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Abstract

This article is concerned in the first place with the short-time observability constant of the heat
equation from a subdomain w of a bounded domain M. The constant is of the form e%, where K
depends only on the geometry of M and w. Luc Miller [Mil04a] conjectured that £ is (universally)
proportional to the square of the maximal distance from w to a point of M. We show in particular
geometries that & may blow up like |log(r)|> when w is a ball of radius r, hence disproving the
conjecture. We then prove in the general case the associated upper bound on this blowup. We also
show that the conjecture is true for positive solutions of the heat equation.

The proofs rely on the study of the maximal vanishing rate of (sums of) eigenfunctions. They
also yield lower and upper bounds for other geometric constants appearing as tunneling constants or
approximate control costs.

As an intermediate step in the proofs, we provide a uniform Carleman estimate for Lipschitz metrics.
The latter also implies uniform spectral inequalities and observability estimates for the heat equation
in a bounded class of Lipschitz metrics, which are of independent interest.
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1 Introduction and main results

We are interested in several constants appearing in the study of eigenfunctions concentration and control
theory, and the links between them. In the whole paper, we are given a connected compact Riemannian
manifold (M, g) with or without boundary M, we denote by A, the (negative) Laplace-Beltrami operator
on M. In case OM # ), we denote by Int(M) the interior of M, so that M = dIMUInt(M) (see e.g. [Leel 3,
Chapter 1]). For readability, we first focus in the next section on the results concerning the observability
constant for the heat equation.

1.1 The control cost for the heat equation

Here, we study the so-called cost of controllability of the heat equation. It is well known since the seminal
papers of Lebeau-Robbiano [LR95] and Fursikov-Imanuvilov [F196] that for any time T > 0, the heat
equation is controlable to zero. More precisely, by duality, the controlability problem is equivalent to the
observability problem for solutions of the free heat equation (see e.g. [Cor07, Section 2.5.2]): For any non
empty open set w and T' > 0, there exist Cr, such that we have

T
||eTA9u||iZ(M) < C%,w/ HemguHiz(w) dt, forall T >0 and all u € L*(M). (1)
0

Here, (e*®9);~0 denotes the semigroup generated by the Dirichlet Laplace operator on M (otherwise
explicitely defined). The observability constant Crp, is then directly related to the cost of the control to
zero and has been the object of several studies.

It has been proved by Seidman [Sei84] in dimension one (in the closely related case of a boundary
observation) and by Fursikov-Imanuvilov [F196] in general (see also [Mill0] for obtaining this result via
the Lebeau-Robbiano method), that the cost in small time blows up at most exponentially:

w#) = there is C, & > 0 such that Cr,, < CeT forall T > 0. (2)

Guichal [Gii85] in one dimension and Miller [Mil04a] in the general case proved that exponential blowup
indeed occurs:

w#EM e there is ¢ > 0 such that Cr,, > ceT forall T > 0.

This suggest to define

Rpeat(w) = inf {ﬁ >0,3C > 0s.t. (1) holds with Crp, = Ce%} : (3)



which, according to the abovementionned results satisfies Rpeqt(w) < 00 as soon as w # @ and Kpear(w) > 0,
as soon as w # M. This constant depends only on the geometry of the manifold (M, g) and the subset
w. It is expected to contain geometric features of short time heat propagation, and has thus received a lot
of attention in the past fifteen years | , , , , , , , , ,
In this direction, the result of Miller | | is actually more precise and provides a geometric lower
bound: for all (M, g),w, we have
L(M,w)?
ﬁheat (w) 2 %7
where, for £ C M, we write
L(M, E) = sup dist,(z, E). (4)
zeM
The proof relies on heat kernel estimates. In | , ], Luc Miller also proved that in case w
satisfies the Geometric Control Condition in (M, g) (see | ]) we have

ﬁheat (UJ) S (079 LEn

where L, is the maximal length of a “ray of geometric optics” (i.e. geodesic curve in case OM = ()
not intersecting w, and a, < 2 is an absolute constant (independent of the geometry). Based on these
results and the idea that the heat kernel provides the most concentrated solutions of the heat equation,
he formulated the following conjecture | , Section 2.1]-| , Section 3.1].

