 € -1, -14+¢|U[l —¢g,1];

e X; and X, satisfy the Chow-Rashevski-Hormander Assumption 1.1;
e f(x1,22) does not depend on x5 in a neighborhood of w.

Note that under these assumptions, the operator L is elliptic near the boundary oM.
For instance if f(z1,22) = f(z1) € C*°([-1,1]) does not depend on the variable z2, and we have :

f(z1) #0, for 1 £ 0 f0) =0, forall « < k — 2, and f*=1(0) # 0,

then, the operator £ defined by (1.23), namely £ = 7851 — f(x1)28§2, satisfies all assumptions of Exam-
ple 1.22 (in particular, it is hypoelliptic of order k). This contains the situation of Examples 1.7 and 1.11
(for v € N of course).

We prove the following result.

Theorem 1.23. In the context of Example 1.22, all results of Theorems 1.10, 1.18 and 1.20 still hold, as
well as their corollaries.
Theorem 1.13 is true with the following estimate instead

o 1
||(U’O’u1)HL2><’H21 < CeH ||u||L2(]7T,T[><w) + ; ||('U/0,U1)||HIZXH1271 . (124)

Theorem 1.16 is still true but with the estimates

ol

_ O 1.25
Tvolls (1.25)

T
luollZs < Ceets / /|y<t,x>\2dxdt, Ay

T
. 1
ool < e [ [ ot do a5 s (1.26)

Note that since f does not vanish near 9 M, the metric g defined as in (1.11) is Riemannian near M
and the notions of length and distance defined above can be extended up to the boundary.

We explain in Section 5 how the proofs in the completely analytic case need to be modified. The
version that are true in the partially analytic are actually some particular cases of general estimates with
all Sobolev scales for measuring the typical frequency. For instance, (1.24) is a particular case of Theorem
1.31 with s = k. We refer to the discussion in Section 1.5 below.

Remark 1.24. Under appropriate assumption on f, it is classical to extend Theorem 1.23 to the same
situation as in Example 1.22, but on the domain M = [-1,1];, x [-1,1],, with Dirichlet boundary
conditions by using symmetry arguments. Also, the case of the domain M = (R/Z)? is simpler.

Remark 1.25. All observability results of Theorem 1.23 also hold if the internal observation term
[ull 27 7(xw) is Teplaced by a boundary observation [0null2q_7 7xr), Where I' is a nonempty open
subset of OM and 9, denotes the normal derivative to M. See [ , Section 5]. In turn, they imply
their boundary controllability counterparts. We did not state these results for the sake of brevity.
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1.3 Comparison to other works
1.3.1 Previous works on unique continuation for sum-of-squares operators

Observability inequalities (as those provided by Theorems 1.10, 1.13, 1.16, 1.18 and 1.20 above, or as (1.27)
below) are quantitative estimates of the unique continuation property for the operator involved (namely
L—\, 0?2+ L, and 9, + L respectively). Hence, when studying such inequalities, it is natural to compare our
results with the known unique continuation properties for such operators. When the ellipticity condition
is dropped, i.e., when k > 1, this property seems to be a very intricate problem, even under the simplest
form

(Lu=0on M, u=0onw) = u=0in a neighborhood of w in M.

To our knowledge, the most general such result was proved by Bony | ], and holds under both
the Chow-Rashevski-Hérmander condition and the assumption that the coefficients of the operator are
analytic. Therefore, our assumptions 1.1 and 1.2 (except in the partially analytic case of Theorem 1.23)
are essentially the same as in this paper. In particular, Theorem 1.10 could be read as quantification of
Bony’s result. Also, the proof of the result of Bony mainly relies on the Holmgren-John theorem and is
quite indirect. Here, we need to make a new proof of his result, that we are also able to quantify.

Some attempts have been done to relax this analyticity assumption. Watanabe | ] proved the
unique continuation property for C*° coefficients in dimension d = 2. Yet, later on, Bahouri | ]
proved a surprising general non-uniqueness result: for a large class of sum-of-squares operators £ with
C® coefficients, and satisfying Assumption 1.1, there is C°° potentials V' such that £ + V does not
satisfy the local unique continuation property. These counterexamples to unique continuation contain for
instance in dimension d = 3 and d = 4 the case where the dimension spanned by the vector fields is
of dimension d — 1 (Heisenberg-like situations). Moreover, this result suggests that a classical Carleman
estimate approach cannot work for all hypoelliptic operators. Also, it strongly suggest that the (complete
or partial) analyticity assumptions that we make are not completely artificial.

This analyticity assumptions might be completely removed in some specific situations where the op-
erator is elliptic outside of a submanifold, see the comments of Bahouri [ , p140]. This was proved
in the paper | | by Garofalo for specific examples. Colombini-Del Santo-Zuily | | also treated
some related classes of degenerate elliptic operators having a specific form with respect to a hypersurface.
Nevertheless, even in these situations, the quantitative estimates that we obtain are optimal as stated in
Proposition 1.12.

All these results are concerned with the unique continuation property for operators like £ (“degenerate
elliptic operators”). We are not aware of works studying the unique continuation property for operators
like 92 + L or 9; + L (“hyperbolic, resp. parabolic operators with a degenerate elliptic part”), except in
the context of control theory, that we review in the next section.

1.3.2 Previous works on the controllability of the hypoelliptic heat equation

The investigation of the controllability of hypoelliptic operators is for the moment quite at an early
stage and has been mainly restricted to some specific operators or classes of operators. A striking result
concerning the parabolic observation problem (1.16), where £ = £, is given by Example 1.11 (i.e. higher
order Grushin operators on the rectangle, with Dirichlet boundary conditions), was proved by Beauchard,
Cannarsa and Guglielmi | ]. The authors are interested in the following observablity inequality,
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equivalent to the controllability to zero (and hence to trajectories)
T
||y(T)||iQ(M) < C’/ / ly(t,2)|* dtdz, for all yo € L*(M) and y solution of (1.16). (1.27)
0 w

Theorem 1.26 (Beauchard, Cannarsa and Guglielmi | ). Assume £ = L., is given by Example 1.11.

1. If v € ]0,1], then the observability inequality (1.27) holds true for any nonempty open set w C M in
any time T > 0.

2. If v =1 and if w =]a,b[x]0, 1] where 0 < a < b < 1, then there exists T* > a®/2 such that

e for every T > T* the observability inequality (1.27) holds true,
e for every T < T* the observability inequality (1.27) is false.

3. Ify>1 and w C (0,1) x (0, 1), then the observability inequality (1.27) never holds true, in any time
T >0.

In the case v =1 (i.e. k = 2) and with a symmetric observation region w = (] — b, —a[ Ua, b[) x]0, 1]
with 0 < @ < b < 1, it has been recently proved by Beauchard, Miller and Morancey | | that
T* = a?/2 is actually the critical time. This result is quite surprising since parabolic type equations often
display an infinite speed of propagation. The controllability of parabolic evolutions thus usually holds in
an arbitrary small time independent on the geometry; appearance of a minimum controllability time is
hence unusual. Yet, the proof uses a lot the specific geometry of w as a vertical strip. Indeed, another
very striking result was recently proved by Koenig in the case v = 1 (i.e. for the Grushin operator): if w
is disjoint from an horizontal strip, null-controllability never holds (in any time).

Theorem 1.27 (Koenig | ). Let L= L, be given by Example 1.11 with v = 1. Assume that there is
0 <c<d<1 such that wn (] —1,1[x]e, d[) = (. Then, for any T > 0 the observability inequality (1.27)
is false.

A remarkable consequence of this result, when compared with the two abovementioned ones is that a
geometric condition on the set w is needed for the observability estimate 1.27 to hold.

Hence, the best result one can then expect in a general situation is a final state approximate observ-
ability result with a cost function ®(¢) —,._,o+ 400 (or equivalently an approximate controllability to
trajectories with cost ®(¢)), which is precisely our Theorem 1.20 and Corollary 1.21 with ®(g) = e~%.

Finally, let us also underline that all these result hold in the context of Example 1.11, that is for the
operator — (02 + x%@i), which coefficients are analytic (indeed constant) with respect to the variable
Zo. As such, they fit into the framework of Theorem 1.23 as long as v € N.

More recently, there has been some study of the control of the Heat equation on the Heisenberg group
by Beauchard and Cannarsa [ ]. It still corresponds to the case k = 2 as described in Example 1.8.
Some phenomenon similar to the Grushin case seem to occur with the existence of a minimal time if the
observability is made on a cylinder. This strenghtens the fact suggested by our result that the important
parameter is the hypoelliptic index k.

Yet, in both cases of Grushin and Heisenberg (or more generally when k = 2), it remains to understand
what is the geometric property on the observation set w that makes the difference between the polynomial
cost that is provided by our result without any assumption on w (which is likely to be optimal in general
as suggested by Theorem 1.27) and the exact controlability that requires some geometrical assumptions
on w.
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1.3.3 Controllability of other equations driven by degenerate elliptic operators

To conclude this section, let us mention different works related to the controllability of parabolic equations
driven by hypoelliptic or degenerate elliptic operators, that do not fit in the framework of the present
article.

First, the paper [ | by Morancey treats the approximate controllability (or the unique contin-
uation property) for the heat equation associated with the Laplace Beltrami operator of the Grushin
sub-Riemannian metric defined in | ]. This operator is equal to the Grushin operator discussed in
Example 1.6 plus a singular potential on the singular set 1 = 0. Hence, the analysis of the cost associated
to approximate controls is much beyond the scope of the present paper.

Second, we only considered here type I (selfadjoint) Hérmander operators, that is £ = > | X X.
Another classical class of hypoelliptic operators consists in type II Hormander operators, namely £ =
S XX, + Xo, where the vector field (the drift) X, is necessary to span the full tangent space with
iterated Lie brackets. These are no longer selfadjoint operators. The simplest example is the so-called
Kolmogorov (or Fokker-Planck) operator £ = —92+v0,. Our results do not apply in this setting, especially
because our main theorems only see the principal symbol of the operator. Yet, recent progress has been
made to analyse the observability /controllability of parabolic equations driven by such operators (mainly
for some variants of the Komogorov operator, though). We quote for instance the papers | ,

]. The observability /controllability problem has also been considered on the whole space R9. ThlS
led to other geometrical problems about how the domain is "spread out" at infinity, see for instance Le
Rousseau-Moyano | | for the Kolmogorov equation and Beauchard-Pravda-Starov | , ]
for some more general class of quadratic operators. In these last papers, the idea of the proof is to combine
some observability of low frequency (where the frequency are the usual Fourier ones or related to the
harmonic oscillator) with some decay and regularizing properties of the semigroup.

It would be very interesting to understand the common features and differences of our results and
methods with these ones. At first sight, it seems that in both cases, one important idea (which goes back
to Lebeau-Robbiano [ ]) is to compare the decay rate of the heat equation with the cost of observability
(or control) of low frequency. But, in our paper, we define "frequency" with respect to the hypoelliptic
operator £ and then, the decay is natural for high frequency. The hard part is then to understand the
cost of observability of low frequencies. In these papers, it seems that they have chosen to define the
frequency as the usual Euclidian one (or with respect to a fixed well known operator as the harmonic
oscillator in | ). In this situation, the observation at low (Euclidian) frequency does not really see
the hypoelliptic operator and follows from more usual Carleman estimates. Yet, the decay rate of high
frequency (see for instance Proposition 2.2 of [ ]) and the understanding of the commutation with
Fourier cutoff turns out to be much more complicated and to reflect deeply the hypoelliptic properties of
the operator.

Note also that there has been several studies of the unique continuation property for type II Hérmander
operators (see e.g. [ | for related operators).

Finally, other types of degeneracies have also been studied, as for instance elliptic operators with coeffi-
cients vanishing near the boundary of a domain M C R?. In this case, adaptations of the usual Carleman
estimates (combined with appropriate Hardy inequalities) are sometimes tractable. The literature is vast,
and we simply mention the recent memoir [ | and refer the reader to the references therein.
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1.4 Sketch of the proofs and plan of the paper

Even though this is not explicit in the discussion above, the cornerstone result of this paper is Theorem 1.13,
concerning the hypoelliptic wave equation. All results concerning eigenfunctions (Theorem 1.10) or the
hypoelliptic heat equation (Theorems 1.16, 1.18 and 1.20) are then deduced from Theorem 1.13. The proof
in the partially analytic case (Theorem 1.23) shall be discussed afterwards. Let us hence first comment
the proof of Theorem 1.13.

The proof of Theorem 1.13 is based on the general strategy developed by the authors in [ | for
quantifying and propagating unique continuation properties. From [ |, we only use here (except for
the partially analytic situation of Theorem 1.23) the “Holmgren-John” case, i.e. when the operator has
analytic coefficients. It states basically

e that an appropriate quantitative (low frequency) estimate holds across any non-characteristic hyper-
surface;

e that such local estimates can be propagated, leading towards global ones.

In Section 2, we review results and tools developed in | |; for sake of readability, we specify the latter to
the very particular case of second order operators that are elliptic when restricted to {, = 0 (the cotangent
variable to the analytic variable, called &, in | |); which includes all operators studied in the present
article.

Here, when compared to the case of the classical wave equation, two more difficulties arise: one of
geometric nature, and one related to the compatibility of energy space associated to £ and those dealt

with in | ]
Let us first describe the geometric difficulty. The proof is inspired by the case of the classical wave
equation given in [ , Section 6.1]: the idea is, given a point xg € M, to take any path ~ : [0,1] — M

with v(0) = zp and (1) € w (observation set), of length sufficiently small, and then to construct a family
of appropriate noncharacteristic hypersurfaces in these coordinates near [—T,T] X . There, we apply the
general theorem of | ], which allows to bound the solution u to (02 — A)u = 0 in a neighborhood of
(t,z) = (0,29) by win [-T,T] x w.

Here, due to the non definiteness/ellipticity of the operator £, we are not able to construct global
coordinates near any path ~ together with appropriate noncharacteristic hypersurfaces, in which to apply
the results of [ ]. To overcome this difficulty, we do not consider any path between zy and w, but
rather only so called normal geodesics, that is, projections on M of hamiltonian curves of the principal
symbol of the operator £. The existence of such paths v (minimizing the sub-Riemannian distance) from
any point g to w is a well-known result in sub-Riemannian geometry, proved by Rifford and Trélat | |
Then, locally near a point of 7, the introduction of normal geodesic coordinates allows us to define local
coordinates in which to apply a local version of our results in | I

A new difficulty, linked to the methods used in | , , |, then arises: the
whole setting of these papers relies on a splitting of space into analytlc and non-analytic coordinates.
Hence, most “patchable estimates” (linked to a relation <, see Section 2.2) produced in | | require the
analytic variable to be global and straight, which is obviously not the case here. To solve this problem
we do not rely on the main (neither global, nor local) result of [ |, but rather on the specific result
of | , Theorem 4.11], which takes into account the possible changes of variables. Having these results
in hand allows to prove an estimate of the form

C
Hu”Lz(]fe,s[xM) < Ce™ HUHLz (-T,Tixw) T T ||UHH1 (=T, T[xM)> (1.28)
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for p1 large and u solution to (97 + £)u = 0. This estimate is the same as that obtained in | | for the
wave equation.

This leads us to the second main difficulty we have to face in the proof of Theorem 1.13. Whereas
the left hand-side of (1.28) is bounded from below by the natural L? x H ' norm of the data, the
right hand-side is not directly linked to their 'H’lc x L? norm. More precisely, the hypoelliptic estimates
Rothschild and Stein | | (see Theorem 1.4 above and Appendix B.1) imply that |l 1 _7 rpx) <

C'||(ug, u1) HH’Z «3¢t=1- This provides a weaker version of Theorem 1.13 which has exactly the same form as
in the case of the wave equation (cost e#), but with the norm ||(uo, u1)||H;EXfH;Z_1 in the right hand-side.
This weaker version is however interesting for itself since the proof is much less involved, and we prove it
in Section 3.3.1.

To obtain the estimate of Theorem 1.13 (and in fact, a family of such estimates with any #H$ X
Hz_l, s > 0, in the right hand-side, see Theorem 1.31 below), we thus need to work with a version of
(1.28) still containing frequency cutoff localization and an e~“* small remainder (instead of the 1/u one).
These low-frequency-with-exponentially-small-remainder estimates are then combined with the spectral
representation of solutions to (97 + £)u = 0 in order to gain back derivatives in the remainder term. Such
estimates are close to those we prove in | | for the classical wave equation. These final energy estimates
are performed in Section 3.3.3, and conclude the proof of Theorem 1.13.

Starting from Theorem 1.13, let us now explain how to deduce the other results of the paper, namely
Theorems 1.10, 1.16, 1.18 and 1.20. First of all, Theorems 1.10 is simply deduced from Theorem 1.13 by
using a particular solution to the wave equation (1.12), namely u(t, z) = cos(1/Ajt)p;(z). See Section 3.3.2.

Section 4 is devoted to the proofs of Theorems 1.16, 1.18 and 1.20, which follow the general idea that
the controllability /observability properties for hyperbolic equations implies controllability/observability
properties for their parabolic counterpart, see [ , ] (see also [ ). This
has been named as “transmutation methods” by Luc Mlller [ ] Here we use the method developed
in | ]. In that paper, Ervedoza and Zuazua deduced the (exact final tlme) observability of the heat
equation (known from | , ) from the approximate observability estimate for waves (namely the
analogue of Theorem 1.13) as proved in | | (with loss) or | | (without loss). Their proof consists
in constructing an appropriate kernel kr(t,) such that if y(¢) is a solution to the usual heat equation,

) = fOT kr(t,s)y(s)ds is a solution to the usual wave equation, to which we can apply the analogue
of Theorem 1.13. Because of the exponential cost in term of the frequency (e“*), the resulting estimates
are only useful at low frequency: for data having (spectral) frequencies \/E < /A, one then obtain

observability (or controllability if we think about the dual problem) at cost eV as in [ ]. The proof
of final state observability then follows from comparing this cost with the heat dissipation for frequencies
VA > VA, namely e as in the original proof | | (see also | | or the simplified argument
of [MII10]).

Here, we follow the approach of [ | (in particular, we use the same kernel k and its properties) in
the proofs of Theorems 1.16, 1.18 and 1.20, with the following modifications.

The proof of Theorems 1.18 and 1.20 are vey close to that of | |. However, application of the
method of | | vields that the observability of low frequencies \/E < VX costs eC/\k/z, see Lemma 4.2
(remark that Proposition 1.12 implies that this is optimal in general). This cost has to be compared to
the dissipation for high frequencies \/A; > v/A, namely e~*. Hence, we see that the case k = 1 (classical
heat equation, already discussed), k = 2, and k > 2 display very different features:
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1. In case k = 2, the cost of observation of low frequencies e** and the parabolic dissipation for high
frequencies e~ ** have the same strength: in this case, we need to wait a time long enough so that the
dissipation “beats” the cost of the observability (essentially ¢ > ¢). Moreover, the iterative procedure
devised in | ] in order to control/observe all frequencies in finite time cannot converge here: each
step would need a time ¢ > c¢. Therefore, we only obtain the approximate controllability result of
Theorem 1.20, with a cost improving as time increases. See Section 4.1 for the proof of Theorem 1.20.

2. In case k > 2, the dissipation for high frequencies e~** has no chance to compete with the cost of
observation of low frequencies e 2, Assuming that the initial data are in the Gevrey-type space
H%® with a = k/2 allows to compensate for the cost of low frequencies eeA™? (the @ having to be
compared to ¢), leading to Theorem 1.18. Note that parabolic dissipation at high frequencies does
not play any role here: low frequencies are observed thanks to transmutation and high-frequencies
are absorbed by the Gevrey norm. The cases k¥ = 1,2 (in which the Gevrey norm is relatively
weaker) in Theorem 1.18 are a little different and require elements similar to those used in the proof
of Theorem 1.16. Note that this type of result seems to be new for the classical heat equation as
well (in which case our proof also holds in a much more general setting). Proof of Theorem 1.18 is
performed in Section 4.2.

Finally, the proof of Theorem 1.16 in Section 4.3 relies on the same transmutation technique. However,
we do not split the solution into low and high-frequencies, but rather apply the transmutation kernel

kr(t,s) to the full solution y to the heat equation: wu(t) = fOT kr(t,s)y(s)ds is a solution to the wave

equation. We then prove a fine asymptotics analysis of fOT k7(0,s)e~**ds for high frequencies together

with convexity estimates to bound the frequency function of %(0) by the frequency function of (0), namely

(0l
A= W. The proof of this result via a direct transmutation method seems to be new, even for the
L

classical heat equation. The usual proofs | , | rather rely on the exact final time observability
estimate, which does not hold here in general. However, as opposed to | , |, we do not recover
uniform estimates in terms of the control time T as T — 07.