Conjecture 1.1 (Luc Miller). For all (M, g) and w C M such that @ # M, we have Rpeqr(w) = ﬁ(/\l’wf .

Note that it has been proved in | | that, in the related context of the 1D heat equation with a

boundary observation, the factor i might not be correct (and should be replaced by %, see Section 1.4

below). Our first result disproves Conjecture 1.1 in a stronger sense.
Theorem 1.2 (Counterexamples). Assume (M, g) is one of the following
1. M =S" C R"™ and g is the canonical metric (see Section 3.1);

2. M =8 C R3 is a surface of revolution diffeomorphic to the sphere S, and g is the metric induced
by the Euclidean metric on R3 (with additional non degeneracy conditions, see Section 5.2);

8. M =D={(21,22) € R?| 2 + a3 < 1} CR? is the unit disk, g the Euclidean metric and Dirichlet
conditions are taken on OM (see Section 3.3).

Then, for any C > 0, there exists w C M so0 that Kpeat(w) > CLM,w) and Kpear(w) > C.
More precisely, assume that xq is either

1. any point in S™,
2. one of the two points that intersect the axis of revolution of S C R3,
3. the center of D.

Then, there exists C > 0 and rg > 0 so that we have
Rheat(Bg(x0,7)) 2 C|log(r)|? (5)
for any 0 < r <.

Here, By(xo,r) denotes the geodesic ball of M centered at zg of radius r. The results we obtain are
slightly more precise. In particular, the constant C is an explicit geometric constant. The lower bounds
are related to an appropriate Agmon distance associated to the problem. We refer to Corollary 1.10 below
for more precise estimates.

Note also that this blow up of &peqt(B (20, 7)) for small  does not always happen and is due here to a
particular (de)concentration phenomenum. For instance on M = T!, the set w = B(zo,r) always satisfies



the Geometric Control Condition for any time T' > 1 — 2r. Abstract results (see (15) below for more
details) give Rpeqt(B(zo,7)) < a* for any r > 0 and blowup does not occur.

Our next result shows that the blow up given by (5) is actually optimal as far as the asymptotics of
Rheat for small balls is concerned. We prove the following observability result from small balls (closely
related to previous results of Jerison-Lebeau [ |, see Section 1.3.2 below).

Theorem 1.3. For all xg € M, there exist C > 0 such that for all r > 0 we have
ﬁheat(B(xov T)) < O| 10g(7’)|2 +C.

Note that Bardos and Phung | , | recently proved independently that Rpeq:(B(xo,7)) <
% + C. for all € > 0 in case M C R" is star-shaped w.r.t. xg.

These results seem to suggest that £(M,w) is not the only appropriate parameter needed for estimating
Rheat(w). There are indeed some solutions of the heat equation concentrating more than the heat kernel for
small times. Our last result concerning the heat equation goes actually in the opposite direction. It provides
with a large class of solutions of the heat equation, namely positive solutions, that do not concentrate more

than the heat kernel, thus proving Conjecture 1.1 when restricted to this class of solutions.
Recall that £(M, E) is defined in (4).

Theorem 1.4. Assume that (M, g) has geodesically convex boundary OM. Then, for any nonempty open
set w C M and zg € M, for any € > 0, there exists C, D > 0 so that for any 0 <T < D, we have

C aioconw? [T
2 Gte) e M) 2
T acnn < e 5 [ e g ©)
2 C atrocous? [T
HU(T)||L2(M) < fe 2T ; u(t,zo)2 dt, (7)

for all ug € L?>(M) such that ug > 0 a.e. on M and associated solution u to
(0 — Ayu=0 on R x Int(M), uli—o =ug in Int(M), d,u=0 on R x IM.