Finally, in Section 5, we prove the partially analytic result of Theorem 1.23. Only the analogue of
Theorem 1.13 at regularity H% needs to be proved (namely estimate (1.24)), since, as discussed above,
all results of Theorems 1.10, 1.16, 1.18 and 1.20 (under the appropriate form) are corollaries of that of
Theorem 1.13. The situations is almost the same as that of Theorem 1.13 except for four main differences.
First, the presence of the boundary makes it complicated to apply globally the geometric result of Rifford
and Trélat | ], and we only rely on a local version of it. Second, the partial analyticity assumption
does not allow to make changes of variables. This difficulty is overcome by the very simple geometry of
[-1,1],, x T,,, in which we barely do not perform any change of variable. Third, the application of the
results in | | yields an observation term in a mixed L? — H' norm; we have to refine this estimate to
recover the L? observation term. Finally, the available hypoelliptic estimates do not apply directly in the
presence of boundary and we have to patch hypoelliptic estimates in the interior with elliptic estimates at
the boundary.

The paper ends with three appendices, the first of which, Appendix A is devoted to the proof of the
optimality result of Proposition 1.12 using some estimates of [ , Section 2.3]. The second part,
Appendix B provides the proof of several subelliptic estimates that are used throughout the paper. They
are consequences of Theorem 1.4. Finally, Appendix C contains an technical computation.
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1.5 Some remarks and further comments

This section contains several remarks concerning the setting of the present paper and the results we obtain.

Remark 1.28 (Sub-Riemannian Laplacians). Here, we explain why the assumption that £ writes as a
sum of X7Xj, although seemingly restrictive, contains in fact a general family of intrinsically defined
sub-Riemannian Laplacians.

We first define here the sub-Riemannian Laplacian Ay gy 4, associated to a sub-Riemannian structure
(U, f) on M and a smooth density ds. We then explain why it can be rewritten under the form (1.1) for
some (sufficiently many) vector fields Xy, -, X,,.

First, we assume that M is equipped with a general sub-Riemannian structure (U, f), see [ ,
Definition 1.3] or | , Definition 3.2] with U a Euclidean bundle with base M and f: U — TM a
smooth map being linear on fibers. This allows to define first a sub-Riemannian metric, that is, a metric
on the horizontal distribution D with D, = f(U,) C Tu,M by g(z,v) = inf{|ul,u € Uy,v = f(z,u)}
(where | - | denotes the Euclidean norm in U). Second, this provides a sub-Riemannian gradient V(g f)
on M: namely, for u € C>°(M), V(y pyu(z) is the unique vector in D, such that for all v € D,, we have
dzu(v) = g(x, V(u,pyu(z),v) (where g is the bilinear form associated to g).

Next, the smooth density ds allows to define the divergence divys of a vector field X € X by

i(etx)*(ds) = divgs(X)ds,
dt o

where !X denotes the flow of X (or, equivalently, by the formula X* = —X —divg,(X)). Hence, a natural
definition of the sub-Riemannian Laplacian Ay g 45 is

A, pyasu = divas (Vw,pu),  u€ C¥(M).

Now, according to | , Corollary 3.26], the sub-Riemannian structure (U, f) is equivalent to a free
one, that is, there exist m € N and m vector fields X1, --- , X,,, on M such that the horizontal distribution
at x € M is given by D, = span(Xi(x), -+, X,n(x)), and the metric on this distribution is defined by
(1.11). A computation similar to that in Appendix C shows that the sub-Riemannian gradient V¢ of

a function u is then given by
m

V(U,f)u = Z(qu)XZ
i=1
Hence, the formula divgs(uX) = udivgs(X) + Xu for u € C*°(M) and X € X yields

m

A(ny)dsu = dinS (Z(XZU)XZ> = Z leds(Xz)qu + X?’LL = — Z X:Xlu
i=1 i=1 i=1

As a consequence, all results presented in this article remain valid for general, intrinsically defined sub-
Riemannian Laplacians A, f) ds-

In the above discussion, we assume the density ds to be given: the sub-Riemannian Laplacian A 1), 4s
then depends both on the sub-Riemannian structure (U, f) and the density. One may also wonder whether,
given the sub-Riemannian structure (U, f) only, there is an associated intrinsic choice of density ds, as in
the Riemannian case. This question is an object of current research. While it seems that in the equiregular
case, i.e., when the growth vector does not depends on the point, there is a natural intrisic measure (namely
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the Popp measure, see e.g. | ]), there is no consensus for what should be the natural one in the general
case. For instance, in the Grushin case of Example 1.6 the metric g defined in (1.11) is Riemannian outside
of {z1 = 0}. Hence, a natural choice would be to take the Riemannian density outside of {x; = 0}. The
associated Laplacian is equal to that of Example 1.6 plus a potential which is singular on {z; = 0}. The
analysis in | | shows that the zone {z; = 0} creates a barrier which the information cannot cross.
This is in strong contrast with results of the present paper.

To conclude this remark, let us also notice that the whole class of operators studied by Fefferman and
Phong in [ | is not contained in the class of sub-Riemannian Laplacians Ay ) 45 defined above. It
would be interesting to investigate the questions of the present paper for such hypoelliptic operators.

Remark 1.29 (Norm of the observation term). Note that in the right hand-side of (1.13), the observation
term only comes with a L? norm (which is not the case in most results in | ). This is due to the fact
that we are in the context of operators with analytic coefficients with respect to all variables. In the case
of partially analytic operators as described in Subsection 1.2.4, we are able to get observability in L? using
a refined argument (see Section 5.3). Similar arguments are also applied to the classical wave equation in
a forthcoming companion paper [ ]

Remark 1.30 (Other levels of H regularity). As already mentionned, Theorem 1.13 is a particular case
of general estimates where all Sobolev scales are possible for measuring the typical frequency of the initial
datum. Indeed, we prove the following more general result.

Theorem 1.31. Let L as above satisfying Assumptions 1.1 and 1.2. Assume that w is a non empty open
set of M and T > sup,cpqde(z,w). Then, for any s > 0, there exist ,C, jg so that for all pn > o, and
all u solution of (1.12), we have

k 1
o)l gz < Ce™ g gy + oz 100 g s (1.29)

Theorem 1.13 is the case s = 1 of Theorem 1.31 and we believed that the frequency functions A used
in Theorem 1.13 is the more natural presentation. Yet, it turns out that Theorem 1.31 is actually easier to
prove for s = k. Below, we first prove this simpler case s = k (Section 3.3.1); then we need to prove refined
estimates for the general case (Section 3.3.3). The second part of the proof seems to require additional
arguments in the partially analytic case described in Section 1.2.4. That is the reason why the estimate
(1.24) of Theorem 1.23 is restricted to the case s = k. Nevertheless, as already explained, most of the
results about eigenfunction and the hypoelliptic heat equation only use the easier case s = k.

Remark also that, in inequalities such as (1.29), deducing the HSE/ case from the H7 case follows from

an interpolation argument if s’ > s. Indeed, for 0 < s < s’, denoting H* = H3 x Hi! we have
1-= 2 s 5 q_s
Uz < 10Nz 10l < @ = 2) AUz + gAl “ Uz, forall A>0.

Taking then A = 3° and putting this into (1.29) yields the same estimate with s replaced by s’. Hence,
the difficulty in Theorem 1.31 when compared to the case s = k (which proof is simpler) is only for small
s> 0.

Finally, let us mention that the result of Theorem 1.16 remains valid as well with the H}U—norm replaced
by any H7-norm, s > 0, when modifying the powers accordingly.

Remark 1.32 (Constants). Note that there are mostly two relevant constants in Theorem 1.13, namely the
minimal time 2 sup,c r( dz(2,w), and the constant « in the exponent of 1.13. All constants appearing in the

23



results of Section 1.2.3 can be explicitely formulated in terms of these two. For instance, in Theorem 1.20,
the constant Tj can be taken as Ty > x, where r is the exponent in (1.13) for some S > sup,¢rq dz (2, w).
We refer to Remark 4.3 below for more on this subject.

Remark 1.33 (Interpolation spaces, see [Leb92, LL17]). Notice that Estimate (1.22) may be reformulated
(after an optimization in €) as the following interpolation inequality, for y solution to (1.16)

T—(Ty+n) To_
=",

(D)2 < C Nyl ooy e 19(0)

while (1.21) can be written

6—6

0 b0
IO < C Uyl 2 e 19OV

More generally, in both cases, there exists a €]0, 1] so that, we have the estimates

lyoll 7, < Clivoll,,, Iollm " (1.30)

where Fy, Fr and F,,; which are defined as the spaces of data obtained as the completion of linear
combinations of eigenfunctions of £ for the norms

lvollp, = lle™"“woll s resp. [[yollm = llvollL2 »
lvollr, = llwollzz, resp. (Yol = llvolly o0 - (1.31)
HyOHFObS = ||y||L2((O,T)><w) = ’|e_t£y0’|L2((0,T)><w) in both cases.

The latter are proper norms as a consequence of uniqueness, backward uniqueness (consequence e.g. of
Lemma 4.6 below) and unique continuation property for the hypoelliptic heat equation (1.16). Note that
we have Fy C F,ps, F} in the first case, and Fy C Fy; C F, in the second.

As a consequence of (1.30) (see for instance [Leb92, Appendix, Lemma 1]), there exists § > 0 such that

[FO7FOZ)S]6 C F17

where [Fy, Fops]s is the space of interpolation between Fy and Fyps. As in Lebeau [Leb92, Section 3], this
yields

Fy C [Fg, Fopshi—s- (1.32)

Now, the duality between (1.16) and (1.17) will allow to identify the spaces F{, F{, F

’vs to deduce properties
of the controllable and the attainable sets.

First, the duality between (1.16) and (1.17) writes
T
/ (Loy(T = 1), 9) r2(mydt = (yo, uw(T)) L2y — (Y(T), wo) L2 (a1)- (1.33)
0

We define

Ea = {u1 € L*(M), there exists g € L*((0,T) x w),
s.t. the associated solution u to (1.17) with u(0) = 0 satisfies u(T) = uy }
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the space of attainable data from zero with L? control, endowed with the norm

lerllg,,, = i€ { N9l 2 0.2y -9 € L2((0,T) x )

s.t. the associated solution w to (1.17) with u(0) = 0 satisfies u(T) = ul}.

From (1.33), we obtain for all u; € Eqy C L? and all yo € L?

< lvollF. w1l £,y -

T
|(o, u1) L2y | = ‘/ (Loy(T — 1), 9) L2 (M dt
0

Hence, the L?(M) scalar product extends uniquely as a duality product (yo,u1)r,,. g, allowing to

identify F/,  with E,;. With the identification, we have as well F; = eT*L*(M) and Fy = L?(M) (resp.
Fy = [>(M) and Fy = H*/?9) so that F| ~ ¢ T£L?(M) and F} ~ L*(M) (resp. F| ~ L?*(M) and
F} ~ H*/?-9). With (1.32), this yields

e TEL? C [Baw, L)1 s,
vesp. L* C [Eu, HY? 7%, 5.

We also define E.,,; the (abstract) space of data that can be controled towards zero as the completion of
the space

{ug € L?,there exists g € L*((0,T) x w), s.t. the associated solution u to (1.17) satisfies u(T) = 0}

for the norm

luol ..., = {119l 20,7 xw) » 9 € L*((0,T) x w)
s.t. the associated solution u to (1.17) satisfies u(T) = 0}.

From (1.33), we obtain for all u; € Eeppy C L% and all yg € L?

T
|(0(T), 1) 120 | = / (Lat(T — £),9) 2 de| < o]y, 161 [ 5

Similarly, the scalar product (yo, u1) = (e~ *yq, u1) 2( M) extends uniquely as a duality product (Yo, u1) F,,,, Bar. s
allowing to identify F,  with E.,,;. With this same identification, we have as well F| ~ L?(M) and
F}~ e TEL2(M) (tesp. F| ~ e TEL?(M) and F) ~ e~ TFH*/2-9), Similarly, (1.32) also yields

L? C [Eeont,e” TFL?)1-5
e—T[,LQ C [Econt;e_TﬁHk/Z_e]l—é-

Note that when k > 2, e TEH¥*/2=9 ~ H¥*/2=% which is not a distributional set whatever the time 7T is.
Yet, if k = 2, e TEH*/2=0 ~ H%=9+T which is a space of very regular functions if 7' > 6.

The next remark concerns the results of Theorem 1.20 and Corollary 1.21.
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Remark 1.34 (Large time approximate controllability with polynomial cost of “critical anomalous dif-
fusion”). The proof of Theorem 1.20 and Corollary 1.21 also applies to any positive selfadjoint operator
satisfying spectral estimates (or similar estimates for the control of the heat equation for spectrally localized
initial data) like

w2y < CeMwll gy, forall w= > w;p;. (1.34)
A<A

This is in particular the case for the square root of the Laplacian /—A, where A, is the elliptic Laplace-
Beltrami operator on a compact Riemannian manifold (even without the analyticity assumption and
with Dirichlet boundary condition), see | ]. Therefore, for the associated evolution operator (so called
“critical anomalous diffusion”) 9,4 /—A, (studied in | ]), the same approximate controllability result
with a polynomial cost holds. Note also that even for the one dimensional case (namely the operator 9;+|9,|
on the circle), it has been proved by Koenig [ | that exact controllability in finite time 7' > 0 never
holds (as long as the control domain is not the whole circle). In particular, it suggests that approximate
controllability at polynomial cost might be the best to obtain under general spectral assumptions like
(1.34).

Acknowledgements. We wish to thank warmly Davide Barilari and Emmanuel Trélat for very helpful
discussions on sub-Riemannian geometry. In particular, Emmanuel Trélat brought our attention to the
references | | and | |, and the properties of Example 1.9, Remark 1.28 and Appendix C were
explained to us by Davide Barilari. The first author is partially supported by the Agence Nationale de
la Recherche under grant SRGI ANR-15-CE40-0018 and IPROBLEMS ANR-13-JS01-0006. The second
author is partially supported by the Agence Nationale de la Recherche under grant GERASIC ANR-13-
BS01-0007-01.

2 The quantitative Holmgren-John theorem of | ]

In this section, we briefly review some results obtained in | |, that will be at the core of the proof of the
present paper. We shall only consider a very particular class of operators, namely second order operators
with real principal symbol. Also, we shall only consider non-characteristic surfaces. This assumption can
be also relaxed (see e.g. | | Definition 1.7 and Remark 1.9), even though we are not aware of any
application of the refined result.

The interest of taking such operators and surfaces is that, in this context, several assumptions and
formulations of the results in [ | are simplified. In this section, we state results for an operator P in
R", where, in the application in Section 3 below, we shall mainly consider P as a local version of 92 + L
on R x R? (recall that dim(M) = d), that is n = d + 1. For this reason (and as opposed to the notation
of | ), we shall denote by z € R™ the running variable and ¢ € R™ its cotangent variable. In the
applications in the next section, we will have z = (¢,z) and ¢ = (7, ).

2.1 A typical quantitative unique continuation result of | ]
A typical instance (in the situation describe above) of the main result of | | may be stated as follows
(see | , Theorem 1.11] together with | , Remark 1.10]).

Geometric setting: (see Figure 1) We first fix two splittings of R™:
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e R” = R" x R™, where n, + n, = n. We denote z = (z,, 25) the global variable and ¢ = ({,, () the
associated cotangent variable.

e and R" =R" ' xR, ,

possibly in two different bases. We let D be a bounded open subset of R”~! with smooth boundary and
G = G(#',¢) a C? function defined in a neighborhood of D x [0,1], such that

1. For all € € (0,1], we have {2 € R"™', G(2',¢e) > 0} = D;

2. for all 2’ € D, the function e — G(#’,¢) is strictly increasing;

3. for all € € (0,1], we have {2/ € R"!, G(2',e) =0} = dD.
We set G(2',0) =0, Sy = D x {0} and, for ¢ € (0, 1],

S. ={(2,2,) ER", 2, >0 and G(7',¢) = 2,} = (D x R) N {(#, 2,) € R",G(2,¢) = 2, };
K={zeR",0< 2, <G(Z,1)}.

Zn
2b

(oo
>
\\\\\\\\\\\\

Figure 1: Geometric setting of Theorem 2.1

We recall that the local surface S := {¢ = 0} 3 2o, dp(z0) # 0 is called non-characteristic at zy for
the differential operator P with principal symbol p if p(zo, dp(20)) # 0, and that this is a property of the
sole surface S (together with the point zg and the principal symbol of the operator p) and not its defining
function ¢.

Note also that in the main part of the paper, the operators are analytic with respect to all variables, In
this case, Theorem 2.1 is a quantitative version of the Holmgren-John theorem (for second order operators,
see [ ] in the general case), and may be seen as a generalization of [ |, which concern the (analytic)
wave operator.

Theorem 2.1. In the above geometric setting, we moreover let 2 C R™ x R™ be a bounded open neigh-
borhood of K, and P be a differential operator of order 2 on Q such that
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e all coefficients of P are smooth and depend analytically on the variable z,,

e the principal symbol of P, namely p(z,() = Q.((), is a z-family of real quadratic forms such that
G — Q(0,() is definite on R™ for any z € (.

Assume also that, for any e € [0,1+n), n > 0, the surface Sc is non-characteristic for P at each point
of Se.

Then, for any open neighborhood & C  of Sy, there exists a neighborhood U of K, and constants
K, C, po > 0 such that for all p > 1o and v € C(R™), we have

C

Iy < O™ (Il + 1Pulzaqey) + - Il o (2.1)

— B
where we have denoted H“”H;(@) = ip/<1 HDbu‘ .

Unfortunately, in the present paper, this global result does not apply under this form. In order to state
the refined (and more technical) version, used in the main part of the paper, we shall need some definitions
taken from [ , Section 2.3].

2.2 Definitions and tools for propagating the information

We first define the following regularization process for functions f defined on R", by f — f\ with

|Dg|?

Pom 5 = (SR G )

where F, denotes the Fourier transform in the variable z, only, or, equivalently
A\ T R
Pl = () (M e 1) = () e e

Then, we also need to introduce frequency localization functions, i.e. appropriately smoothed Fourier
multipliers. Let m({,) be a smooth radial function (i.e. depending only on |(,|), compactly supported in

[€a] < 1 such that m(¢,) = 1 for |(,| < 3/4. We denote by M* the Fourier multiplier M*u = m (%) u,
that is

(0 e 2) = 72 (i (52) Fal)Con ) ) G
Given X, 1 > 0, we shall denote by M{' the Fourier multiplier of symbol m%({,) = mx (%"), ie. MY =
mh (Dg) = may (%) or

) v 1) = 5 (mr (52) Fulu)Gr)) (2o

with, according to the above notation for the subscript A,

A\ 5 2
mA(Ca) = (4ﬂ_> /Rna m(na) e #1Ca ™l dng- (2.2)
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Note that in this definition, the symbol is first regularized and then dilated. We stress the fact that
these Fourier multipliers only act in the variable z,.

The typical local estimate of | , Theorem 3.1], which is the building block for semiglobal statements
like that of Theorem 2.1, reads as

Moyl < Cetr (HM;?”%“’M + ||P“||L2<B<0,R>>) + Ce™H Jlully

for all u > pp and u € C§°(R™), where o is a cutoff function in a small ball B(0,r), r < R, whereas 9 is a
cutoff in only one side (the one where the information is taken) of the hypersurface passing through zero
(and being non-characteristic).

Here, and below, the norm ||-[|; is the norm ||| ;1 gn)-

Such an estimate only provides information on the low frequency part of the function, through the
frequency cutoff M ﬁ“, with an exponentially small Ce™*'t remainder (as opposed to the 1/p remainder
term in (2.1)). Iterating this result allows us to propagate the low frequency information. In this section,
we recall some tools, used in [ , Section 4], for this iterative procedure. They are aimed at describing
how information on the low frequency part of the solution can be deduced from one subregion to another
one.
The following is | , Definition 4.4], given here in the context of second order operators.

Definition 2.2. Fix {2 be an open set of R = R™ x R™ and P a differential operator of order 2 defined
in Q, and (V}),es and (U;)ier two finite collections of bounded open sets of R™. We say that (V;);ecs is
under the strong dependence of (U;);cs, denoted by

(Vi)jes < (Ui)ier,

if there exists W; € U; such that for any 9; € C§°(R") such that 9;(z) = 1 on a neighborhood of W, for any

1%- € C5°(V;) and for all k, o > 0, there exist C, s, 5, uo > 0 such that for all (i, u) € [uo, +00) x C§°(R™),
we have

S |[pae G|, < cer (Z 050, 0], + nPuan«») +Ce M ull.
jed el

If the cardinal of I is one, writing U the single set of the family (U;);er, we simply denote (V;)jes < U.
We use the same convention for V' in case the cardinal of J is one. The norm ||-||; is taken in R™.