Theorem 1.4 follows from classical Li-Yau estimates | |. Notice that here, Neumann boundary
conditions are taken (v denotes a unit vector field normal to M), and an additional geometric assumption
is made (convexity of 9M). The result still holds without the convexity assumption up to replacing (1+¢)
in the exponent by a geometric constant, see Remark 5.2. We also recall that for nonnegative initial data
ug > 0, the solution of the heat equation remains nonnegative for all times. Of course, the counterexamples
of Theorem 1.2 prevent these estimates to hold in general. Estimate (7) is particularly surprising (even
without considering the value of the constants) and of course only true for positive solutions (otherwise
just taking zp in a nodal set of an eigenfunction of A, invalidates (7)). Finally, let us mention that the
constants C' and D are explicitely estimated by geometric quantities (see Remark 5.4).

Let us now put these results in a broader context, and introduce several related geometric constants
appearing in tunneling estimates and control theory.

1.2 Tunneling constants in control theory, and their links

The lower bounds of Theorem 1.2 are proved using very particular solutions to the heat equation arising
from by eigenfunctions (exhibiting a very strong concentration far from z as well as a strong decon-
centration near xg). It is therefore natural to study related constants measuring such (de)concentration
properties. In this section, we introduce all geometric constants studied in the paper and collect known
links between them.

We first introduce spectral subspaces of the Laplace operator A, (with Dirichlet boundary conditions
if OM # 0), which are at the core of most results presented here. Namely, for A € Sp(—A,), the space

B = span{y) € L*(M), —A, = A}
denotes the eigenspace associated to the eigenvalue A and, for all A > 0,

ES)\ = span{E)\j,/\j S Sp(—Ag),)\j < )\}7



the space of linear combinations of eigenfunctions associated to eigenvalues < .
Let us now introduce the constants studied in the article, else than that involved in (1)-(2). For any
nonempty open subset w C M, we recall the following results:

e Vanishing of eigenfunctions | , |: there exist C, & such that we have

1l 2 ngy < Ce™ 9] g2y, for all X € Sp(~Ay) and o € Ej. 8)

e Vanishing of sums of eigenfunctions (so-called Lebeau-Robbiano spectral inequality) | , ,
|: there exist C, 8 such that we have

lull o agy < Ce™ ull oy, for all A> 0 and all u € Exy. (9)
e Infinite time observability of the heat equation | |: there exist C, & such that we have
_28
/}R+ e ||etA9u||2L2(M)dt < C’/]R+ ||em9u||i2(w)dt, for all u € L*(M). (10)

e Approximate observability for the wave equation | I,

(07 — Ag)u=0, ulor)xom =0, (u,0u)|i=0 = (uo,u1) : (11)

For all T' > 2L(M,w), there exist C, &, 1o > 0 such that we have

1
(w0, ur) | L2y x -1 (my < Ce™[|ull L2017y xw) + ;”(uovul)HHé(M)xL?(M)»
for all y1 > g and all (ug,u;) € Hy (M) x L*(M), and u solution to (11). (12)

Recall the definition of £(M,w) in (4). Remark that this last estimate is equivalent to (see [ | or
Corollary 2.2 below)

Mo, wn)l g () x 22 ()
(o, wa)ll L2 vy x r-1(00)”
for all (ug,u;) € Hy(M) x L?*(M), and u solution to (11). (13)

(o, w) | 2wy x z2 oy < CeX Ml L2(0,7) xw)s

Note that in the reference [ |, the observation term in the right hand-side of these inequalities is
lull 22 (0,71 () instead of |[u||L2¢(0,7)xw)- That the stronger inequalities above holds is proved in [ ,
Section 5.3] (see also | D-

In all these inequalities, we are interested in the “best constant R such that the estimate holds for
some C. More precisely, we are interested in the way it depends on the geometry of (M, g) and w (and, in
the case of (12), the time T'). Let us first formulate the precise definitions of these constants. These are
the analogues to that of fpeqt(w) given in (3).

Definition 1.5. Given w C M an open set, we define Reiq(w), B (w), Roo (W), Kwave (w, T') to be the best
exponents in the above estimates (8)-(12), namely:

Reig(w) =1inf {& > 0,3C > 0 s.t. (8) holds},
fs(w) = inf {& > 0,3C > 0s.t. (9) holds},
Roo(w) =1inf {R > 0,3C > 0 s.t. (10) holds},

Rpave(w,T) =1inf {R > 0,3C > 0, o > 0 s.t. (12) holds}
= inf {& > 0,3C" >0, s.t. (13) holds} . (14)



A proof of the equality in (14) is given in Corollary 2.2 below. Note that we may write Kyape(w,T) =
+oo if T < 2L(M,w) since (12)-(13) are known not to hold (see the discussion in [ ). However,
Ruave(w, T) < +00 as soon as T > 2L(M,w), by virtue of (12)-(13).