We summarize the properties of this relation in the following proposition | , Proposition 4.5].
Proposition 2.3. We have the following properties

1. If (Vi) jes < (Ui)ier with U; =U for alli € I, then (V;)jes <U.

2. If V; @U; for any i € I, then, (V;)icr < (Us)icr-

8. If V; € U; for any i € I, then J,c; Vi < (Us)ier-

4. If for any i € I, V; U, then (V;)ier < (Ui)icr- In particular, if for any i € I, U; < U, then
(Ui)ier 2 U.
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5. The relation < s transitive, that s
[(Vi)jes < (Ui)ier and (Ui)ier < (Wikerx] = (Vj)jes < (Wi)kek

Note that we do not always have U < U.

Remark 2.4. We stress the fact that the definition of < actually depends on the set €2, the splitting
R™ = R™ x R™ and the operator P. The dependence of < upon these objects will be mentioned when
needed. For the applications, it is important that the function u is not necessarily supported in (.

In the following, we will only need to use this relation < in some appropriate coordinate charts.
However, it will not be a problem for what we want to prove, even on a compact manifold. Indeed, we
will fix some coordinate chart on an open set 2 C R” close to a point or close to a trajectory. Then, we
will use the relation < related to € to finally obtain some estimates which will be invariant by changes of
coordinates.

We will also use the following proposition, [ , Proposition 4.9], which allows to iterate local prop-
agation results towards global ones.

Proposition 2.5. Assume that there exists some open sets Uy, U; j, w; ;, Vi j, with j € [1,N] and i € I;
(I; finite) such that we have

U <Vi; and w;; @U;j, forallje[1,N] andic I;;
V41 € [Uo U Uje[[l,l]] Uz'te Wi,j} ,  foralll € [0,N —1], and m € I;;4,

where we consider the union Uje[[l’l]] empty if | = 0. Then, we have [UO U Uje[[l’N]] Uielj Wi,]} < Vy for
any open set Vo such that Uy € V.

In this proposition, the local propagation results is U; ; < V;; but the iteration is made by packets.
Roughly speaking, we use all sets corresponding to indices i € I;, j <! to deduce the information on the
sets with indices ¢ € I;4.

2.3 Semiglobal estimates along foliation by hypersurfaces

Now, we formulate the results of [ ] in the form they will be used in the next section, which is different
from Theorem 2.1 with two respects:

e First, we keep the formulation with <; this means that we keep a frequency cutoff in both handsides
of the estimate, as well as an exponentially small remainder (it is a low frequency estimate only).
This allows to patch estimates together (which is no longer the case when the high frequencies have
been taken into account, i.e. when estimates take the form of (2.1)). The high frequencies will then
be taken into account to close the estimates with two different methods in Section 3.3.

e Second, we allow the linear change of variables between the two splittings (namely (z,, z) for the
analytic dependence and (2, z;,) for the geometry) to be replaced by a diffeomorphism, which shall
be very useful in the following.

We give a first statement that is a low frequency formulation of Theorem 2.1, using the notation <
(see | , Theorem 4.7]).
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Theorem 2.6. Under the assumptions of Theorem 2.1, there exists an open neighborhood U of K such
that

U <w.

This essentially means that Estimate (2.1) may be replaced by the following: for all x € C5°(U) and
p € C5°(£2) such that ¢ =1 on a neighborhood of @, we have

|8, < Ce ([ Mppull, + 1 Pull o ) + Ce™ " |l (2.3)

(for any x > 0, there exist C, 8, «’, uo > 0 such that for u > pg) i.e. keep the frequency cutoff and the
exponentially small remainder.

A remaining drawback of this statement, given by the geometric framework of Theorems 2.1, is that
the hypersurfaces are described by graphs in some coordinates (namely (z’, z,,)). This choice of description
is mainly convenient to make the foliation more effective and order the hypersurfaces more easily, but is
too rigid for the application in the present paper. Now, we give a slight variant of Theorem 2.6, more
adapted to possible changes of variables.

Theorem 2.7. Let ) C R™ = R™ x R™ and P be a differential operator of order 2 on ) such that
e all coefficients of P are smooth and depend analytically on the variable z,,

e the principal symbol of P namely p(z,() = Q.({) is a z-family of real quadratic forms, such that
G — Q.(0,() is definite on R™ for any z € (.

Let ® be a diffeomorphism of class C? from € to §~= D(Q). Assume that the Geometric Setting of
Theoremn 2.1 is satisfied for some D, G, K, S on Q (and not on Q). Assume further that for any
e €[0,14+mn), n >0, the surface D~1(S.) (well defined on Q) is non-characteristic for P (at every point of
271(8,)).

Then, for all neighborhood w of ®~1(Sy), there exists an open neighborhood U C Q of @1 (K) such
that

U <dw,

where < = <q p is related to the operator P defined on Q (see Remark 2.4).

In this result, the operator P has the appropriate form in 2 C R™* x R™ whereas the geometry of the
surfaces is defined in 2, both being linked by a diffeomorphism.
With this theorem in hand, we may now prove the results presented in Section 1.2.

3 The hypoelliptic wave equation, proof of Theorem 1.13

The main goal of this section is to prove Theorem 1.13. The proof is inspired by the case of the classical
wave equation (see [ , Section 6.1]) with mainly two differences:

e We are not able to construct global coordinates near any path -, as in the case of the wave equation.
However, if v is a normal geodesic (see definition 3.3 below), we are able to do this ocnstruction
locally. Then, this local result needs to be iterated.
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e The H'! norm is no longer equivalent to the energy norm for the hypoelliptic operator. We thus need
to use hypoelliptic estimates instead.

Therefore, the proof is divided in two parts, the first of which concerning the geometric iteration process,
and the second the energy estimates.

Let us start by introducing geometrical definitions and facts used all along the proofs. First, denote
by £ = £(x,£) € C°°(T* M) the principal symbol of the operator £, that is

Uw,€) =D (& Xi(@))” (3.1)
i=1
where (£, X (x)) = (&, X(x)>T;M,TmM is the duality bracket.

Remark 3.1. In view of unique continuation results, note that a local hypersurface {¢ = 0} at zyp € M
(where ¢ : M — R with ¢(x0) = 0 and dp(zo) # 0) is characteristic for the operator L if ¢(xg, dp(x¢)) = 0,
that is, according to (3.1), if

(dp(xg), Xi(z)) =0 forallie{l,---,m}.

Definition 3.2. The Hamiltonian curve of the symbol ¢ issued from py € T M is the unique maximal
solution p(s) = (v(s),&(s)) of the ODE

p(s) = He(p(s)), p(0) = po, (3.2)

where Hy is the Hamiltonian vector field associated to the Hamiltonian £. In local charts, this is

{7<s> = Felr(9),€(9)),
) = —Flr(s).€(9))-

Such a curve is smooth (even real analytic since M and ¢ are). Moreover, the first equation writes
A(s) =Y 2(&(5), Xi(1(5))) Xi(v(s)), (3.3)

so that the projection on M of a Hamiltonian curve is a smooth horizontal curve (see Definition 1.3).
Note also that a Hamiltonian curve, locally defined according to the Cauchy-Lipschitz theorem, is actually
globally defined (see e.g. | , Proposition 2.3.2]). Note finally that the Hamiltonian /¢ is preserved along
a Hamiltonian curve of ¢, i.e. £(p(s)) = £(po) for every pg € T*M, s € R, where p is the solution to (3.2).

Given a Hamiltonian curve p = (v,¢) : [0, S] — T* M, one may compute the speed along the horizontal
geodesic 7 : [0, 5] — M. Namely, we have (see Lemma C.1 for a proof of the first identity)

9(1(8):4()) = D 4(€(9), Xa(7(5)))” = 4€(7(s),£(s)) = 44(p(0)), for all s € [0, 5).

We can hence compute the length of the horizontal path ~, namely,

S
tength(s) = [ VoG A)ds = 25V/p(0)).

This motivates the following definition:
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Definition 3.3. We say that a horizontal curve « : [0,Lg] — M is a normal geodesic if there exists
&(s) € T )M such that s — (y(s),£(s)) is a Hamiltonian curve of the symbol ¢ with £(y(s),{(s)) = 3

As a consequence of this definition, such a curve v : [0, Ly] — M has unit speed:

Va(r(s),7(s)) = 2¢/€(7(5),£(s)) = 21/£(p(0)) = 1, for all 5 € [0, L],

(it is hence parametrized by arclength) and length L.

Definition 3.4. We say that a curve v : [0, L] — M is a minimizing geodesic path between x and y if
~v(0) =z, v(L) =y, if y is a horizontal curve and if we have dz(z,y) = length(~y) together with g(v(s),~(s))
constant.

See | , Chapter 2] or | , Section 3.3]. Note that all above definitions are intrinsic. The
following key result in our proofs is | , Theorem 1.1].
Theorem 3.5 (Rifford-Trélat | ). For all z1 € M, there exists a dense subset Ny, C M such that

for all x € N,,, there is a (unique) minimizing geodesic path between x1 and x. Moreover, this path is a
normal geodesic path.

As a direct corollary, we obtain the following result, which is a key step in the proof of Theorem 1.13
(in particular for obtaining the minimal time).

Corollary 3.6. Let w a nonempty open subset of M and T > sup,cpqde(x,w). Then, for any 1 € M,
there exists xo € w and a normal geodesic path ~ : [0,L] — M of length L € (0,T), so that v(L) = 1,
v(0) = g, and v is also a minimizing geodesic path.

Note that this path being minimizing, it is in particular non self-intersecting.

Proof. According to the definition of T', the set Oy, := wN{x € M,d,(z,21) < T} is open (the continuity
of d. is a consequence of the Chow-Rashevski Theorem 1.2) and nonempty. Hence, it intersects the dense
set N,, given by Theorem 3.5. Taking any 29 € O,, N N,,, there is a normal geodesic curve v : [0, L] = M
joining z¢ and x; of length L € (0,T) which is also a minimizing geodesic. O

Now, one of the main purposes of the present Section 3 is to give a proof of the following proposition
(which essentially amounts to (1.28)). Indeed, Theorem 1.31 in the simple case s = k will follow. The
proof of the full range of s in Theorem 1.31 will require more work.

Proposition 3.7. Let T > 0, xg,x1 € M, and assume that there is a normal geodesic path of length
L € (0,T) between xg and x1. Then, for any ¢ > 0, there exists € > 0, there is C, k, o > 0 such that for
all u € HY(] = T, T[xM) solution of (02 + L)u =0 on | — T,T[xM, and for all p > po, we have

C

7

Note here that the H'(] — T,T[xM) norm is the usual one issued from the structure of compact
manifold. Also, since € and € are arbitrary small, the balls could be defined according to any metric on
M defining an equivalent topology (balls could equivalently be replaced by neighborhoods). Yet, we will
use the distance induced by the sub-Riemannian geometry since it is the important one in other parts of
the proof (for defining the distance d, for instance) and to avoid any confusion.

Using Proposition 3.7, together with Corollary 3.6 and a compactness argument directly yields the
following global estimate, which is the main result of this step.

HUHLQ(]faﬂxB(wl,E)) < Ce™ Hu”LQ(]fT,T[xB(zo,s)) + ”uHHl(]fT,T[XM) :
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Corollary 3.8. Letw a nonempty open set M and T > sup e dz(z,w). Then, there exist €,C, K, 1o > 0
such that for all w € H' (] — T, T[x M) solution of (0 + L)u =0 on | —T,T[xM, and for all pn > po, we
have,

" C
HUHLQ(]—gﬂxM) < Ce™ ||UHL2(]—T,T[><UJ) + E HUHHl(]—T,T[xM) :

The last step towards the proof of Theorem 1.31 (in the case s = k; the general case requires a slightly
more precise version of this result), performed in Section 3.3, will be to transfer the time-space information
carried by this inequality into some Sobolev norm H7 related to the operator £. This will be the object
of the next paragraph.

Sections 3.1 and 3.2 are devoted to the proof of Proposition 3.7. For this, the main point is to apply the
quantitative unique continuation result adapted to changes of variable, namely Theorem 2.7. The main
drawback of this result is that it only works in a subset €2 of R™, i.e. it is not invariant by diffeomorphism.
More precisely, all estimates obtained from the results of Section 2.3 can only be patched together in
straight coordinates.

As a consequence, in the present context, we need to introduce global coordinates near the trajectory
between the points xg and z1. Then, locally, we shall define hypersurfaces to match the geometric setting
of Section 2.1. This will be done in another set of coordinates (not necessarily analytic), which is allowed
by the precise formulation of Theorem 2.7.

Finally, the energy estimates needed to conclude the proof of Theorem 1.31 are performed in Section 3.3.

3.1 Step 1: Geometric setting and non-characteristic hypersurfaces

We now consider z1,z9 € M (recall that dim(M) = d), together with a normal geodesic v as in Corol-
lary 3.6. The curve 7 is non self-intersecting, so that there exists an open neighborhood N, of v in M, an
open set ., C R? and an analytic diffeomorphism

¢y 1 Ny = Q, C R (3.4)

such that ¢.(v([0,L])) C £,. From now on, we shall only work in the chart (£2,,¢,). For the sake
of readability, we shall keep the same notation for all objects pulled back form N, C M to Q, C R?. For
instance, we shall still denote X instead of (¢ ')* X}, £ instead of (¢;")* L%, v C Q2 instead of (¢51)*y
etc... Recall that all above definitions (in particular Definitions 3.2, 3.3 and 3.4) are intrinsic, so that,
in particular, the whole sub-Riemannian structure may be transported to {1, and the curve v is still a
normal geodesic in (2.

Now, we define other local coordinates in which to construct the (local) noncharacteristic surfaces in
order to apply Theorem 2.7. We first need the following lemma.

Lemma 3.9 (local coordinates). Given v : [0, L] — €., a normal geodesic path, for any point o = v(so)
on this curve, there exists an open neighborhood Vi, of xo, and appropriate coordinates, denoted x =
(#,24) € RITL x R (with associated cotangent variables & = (£,&,) € R¥™! x R) in which

e the symbol £ can be written

U, €) = & +r(x,£), (3.5)

where (z,€) is a non negative quadratic form in &;
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e the point xq is sent to (0,---,0,80) and v(s) = (0,---,0,s) for s close enough to sg.

Proof. Thisise.g. a consequence of | , Appendix C.5|. More precisely, we denote by s — (v(s),&(s)) €
T7*Q \ 0 the Hamiltonian curve associated to the normal geodesic v. We let ¢ be a real-valued func-
tion defined locally in a neighborhood of xg, such that ¢(zg) = 0 and dp(zg) = £(sp). Then, ¢ is a

non-characteristic function for ¢ at xo since £(zo,dp(z0)) = £(v(s0),&(s0)) = § # 0, according to the

definition of a normal geodesic path. According to | , Corollary C.5.3], there are local coordinates
(#,24) € R x R, defined in a neighborhood of 0 in which

e 1 is sent to 0,

e the surface {¢ = 0} is given by {z4 = 0},

o the first item of the lemma holds.

We now just have to check that the second item of the lemma holds in these coordinates. First remark
that dyp(zo) = £(so) is sent to (0,&,) for some &g € R*, so that £(v(so),&(s0)) = 7 implies, with the form of
(in (3.5), that & = §. Up to changing z4 — —z4 (without changing any of the three properties described
in the above items), we may further assume that & > 0. Hence dyp(zq) = &(so) is sent to (£, &q) = (0, 3).
Second, the form of ¢ in (3.5) yields that the Hamiltonian curves of ¢ satisfy in these coordinates:

T = Qy“(mf), g =24, éz 01 (x,€), Eq=—0p,r(x,E). (3.6)

The Hamiltonian curve associated to the normal geodesic v in these coordinates is the unique curve of (3.6)
passing through = = 0 and (€, &) = (0, 1). But the function (&, z4,%,&4)(s) = (0,s — 50,0, 1) solves (3.6)
since 037, Oy, are quadratic in € and 851" is linear in £ (and, in particular, all vanish at £ = 0). It also
starts at time sq at (0,0, 0, %), so that (0,s — sg, 0, %) is the sought Hamiltonian curve. As a consequence,
the normal geodesic v is given by (&, 24)(s) = (0,8 — s¢) in these coordinates. This concludes the proof
after the linear change of variable (&, x4) — (&, x4 + S0)- O

Lemma 3.10 (Construction of non characteristic hypersurfaces in normal coordinates). Assume that for
some ro,lg > 0, the symbol € is given by (3.5) in coordinates (Z,xq) € Q= B(0,r0)x]—lo, 2lp[C Rgfl xRy, -
Then, for any to > lyp and 0 < 71 < 10, there exists D, G, K, S, satisfying items 1-2-3 of the Geometric
Setting of Section 2.1 in R™ = R in the coordinates

(2 2n) = (t,&,2q), with 2'=(t, %) and 2z, = x4, (3.7)
together with
4. D C [~to,to] x B(0,71), that is So C [~to,to)e X B(0,71)z x {0}z, C Ryx C RE x {0},,;
5. {0} x {0}z x [0,1p)z, C K;
6. for any € € [0,1 +n), the surface S. is non-characteristic for P = 0? + L at each point of S..

Proof. The principal symbol of the operator P = 97 + L in the coordinates of Lemma 3.9 is given by

p(i‘,l'd,T, 57 Ed) = _T2 + é(i‘7xda T, 57 Ed) = _T2 + 53 + T(x7£)7 § = (Ea gd)a (38)
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To match the geometric setting of Section 2.1, we define the coordinates (', z,,) according to (3.7), as well
as

() (L) ) G(t,f,{f)_dw( (Z)Z(;)j,
e (t,,2q) := G(t,%,€) — x4, S.={¢. =0}, e€[0,1+n),

with 71,7 > 0 small to be fixed, where ¢ is such that, for some 79,7, > 0,

D_{(t,ﬁc)

P [-1—=mno,1+mn] = [-m,1], smooth and even, (£1) =0, (0)=1,
¥(s) >0, if and only if s € [-1,1], and |¢'| < aon [-1 —1n,1+ nol,
with 1 < « < . This is possible since f" > 1.

Note first that Item 4 is satisfied accordmg to the definition of D. Note also that the point (¢,Z,z4) =
(0,0,1p) belongs to S; = {¢1 = 0}. Hence, Item 5 is satisfied since {0}; x {0}z € D and G(0;3,1) = ly, so
that we have 0 < xg < G(0,,2,1) = lo if x4 € [0, o]

Let us now check Item 6. We have

doe(t, &, xq) = el ((2)2+ (;5())2)1/21/)/( (%>2+ (tto>2> <Z?+i?> _ sy

Given the form of the principal symbol of the operator P in these coordinates (see (3.8)), we obtain

(e (1. 0)) = B ((1)2+(f)2) vt (2 (5)) e

where |1’|? is taken at the point ( ) Since r is non negative, we get
y -1
2 x 2 2
—p(&, kg, dde(t, T, 24)) < & ZO — — [v']* =1
r
Since |¢'| < @ and € € [0, 1 + 7], we obtain for any ( )€ D x [0,1g],

2 N2/t 2
p(, wa, dbo(t, 7, 20) < %zg(;) (t> 0?1
0 0 0

l2
O

the last constant being negative for 17 small enough because a < to Therefore, the surface S. = {¢. = 0}
is noncharacteristic for any ¢ € [0, 1+ 7], which concludes the proof of Item 6, and hence of the lemma. O

3.2 Step 2: Propagation of smallness
We recall that z = (¢,z) and n = d + 1, and introduce the notation

Vois(K, r) := U B(z,r) for K C R™.
ze€K
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Lemma 3.11 (local version near a piece of a normal geodesic). Given v : [0, L] — Q, a normal geodesic
path and fix 5 € [0,L]. Then, there erists Lg,7s small such that for any so € [0,L], Ly > 0 so that
[s0, 80 + Lo] C]8 — Ls, 8§+ Ls|, for all T > Ly and 0 < ry < 75, there exists ro > 0 so that

| — 72, ma[x Vois(v([so, so + Lo]),2)<1] — T, T[x Vois(y(s0),71), (3.9
where < is related to the operator P = 0} + L in the set ] — T — e, T + £[xQ,.

See Figure 2 for a picture of the sets involved in (3.9).
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Figure 2: Schematic representation of the sets involved in Lemma 3.11.
Recall that length(v([so, so + Lo])) = Lo < T'; the dashed line represents the boundary of the wave cone.

The proof is almost the same as in Theorem 6.3 of [LL15]. The only difference is that the coordinates
where we have a nice diagonal form for the operator P are not global and are not those where we want to
apply the local result. Note that this would not have been a problem if we had proved that the relation <
is invariant by change of coordinates. Now, we perform the following steps:

e use Lemma 3.9 to obtain nice coordinates in a neighborhood of (s);
e construct the non characteristic hypersurfaces in these coordinates according to Lemma 3.10;

e apply Theorem 2.7 in these coordinates, w.r.t. those surfaces, keeping in mind that the fact to be
non characteristic is invariant by changes of coordinates.

Note also that the presence of s and sy in the statement may seem strange and it would look simpler
to consider only so and intervals [sg, sg + Lo]. Yet, this will be useful later in compactness and covering
arguments where we have to substract and cut some intervals.
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Proof. By Lemma 3.9, we can find a diffeomorphism from a neighborhood of v(5) in ., to Bga-1(0, r¢) x]|5—
4L,,5+4L,[> (Z,24) in which the symbol £ is as in (3.5) and (s) is given by (&, z4) = (0,3). By translation
and using [so, so + Lo] C]5 — Lg, § + L[, we have a diffeomorphism ® from a neighborhood V' of y(so) in
Q, onto Bga-1(0,7r0)x| — Lo, 2Lo[> (&, 24) where ®(y(sg)) = 0.

For later purposes, fix r3 so that

@71(3]1{4(0,7‘3)) c B]Rd(’)/(SQ),Tl). (310)

We will keep denoting ® the same diffeomorphism acting on | — T — ¢, T + £[xV leaving the ¢ variable
unchanged, and set Q :=] — T — ¢, T + [x Bga-1(0,70)x] — Lg, 2Lo|.

Now, construct D, G, K, S. according to Lemma 3.10. In particular, all surfaces S. are non charac-
teristic for P (or, more precisely, for (®*)~!P®*) in ). By change of coordinates, the surface ®~1(S.) is
non characteristic for P at each point of ®~1(S.).

For 0 < Lo < tg < T, take w = ®~1(] — to,to[x B(0,73)) so that Item 4 of Lemma 3.10 implies that w
is a neighborhood of ®~1(Sy).

The assumptions of Theorem 2.7 are fulfilled (with n, = n = d+1, i.e. in the Holmgren-John case), so
there exists an open neighborhood U C € of ®~1(K) such that U <tw. Note here that the strict application
of Theorem 2.7 yields this result for the relation <j_7_. 74.[xv,p, but the latter then implies the same
property for the relation <j_7_. 7 c[xq, p. We will keep the notation <.

Moreover, Item 5 of Lemma 3.10 implies, after having applied ® !, that

& ({0} x {0}z x [0,10]s,) C @ 1K) C U.

Using the form of P on  and that ~ is a normal geodesic, we obtain that ®~! ({0}; x {0}z % [0, Lola,) =
{0}+ x v([s0, $0 + Lo])- In particular since U is open and the previous set is compact, we can find 7 > 0
so that | — rq, r2[x Vois(y([so — r2, So + Lo]),r2) € U. Items 2 and 5 of Proposition 2.3 imply

| — 72, ra[r, X Vois(y([so — 2, so + Lo]), r2) <w.

Finally, the definition of w, T' > o and (3.10) imply w €] — T, T[x Vois(y(so),r1). This gives the final
result by applying again Item 2 and 5 of Proposition 2.3. O

We can iterate the previous local result to get a more global one, which will be the main step for
Proposition 3.7.

Proposition 3.12 (global version near a normal geodesic). Given vy : [0, L] — €., a normal geodesic path,
and let 0 < L < T. Then, there exists ro small, such that for any 0 < ry < rq, there exists ro > 0 such
that

| = ro, ra[x Vois(y([0, L)), ro)<1] — T, T[x Vois(y(0), r1). (3.11)

Proof of Proposition 3.12. We prove the result for another T>T. It gives the result since it is arbitrary.

For any § € [0, L], Lemma 3.11 provides L, and 7, and an interval 15— Lg, 5+ is[ with the appro-
priate conclusion. By compactness of v([0, L]), we can extract a finite covering such that ([0, L]) C
Ujep.ng 7185 — Lj,3; + L;[). Then, the issue is that Z;\;l 2L; may be very large with respect to 27. To
overcome this difficulty, starting from this covering, we can always obtain (for this, suppress some intervals
and cut them when they overlap too much) a finite number of intervals [s;, s; + L;] and associate times
T} that satisfy the following properties:
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o [0,L] c UiLyls;, 55 + Ly,

o [s;,8; + L;] Cl3; — Lj, 3; + Lj], for all j € [1, N],
e 51 =0,

® sjt1 €lsj,s;+ Lj[, for all j € [1, N —1],

o« L< YL L <T,

o L; <Tjand Z;VﬂTj <T.
So, for any j € [1, N], since [s;,s; + L;] C]3; — L;,3; + L;[, Lemma 3.11 can be applied to the path
v([s4,sj + L;]) and gives the existence of 75 associated to §;, which we here denote r{. We also denote by

ro the minimum of all rg, j € [1, N], so that the conclusion of Lemma 3.11 remains true with any choice
of ] < ryg. We next define r and 7 recursively in the following way:

e r{ =min(rg,1)/2 and r} is given by the Lemma 3.11 for the interval [sq,s1 + Li1] = [0, L1].
e We choose 7" = min(rg, })/4 and 7} ™" is given by Lemma 3.11 applied to the path [s;, s; + L;] C
18, — Lj,5; + L;[ and the time T; > L.
The conclusion of Lemma 3.11 is then

] = 73, r3lre x Vois(v([s;, 85 + L), m3)<1] — Ty, Ty[e x Vois(y(s;), 7). (3.12)

Now, for any I € [1,N], consider a sequence of time (#;);e, such that (]t} — 75, ¢} +7r5[),, is a finite

covering of | — T + 23:1 T;,T — 22:1 T;[. One can also impose t} €] — T + 22:1 T;,T — 22:1 T;.
We want to apply Proposition 2.5 with the following definitions for j € [1, NJ, i € I,
o Uiy =]t} =i, t] +rj[x Vois(v([s;, 55 + L;]), 73),
o wij =]t =3 /28] + 15 /2[x Vois(y([ss, s; + L;]),75/2),
o Vi, :]tg — Tj,tg + T;[x Vois(’y(sj),r{),
e Uy =] — T, T[x Vois(v(0), 2r1).

Since Lemma 3.11 is invariant by translation in time, (3.12) and the choices of r{, T% give U; ; < V; 5.
We also have w; ; € U; ;. So, the main point to check is

Vimis1 € [UgU | |Jwij|, forallmel, andle[1,N-1]. (3.13)
jelLi el

We first check the degenerate case [ = 0, which amounts to proving that V,,1 € Uy for m € I;. Since
tr, €] =T +Ty,T —Ti[ (by choice), we have Jt, — Ty, tL, +Ti[€] — T, T[. Moreover, since s; = 0, we have
Vois(y(s1),m]) € Vois(y(0),2r1), and V,,, 1 € Uy by definition.
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Concerning the case [ € [1, N — 1], we prove the stronger property

‘/m,[_t,_l S U Wi 1, for all m € Il+1~ (314)
i€l

First, we have by definition
U wir = | Ut = r5/2,8, + b /2[] x Vois(y([s1, 51 + L)), 75/2)-
= icl;

Since (]t} — 75, t; +74[),., is a finite covering of | — 7'+ 22:1 T;, T — 22‘:1 T;[, we have

! !
~T+ Y T T = Tyl Vois(y([se, st + Lil). r5/2) € | win. (3.15)
j=1 j=1 €l
We also have ¢/ €] — T + Zlﬂ 15, Zl“ T;[, so that
I+1 I+1
[ — T, 65 + T [€] = T — Tha + ZijT+ Tiv1 — ZTj[7
— =
that is
!
JE = T, 67 + Ty [€] - T+ Z T = Z . (3.16)

Moreover, v(s;+1) € v(Jsi, s1 + Ly[) and rll+1 < rh/2 by construction, so
Vois(y(s141), 7)€ V01s( ([s1, 81 + Li]),75/2). (3.17)

Combining the definition of V; ;41 =]ttt — Ty q, 71 + Ty [x Vois(v(si41),71™), (3.16), (3.17) and (3.15),
we obtain V; ;11 € U;eg, wiy. This finishes the proof of (3.14) and therefore (3.13), so that all assumptions
of Proposition 2.5 are satisfied.

The conclusion of this proposition can then be written as

Uy U U U wi,j | < W for any Vp such that Uy € Vp. (3.18)
je[L,N] i€l;

Now, we pick ro < min(7T — Zjvzl T;,75/2). Using (3.15) and then the covering property [0,L] C
Uje[[l,N]}]Sja sj + L[, we obtain

| — 72, ma[x Vois(v([s;, s; + Lj]),m2/2) C U Wi js
i€l

] = ra,m2[x Vois(y([0,L]),m2/2) ¢ | | wis-

jel1,N] i€l
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In particular, we have

] — 7"2/4,7“2/4[>< VOiS(’y([O,L]),TQ/él) c U U Wi j-

jelL,N]i€l;

Now, since T > T and r! < r1/2, we have Uy €] — T, T[x Vois(7(0), 2r1) := V;. Combining this together
with (3.18) and the use of Proposition 2.3 (several times), we finally obtain

| — 7o/4, 72 /4[x Vois(([0, L]), 72 /4)<1] — T, T[x Vois(y(0), 2r1).
This concludes the proof of Proposition 3.12. O

From Proposition 3.12, let us now briefly explain the proof of Proposition 3.7. We proceed exactly as
in | , Section 4.2], in the proof that Theorem 4.7 implies Theorem 1.11 (which, in Section 2 of the
present paper, corresponds to the proof that Theorem 2.6 implies Theorem 2.1). Note that it only consists
in getting rid of the frequency cutoffs appearing in the definition of <, i.e. considering all frequencies,
at the cost of replacing the e™"* exponentially small remainder by a % This concludes the proof of

Proposition 3.7.

For an application in the context of Section 5 (partially analytic operators with a boundary), we need
to relax the condition that ~ is globally a normal geodesic.

Remark 3.13. The proof of Step 2 took the following structure.

e Lemma 3.11 proves some relations of dependence (3.9) for some local region around some small part
of a normal geodesic.

e Proposition 3.12 uses the fact that the relations of dependence that we obtained in Lemma 3.11 can
be iterated to be around a global normal geodesic to get some relation of dependence that has the
same form but globally, namely (3.11).

Therefore, with exactly the same iteration process as Proposition 3.12, except that we invoke Proposition
3.12 itself instead of Lemma 3.11, we can obtain that the same result as Proposition 3.12 is true if v is
only geodesic by piece. This is the following Proposition.

Proposition 3.14 (global version near a piecewise normal geodesic). The same result as Proposition 3.12
is true if v is only normal geodesic by piece.

3.3 Step 3: Energy estimates
3.3.1 Simple energy estimates concluding the proof of Theorem 1.31 with s =k

As precised earlier in the introduction, Theorem 1.31 is easier to prove in the specific case s = k. To
conclude this proof from Corollary 3.8, it only remains to prove for solutions of (1.12) the two estimates:

| (wo, Ul)Hszq-[Zl < C§||U||L2(}_g,g[xM) ) (3.19)
||u||H1(]7T,T[><M) <Cr ||(U07U1)szxy’g1 ‘ (3.20)
On the one hand, (3.19) is a "straightforward observability estimate", the proof of which is exactly the

same as inequality (6.9) in the proof of Theorem 6.1 in [ | for the classical wave equation.
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On the other hand, the proof of (3.20) relies on the (optimal) subelliptic estimates stated in Theorem 1.4
and Corollary B.1. First define the energies

1 1 1
&s(w) = G 0ulfer + Flulldy = 5 10w, Gl gt » s ER. (3.21)
Then, rewriting (1.12) as (02 + £ + 1)u = v and taking the inner product with (£ + 1)*~19,u yields
e (u)(t) = (C+1)Fu(C+1) 7 0u) |, andhence — &, (u)(t) < L (u)t) < Ea(u)(t),
dt L2 dt
so that we have
Es(u)(t) < Cr&s(u)(0) fort e [-T,T). (3.22)

Also, according to Corollary B.2, we have [[u| ;1 (r) < C Hu”?—tﬁ This estimate yields

el - /
HY(|=T,T[x M) .

T 2 2 T 2
(10ull32 pay + ell3s ry ) dt < © / ) (1) + llulis ) at

Since E5(u) < Ex(u) for s < o, we obtain

T
2 2
i g—rrsany <€ [ En(u)(0dt < Cren(w(0) = 2Cr o, ) -
This proves (3.20), which, combined with the estimate of Corollary 3.8 and (3.19) implies

C
Cuos wn)llpasqizr < Coe™ llull g -mrixey + 7 10 1)yt pgtr -

This finally proves the estimate (1.29) with s = k, up to changing u by u*/C, and o and x accordingly.
Estimate (1.14) is then a direct consequence of [ , Lemma A.3] and the inequality [Jul|p2(_7 r(x.) <

Ol (0 1) g s
Remark 3.15. Note that the previous energy estimates do not use any analyticity property of the solution
and are equally true in the partially analytic case.

Remark 3.16. Until this point, all proofs work as well if £ is replaced by £L+V where V is a time-dependent
nonnegative complex-valued analytic potential. Beware that in Section 3.3.3 below, the spectral theory
used restricts the discussion to time-independent real-valued analytic potentials.

3.3.2 Interlude: eigenfunction tunneling, a proof of Theorem 1.10
Denoting v(t, z) = cos(y/\;t)¢;, we remark that v is solution to

{ Pv+Ly = 0

(v,0)i=0 = (¢;,0).
Therefore, thanks to Theorem 1.31 with s = k, we have the estimate
A

[0l < Ce™ ollagmzixw) = Cre 951l 2 -

lle; ||H12
llesll 2

with A =
s> 0).

= (A\; + 1)*¥/2. This proves Theorem 1.10 from Theorem 1.31 with s = k (or any given
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3.3.3 End of the proof of Theorem 1.31 in the general case

We now prove the appropriate energy estimates to conclude the proof of Theorem 1.31 for any s > 0. Recall
again that z = (¢,z) and that all variables are analytic, that is z = z,. Hence, we have { = (, = (7,¢)
together with D = D, = Dy ,.

Remark 3.17. The main idea of this section is that since we are only dealing with low frequency estimates,
the remainder can be taken in any "arbitrary weak" norm; this gives then a lot of flexibility for the the
norms that we can finally take.

Yet, in our estimates, the remainder term is actually in H'. It would certainly be possible to obtain a
weaker norm in the general Theorem of Quantitative Unique Continuation of | |, but it would require
to revisit all proofs of [ ], and even the Carleman estimate itself. Instead, we could try to only apply
our general estimate to a function with low frequency, for example u = m* (D, ,)v where v is solution of
Pv = 0. But in this case, to obtain good estimates of Pu, we need some nice exponential estimate for
the commutator [P, m*(D; 4)]. This would certainly be possible but quite lengthy and would require some
analytic regularity properties for P. Instead, for the specific case of the wave type equations, regularity
in time morally implies regularity in space. That is why it is more convenient to consider a regularizer
m*(D;) which commutes exactly with the wave operator. Remark that the method may extend to other
evolution equations.

Remark 3.18. In this section, we are in the case where all variables are analytic, that is z, = z = (¢, ).
Therefore, the proof below does not a priori apply to the partially analytic case described in Section 1.2.4.
This explains why the statement of Theorem 1.23 is slightly less general. The same results might be true
in the partially analytic case but would certainly require more work and additional arguments.

In the relation <, the remainder terms are always measured in the norm H'. In this section, we
describe how, in the case of solutions of the wave equation, the remainder term can be chosen in any weak
Sobolev norm.

The starting point of the proof is Proposition 3.12, which implies the following statement (without
the use of the notation <). Let v : [0,L] — €, a normal geodesic path such that v(0) € w, and let
0 < L < T. Then, there exists ¢ > 0 such that for any ¥ € C5°(R?*!) equal to one in a neighborhood of
] — L, L[x{v(0)} and 9 € C°(R1), supported in | — 2¢, 2¢[x B(v(L), 2¢), we have: for all k,a > 0, there
exist C, k', 3, 1o > 0 such that for all (1, v) € [ug, +00) x C§°(RI*1), we have

|asrdo|), < ce ([agzro,ol, + 1Pl ) + e ol - (3:23)

where QA, =| —T,T[xQ,. In particular, we may (and we shall) take ¥ supported in | — T, T[xw and =1
in a neighborhood of | — ¢, e[x B(z,&). Notice also that we can impose 8 < a < 1; indeed, the estimate
for a smaller f3 is actually worse (than that for a larger 3) up to an error term of the form Ce™ ||v]|, (see
e.g. Lemma 3.24, Item 3 below).

Up to choosing the coordinate charts {1, smaller, we can still select some other open set {2 C R? with
2, € Q so that there is an analytic diffeomorphism from an open neighborhood of v to €2 and such that
this diffeomorphism coincides with the ¢., defined in (3.4) on €,.

From this starting point, the plan of the proof of Theorem 1.31 is to apply (3.23) to the function
D,

v = xo(t)xi(f)xi(t)xg(m)uv (3.24)
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where u is a solution of

{( Pu= (0} + L)u 0

3.25
u, Opu)i—o = (uo,u1) = Uy, (3:25)

pulled back to the local coordinate chart € (we however keep the notation u to lighten the notation).
The time, frequency, and spatial cut off functions x* are chosen as follows:

e 2 eCs(] — &, T +¢[) so that x*(t) = 1 on | = T, T'[; we also write x% = (x?),,,

-T
e \'cC(]—T —¢,T +¢[) so that x°(t) = 1 in an neighborhood of supp(x?),

o 3 € C5P(N) so that x*(z) =1 for z € Q,,

(
(
(
o x' € C5°(R) is supported in | -2, 2 and such that x'(7) = 1 for 7 €] —1,1[; we also write x), = (x") -
Remark 3.19. Note that since x* € C5°(2) and x° € C5°(R), v is a well defined function in C§°(R4*+1)
if Uy and hence u is smooth. So, (3.23) is applicable. Moreover, v is not a local function in terms of u

in the time variable; indeed, it depends on all values of u(t) for ¢ € R. However, since u is a solution to
Equation (3.25), u may rather be seen as a function of the data Uy only.

Our task is now to estimate each term in (3.23) in terms of the observation ||ull;2(_7 p(x.) and
appropriate (weak) norms on Uy (this is done respectively in Lemmata 3.20, 3.21 and 3.22 below). Finally,
to conclude the proof, it will remain to estimate also the high frequency part of the solution (this is done
in Lemma 3.23). Several technical lemmata and estimates used in this proof are postponed to the next
section for the sake of readability.

All along this section, we shall use the following natural product norms for s € R,

HUOHS,X = ||UOH7-L~Z><’H271 =V 283((]0)

Lemma 3.20. For all s > 0, there is C,N,c,ug > 0 such that for all u > po and for all u solution
to (3.25) and v defined accordingly in (3.24), we have

Iz 00l < Cu llull oz iz + Ce™ 00Ny, -

Proof of Lemma 3.20. First note that, according to (3.36) below, we have (for some N € N, changing from
line to line),

mu(n) < CpN ()N e dist(nsupp(m))*

Hence, recalling the definition of m in Section 2.2, we obtain, for all s > 0, for some C, N, ¢ > 0,

() = Il mu ) <a + 1P mu ()L, 552

iy —1)2
Clyy<aje + CuN (Ve 8171 o5
Clpyj<aya + O™ (Ve 501, 155
C]1|77|§3/2 + Ce M,

IA

IN N
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As a consequence, since m = 1 on a neighborhood of [0,3/4], we obtain, for all s > 0, the existence of
C, N, c¢ > 0 such that for u > g, we have

< —s —s_—c
<C>mu(@) < CopMN() 1%3’3/2 +C(() Fe
_ ¢ s —
< N s seTCH
< CuMIO T M) + Ol e
This implies
HMﬁ‘“ﬂ,le <ouN HMﬁwﬂu”H_s + Ce |19 _, . (3.26)

Concerning the last term, we have

COAEYE 03 (@)

Wl < Cllll_, = C\ .

< ClxaOx* @), < C Uy

||—s7>< Y
—S8

where, in the last inequality, we used (3.38).
Concerning the first term in the right hand-side of (3.26), we write

« « D
[ Mz 9,0 HM %x%t)x,t(ﬁ)xi(t)x?’(x)u

—S8

< HMﬁa“%xo(t)(l—xi(%)) 2yt (20,02 ] (3.27)

—S

Concerning the first term in (3.27), we have

HMia%x%)u NI

—S

< HMza%u SO

< Cem AP @),

o - eea - i End oo

—S

where we have used Lemma 3.29 for the first term and then that x°(¢) = 1 on supp ¥ and Lemma 3.26 for
the second. That this term is bounded by Ce™ ||Uy]|_, . then follows from to (3.38).