Let us now collect some known facts concerning these constants, in addition to the already discussed

bound Rpeqt(w) > %W [ |. A first trivial (but useful) fact is that Re;q(w) < £5(w). The following
properties can also be found in the literature:

1. For all (M, g),w such that @ # M, we have Rx(w) > L(A;’w), see | , Theorem 5.3] (that
£f5(w) > 0 had already been proved in | 1.
2. Roo(w) < Rheat(w), | , Theorem 1].

3. For all (M, g),w, we have R (w) > d1(47“’)2, with dj(w) = sup{r > 0,3z € M, B(z,r) C M\ &},
see | | and | , Section 4.1].

4. Assume w satisfies the Geometric Control Condition in (M, g) and denote by L,, the maximal length
of a ray of geodesic optics not intersecting w. Then, we have

Rheat(w) < a*Li (15)

with a, = 2 (%)2, see | ) | (improved to a, = 3/4 in | ] and to 0.6966 in | D-

5. Assume w satisfies the Geometric Control Condition in (M, g) and denote by L, the maximal
length of a ray of geometric optics not intersecting w. Then, we have Ry (w) < %Li, see | ,
Theorem 1.1].

6. Rheat(w) < 485 (w)?, see | , Corollary 1, see also the discussion in Section 2.4] (see also | ]
for a proof Rpeat(w) < 8K8x(w)?).

7. If (w, T) satisfy the geometric control condition | |, then Ryqve(w, T) = 0 (more precisely, (12)-
(13) hold with & = 0). Conversally, if (M, g) is real-analytic and (@, T") does not satisfy the geo-
metric control condition (for a ray that only intersects M transversally), then Ry qpe(w,T) > 0,
see | |

Notice that in all these statements, the constants £pq: and £ (heat equation) are homogeneous to a
square of a distance (as for the heat kernel), whereas the other ones are homogeneous to a distance (as for
the wave kernel).

Remark also that every comparison statement above follows, in the associated reference, from a proper
inequality (the above statements being only a weak form of those).

Also notice that the converse inequality fx(w)? < Cfpeqt(w) for a universal constant C' is certainly
not true in general. For instance, in the case of boundary control on an interval (0,1) (see Section 1.4),
Rheat ({0}) is finite while it is easy to see that £x({0}) is infinite since no spectral inequality can be true
just by dimensional analysis.

We first complete the above list of comparison results by the following proposition.

Proposition 1.6 (Other links between the constants). We have

Reig (W)2

S ﬁheat (W)v 4

- (W)?
% < Roo(W).

Also for all T > 0, we have Reig(w) < Ruyave(w, T).

Note that the last statement is empty if 7' < 2L(M,w) since (12)-(13) are known not to hold (see the
discussion in | |), but is nonempty if we have Kyqpe(w,T) < oo, that is if T > 2L(M,w), by virtue
of (12)-(13).



Hence, in order to produce lower bounds for s (w), Bheat(w), Roo (W), Ruwave(w, T), we shall product
lower bounds for £¢;4(w), i.e. construct sequences of eigenfunctions having a maximal vanishing rate on
w. Note also that, summarizing the inequalities so far, we have:

Reig(w)?

Bl < R0 (0) € Rhearle) < An(w)”. (16)
so that the understanding of concentration properties for eigenfunctions and sums of eigenfunctions essen-
tially contains those of the heat equation. Therefore, our main focus in the following is to produce:

e maximally vanishing eigenfunctions in particular geometries to yields a lower bound for £f.;4;

e a uniform Lebeau-Robbiano spectral inequality on small balls to yields an upper bound for Ks.

Note that reducing our attention to £e;4 in the seek of lower bounds is already very restrictive! Indeed,
as soon as the Schrodinger equation on (M, g) is observable from w in finite time (in particular if w satisfies
the geometric control condition, see [ ) ]), then Re;q(w) = 0 (more precisely, (8) holds with
RK=0).

Before starting to state these lower/upper bounds, let us give a link between £,¢q:(w) and Ryape(w, 1),
consequence of a result of Ervedoza-Zuazua | | (weak observability with exponential cost for the wave
equation implies observability of the heat equation).

Proposition 1.7. There exist universal constants ay,as > 0 so that for any S > 0, we have
ﬁheat(w) S CV1S2 + a2ﬁwa7je(w7 5)2

The proof of this result in Section 2.3 is a little more precise about this estimate. In particular, several
values of (ay, @) can be deduced from it. The value of «; is thought to be related to the cost of the
boundary control of the 1D heat equation. Note that, as in (16), this yields

ﬁei 2

%w) < Roo(W) < Rpeat(w) < a18% + aoRyave (W, 5)2, for all S > 0.
However, this upper bound seems for the moment less useful than that of (16), since the proof of (12)-
(13) in | | is more technically involved than that of (9) in | , , |. The computation of

Ruwave(w, S) seems thus more intricate than that of Rx(w).

1.3 Main results
1.3.1 Constructing maximally vanishing eigenfunctions: lower bound for f.;,

In this Section, we provide lower bounds for R, in three different geometries. This then proves Theo-
rem 1.2 as a direct corollary of Proposition 1.6.

The sphere We first state the results we obtain on two dimensional sphere S?, since they are particularly
simple. The higher dimensional case S" is completely similar. The sphere S? is parametrized by (s,0) €
(0,7) x St. We denote by N (resp. S) the north pole described by s = 0 (resp. the south pole described
by s = 7), and remark that s is the geodesic distance to the point N.

Theorem 1.8. For k € N, the function

k1/4

V(s,0) = ¢ sin(s) ket k= i35/

<1 + 0(;)> as b — +oo

satisfies
—Agh = k(k+ 1D on §?, ¢ € CF(S?),  [[Yrllr2e) =1,

Ui (s,0)| = e sin(s)® < eps®  for s € 0,7,k €N,
cim sin(r)?ht? tan(r)?

2 _
Ikl B(nry) = Pl (1+R), R < 2%k + 2

This result is a much more explicit, more precise (and simpler to prove) version of the general results
we obtain on surfaces of revolution. We turn to the general case and shall explain at the end of the section
the links with Theorem 1.8.

™
cos(r) forr €0, 5),/1‘ eN.



Surfaces of revolutions The precise description of the geometry of the surfaces we consider is given
in Section 3.2 and we only give here the features required to state the result. We consider M = S C R3
a smooth compact surface diffeomorphic to the sphere S?. We assume moreover that it has revolution
invariance around an axis, that intersects S in two points, the north and the south poles, respectively
N,S € §. These points are the only invariant points of the revolution symmetry. The surface is then
endowed with the metric ¢ inherited from the Euclidean metric on R3, which itself enjoy the rotation
invariance. Then, we describe (almost all) the surface by two coordinates, namely s = dist,(-, V), the
geodesic distance to the north pole and 6, the angle of rotation. The variable s is in (0, L) where L =
disty (N, S). The surface is characterized by the function R(s) associating to s the Euclidean distance in
R3 to the symmetry axis, which, by definition, is rotationally invariant, and satisfies R(0) = 0 = R(L).
This function R is the “profile” of the revolution surface S.

We shall now assume that R reaches at sg a global maximum, and introduce the relevant Agmon
distance to the “equator” s = sg, defined by the eikonal equation

)~ (g~ o) =0 dalso) =0, ssn(d(sn)) = seuls — ). ()

or, more explicitely, for s € (0, L), by

Riso)? dy|. (18)

A more intrinsic definition of d4 is given in Remark 3.3 below (and requires additional notation).