The second term in (3.27) is simpler to handle. Consider 6, a smooth cutoff function supported in
| = T, T[xw and equal to one on a neighborhood of supp . We have

M0, OO @], < [9,8X OXOX @)u]| _, + (|91 = 0)X* (O (X @),
< lullpegorrixw) + Ce* i X @)l
<

[l 2 q-r 7wy + O™ Voll s x »

where we have used Lemma 3.26 and then again Estimate (3.38) in the last step. The last two estimates
combined with (3.26) and (3.27) conclude the proof of the lemma. O
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The proofs of the following two lemmata are based on the spectral representation (3.28) of the solution
u as

u(t,x) = Z (a;rei\/rft + a;e_i\/rjt) pi(x), (t,z) e Rx M. (3.28)
JjEN
This explicit expression allows to prove that a time-frequency cutoff X(%) truncates also space-frequencies

(see in particular the use of Lemma 3.30 below).

Lemma 3.21. For all s > 0, there is C,c > 0 such that for all p > 1 and for all u solution to (3.25) and
v defined accordingly in (3.24), we have

1Pvll 2@,y < Cem™ Uoll s

Proof of Lemma 3.21. Since Pu = 0, x*(x) = 1 on Q. and x°(t) = 1 on | — T, T, we have on Q,y =
| =T, T[xQ,
— (52 ol ( Py 2 3 _ oot Peiioe o 3
Pv = (9; + L)x (t)xﬂ(f)xu(t)x (z)u = x (t)xﬂ(j)[at,x#(t)]x (z)u, (3.29)
with [07, x2(t)] = (97x?)u(t) + 2(9¢x?) 0 (the terms [x°, 7] and [x?, L] being supported outside of Q,).
We only treat the second term in this commutator, the first one being simpler to handle.
We split u given in (3.28) into high and low frequencies as u = u< + us with

uc =1 pgu= Y -, us =1z gu= Y - (3.30)
VA <8 VA >8p
We also write f(t) = 9;x?(t) and f,(t) = (9x?).(t). We first estimate the low frequencies as
oyt (Ptyve 3 1 Dy, 3
X Oxu () ux(@)ous|| < Ol (—) fux”(2)drus
H L2(Q) H L2(Ry x2)
<

D
c Hn]_T,T[x,a(/j)f#xmt)x?’(x)atug

0

+0|

n],T,T[x,t(%)fu(l — XOB)X® ()<

0
Concerning the fist term in the right hand-side, we have

IN

D
H]l]—T7T[X;1¢(t)fu X0 (X (@)D,
H L2(Ry)—L2(R,)

< Cem|(u<, Ou<)li=oll, » < Ce™ " p® |Uol| -

D
Hn]_mxut)fux2<t>x3(x>atu<
H L2(Ry x)

§,X

after having used Lemma 3.27 together with (3.39). Concerning the second term in the right hand-side,
we write

D
Hn]_T,T[x}Alj)fﬂa SO (@)

L2(Ry X Q)

< Hn]T,T[xafj)(l —00) Ll

L2(Ry)—L2 (R,
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and we conclude with the same arguments. Hence, we have the low frequency estimate

Concerning now the high-frequency part, still denoting f = 8,x?, we have

Xo(t)xi(%)m:‘(m)@tug

< Ce= M ||Up|l_. ... 3.31
5§, X
L2(@,) ’

\x°<t>x;<Dt>fu<t>x3<x>atU> ~ s]x;<“>fu<t>x3<x>atu> ,
H L2(8,) H L2(Re x M)
where
GEROC@R = 3 iV [0 (o eV - are VA | ] 0
R H tH> J [ Ap L 5 J Jj J :

VA >8p

As a consequence of the triangular inequality, the Plancherel theorem and the fact that (¢;) is an or-
thonormal family in L?(M), we obtain

< > VN

x°<t>xz<%>fu<t>x3<x>atu>

L2(9,)

Xi(%)fu(t) (aj'ei\mt _ aj—e—i\/fjt>

)HXB(x)‘F’J'Hm(M)

VA >8u e
T\ [+ - _
< Z VA Xi (> (f,t(’r Y /\j)aj — fult+ v /\j)aj )
\/YJZSM a L2(Rr)
T\ —~ _ T\ —~
< ¥ vl (D) Re- v rvalsla (D) T va)|
VA =8u a L2(R,) H L2(R,)
Using now Lemma 3.30, this yields
D _ . _
[eoaEnec@on| < S VAT V(o o)
H L2(Q4) \/AT-ZSM
= L2 .
< o X VNPl ) < e U,
Vi =8u
after having used the Cauchy-Schwarz inequality in ¢?(N). This together with (3.31) and (3.29) concludes
the proof of the lemma. O

The following Lemma will be used to estimate the last term in (3.23).

Lemma 3.22. For all s > 0, there is C, N > 0 such that for all u > 1 and for all u solution to (3.25)
and v defined accordingly in (3.24), we have

loll, < Cr 1|

H—S,X :
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Proof. We first write
ol < |

x;<%>x3<t>x3<x>u

)

H1(Ry x M)

and decompose u in (3.28) as u = u< + us with uc = ]lﬂg&tu and us = ]lﬁ>8,ﬂ being defined as
in (3.30). We have

Concerning the first term (low-frequencies), we simply use (3.40) to write

xi<%>xi<t>x3<x>u

<
H'(Ry x M)

"

Xi(%)xi(t)x3(fv)U< xL(%)xi(t)x3(x)U>

H(Ry x M) HY(Ry x M)

Xi(%)xi(t)x?’(w)ug

IA

C ||Xi(t)X3(I)u§ ||H1(Rt><./\/l) S C ||(’U,§7 6tu§)|t:0||k;,><

H'(R¢x M)

IN

Cu™** | Uoll_y « -

Concerning the second term (high-frequencies), we use | f(t)g(2)|l g1 ®xrm) < Cllfllar®)llgll a1y and
proceed as in the above proof of Lemma 3.21. This yields

D

RHCS N
H HY(Ry x M)
™ (5 =5 _
< C Z (1) x,t (#) ( 2(r — \/)\j)a;r +X2(T + VAj)a; )” HX?’(x)aijHl(M)
VA28 4@
N(k,s T ) ) _
< C Z Aj (k) X (M) (Xi(T— VAal + X3 (T + V/Aj)a; )
VA8 L2 (®-)
< 0 Y 0V (laf | +af]) < C Ul
V28
where we have used [|¢;|gs(a) < C(Aj + 1) (which follows directly from Corollary B.2), Lemma 3.30
and the Cauchy-Schwarz inequality in £2(N). O

Before concluding the proof of Theorem 1.31, we need to explain how to estimate the high-frequency
part of the solution (recall indeed that our starting point, Estimate (3.23), is a low-frequency estimate
only). This is the aim of the following lemma, which proof is close to the proof that Theorem 4.7 implies
Theorem 1.11 in | I

Lemma 3.23. For all s € [0, k|, there is C, ug > 0 such that for all p > ng and for all u solution to (3.25),
we have

_ c
_AfBe 0(1\v2 ($)43
[ = 2293 @@, S S 100l
Note that this estimate is almost,
. c
_ AfBR
H(1 M )ﬁﬂv]LQ(Rthg) < o7 ol
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(which is also true, but not used here), the difference being that v contains an additional time-frequency
cutoff XL(%) (which does not play any role in the estimates below).

The proof below only gives the endpoint case s = k, the intermediate situations being deduced by
interpolation. A direct proof of intermediate estimates would follow the same lines, yet being slightly
longer.

Proof. We first notice that it is enough to treat the case s = k. Indeed, s = 0 is direct by standard energy

estimates for v (see for instance (3.22)) and uniform bound on Xﬁ and 9,. Hence, since all operators

involved are linear, the result for s € [0, k] follows by interpolation, see for instance [Tar(07, Chapter 23].
Concerning the case s = k, we write w = x°(t)x}.(t)x* (z)u, together with

H(l—Mﬁ“)guwH <C sup
0 neRd+1

o7 = m) ) [3.u]

In the range |n| > Bu/2 with u > ug, we have the loose estimate ’(n)_l (1 =mu)(gh)| < % whereas in

the range |n| < Bu/2, using dist (supp(l —m(3)),{Inl < 5/2}) > 0, we have ’(1 - mu)(ﬁ)’ < Ce=CH

according to estimate (3.36) below. This implies, for u > po that

§C Jw

L= M o 17 ~
H( AL L2(RexRD) — [ H'(Ry xRd)

(3.32)
Next, we have that

9 2 3
170 s,y < M0 sy < X @) s (3.33)

uniformly for p > 1, since all derivatives of 5M are uniformly bounded for p > 1. We write for w =
Xo ()X (2)u

01 1 g, xray < Nl g rysz2@ayy + 19l 2@y may) -

and estimate each term separately. Concerning the first term in this estimate, we have

1@l 1Ry r2@ayy < 10l L2(r, xrey + 1060 2R, xra)
B HXZ(t)X?)(x)”Hm(Rthg) + H(8tX2)u(t)X3(x)“HL2(Rtng) + Hxi(t)xg’(x)atuﬂLQ(Rthg)
< ClUollg « -

after having used (3.38), (3.39) and k > 1. Similarly, the second term is estimated as
||1I)||L2(]Rt;H1(le)) - ”XZ(t)XS(x)uHL2(R“H1(Rg)) <C ||U0||k:,>< ’

as a direct consequence of (3.40). The above three estimates together with (3.32) and (3.33) conclude the
proof of the lemma. O

With the above four lemmata in hand, we can now conclude the proof of Theorem 1.31.
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Proof of Theorem 1.31. We first prove the result for s €]0, k|, the conclusion for all s > 0 being then a
consequence of Remark 1.30.

Starting form Estimate (3.23), combined with Lemmata 3.20, 3.21 and 3.22 to bound the terms in the
right hand side, we first obtain the intermediate estimate

| M2 30]| | < Ce™ ull g1y + Ce™ V] (3.:34)

Note that in order to obtain this inequality, we have chosen « in (3.23) to be small enough compared to
the constant ¢ appearing in Lemmata 3.20 and 3.21. Now, recalling that v = Xo(t)xt(%)xi (t)x3(x)u, we
decompose

T OC @ = M0+ MET,O () (1—@(%)) O ()

(1= MDA (O () () (3.35)

The first term is estimated in (3.34), the last one is estimated in Lemma 3.23 so that it only remains to
estimate the second one. We have

MG O() <1XL<IZ;>) COC@u = M, (1@(%)) COF @)

~ D
2,0 -0 0) (130 ) don e
According to Lemma 3.29 and (3.38) below, the first of these two terms satisfies

HM,f“gu <1 - xﬂ%)) X (0 ()u .

< Cem L (@)ul[y < Cem Uy »

< Ce™“* so that the
L2(Rm)— L2 (R")

whereas, according to Item 2 of Lemma 3.24, we have Hz%(l - Xo(t))‘

second one is bounded as well as

9 D —c —c
MORT,(1— (1)) (1 —x}xlj)) GON | <0 iG], < Ce Ul

Coming back to the decomposition (3.35), using the above two estimates together with (3.34) and Lemma
3.23, we now have (for s €]0, k])

H%xo(t)xi(i)x?’(m)U‘

C
penngy < O Nullzag e+ e 100l

Now, since J = 1 in a neighborhood of ] — &,e[x B(zo, ), for u large enough, we have {91‘ > 1/2 on
] —&,e[xB(wo,¢), and the same also holds for x?(t). Hence, we obtain

" C
lull 2 e cix B(zo,ey) < CE™ lullp2q—r ey + Tk 1Uoll5,x -

Since rg € M is arbitrary, a compactness argument allows to obtain other constants still denoted
C, Kk, pg, € > 0 such that for p > po,

" C
lull p2ocepxerny S C€E™ Ul p2qor rixe) T T 1Uoll5,x -
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We conclude the proof of Theorem 1.31, in the case s €]0, k], by using Estimate (3.19) and changing u
into . In the case s > k, the proof follows from the estimate with s = k and an interpolation argument,
as explained in Remark 1.30. O

3.3.4 Technical lemmata used in the previous section (only)

In this section, we collect some technical results used in the above Section 3.3.3 (and in that section only).
We first state results that are either directly taken from [ |, or direct consequences of these. Second,
we prove three lemmata using these results.

Estimates taken from | ]- The following estimate is | , Equation (2.9)] in a simple situation:
given a continuous function f on R™ we have, for all { € R"=

QI C )T fl e (dist(Csupp(f)))" 7 e~ & HitComwpl) (3.36)
Lemma 3.24 (Lemma 2.3 of | ). The following three statements holds true.
1. For any d > 0, there exist C,c > 0 such that for any f1, fo € L°(R™) such that
dist(supp(f1), supp(f2)) > d,

and all A > 0, we have
[ f1af2llpoe < Cem M fill oo 12l oo » I f1afzallpee < Ce™ N fill poo [1f2ll po -

2. If moreover f1, fo € C*°(R™) have bounded derivatives, then for all k € N, there exist C,c > 0 such
that for all X > 1, we have

Hf17/\f2 ||Hk(]R7l)_>Hk(Rn) < CG_C)\.

3. Let f1, fo € L®(R™) such that dist(supp(f1),supp(fz)) > 0 . Then there exist C,c > 0 such that
for all A\ > 1, for all k € N, for all p > 1, we have
||f1,>\(Da/M)f2(Da/M)||Hk(]Rn)_>Hk(Rn) < Ce_dv
||f17>\(Da/u)f2,>\(Da/u)||Hk(]Rn)_>Hk(]Rn) < Ce™ N,

Lemma 3.25 (Lemma 2.9 of | D). Let k € N and f € C§°(R™). Then, there exist C,c such that, for
any A\, 1> 0, we have

“w _ 24 7c“—2 —cA,
HM*fA(l M )HH’“(R7L)—>H’€(R") = O X + 0™,

u2
Ce % + Ce™ .

1— M) f MY
H( INDRERLS HFRM)—HF(R)

Lemma 3.26. Let fi, fo € C(R) with all derivatives bounded and such that supp(fi) N supp(fa) = 0.
Then, for any s € N, there is C,c > 0 such that for all w € H *(R), we have

| f1fopwl_, < Ce™lw]_,.
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Lemma 3.26 is obtained by duality from Item 2 of Lemma 3.24.
Lemma 3.27. Let f € C*°(R) bounded such that supp(f)N[-T,T] = 0. Then, there is C,c > 0 such that

||]1]7T,T[Xt(Dt/p“)fM||L2(Rt),_>L2(Rt) < Ce™ .
Lemma 3.27 is a particular case of [LL15, Lemma 2.10].
A few estimates using the above lemmata. Recalling the definition of & in (3.21) we now refine

the rough Estimate (3.22). Indeed, on account to the spectral theory of £, if we denote Iy the spectral
projector on ker(£) = span; (1), we have, for all u € H7,

lull ey, = [|£2 0| 1 pg) + Moul.

. 2
Notice now that the energy Hﬁ%uHiZ + HETlatuHL2 is preserved by the equation (3.25), and that the

equation for the zero frequency is 9?Ilpu = 0 hence growing at most linearly. As a consequence, we finally
obtain that for all s € R, there is C' > 0 such that for all solution w of (3.25), we have

Es(u)(t)dt < C(1+ |¢))€s(u)(0), for all t € R. (3.37)
This estimate is now used to bound some integrals of &, (u).

Lemma 3.28. Let n € C§°(R), denote x*(x) as above and fir s > 0. Then, there is C > 0 such that for
all p > 1 and for all solution u of (3.25), we have

(0 @)l < OVl (3:38)

1. (X (@) 0|, < ClUolly (3.39)

(D7 (@)ul], < C1Tolly, . » (3.40)

Hnu(t)XB(ﬂc)“Hm(Rt;H%(Rg)) <C ||U0Hs,>< : (3.41)

Proof. We first remark (see e.g. (3.36)) that there is C,c > 0 such that for x4 > 1, we have 0 < 7, (t) <

Ce~°l!l for all t € R. To prove (3.38), we now simply write

—elt] 113 2 _ —clt] |3 2
/]RCe I (37)“||H—s(m)dt*/ﬂgce Ix (x)u||H_S(M)dt

—c 2 —c 2
‘4@ mMmﬂMﬁSACGMMM?@

where we used (B.5) and s > 0 in the last inequality. Recalling the definition of &, in (3.21) together with
estimate (3.37), we now have

IN

[ (0 ()|

IN

2)ul? e~cltle_ (u e—cltl _s(u = 2 et
@l < [ cee utar < ([ e t)an) €(w)0) = C 00l

which concludes the proof of (3.38). The proof of (3.39) is the same, except that we use ||8tu||2LQ(M) <
2&1(u) instead of (B.5). The proof of (3.40) is similar: after using the chain rule, each term is either of
the form 7, (t)x®(z)u (treated in (3.38)) or of the form n,(¢)x*(x)0:u (treated in (3.39)) or of the form
0 (t)x3(2)dzu, for which the proof is the same using Hu||i1%(M) < 2&4(u), consequence of Corollary (B.2),
instead of (B.5). The proof of (3.41) is the same, still using Corollary (B.2). O
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Lemma 3.29. Fiz o < 1. Let x! € C°(R) such that x*(7) = 1 for 7 €] —1,1[ and 9 € C§°(R'*4). Then,
for any s € N, there is C,c > 0 such that for all w € H~*(R'*?), we have

< Cem ]|, -

320,03 Py

—S

Note that in the proofs above, the parameter o of Lemma 3.29 is both taken to be the parameters «
or  appearing estimate (3.23). This is the reason why we assumed «, 5 < 1 there.

Proof. This lemma is very close to (and a consequence of) Lemma 3.25 except that X}L(Dt) is a Fourier
cutoff in D; only whereas Mg are Fourier cutoffs in the whole D, , (and that the Sobolev orders are

negative). Recall that Mgt = my, (% ;

m(&) =1 for || < 3/4 (see the beginning of Section 2.2).
Let /m be a radial smooth function on R'*? such that m(¢) = 1 in a neighborhood of |¢| < a and
m(€) = 0 in a neighborhood of [¢] > 1. Then we have 1 — x* = 0 on the support of 7. For s € N, we write

(1= xu (D)) M w]| < [[(1 = X (De/ ) (1 = (D] )9, M w|
=+ ||(1 - Xi(Dt))m#(D/ﬂ)ﬂuMﬁ#w||S
C||(1 = mu(D/p))0 Mg wl|  + C[|(1 = x,,(De))i (D /)9 M w)|

D = D,,, where m is compactly supported in [¢| < 1 and

IN

According to Lemma 3.25 and the respective supports of m and m(), we have
|1 = 170, (D/ )9 M ]| < Ce™ ],
Also, according to Item 3 of 3.24, and the respective supports of m and x!, we have

(1 = (De/ )i (D) || oy g < Ce™,

and hence
(1 = X (De /1)) (D /)9, MiHwl| < Ce™* |Jw,

This finally yields for s € N

(1 = X (De/ )0, M w]| | < Ce™ JJwl],
and the sought estimate by a duality argument. O
Lemma 3.30. Let x € C°(R) and m € C§°(] — 1,1]), and define

T

e = (Z) Tatr = 0.
Then, for all 0 € R, there is C,c > 0 so that we have

T fun (Tl 12 < Ce™ . forall \e R, >0 such that |\ > 4u. (3.42)
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Proof. We decompose f, x = f;,/\—l—fﬁ,/\ with fj,/\(T) = fux(T)1}7|<2, and f/i)\(T) = fux(7)1}7|>2,. Using
that m,, is uniformly bounded, we have

orl 2 o 2 ENEESNERPN 2 o 2mA _l2 2
(N fialle < C2w) e IX(T = AT dr = C2p) e X()]” dr
—2u —2p—A
o —‘T‘Q 2 o EEY - 2 —|A|
< O e X(T)[F dr < C(N)7e” IX(T)IF < Ce™,
[71=]A1/2 [TI=|Al/2

where we have used that |A| > 4p implies [A|/2 < |A| —2u (and in particular 7 € [—2p — A, 2p — A] implies
2
7] > |AI/2) and 55 > |3,
Concerning now fﬁw remark that |s| > 2 implies dist(s, [—1, 1]) > |s|/2. Hence, using (3.36) together
with the support of m, we have uniformly

52
M (8)Ljg152| < C ()% e 55 1 50

Using this with s = 7/u, we obtain

[ szale < cw [ e me R - NP dr < 0 [ (07170 - M ar,

[7[>2p R

where we have used the estimate Tz + |T—= Al > A2 min { 5/16 + (s — 1)?| s € R} > cA? with ¢ > 0. Using
now that |[\| > 4p, we have

A2

()7 £2 552 < C )2 e () / (M) IR(T)? dr < CA\)7H/2e4e
R

which concludes the proof of the lemma. O

4 The hypoelliptic heat equation

This section is devoted to the proofs of Theorems 1.16, 1.18 and 1.20, which all rely on the methods of
[ , Propositions 1 and 2] (proved in | , Section 3]). We summarize these results in the next
proposition for readibility.