Theorem 1.9. Assume that s — R(s) admits a non-degenerate strict global mazimum at sy € (0, L).
Then, for all k € N, there exists ¥y, € C*°(S), and A\ > 0 such that

k? [R(s0)| 1
ky | St O(K/? 25y =1 — Ay = Moty
R(s0)? + R3(s0) +O(k'/7), l1Vkllz2s) =1, gk = AWk

Ak =

Moreover, there exist C,Cy, ko > 0 such that, for all k € N, k > kg and all 0 < r < sg, we have the
estimate
19k 2 (p(vry) < C)\kCOe—dA(T')R(SO)(\/Tk_C).

This statement has to be completed by the asymptotic behavior of d4 (proved in Lemma 3.8) when
s — 0, namely

da(s) = —log(s) + O(1), ass—07. (19)

That is to say that the equator and the poles are infinitely distant to each other for the Agmon distance d 4
(as opposed to the geodesic distance disty). Note that at first order, d4 does not depend on the geometry
of the surface S close to the north pole N (s = 0). A similar statement holds close to the south pole S
(s=1L).

This, together with Definition 1.5 and Proposition 1.6, yields the following direct corollary.

Corollary 1.10. Under the assumptions of Theorem 1.9, for all 0 < r < so, we have the estimate
Reig(Bg(N, 7)) = da(r)R(so).
This yields also

Rz (Bg(N,1)) = da(r)R(so0), Ruwave(Bg(N,r),T) > da(r)R(so), forany T >0,

(da(r)R(s0))" (da(r)R(s0))”

ﬁOO(Bg(er)) > 4 3 ﬁheut(Bg(NJ')) >

W

Note also that Theorem 1.9, combined with the explicit asymptotic expansion (19) of the Agmon
distance d 4 implies the following result.



Corollary 1.11 (Rate of vanishing). With (A, ¥r) as in Theorem 1.9, there exist C, Cy, ko > 0 such that,
forallk e N, k> kg and all r > 0, we have

||’(/Jk HLZ(B(N,T)) < CQCNTR(SO)N—C7

and, in any local chart centered at N, we have 0%, (N) =0 for all |o| < R(so)vAx — C.

As on the sphere, these eigenfunctions saturate the maximal vanishing rate predicted by the Donnelly-
Fefferman Theorem | ].
Note that in these estimates, R(sg)v/Ax ~ k does not depend on the geometry.

The proofs rely on classical semiclassical decay estimates for eigenfunctions | , |. We refer to
the monographs [ , | for the historical background and more references. An additional difficulty
here is linked to the degeneracy of the function R close to the north and south poles.

Note also that, to our knowledge, the idea of constructing such examples on surfaces of revolution is
due to Lebeau | | and Allibert| ]

The disk Recall that D = {(z,y) € R?,2? + 32 < 1}. Our results on the disk are quite similar to the
previous results on revolution surfaces. They are proved in Section 3.3. Note the construction is more
explicit there since it involves Bessel functions. As in the above example, the concentration is related to
an Agmon distance to the maximum of the radius r, which corresponds to the boundary 9D here.

Theorem 1.12 (Whispering galleries on the disk). Denote, for r € (0,1],

da(r) = — (tanh(a(r)) — a(r)), with a(r) =cosh™'(1/r). (20)
Then, for all k € N, there ezists 1, € C°(D) N H(D), and A\, > 0 such that
A=K+ 0K, lenllras) =1 —Agte = My

Moreover, there exist C, 3, ko > 0 such that for all k > kg and 0 <r <1— B)\,Zl/3, we have

okl (50 < exp (= (VAk = CAY®) datr) + ON/°).

That d 4 indeed represents an Agmon distance in the present context is justified in the next paragraph.
Note that da still satisfies da(r) ~,_o+ log(%) here, so that the analogues of Corollaries 1.10 and 1.11
still holds in this setting.

Remarks on the Agmon distance In this paragraph, we compare the three geometries discussed
above. In particular, we stress the fact that the results obtained on the sphere are refinements of those on
general surfaces of revolution, and explain the similarities in the case of the disk.