Proposition 4.1 (| , ). Let T, S > 0 and o > 2S2. Then, there exists some kernel function
kr(t,s) such that

e if y is solution of the heat equation (1.16), then w(s) = fOT kr(t,s)y(t)dt is solution of

Rw+Lw = 0, forse]— SS[ »
(wvasw)‘szo = (0 fO 8 k‘T t, 0) ) (() f % lt)y(t)dt); ( : )
e for all 6 €]0,1], there is C > 0 such that for all (t,s) €]0,T[x] — S, S|, kr satisfies
1 52 !
< L. T = T T N . .
lkr(t,s)] < Cls|exp (min{t,T—t} < 50 +5))> (4.2)
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Note that this last estimate is most useful for § sufficiently close to one so that o > S%(1 + }).

The proof of Theorems 1.20 and 1.18 then follows the Lebeau-Robbiano transmutation method, as
implemented in [ |, splitting high and low frequencies. The proof of Theorems 1.16 is slightly different
and does not rely on this splitting. For the purposes of Theorems 1.20 and 1.18, we define

Ey\ =span{p;, \; < A},

where ()}, ;) are the spectral elements of £, defined in (1.7). The first step of the proofs of Theorems 1.20
and 1.18 is to show, using the above transmutation technique, that we can transfer estimates obtained
for solutions of the wave equation to solutions of the heat equation. More precisely, we first prove the
following low-frequency observability estimate, with a precise estimation of the observability constant with
respect to the cutoff frequency.

Lemma 4.2. There exist C,y > 0 such that for any T > 0,\ > 0, for every yo € Ex and associated
solution y to (1.16), we have

C iz oy [T
DI < Ze@ ) [ )l a ao. (13)

Moreover, there exists ¢y > 0 such that for any T > 0 there exists C = Cp > 0 such that for any X\ > 0,
any yo € Ey and associated solution y to (1.16), we have

T
lyollZa < CeZooX™”” / / y(t ) dt de. (4.4)

Remark 4.3. e The constant v appearing in the exponent in (4.3) may exactly be taken as v = xk+¢
for any ¢ > 0 where k appears in the exponent in Estimate (1.13), Theorem 1.13 for some S >
SUpeaq Az (2, w). In this case, the constant C' > 0 in front of the exponential also depend on e.

e The constant ¢g appearing in the exponent in (4.4) may also be taken as ¢o = k + ¢ for any € > 0
(where  appears in the exponent in Estimate (1.13), Theorem 1.13 for some S > sup,.c y dz(z,w))
in the case where k > 2, but only ¢y = k + 2y/a + ¢ for any € > 0 in the case k = 1, which is the
classical (elliptic) heat equation (where « is any constant > v/2sup, ¢ dz (7, w)).

e This is exactly the cost of controlling low frequencies, following | ]. For instance, (4.3) implies
that for all yo € II,L?(M) = E\ (II, being the orthogonal projector associated to the spectral
space of £ with eigenvalues lower that \), there exists f € L?((0,T); L?(w)) with ||f\|iz((0’T);L2(w)) <

%6(2’7>\k/2+%) lyo||3 > such that the solution to

{ Oy+Ly = IL1,f

y(0) = o (45)

satisfies y(T') = 0. Note that this finite dimensional observablity /controllabilty property is interesting
in itself. For the time being and to the authors’ knowledge, it is now understood in few situations,

i.e. essentially in case £ is an elliptic selfadjoint second order operator [ |, the bi-Laplace
operator | |, the Stoke operator | ], and in case of some lower order perturbation of such
operators | |-

Again, the situation of Example 1.11, the exponent \¥/2 is optimal in general, as can be seen when
testing on eigenfunctions and using Proposition 1.12.
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In the proofs of Estimate (4.4) and Theorem 1.16, we shall moreover need the following definitions:
T 1 1
I(T, \) = / emoitr) e Mgy, (4.6)
0

and

T
Z(T,L)u = ZI(T, Ajajp; = Z </0 eo‘(1+T1t)e)‘jtdt> a;jp;, foru= Zajgoj. (4.7

JEN JEN JEN

Proof of Lemma 4.2. The proofs of (4.3) and (4.4) are similar. Let us start with that of (4.3). We start
by using Theorem 1.31 in the simpler case s = k. Now, we fix any S > sup,c dz (2, w): Estimate (1.13)
yields the existence of C, k, g > 0 such that for all Wy = (w, dyw)|s=o (note that all constants then depend
on these, and hence on the chosen S > 0), the associated solution to (4.1) satisfies

" 1
IWollp2pr < Ce™ |[wll 2 g sixw) + 0 IWollygk i1 1= po- (4.8)

Note that (4.8) implies the same estimate for all ;1 > 0, in which case x has to be replaced by a bigger
constant. .
Assume now that w(s) is associated to y as w(s) = [, kr(t, s)y(t)dt, where y is the solution to (1.16)

with initial datum yo € Ey. Then, in (4.1), Wy is of the particular form Wy = (0, fOT efa(%+ﬁ)y(t)dt),

so that a calculation (see [ , Equation (3.3)]) yields
- 2
—afi 1
Woll3osnzr > (LX) [Woll3 e = (14X / e (T )y ()t
0 12
(1 + )\)_1T2 _ 9a 2
> B () (19)

Moreover, we have Wy € E)\ x E) so that

”WOHH’ZX’H’Z_l

E
2

<1+ N7, (4.10)

||WO||L2><H21

As a consequence, (4.8) implies
(L+ )3 .
<1 - [ HWOHLQxHZl < Ce™ ||wHL2(]7s,s[Xw) » 12 o,

and hence, choosing 1 = (1+ A)2 (1 +¢) for € € (0,1), this is

[=F ¥

k
€ ”WOHL?x'HZl <C(1+ 5)€K(1+)\)2 (+e) ||w||L2(]—s,s[m) ;o AZ X =p

)

k
and ||WOHL2><’H21 < C.elrte)rz [l 12()—s,5(xw) for all e > 0 (different from that in the previous line).
Using Cauchy-Schwarz inequality together with (4.2) (with ¢ sufficiently close to one) we obtain that, for
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some C' > 0 depending only on S, «, d, but not on T, we have

T
||’w||iz(]_573[><w) S (/]0 T[ ] SS[kT(t; S)th dS) /O / |y(t,z)|2d1‘ dt
;L X [ =9, w

T
gCTe%/ /\y(t,x)|2d:c dt, (4.11)
0 w

which then gives (4.3) for A > Ag. The estimate for A € [0, A¢] remains valid up to changing the constant
C.

To prove (4.4), we follow the same lines, except for the lower bound (4.9), which we replace by an
estimate of Corollary 4.5 below. Namely, with the notation (4.7), we have Wy = (0,Z(T, £L)yo), so that,
according to Corollary 4.5, we have for all T > 0 and s € R, the existence of C' = C, 7,5 > 0 such that

IWoll ez = I L)ollzez = Cllvolly —aym 1y = C |+ D7 Te22Ey| o (412)
Recalling that yo € E), this implies

e ey e

> CeCrVar o

Applying then (4.8) (for any u > 0) with this lower bound, together with (4.11) and (4.10) as above and

Kk
the fact that e(?te)VeA < CLe?? for any k > 2 (in case k = 1, the constant (2 + )/ has to be taken
into account), concludes the proof of (4.4), and hence of the lemma. O

Note that in the proof of (4.4), and in the case k > 2, we could simply replace (4.12) by the rough
estimate
2 2
A (0)[72 < A {lya(T)]Izz

which would be enough for the purpose of Estimate (4.4). This is not possible at all in case k = 1, and in
case k = 2, would require ¢q to depend (linearly) on T

4.1 Approximate controllability with polynomial cost in large time: Proof of
Theorem 1.20

From the low-frequency Lemma 4.2, Estimate (4.3), the proof of the theorem follows the spirit of |

)

k
, | but is simpler. It combines the cost of controllability of low frequencies, of order e7** = e*
(k = 2 in this part) and the dissipation of the heat at high frequency, of order e~**. However, here, we do
not perform the usual iterative procedure since it does not seem to improve the estimates.

Proof of Theorem 1.20. For y € L?(M), we decompose y = yy + 7 with yy € E, and 7\ € E;-.
On the one hand, using Lemma 4.2 Estimate (4.3) for y, on the time interval (T' — 1, T) (the problem
being time invariant), we obtain, uniformly with respect to T' > 0,7 €]0,T[, A > 0,

T
k/2, C
lyr(T) ][22 < CePN*45) /(T | / lyalt, 2)[* dt da. (4.13)
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On the other hand, we have
lra @)l 2 < e [lra(0) 2 < e [ly(0)]] 2 (4.14)

T
1 _ _
[ [ina) @t de < e o).
)

The last estimate gives
T T 1
/ / lya(t,z)|* dt da < 2/ / ly(t,)|* dt dz+ —e 2T ||y (0)]|3, .
(T-n) Jw (T-n) Jw A
So, using successively (4.14), (4.13) and the last estimate, we finally obtain for 7> 0,7 €]0,T[, A > 0,
2 2 2
ly(M)z: = Nya(D)llzz + [Ira (D)7
lya(T)IIZ2 + e~ [ly(0) 172

T
Ce(2N2+£) / / y(t,@) dt da+C (27 4 NHHTATE)) 07,
T—-nJw

IN

IN

T
< 0l ) [T [yt e o 20eBN 5T o)),
T—nJw

Now, we recall that we assume k = 2 (for k& > 2, the diffusion cannot compete with the cost of controllability
of low frequencies). Consequently, we obtain, for all T > 0,7 €]0,T[, A > 0,

T
||?/(T)||2L2 < CeC/m ((32“”\/ / ‘y(t7x)|2 dt dz + eNtn=T) ||y(0)||2Lg> . (4.15)

T—n

2

This now provides information if T is sufficiently large. Namely, setting € = e™**, we obtain the existence

of C > 0 such that for all n > 0, T > v+ n, all € €]0, 1], we have

I _
MM&S%“«ﬂ/ /mmWﬁM+mey®m>

T—n

Changing 7=+ into ¢, this implies the existence of C' > 0 such that for all > 0, all T > ~ + 7 and
all € €]0,1[, we have

e=C/m 2 1 r 2 2
@ € — [ [ o) d de < ).
eT-0Fm JT—nJw

This concludes the proof of Theorem 1.20 with T} := ~ after having remarked that the parabolic dissipation
yields Hy(T)HQLQ < Hy(())||2LQ, and hence the case ¢ > 1. O

4.2 Approximate controllability in Gevrey-type spaces: Proof of Theorem 1.18

The proof of Theorem 1.18 follows the same lines as Theorem 1.20, decomposing into low and high
frequencies, but uses Estimate (4.4) instead of (4.3).
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Proof of Theorem 1.18. For y € L?(M) arbitrary, we again write the decomposition y = yy + r) with
yx € Eyand ry € Ef Note that, using the fact that y, is solution of the heat equation in E), we obtain
from Lemma 4.2 that

T
co\F/
lyA(0)[|22 < Creeor” /0 / lya(t, z)|? dt da.

Moreover, we have (recall that the norm |-, o is defined in (1.20); o will be eventually taken equal to

k/2)
Irx@llze < e raO)ll 2 < e e ra(0)lap < e [ly(0)l4 6

T
1 «@
L, Ll b do < gre B0 o)

From this last estimate, we obtain

T T T
//\yk(t,x)ﬁ dt de < //|ytx dtdx+2/ /m(t,x)ﬁ dt da
0 w 0 w 0 w
T
<2
0

So, combining all these estimates, we finally obtain for A > 0

ly(t, )| dt do+X"1e 22 |y (0)]I2 ,

e

yx(0)[172 + Irx(0)]1 7
< a7z + e 22 |y (0)]12

T
Crpe2eoX™’? (2 / / y(t2) dt da + e~ |y<o>||i,e> + e y(0)]2, . (4.16)
0 w

Iy (0)]132

N

IN

Now, for o = k/2, we find for all A > 0 that

T
c k/2 _ —c k/2
ly(0)[[7= < Ce?* /0 /Iy(lﬁ,fﬂ)l2 dt dz + Ce =Ny (0)|I} o, -

Assuming 6 > ¢y, and setting € = Cle—20—co)A"? €]0, 1], this is precisely (1.21) with 6y = ¢g. The full
range of € > 0 follows from the simple estimate ||y(0)|\ig < Hy(O)Hi/Q,G. O

4.3 Approximate controllability in natural spaces with exponential cost: Proof
of Theorem 1.16

Let us now proceed to the proof of Theorem 1.16. It does not rely on frequency cutoff (we do not
distinguish between low and high frequencies), and hence on Lemma 4.2. Instead, we directly apply the
transmutation result of Proposition 4.1 to the full solution and use precise properties of the operator Z(T', L)
defined in (4.7) (which we aready used in the proof of Estimate (4.4)), proved in the next section. Note
also that here, as opposed to the above two sections, we need to use the strong version of Theorem 1.13.
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Proof of Theorem 1.16. We apply directly the transmutation kernel to the solution. Using Theorem 1.13,
we obtain

it 1
Woll 2wzt < O™ llwllpags,sixwy T 7 IWollgxz2 1> 0, (4.17)
z (1-5.50xw) T, 5

see e.g. | , Lemma A.3] to obtain the range p € [0, o] (however deteriorating the constant x). Then,
we recall that, with the notation (4.7), we have

Wo = (0,Z(T, L)yo),

so that, according to Corollary 4.5, we have for all 7" > 0 and s € R, the existence of C = C,, 1 s > 0 such
that

O olly —aymas < IWollperirs = IZ(T.Loyollagy < Cllvolly —amas

where Hy0||%7_2\/a75 = H(ﬁ + 1)%672x/ﬂy0HL2 (see (4.19) for the definition of the norms). In particular,

this implies

lyolls,

Iyoll 2~

Wollag w2 lolly —2ym,—2

= CA(H(L)yo) < 2CA1(yo), Ai(yo) =

Wollpawazr = llvolly —oym,—1-2

where H(\) = (A + 1)*3
in the last inequality.
When combined with (4.11) (still valid in this context), we now obtain, for all u > 0,

672\/5, which is positive, decreasing to zero, and we have thus used Corollary 4.9

T
2 ruk 2 C 2
W0l < e [ [ ua) o di s ) Wl -

Writing A = A;(yo), taking p = +/2CA, and recalling that C~! Hyo||%7_2\/a)_1_
gives after absorption

< [[Woll - XML this

3
2

_ ||Z/0||H1E

~lwolle

T
2 cAP 2
1olly —2ym,—1-3 < Ce A /o /w|y(t,x)| dx dt, A (4.18)

To conclude, we recall that ||y0H%7_2\/a7_1_% = H(£+ 1)*§e*2x/ﬂy0HL2 >C He*i’n/a(url)yOHL2 and we
use Lemma 4.6 with F(s) = s 4+ 1 and G(s) = e~3V®* which is convex, to finally obtain

yol| > < Cectawo)

_ z A
‘e 3y/al +1)yOHL2 < Ceehi o) ||3/0H§,72\/a,7173~

Together with (4.18), this conludes the proof of (1.18). Now, to prove (1.19), take any u > 0. Either

ol

A (yo) = Tool, s = Mo and (1.19) holds (without the observation term), or else A1 (yo) < p, and (1.18) yields
(1.19) (without additional term on the right hand-side). This concludes the proof of the Theorem. O
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4.4 Technical lemmata used for the heat equation

In this section, we collect three technical lemmata that we used in the proofs of Theorems 1.16, 1.18
and 1.20 above.
First, we need an asymptotic expansion of the integral Z(T', \) defined in (4.6) as A — +o0.

Lemma 4.4. For all o > 0 and T > 0, there exists Cp,\g > 0 such that for all A\ > X, there is
R(T, ) € R such that we have

. T
I(T,\) = \/E%e_Te_Qm (1 + R(AA)) . |R(T,\)| < Cr.

Next, this lemma allows us to link the operator Z(T', £) defined in 4.7 and the norms

= Z(Aj + 1)"620)‘15'|a]—\2, for u = Zajcpj. (4.19)
JEN JEN

o ars |2
lulf g, = [[(£+ D Ful

L2

Corollary 4.5. For all s € R, for all T, > 0, there exists C' > 1 such that we have
O~ ully —pymary < 1T Lhullyyy < Clully o ma s

The proof of the corollary only consists in remarking that, once a, T are fixed, we have, according to
Lemma 4.4, that
e—2VaXx

(1+ )3
and this quantity does not vanish on R so that there is C' > 1 such that for all A > 0, we have

e—2VaX -1
Cl<I(T)\) | —— <C,
(1411

-1
0<Z(T,\) ( > — /Tate T >0 as A — +oo,

which yields the result.

Proof of Lemma 4./. Note first that, given ¢ € (0,1), we may assume that )\ is chosen such that T >
VS(1+¢) for X > Ag. We first change variables in Z(T, X), denoting w = v'aA (new large parameter) and
setting t = \/§s = 25, we have

-2 [ P e s () = exp (—T _‘“w) |

w

The phase h(s) := 1 + s admits a single global strict (nondegenerate) minimum at the point s = 1, with

h(1) = 2. Note also that 0 < f,, < 1. Hence, using that % > 1+ ¢ by assumption, we have for £ € (0,1),
the estimate

1+
I(T,\) = f/ Fu(8)e™(GF9) ds 4 Op(e= By ¢ 5 0.
1

—&
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Let ¢ : (1 —¢,1+¢) — (—¢1,e2) be a (Morse) diffeomorphism for some €1,£2 > 0, such that ¢(1) = 0, and
with u = ¢(s), we have
w2
h(s) = h(1) + A" (1 ) 5 =2+u? sgn(u) =sgn(s —1).

Note that it is actually explicit, namely ¢(s) = (s — 1)/4/s. We change variable, setting u = ¢(s), and
obtain

Zr N =2 [ e B o g7 )07 (wldu+ Or(e CT), e >0,

where (¢~1)/(0) = 1.
Moreover, for s € [1 —e,1+¢] C [0, “L], we write f.,(s) = fu(1) + Ru(s) with f,(1) = exp (—Ti%)
and

IRo(s)] < |s—1] sup |f] < <fs—1], (4.20)
[1—e,14€] w

where we used f/(s) = —%X’Qe*% with X = (T — 2s)a™t € [0,T/a].
As a consequence, we obtain

(T, N = 362°’e><p( a >/52 e (371 (u)|du + R(w) + Op (e~ @)

“ exp {7 ey 0t R | +RG@) + Orete2)

(-72)
exp( e ) { [ 16 Oldut R @)+ REw) + Ople409), 2> 0
(-+22)

{\/Z+R’(w)}+7€( )+ Op(e”Fea) & >0

“ exp

|
EQSQEQ

with, using (4.20),

« = —w(24+u? —1 —1 « —2w e —wu? a 72wC
IR(w)| = w/€1e CHIR, 0 p7 (w)|(¢7Y) (u)|du SCﬁe / ule dugﬁe =
and
/ =2 —wu? —1\7/ —1\/ = —wu? C
R@I=| [ e (@ - oo | <0 [ uertaus €

Using finally that exp (fﬁ> e T (1 + Or (%)), we finally obtain

s = o525 2 rror ()

which, recalling that w = v a\, concludes the proof of the lemma. O
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Lemma 4.6. Let F : R™ — Rt be any function and let G : F(R*) — R be a function such that G* is
convez (it is for instance the case if G is). Then, for all u € HE N D(G o F(L)), we have

lull7
G 7= | lulle < G o F(L)ull2 (4.21)

[[ul| 72
where the seminorm HE is defined by ||uH§{€ =Y jen F(\j)|aj|? if u= D jen AP

Remark 4.7. Using the previous lemma with F(s) = s+ 1 and G(s) = ﬁ, we obtain the interpolation
inequality

lull e el
Tllyer = Tallze
comparing two types of “frequency functions”, the first of which being used e.g. in [ | for the classical

heat equation.

Proof. Dividing by |lu||;. (if non zero, otherwise the inequality is clear), it is enough to prove (4.21)
assuming ||ul|. = 1. If so, we write u = >, ya;p; with >, laj|*> = 1. Using the Jensen inequality
with the convex function G2, we have

2
IG o F(L)ull7: = Y G(FO)) s > G2 | Y- FO)las* | = G2 (lull3e),
JEN JEN
which concludes the proof of the lemma. O

Lemma 4.8. Let F,G : Rt — R be two nondecreasing continuous functions such that F(s)G(s) — +oo
as s — +oo. Then, for all w € D(F(L)G(L)), we have

[E(L)ull 2 |G(L)ull 2 < 2[F(L)G(L)ull g2 [ull L2 -

Note that, replacing F' and G by 1/F and 1/G, the same statement is true as well if F, G are nonvan-
ishing, nonincreasing and such that F(s)G(s) — 0 as s — +o0.
llwll oo,

Corollary 4.9. Denoting, for o > 0 by Ay(u) = W the modified frequency functions, we have that for
any H : RT — R* nonvanishing, nonincreasing such that H(s) — 0 as s — +00,

Ao (H(L)u) < 2A4(w). (4.22)

The corollary is obtained by taking F(s) = (s +1)% in Lemma 4.8, G = 1/H and u = H(L)v. Remark
that the frequency function A used in the main part of the article is A = A;.