Remark 1.13 (Agmon distance on the sphere). Note that the coordinates (s, #) introduced on the unit
sphere are the same as those defining general surfaces of revolution, with L =7, s € (0,7), R(s) = sin(s)

and the maximum of R is reached at sg = Z. In particular, recalling the definition of the Agmon distance
n (18), we obtain, for s € (
cos(y) :
dy| = |1 .
T 0 | | = st

This can be rewritten intrinsically as

da(m) = —log (sin(disty(m, N))), meS? (recall disty(m, N) + disty(m, S) = ).
In view of this identity for the sphere, the estimates on the eigenfunctions ¢ of Theorem 1.8 can be
reformulated as (A = k(k + 1))

[i(s,0)| = cre ") for s € [0, 7],k € N,

2 —(2k+2)da(r) 2
9 T e tan(r)
Ikl Z2 B,y = Pl (1+R), |R[< YD)

P for r € [0, )keN

These two statements (ponctual estimate and fine asymptotics of the L? norm) are much stronger than
those of general result of Theorem 1.9 on general surfaces of revolution.



Remark 1.14 (Agmon distance in the disk). Recalling the definition of d4 in (20), we have o/(r) =

—712 711 =) so that
1 211 1
! 2 = ! 2 _— 1 = — — 2 _ 1 2 = — —1 1) = 0.
(@a(r))” = ollr) (coshz(a(r)) ) r21—1r2 (r ) 2 and  da(1) =0

As a consequence, d4 is exactly the Agmon distance to the boundary » = 1, and we have

dy(r) = —\/%2— 1, re(0,1].

Note again that da(r) ~,_o+ log(%) and, in particular, the center of the disk is at infinite Agmon distance
to the boundary: d4(0) = +o0.

1.3.2 Uniform Lebeau-Robbiano spectral inequalities: upper bound for £y

The counterpart to Corollary 1.11 is due to Donnelly-Fefferman | |, and roughly states that eigen-
functions vanish at most like rV*+C on balls of radius r (A is the eigenvalue). It has been generalized in
some sense to sums of eigenfunctions by Jerison and Lebeau | |. We prove here a variant of this result
under the form of a uniform Lebeau-Robbiano spectral inequality with observation on small balls.

Theorem 1.15 (Uniform Lebeau-Robbiano spectral inequality with observation on small balls). Let
(M, g) be a compact Riemannian manifold with (or without) boundary OM. For all xg € M, there
exist constants C1,Coy > 0 such that for all 7 >0, A > 0 and ¢ € E<y, we have

< o(C1VA+C2) (1410g(2))

191l 22 (m) 191 2 (B (xo.r)) -

Note that a careful inspection of the proofs (of all Carleman estimates used, that are stable by small
perturbations) shows that the constant C, Cs can actually be taken independent of the point z¢. Note that
we prove the result in the context of a Lipschitz metric g and in the case of Neumann boundary conditions
as well. This uniform Lebeau-Robbiano spectral inequality directly implies Theorem 1.3 using | ,
Corollary 1] (recalled in Lemma 2.6 below).

One of the tools we develop for the proof of Theorem 1.3 also yields a uniform Lebeau-Robbiano in a
class of Lipschitz metrics. Even though not completely related to the main results of the paper, we choose
to state is here since we believe it is of independent interest.

On the manifold M, we denote here by g a metric and ()\?) jen the spectrum of the associated Laplace-
Beltrami operator —Ay (with Dirichlet boundary condition if OM # 0) and by (wf’\j )jen an associated
Hilbert basis of eigenfunctions, in order to stress the dependence with respect to the metric. We also write

E%)\ = Span{w§j7>‘? S A}a
which of course, depends on the metric g. Now, given a reference Lipschitz metric g, we define
. p(M,go) = {g Lipschitz continuous metric on M, ||gllwror) < D, ego <g< Dgo} .

Theorem 1.16 (Uniform Lebeau-Robbiano spectral inequality in a class of metrics). Let M be a compact
Riemannian manifold with (or without) boundary OM, go be a Lipschitz continuous Riemannian metric
on M, and w C M a nonempty open set. Then, for all D > ¢ > 0, there exist constants C,c > 0 such
that for all g € T p(M, go), A >0 and w € EZ,, we have

w22y < Ce™Y M wl| 2 (0)- (21)

Note that the above estimate is valid whatever the choice of L2-norm (i.e. w.r.t. g or go) since all these
norms are uniformly equivalent for metrics g the class I'. p(M, go). This result could be reformulated by
saying that (21) holds for all w € Uger_ (a,g0) E2n-

This uniform Lebeau-Robbiano spectral inequality directly implies the following uniform estimate on
the cost of the heat equation, using [ , Corollary 1], recalled in Lemma 2.6 below (in which the
constants are explicitely computed in terms of the constants in the spectral inequality).