Remark 4.10. The interpretation of the corollary is clearer. Indeed, in this context, H(L) is a compact
operator of L? and (4.22) only translates that the “average frequency” of H(£)u is smaller than the “average
frequency” of wu.
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Remark 4.11. It is very likely that the previous Lemma (or at least Corollary 4.9) is still true with

the constant 2 replaced by 1. Indeed, when taking H(s) = (s + 1), or H(s) = e~t" with 8,t > 0,
Corollary 4.9 is true with a constant 1; in the first case, it is proved using Sobolev interpolation and in the
second one using the monotonicity of the frequency function for solutions of the heat equation, see Phung

| |-

Proof of Lemma 4.8. First, since F and G are nondecreasing, by decomposing u = ) a;¢; with frequency
less than A and greater than )\, we notice that for any A > 0, we have

IF(Lyulz. = ZF Pla? = FO)2lag* + D7 F(A)?ayl?

A <A Aj>A
< PO Y I+ 30 PO
A <A A >N
< FO)? |lul7. + (VM()(M@«

Similarly, we have

Gl < GVl + 55z | PEIG(ul

Multiplying these two estimates, we obtain, for all A > 0

nnmwémww@SFm%uwmm+ww;Mwmwm@+f@%ﬁpwwmme,
which is
|wwmhwmmwmSFumumw;+Fa%aﬂmmwam, for all A > 0.

Now, using that s — F(s)G(s) tends to +o0o as s — +oo and is nondecreasing, it is onto Rt —
[F(0)G(0),+00[. Since F(0)G(0) = min FG < w, there is A > 0 such that F(\)G(\) =

flwll,z
W, which together with the last estimate yields the sought result. O
L

5 A partially analytic example: Grushin type operators

In this section, we are concerned with the setting of Example 1.22 and give a proof of Theorem 1.23.
As explained in Section 1.4, it only suffices to prove the analogue of Theorem 1.13 (with estimate (1.24)
instead of (1.13)), that is for the hypoelliptic wave equation; all other results are then deduced as in
Section 4.

The setting of Example 1.22 differs from the general setting of the paper (compact manifolds, analytic
context) with two respects: (i) we do not suppose analyticity in all variables; (ii) the manifold M =
[-1,1] x T has a boundary. Hence, there are four main differences in the proofs, the first of which being
of geometric nature, the next two being linked to the analysis of | |, and the last one to hypoelliptic
estimates:
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1. the presence of the boundary makes it complicated to apply directly Theorem 3.5 coming from | |-

2. the partial analyticity assumption does not allow to make changes of variables to define the relation
<. For any couple of points 2, x!, we thus have to find some global set Q containing one (short)
path linking them.

3. the application of the results in | | yields an observation term of the form ||u|| H} () and we would
expect it to be in L2.

4. The available hypoelliptic estimates, similar to those of Theorem 1.4, do not apply directly in the
presence of boundary.

The problem imposed by Item 1 is that because of the boundary, the shortest path between two points
in Int(M) does not necessarily exists inside of Int(M). To understand this issue, it may help to think
about the flat metric in R” \ O where O a convex obstacle. The boundary OM = {x; = £1} can look like
a convex obstacle for the Grushin case for instance (see Figure 3.1 of | | for some drawing of geodesics
in Grushin). The solution we propose is to apply the result of Rifford and Trélat | ] only locally away
from the boundary. The drawback is then that our path is only piecewise normal geodesic. But this will
be sufficient thanks to the variant Proposition 3.14 of Proposition 3.12.

The solution to the issue of Item 2 is the very simple geometry of [—1, 1],
perform any change of variable.

The solution to the issue of Item 3 is to use the fact that the operator P is elliptic in {{, = 0} where
Cq is the dual to the anaytic variable z, = (¢, x2), see Section 5.3.

Concerning the issue of Item 4, we prove the necessary estimates in Section B.2. Recall that the
operator is elliptic close to the boundary. So, we are left to patch the usual elliptic estimates close to the
boundary with internal hypoelliptic estimates.

. x T,,, so we almost do not

All in all, the proof of Estimate (1.24) is as above in two steps: first, proving (1.28) (hard part),
and then performing energy estimates (soft part). The latter are done the same way as in Section 3.3.1,
except that the hypoelliptic estimates of Corollary B.1 have to be replaced by those of Theorem B.3 (with
boundary).

We now focus on the first part of the proof, that is, proving (1.28) in the context of Example 1.22.
This corresponds to the above Step 1 (Section 3.1) and Step 2 (Section 3.2).

5.1 The geometric context

Denote 7 : [—1,1];, x R,, — [-1,1];, x T,, the natural covering map, 7(z1,z2) = (x1,22 + Z). The
vector fields X; and X5 can be lifted to [—1,1],, x R,,, which allows to define the natural sub-Riemannian
distance on |—1,1[,, XxR,,. As for the case of [—1,1],, X T,,, the latter can be extended up to the boundary
as well as all the other notions naturally inherited. We keep the same notations without leading to any
confusion.

We will need the following Geometric Lemma, the proof of which relies on an iterative use of a slight
variant of the result of Rifford-Trélat | |, see Theorem 3.5.

Lemma 5.1. Let 2° = (29,29) and ' = (21, 23) in [-1,1],, X Ty,. Then, for any e > 0, there exists a

continuous path v : [0,1] — [—1,1],, X R, so that with v(s) = (z1(s),x2(s)) we have
1. 7(v(0)) = 2° and dist(7(y(1)),2!) < &;
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2. z1(s) ¢ {—1,1} for s €]0,1];
3. v is piecewise normal geodesic in ] —1,1[;, xR,,;

4. ifx1 = —1 (resp. 1) then there is § > 0 so that y(s) = (—s,x3) (resp. v(s) = (s,x3)) for s € [1-4,1].
Similarly, if 29 = —1 (resp. 1) then there is § > 0 so that y(s) = (—1+s,29) (resp. v(s) = (1—s,29))
for s €10,6];

5. length(y) < dist(2?, 2!) + €.

Proof. Note first that the paths defined in Item 4 are normal geodesic paths (i.e. geodesics, since the
metric is Riemannian near the boundary) corresponding to (£1,&2) = (£1/2,0) since f does not depend on
xo near the boundary. Therefore, by defining - like this for s € [1 — 4, 1], we have y(1 —§) €] — 1, 1[;, x Ty,
and length(vy(s),s € [1 —§,1]) = 4; hence up to changing the length of v by d, we are left to the case where
x! does not belong to the boundary. The argument shows that we may assume as well that z° does not
belong to the boundary.

Let now 7 be a smooth path on [~1,1],, x T, so that ¥(0) = 2°, F(1) = 2! and length(y) <
dist(2°, 21) +e. We select one continuous lifting of 5 on [—1,1],, X R,,, denoted by 71, so that 7(v1(s)) =
J(s) for s € [0,1]. Moreover, we have length(~y;) = length(7) that we denote by L. Since 2°, 2! ¢ {41} x T,
then up to deforming a bit v without changing ~1(0) (and still denoting it with the same name), we can
assume that dist(y1(s), {£1} x R) > n > 0 for all s € [0,1], up to having only the estimate length(vy;) <
dist(2°, 1) + 2¢. Now, we choose N € N large enough so that (L + ¢)/N < 7. Up to reparametrization,
we can also assume that v : [0, L] —] — 1, 1[xR has unit speed.

Denote t; = y1(¢L/N) for ¢ = 0,--- , N. In particular, we have dist(¢;,t;+1) < L/N since v; has unit
speed.

We now define m; for i = 0,--- , N by induction, so that the following properties are satisfied:
(Pl) dist(mi, ti) < 8/2N;
(P2) there is a minimizing normal geodesic between m,; and m;.

Note that these properties imply in particular
dist(m;, {£1} x R) > dist(¢;, {£1} x R) — dist(m;,t;) >n—¢e/2N > (L +¢/2)/N. (5.1)
Let us now construct the points m; by induction as follows:
o mo = 7(0);

e m; — m,41: by iteration hypothesis, dist(m;,t;) < e/N. Note that the ball B(m;,(L+¢/2)/N) does

not intersect the boundary thanks to (5.1) and that dist(m;,t;41) < dist(m;,t;) + dist(t;, tiv1) <
(L+¢/2)/N. In particular, t;11 € B(m;,(L+¢/2)/N), and there exists one ball of radius r < e/2N
so that B(tH_l,T) C B(mi, (L + E/2)/N)
A slight variant of Theorem 3.5 of Rifford-Trélat | | implies that the image of the exponential
map (given by T*(R2?) — R2?, (mg,&) — m(1) where (m(t),£(t)) is the Hamiltonian curve issued
from (mo, &o), see Definition 3.2) from the point m; is dense in B(m;, (L +¢/2)/N). In particular,
there exists one point, which we choose as m;41 € B(tiy1,7) C B(my, (L 4+ ¢/2)/N) so that there
exists a minimizing normal geodesic between m; and m;1, and (P2) is satisfied. Then, we have by
construction dist(m;y1,ti+1) < r < e/2N, so the first induction assumption (P1) is also fulfilled.
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Once the process is finished, we have by construction, dist(m;,m;y1) < dist(my,t;) + dist(t;, ti41) +
dist(miy1,tit1) < (L +¢)/N. Now, denote by +, the path defined by concatenation of the above defined
normal geodesic path linking m; and m;y;. We have v(0) = mo = 7(0) = +1(0) by construction. Also,
we have dist(y(L),y1 (L)) = dist(my_1,tn-1) < €/2N < €. Moreover, since the geodesic linking m; and
m;+1 are minimizing, we have length(y) = vaz_ol dist(m;, m;11) < L+ €. This concludes the proof of the
lemma. U

5.2 A proof of Estimate (1.24)

Let us now sketch the proof of Estimate (1.24). It is very similar to that of Theorem 1.13, so that we only
stress the main differences.

For this, we define Q = I x U with I a bounded neighborhood of (—=T,T) (where T is that of the
statement of Theorem 1.23) and U a bounded neighborhood of 7 in [-1,1];, x R,,. We consider the
operator P = 02 + L in this set, and use the splitting of variables in R® = R" x R™ = R9*! with
n=3n,=2,n,=1,d=2, as

= (Z(I?Zb)a Za = (tva)v Zp = I,

with ¢ being the time variable, and x = (1, z2) the space variable.

Now, we follow the general proof. The geometrical context being made precise in Lemma 5.1, it only
remains to check that we can apply the equivalent of Proposition 3.14, with the scheme of proof described
in Remark 3.13. Since the appropriate piecewise geodesic path is constructed in Lemma 5.1, we only need
to check that the local results (the equivalent of Lemma 3.11) can be applied in this setting.

There are two differences:

¢ We are in a situation where the only analytic variables are z, = (¢,z2). So, all Fourier multipliers
defined in Section 2.2 (and therefore the associated relation <) are taken with respect to these
variables, see Remark 2.4. The symbol of the wave operator P is

plt, a1, 22,7,&1,&) = —T2 + & + f(21,22)%8.

But we check that we are still in the situation of Remark 1.10 of | | with z, = (¢,22) and 2, = ;.
Indeed, p(t, x1,22,0,&1,0) = &7 that is positive definite on Ry, .

e The equivalent of Lemma 3.11 should be obtained in the presence of boundary. We have to check
that we can apply | , Theorem 5.12], namely “propagation up to the boundary” {z; = £1}.
Let us only explain the construction near the boundary {z; = 1}, the other case being similar. One
important thing is that we are in the geometric situation described in Lemma 5.1: P is already under
the form of (3.5) and the choice of the geodesic close to the boundary of Item 4 of Lemma 5.1 is
already the same straight line. Indeed, we almost do not need to perform any change of coordinates,
but only a translation. We can directly construct the noncharacteristic hypersurfaces of Lemma 3.10
with lop = g, (t,%) = (t,22) (tangential) and x4 = z1 + 1 — ¢ (normal). Everything works then as
in the interior case precised before, except for the last hypersurface S; = {¢1 = 0}, which touches
the the boundary {z; = 1} tangentially. For this last step, we apply the local propagation result up
to the boundary | , Theorem 5.12]. We only need to check that the additional assumptions of
this result are fulfilled:

— The analytic variable z, = (¢, z2) are tangential with respect to the boundary {x; = 1};
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— Assumption 5.1 in | | is fulfilled for P because close to the boundary, p = ¢, ((7,&2)) + ¢z (&1)
where ¢, ((7,&)) = —72 + f(2)?£3 and g, (&1) = & are both quadratic forms independent on ¢
and xo;

— The boundary {z; = 1} is non characteristic for P;

— To apply Theorem 5.12 of | | in this context, calling (2/, x,,) the variables in that reference
(the domain is locally {z, > 0} in [ |, it is {1 < 1} here), one needs to set 2, = 1 —z; and
x' = (t,z2) so that {x; <1} is transformed into R’}. The defining function of the last hyper-
surface ¢1(t, &, zq) = G((t,%),1) — x4 is changed, for the application of | , Theorem 5.12]
into ¢y (2, z,) = G(2',1) — (1 — z,,). The assumption 8, ¢ = —0p,¢1 = 1 > 0 of | ;
Theorem 5.12] is hence satisfied.

This variant of Proposition 3.14, with an application of the boundary Theorem 5.12 of | | as a last
step, leads to the relation

3420, cull, < Ce (|60, + 1 Pull gy ) + Ce™* [l

where M;f“ is defined with the analytic variables z, = (¢,22) and naturally extended to the boundary
case since z, is tangential. The function ¥ € C§°(M) is chosen supported close to z° = (29, 29) and can
therefore be taken in C§°(] — T, T[xw). The function o, € C§°(M) is equal to 1 in a small ball centered
at 2! = (21, 2d) of size r > 0.

Lemma 5.2 below allows to obtain with different constants
1800y |, < Ce (Il oy + 1Pl oy ) + Ce™* Jul,

Again, as in | , Section 4.2], this leads, after a rough estimate of the high frequency, to

o 1
o2 -c.mier.en < O™ (Wl agrrpeany + 1Pl oy ) + - Tl ey

This is the equivalent to Proposition 3.7 which leads to a result similar to Corollary 3.8 by a compactness
argument.

As explained above, the last step to get estimates (1.24) corresponds to the energy estimates of Step
3 Section 3.3.1. There, they relied on the hypoelliptic estimates of Corollary B.2. The equivalent in the
present situation with boundary is provided by Theorem B.3.

5.3 An observation term in L? in quantitative unique continuation estimates

In this section, we explain how the observation term ||ul| ;1 5y = 37)5/<1 HDEUH 2o) in unique continuation
= L@

estimates as (2.1) can actually be replaced by the weaker norm ||ul| 2 under suitable assumptions.

Lemma 5.2. Let Q2 be a bounded open set of R™ with n = ng,+mny. Let P be a differential operator of order
2, defined in a neighborhood of 2, with real principal symbol and coefficients independent on the variable
Za, and being elliptic in {{, = 0}. Let w € Q and ¥ € C§°(w). Then, for all o > 0, there exists C > 0
such that for every u € C§°(R™) and p > 1, we have

M, Dl g < C ) [l L2y + C Pl 2y + Ce™ [Juf g -
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Recall that the regularization process ¥ — ¥, and the Fourier multiplier M}, are defined at the
beginning of Section 2.2.

Proof. Since P is elliptic (say positive to fix the ideas) in ¢, = 0 and Q is compact, we can find A > 0 (fixed
for the rest of the proof) so that A[(.|? + p(2s, Ca, () is elliptic on Q x R™+™ (where p is the principal
symbol of P), see for instance | , Lemma A.1]. Using then the Garding inequality, there exists C' > 0
so that

IN

CRe ((A|Do|? + Pv,v) ,, + C o[22
Cl|Dalv]72 + C Re (Pv,v) 2 + C 0|7

2
[l

IN

for every v € C5°(R2). Let ¢, x € C§°(€2) being real valued and such that ¢ = 1 on a neighborhood of
supp(¥) and x = 1 on a neighborhood of supp . Applying this estimate to v = pw for w € C§°(R"), we
obtain that

A

lewlFn < CllValpw)|72 + CRe (Plpw), pw) 2 + C |lpw| 7.
C|Vawl|32 + CRe (P(pw), (ow)) 2 + C |lw||7.
C|Vawl72 + CI1P(ow)| g1 llowl g + C w3

INIA

Writing P(pw) = @ Pw + [P, p]w, where [P, ¢] is of order 1, we have
[Ppw)llg-1 < llePwll g + Cllwllg,

so that, after absorption, we have proved the existence of C' > 0 such that for every w € C§°(R™) (and so
for w € S(R™)) , we have

lewllz < CIVawllze + C llpPwllz—2 + C w7z - (5.2)

We apply the previous estimate to w = M}, ¥, u. For the first term in the right handside of (5.2), we have
”Camu(Ca/N)”Lw(Rna) <up Hcamu(ga)HLw(Rna) < Cu, so that

HVG(M&L;/&NU')HLZ S C</'[/> HﬁH’U’HLZ .
For this term, we further use that ¢ € C§°(w), which according to Lemma 3.24 Item 2, gives
[Puullpz < llull g2y + Ce* lull L2 -

Note that this previous inequality also rules the term [Jw]| . in the right handside of (5.2).
It only remains to estimate the term ||pPw|| ;- in the right handside of (5.2). Using that P is invariant
on z, (and hence commutes with MY ), it is

HQDPM(lj,uﬂﬂuHH—l S H[P7 19#]“”[—[71 + HSDMgpﬁlLPUHH—l
< H[P’ ﬁ#]u”[—jfl + HQOMS#'&#XPU||H71 + ||90M5;L(1 - X)ﬁ#P’LLHH71 .

Note that, a priori, since P is not defined on the whole R™ but only in a neighborhood of €2, the term Pu
does not have any meaning. Yet, since P is invariant in z,, the differential operator 9, P is a well defined
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operator on R”, so as xP and [P,9,]. In the end, all terms involved are well defined for all u € C§°(R™),
even if not supported inside of 2.
Now, using ¥ € C5°(w), we have by (a dual version of) Lemma 3.24 that

1P, Dplull g < Nlull 2y + Ce™ [lull 2 -

Finally, since supp(¢) Nsupp(l — x) =0, | , Lemma 2.10] also yields

Hcng#(l < Ce .

- X)HH—lﬁH—l
Combining the last five inequalities together with (5.2), we are led, after absorption, to the estimate
||<PM5M19M“||H1 < C|Pullp2(q) + C () [ull 2wy + Ce™ llull g -

The property supp(1 — ¢) Nsupp(d) = O with | , Lemma 2.10] gives the similar estimate
[(1 = @) ME D]y < Cem Jlull

which allows to conclude the proof of the lemma. O

A On the optimality: Proof of Proposition 1.12

In this appendix, we discuss the optimality of the results presented in the main part of the paper, in the
situation of Example 1.11, i.e. we give a proof of Proposition 1.12. The estimates we use are mainly

extracted from the article | | by Beauchard, Cannarsa and Guglielmi. They are slightly spread out
in this reference so that the proof below mainly explains where in [ ] to pick the results. This is
mainly the proof of Theorem 5, Section 3.2 and 3.3 in this reference.
Proof of Proposition 1.12. First, Fourier transforming the operator £, = —(92 — :1:?7832) in the xo vari-
able, we obtain a family A, ., of 1-dimensional operators defined for n € Z by (A, f)(z1) = —f"(z1) +
(nm)223" f(x1) on | — 1,1[, with Dirichlet boundary conditions.

The sequence of eigenfunctions ¢, is then taken of the form ¢, (x1,22) = v/2v,(21) sin(nrxy) where
vy, is the first normalized eigenvector of A,, , (see Lemma 2 of | |)- We have A,, yv, = A\ 4y, With

An,~ the lowest eigenfunction of A, ., and hence L,¢, = A, y¢n. Moreover, v,, is even.
The following estimates hold:

2 2
1. %nm < An,y < CnT+7, see Proposition 4 of | ]

2. for 0 < a < b < 1, we have f: vy (2)?dz < Ce=C10Nma™ ¢ with ¢, < nP for some appropriate

B: this is inequality (35) of | ] once we have checked that for n large enough w,, = C(v)n
(written in (33)) and the definition of z,, in (26). For v = 1, a more precise result is stated [ ,
70/2’71

Lemma 4], where the constant is computed, namely A, , ~ nm and f: vp(7)?da =~ % for a > 0.

14y
So, in any cases, if a > 0, there are C,c > 0, so that f; vp(2)2dr < Ce" < Ce= %  where we have
used Item 1. Then, since wN {z; =0} = 0 and v, is even, there exists a,b,C > 0 so that H<p"||i2(w) <

Cf: vn(x)?dz. To finish the proof, it is enough to notice that v,, was chosen normalized in L?(] — 1, 1) so
that ¢,, is normalized in L*(M). O
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Remark A.1. It is very interesting to compare the estimates obtained by | | with respect to those
obtained in the present paper, even if the techniques are quite different. The scheme of proof we followed
may be summarized in two steps:

1. We prove an observability estimate where the cost is, more or less, exponential of the usual Sobolev
frequency. This step is performed in [ | by using only the analyticity of the coefficients in the
2o variable. In their Proposition 5, they prove a 1D Carleman estimate and the cost is of the order
of e™ where n is the frequency in the xo (the analytic frequency).

2. Then, we use the decay of the heat flow using hypoelliptic estimates. For this, %n% < Apy <

Cnv may be seen as a counterpart of the hypoelliptic estimates of Theorem 1.4. Indeed, these
estimates roughly say that in the worst case, the operator £ counts (when we want estimates from
2

below) as T = % when compared to the usual derivatives (that is to the usual Sobolev norms).

B Subelliptic estimates

B.1 H® subelliptic estimates on compact manifolds

In this appendix, we draw classical consequences of the subelliptic estimate (1.4) of Rothschild-Stein | ]
and Fefferman-Phong | |, that are used in the main part of the paper. The following corollary of the
subelliptic estimate (1.4) might be written elsewhere, but we did not find any reference. The short proof
below stresses that the sole subelliptic estimate we rely on in the paper is (1.4).

Corollary B.1. Under Assumption 1.1, for any s > 0 there is C > 0 such that we have

2 2 2
ol e gy < D IXstl e ag) + €l g (B.1)
i=1
2 2 2
et ey < C Iy + €l ngy (B.2)

for any v € C®(M).

The proof we give is inspired by | | (see the beginning of the proof of Theorem 1). For this, we
let A be an elliptic inversible pseudodifferential operator of order one in M, being selfadjoint in L?(M)
(see e.g. | , Remark 2.11] after having endowed M with a Riemannian metric). Recall that the power
operator A® is an elliptic inversible pseudodifferential operator of order s in M, being also selfadjoint in
L?*(M). All H* norms are equivalent to ||| g ng) = [IA[| 12 rg)-

Proof. We start proving Estimate (B.1), which is simpler due to the fact that X; is only of order 1 and
therefore [X;, A®] is of order s and hence an admissible remainder term (compared to the estimated norm
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H®+%). Using the L? estimate (1.4), we have

m
2 s 2 s 2 s 2
lullgert gy = ClIA%ulG L ) < C; [ XA ull 72 a0y + C 1A U] 72 0g
2 2 2

< CY, [A*Xiull 72y + cy 1A%, Xilull 2 gy + C A ull 20

i=1 i=1

2 2

< O Xl gy + C llull e gy -

=1

An interpolation estimate gives [[ul| . rq) < €|lull M) +C: [[ul| L2 (aq) for any € > 0, which yields (B.1)

Ho+H
after having taken ¢ sufficiently small.

Concerning Estimate (B.2), we have to be more careful since the commutator [£, A®] is of order s + 1
and hence not an admissible remainder term (compared to the estimated norm H*%). Following | I,
we apply the L?-based estimate (1.5) to AsTru, yielding

2
2 s+1 s+i s+1
llez < CRe(LA™ FuA ku)LQ(M)+cHA ku‘LZ(M)
< CRe(A™ % Lu, A Fu) 2 v + CRe([L, A*F Flu, AT 5 u) 2 gy + C ||u||§{s+%(M)
< CRe(ALu, A Fu) 2y + CRe([L, A*FFJu, AFEw) 2 gy + C ||u||§{5+%w)
1 sl ol
< gl g € ILullzr gy + CR(ATE L, A FJu,w) p2agy + Cllull i ((B-3)

where we have used Cauchy-Schwarz inequality in the last step. The term with the commutator has to be
taken carefully since it is a priori of order 2s + % + 1. But the following simple remark is in order: this
pseudodifferential operator has purely imaginary principal symbol. Hence, according to pseudodifferential
calculus, it can be written as ASJF%[L,AS*%} = T1 + To where T is a skew-adjoint pseudodifferential
operator of order 2s + % 4+ 1, and T3 is a pseudodifferential operator of order 2s + % In particular, we
have

Re(ASJr%[ﬁ,ASJF%]u,U)L%M)’ = |Re(T2u,u)L2(M)| < Hu”i]“'%(./\/l)

So, at this stage, we have proved

2

||u||Hs+% (M)

< C ||£U||i1s(M) +C ||U||Z.<+%(M) :

This concludes the proof of (B.2), after an interpolation argument as above. O

To conclude this section, we prove the continuous injection H% C H3/k(M) for all s > 0. We shall
use the following classical operator theoretic (interpolation) result for which we refer e.g. to | ,
Corollary 12.15]. Given two selfadjoint nonnegative operators (A, D(A4)) and (B, D(B)) on a Hilbert
space, we have

| Au|| < ||Bul for all u € D(B) = |[A%u|| < ||B®u| for all & € [0,1] and u € D(B®). (B.4)
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Note that this result already yields the simple inequality: for s > 0, there is C' > 0 such that for all
u € H*(M),

[ullag < Cllull s gy

consequence of that obtained for s € 2N. It also yields by duality for all s > 0 the existence of C' > 0 such
that for all u € H,*,

lll == a1y < Cllullyz- - (B.5)
Corollary B.2. For all s > 0, there exists C > 0 such that for all u € H7., we have

ll gy < Cllalys -

Note that it also yields by duality for all s > 0 the existence of C' > 0 such that for all w € H~% (M),

lllpez < Cllull g (agy -

Proof. We first prove the result for s = 2p, p € N, and then conclude by interpolation. We prove by
induction that for all p € N, we have

||u||H2l(M) <C ||UHHZP =C (L4 D) ullp2(pgy, forall u € C*(M). (B.6)
The case p = 01is clear. Assume now that this is satisfied for p, and estimate ||u|| 2011 =llull 2,2 .
H k(M) HF&E "k (M)

After having used (B.2), we have

2 2 2
||U||H2(pk+1) M) <C H'CUHH’%(M) +C Hu||L2(M) )

which, using the induction assumption (B.6) to Lu, yields

2 2
HUH;z@kﬂ) = C L+ 1" LullLopgy + Cllullze gy -

(M

Using the functional calculus (1.10), this implies
2 2
Hu||i12(,,k+1) m <C H(E + 1)P+1uHL2(M) =C ||uHH2L<p+1> ,  for all u e C®°(M),

which is the sought estimate.
Now for s > 0, s ¢ N, pick p € N such that s € [0, p], write (B.6) as HA%UHLQ(M) < O£+ 1)Pull g2 pg)
and apply (B.4) to A = A¥#, B = (£L+1)P, and v = 7 € [0, 1] to obtain the result. O

B.2 Subelliptic estimates for manifolds with boundaries

In this section, we assume that M is a compact manifold with a nonempty boundary OM, and write
M = Int(M) U OM, with a disjoint union. We assume that the coefficients of X;’s are smooth up to the
boundary, and that span(Xy,-- -, X,,,)(x) = T, M for z € M\ K, where K is a compact subset of Int(M)
(i.e. the operator L is elliptic in the neighborhood of the boundary) and that Assumption 1.1 is satisfied
on K.
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Theorem B.3. Denote by Ap the Laplace-Dirichlet operator associated to some/any Riemannian metric
equal to that issued from the vector fields (X1, -+ ,X,,) in M\ K. Then, for all s > 0, we have H$ =
D(L3)cC D ((—AD)ﬁ). Moreover, there exists C' > 0 such that for all v € H}, we have

|ap)u | < Cllully, -

L2 (M)
Note that the space D ((—Ap)?®) does not depend on the metric chosen to define A inside Int(M) but
only on its values in a neighborhood of M. Remark that we also have the converse simple inclusion

D ((-Ap)*) € D(L?).

We now explain how the estimates in the previous section have to be modified to yield the statement
of Theorem B.3.
1 1
We first let A% (with a slight abuse of notation: A% is not the + power of an operator) be

¢ a pseudodifferential operator of order % on M, with kernel compactly supported in M x M,
e formally selfadjoint on L?(M),
e locally elliptic on a neighborhood N of K (i.e. K € Int(N) € Int(M)),

e with kernel compactly supported in an e-neighborhood of diag(M x M), with ¢ < dist(K,N¢).
This implies that for n € N, (A%) has a kernel compactly supported in an ne-neighborhood of

diag(M x M). Here, we will use the abuse of notation A% instead of (A%)™. This will not lead to
any confusion since we will only use A® for s of the form 3 with n € N.

When a maximal Sobolev exponent sq is fixed, we will need to use such operators for n < ng with
ng = sok and make proofs by induction using several cutoff functions. At each step, we shall need to make
some estimates on some Ce neighborhood of the zone where we get the information, with C' depending
on sg and some geometric properties of the cutoff functions. At the end, once the number of steps is
fixed, we can select ¢ small enough (and the associated A%) so that all the reasoning is valid. To make
the presentation more readable, we have chosen not to keep track of all the constants and the geometrical
conditions involved. Yet, the proof will make it clear that there is g > 0 depending on sg, A/, K and M
so that all the support conditions of the following proof are fulfilled if 0 < &€ < €.

That Assumption 1.1 is satisfied on K (and hence on N/, since L is elliptic on M \ K) yields, for all
X € C§°(M) such that x = 1 in a neighborhood of K, the existence of C' > 0 such that for all u € C§° (M),
we have (see again | ] Theorem 17 and estimate (17.20) p311)

[t

2 i 2 2
L2 < C; [ Xiullz2 vy + Cllull 2 ag) 5

and hence, still for u € C§°(M),

[t
* XU
o

< C(Luyu)p2ga) + C lul 72 - (B.7)

We now decompose the proof in several lemmata.
Several times in the proof, we shall use the following fact of pseudodifferential calculus. Given n < ng
n

and a function ¢ € C§°(N), we remark that A% is elliptic of order % in a neighborhood of supp(y). As
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a consequence, the classical parametrix construction (see for instance [ , Proof of Theorem 18.1.9])
borhood of supp(p), such that Ay * A% = ¢(z) + Ry, and A¥Ay* = p(z) + R% with RY, i = 1,2,
pseudodifferential operators of order —N with kernel compactly supported in M x M. In the applications,
N will always be fixed, sufficiently large.

Lemma B.4. For all xo € C§°(N') such that xo = 1 in a neighborhood of K, and all x; € C§(N) such
that x1 = 1 in a neighborhood of supp(xo), for all s € N/k with s + 2/k < sg, for € small enough, there is
C > 0 such that for all w € C§°(M), we have

Proof. The proof is almost the same as that of Estimate (B.2) in Corollary B.1, and only relies on the
application of (B.7) (instead of (1.5)). First, estimate (B.7) applies for xu replaced by AST%you since
AstE xou = YoA* T you for Yo = 1 in an ne-neighborhood of supp(xo), with n = sk + 1. This yields

allows, for any N € N, to construct a pseudodifferential operator Az_v% of order —2%, elliptic on a neigh-

ASTE ’
EXoU
Xo ‘ L2(M)

< C||ASX0£u\|%2(M) +C HA‘H_%XW‘

2 2
oy T X1l 2

Aer% 2
Xou

2
<cC <EAS+%X()U,AS+%X0U) +C HAS+%XOUH
L2(M) L2(M) L

2(M)
Then, a computation similar to (B.3), and the only difference comes from the estimate of the remainder
term

Re(xoA* " F [£, A% yolu, u) p2(an) = Re((Ty + To)u, ) p2an) = Re(Tou, w) 2 (),

where T5 is a pseudodifferential operator of order 2s + %, with kernel supported in supp(xo) X supp(xo)-

Given ¢ € Cg°(N) such that ¢ = 1 on supp(y1), we may define the associated parametrix A~(st%) of
AStE as above. Writing Tb = y19To¢x1, we now have Ty = y1ASTE A= A=(HAT Ty + R,
where R is a smoothing operator with kernel compactly supported in M x M. The boundedness of
A=A (s+1) (as a pseudodifferential operator of order zero) and R on L?(M) then implies

2
s+ L
| Re(Tou, u) 2y | = [Re(Taxaw, x1u) 2| < C HA‘J”Xlu‘ 2 +C ||X1u||2Lz(M) ,
. 2 2
which concludes the proof. Note also that the term HA”EXOUHLZ)(M) has been bounded by ‘

1
AS*FEXlu’

L2(M)
~ 1
the same way using that AS+%X0 = AS+%XO@X1 = AS+%X0A1 (s+k)As+%X1 + Ry with R smoothing. [

Before going further, recall that we can localize (B.7) under the following form.

Lemma B.5. For all xo € C§°(N') such that xo = 1 in a neighborhood of K, and all x1 € C§°(N) such
that x1 =1 in a neighborhood of supp(xo), there is C > 0 such that for all u € C§°(M), we have

1 2
[+5xnd

e < C(XOL‘u,Xou)Lz(M) +C ||X1U||i2(M)

Proof. We apply Estimate (B.7) with x such that y = 1 on a neighborhood of supp(xo):

2

1 2
= HAEXXW’ < C(Lxou, Xou)r2(m) + C HXOUHiZ(M)

At ‘
H Xott L2(M)

L2 (M)

IN

C(xoLu, xou)r2(m) + Re([L, xolu, Xou)r2(m) + C ||X0U||2L2(M) }
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where [£, o] is a skew-adjoint first order differential operator: the principal part of xo[L, Xxo] is thus
skew-adjoint, and hence

Re([ﬁ7X0]U,X0U)L2(M) = Re(XO[£7X0]X1U7X1u)L2(M) <C ||X1U||iz(M) )
which, together with the preceding estimate, proves the lemma. O

Lemma B.6. For all xo,x1,x2 € C§°(N) such that xo = 1 in a neighborhood of K, x1 = 1 in a
neighborhood of supp(xo), and x2 = 1 in a neighborhood of supp(x1), for all p € N with £ + 2 < sy and ¢
small enough, there is C > 0 such that for all u € C§°(M), we have

2
o

2 2 2
L2 <C HAleﬁuHLQ(M) +C ||X2u||L2(M) .
Proof. We prove the statement by induction. The case p = 0 follows directly from the estimate of
Lemma B.4 with s = 0, combined with Lemma B.5 (using an additional cutoff function as done be-
low). Assume now this is true for p, then, the estimate of Lemma B.4 with s = % yields, for some X1
such that x; = 1 on a neighborhood of supp(xo) and x; = 1 in a neighborhood of supp(x1),

Pl 2 2 i1 pti1_ |2
HA”k +kX0u’ C|A% XOﬁuH%z(M)+CHApk nXlu’LQ(M)

~ 2
L2(M) + Clxaullz2ag -

Using then the induction assumption for p for the term A%"’%)Zlu gives, since x; = 1 in a neighborhood
of supp(X1),

ptl D
Ol xoLull3agan) + CIAE X1 LullFapny + C lxaulagusy - (BS)

U
L2 (M)

We now use pseudodifferential calculus and the parametrices of A% and Afto write, for ¢ = 1 on
supp(x1)

A" x0 = A xopxs = AT oA A"y + Ry,
Afxa = Moy = AFA"5 A" + Ry,

and hence
Pl Pl ptl
A% xoLullpz(my < CIAF xaLullpzmy + CllRx1 Lull L2 vy < CIAF xaLu z2(m) + Clixaull 22,
P p+1
A% x1LullLz(my < CIAF xaLullpz(my + Clixzullzz vy,
which, combined with (B.8) concludes the proof of the statement for p + 1, and hence of the lemma. O

Lemma B.7. For all xo € C3°(N) such that xo = 1 in a neighborhood of K, and all x1 € C§°(M) such
that x1 = 1 in a neighborhood of supp(xo), for all p € N and ¢ small enough, there is C > 0 such that for
all w € C§° (M), we have

2

P
2p i 112
HA ' Xou‘ L2(M) = C; HXILJUH”(M) ’
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Proof. Again, we prove this by an induction argument. For p = 1, this is the estimate of Lemma B.6 with
p=0.

Assume the result for p. Using Lemma B.6, we obtain, for some X1, x2 such that y; = 1 on a
neighborhood of supp(xp), X2 = 1 on a neighborhood of supp(x1) and x; = 1 in a neighborhood of
supp(X2),

2p+2

2 2 2
A% H <CHA7~£H O %2t up, -
|8 o], < €A F L] Ol

Applying the induction assumption with u replaced by Lu (and x( replaced by x1) yields (since y; =1
in a neighborhood of supp(x1)),

2p+2 2 - ; 2 -2
455500 0 S O P + O Mo
which concludes the proof of the lemma since x; = 1 in a neighborhood of supp(x2). O

Combining Lemma B.7 together with classical ellipticity at the boundary, we are now ready for proving
the following results.

Proposition B.8. For all m € N, there is C > 0 such that for all u € D(L™F), we have

mk

2 j m
[ullgrom (agy < CZ 1£7ul|Z2 any < CIL + 1) ™ ul| L2 pn)-
7=0

From this proposition, we directly obtain by interpolation the statement of Theorem B.3 (see e.g. the
proof of Corollary B.2) using that Liulop = Aulga for all u € C°(M).

Proof of Proposition B.8. First write Lemma B.7 with p = mk, xo € C§°(N) with xo = 1 in a neighbor-
hood N C N of K, yielding

mk

e iy < 47" x0u 7200y < © D L7010 0gy - (B.9)
7=0

Then, concerning estimates near the boundary, we first have the following statement. For all 6, € C*°(M)
such that 6y = 1 in a neighborhood of M, supp(fy) N K = ), and all §; € C°°(M) such that 6; =1 in a
neighborhood of supp(6yp), since £ elliptic in supp(6;), there is C > 0 such that for all v € C*°(M) with
ulopm = 0, we have

100wl ez gy < ClOLLU G pgy + C 101212 0 - (B.10)

This is actually a corollary of the usual proof of elliptic regularity up to the boundary. Yet, to check it
directly, we can apply the global elliptic regularity result (see [ , Theorem 5 p323]) to fpu with a

global elliptic operator £ equal to £ on supp(fy). Let V be an open subset with supp(Vé,) €V € U € M,
where U in an open set so that #; = 1 on U. This yields

00ulgmsaany < ClloLullimoany + Cllullnss vy + Cl0oull 2 ag
Cll01Lu| zrm(p) + C |01l 2 g -

A
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where we have used interior regularity (see | , Theorem 2 p314]) that gives ||u|| gm+1 vy < C||£~u||Hm(U)+
Cllull gy < Cll61Lullgm a1y + C |01l 2 pg)- This proves (B.10).

Then, from (B.10), another induction argument as in the proof of Lemma B.7 gives, for all m € N
and 6y, 0, as above, the existence of C' > 0 such that for all u € C°(M) with ulogpm = Lujom = -+ =
ﬁmflu‘a/\/[ =0,

100l gy < © D 0L 2 -
=0

Combining this for a function 6, equal to 1 on a neighborhood of M \ N together with (B.9) now implies
for all u € C°°(M) such that Liu|gp =0, for 0 < j <m —1,

mk m

Fularepgy < © S L2 gy + C S [102L70] 5 0 -

Jj=0 Jj=0

Since the set of such functions u is dense in D(L£™F), this yields the sought result. O

C Sub-Riemannian norm of normal vectors

Lemma C.1. Let X; € RY fori=1,--- ,m and, for v € span(X;,i=1,--- ,m), set

m

g(v) = inf{Zu?, (w1, -y um) € R”L,ZuiXi = v} .

i=1 i=1
Then, for any & € (RY)*, and for vo = Y i~ 2(¢, X;) Xy, we have g(vo) = 44(§) where £(€) =Y (€, X;)2.
Note that this is clear if the family (X;);=1,... ,n is linearly independant.

Proof. We want to compute the minimum

g(Uo) = lIlf {Z U%, (ul, e 7Um) S Rm,ZUZXZ = ZQ<£,X1>X1} .
i=1 i=1 i=1

First that taking u, = 2(¢, X;) in this definition direcly yields that

9(vo) < Z(2<§7Xi>)2 = 4£(8). (C.1)

Then it only remains to prove the converse inequality. To this aim, remark that

) = maX{Zui@,Xi) — iZuf, (w1, -+ um) € Rm}.

i=1 i=1
As a consequence, we have

m

0E) > <§,zm:uiXi> - EZU?, for all (ug, -+ ,um) € R™.
i=1

i=1
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Hence, for all (u1,- -+ ,uy) € R™ such that > * w; X; = > 0, 2(§, X;)X;, we obtain

m 1 m m 1 m 1 m

2 2 2 2

6§ = <§7 ZQ<§7X1'>X¢> -1 Doui =) 26, %) - 1 D i =20(¢) - 1 > u,
i=1 i=1 i=1 i=1 i=1

that is 4¢(¢) < ", u?, and hence 44(¢) < g(vo). This, together with (C.1) concludes the proof of the

lemma. O
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