10



Corollary 1.17. Let M a compact Riemannian manifold with (or without) boundary OM, go € 7;/2V1,00(M)
be a Riemannian metric on M, and w C M a nonempty open set. Then, for all D > ¢ > 0, there exist
constants C, R > 0 such that for all g € T'c p(M, go), we have

T
|| UHL2(M) < CeT / ||etAf‘uH2LQ(w) dt, for allT >0 and allu € L*(M).
0

1.3.3 The case of a barrel: upper bound for &,,,c and RKjeas

To conclude with the upper bounds on the constant, we present in this section some applications of results
obtained by Allibert in | ]. In case of a “barrel-type surface” with boundary (a geometric setting
close to that of surfaces of revolution described above), Allibert estimates the att tainable space for the
controlled wave equation. As corollaries, we deduce from this result estimates of £, 4ve and, in view of
Proposition 1.7, of Kpeat-

We first present the geometric context which (quite similar to the one of surface of revolution described
above). In this section, M = & is a surface of revolution of R? with boundary, parametrized by the
equation

S={(2,y,2) €R3 z € [a,b],2* + y* = R(2)},

where R is a strictly positive smooth function on [a, b], that admits a unique local (and therefore global)
non degenerate maximum (i.e. R”(¢) < 0) at one point ¢ € (a,b). The control is a boundary control
from the bottom side, that is T' = {(z,y,a) € R?;2? + y? = R(a)}. We also describe S by (z,6), with
(z,9) = (R(2) cos 0, R(z) sin #)

We refer to Remark 3.4 to explain the link between the two parametrizations of revolution surfaces by
s and z (and in particular, that we may write z = z(s) and R(s) = R(z(s))).

As before, we define the Agmon distance to the point ¢. With the parametrization of the embedding
into R3, it gives the following definition (note that it is almost the same as (18) but in different coordinates):

2 dy| .

o | v

We also need the following definition of a critical time 77 (see Allibert [ | for more details), which,
roughly speaking, represents the smallest period of the geodesic flow, modulo rotation. More precisely, the
principal symbol of the wave operator on R x § is given by
¢? n? 2
t,z,0 = —
p( 3 %y 7T7<777) 1+R/2(Z) + RQ(Z) T,

where (7, (,n) denote the dual variable to (¢, z,0). For any bicaracteristic v of p, bouncing on the boundary
according to the reflection law { — —(, we denote T'(y) the smallest period of the function II,(7y) where

II, is the projection on the component z.
Then, T; is defined by

Tl = Ssup T(P)/)a

~ bicar

and we have Ty > 2L(M,T') (this critical time is larger than the time of unique continuation from I').

In this context, we define similarly 8eqt(I") and Kyave (T, T') with exactly the same definition as in (2)
and Definition 1.5 with [[ull 12 (o 7yx.) replaced by [[Opull 2o 77y in (1) and (12). Note that d,u is in
L2([0,T] x T) for initial data in L? (resp. Hg x L?) for the heat (resp. wave) equation thanks to hidden
regularity. We deduce from | | the following result.

Theorem 1.18. Under the above geometric assumptions, we have the estimates

Ruwave,T) < da(T), foralT > Ty, (22)
Rheat(T) < a(Ty(T)? + da(T)?), (23)

for some universal constant o > 0.

11



The first estimate (22) follows simply from | , Théoréme 2] (see Proposition 2.7 below), which is
stated in terms of analytic spaces with respect to the rotation variable 6. Then, (22) implies (23) thanks
to Proposition 1.7. Note that (22) also proves an analogue of Theorem 1.9 in this geometry, so that in
fact:

Reig(T) =dal), and Ryawe(l,T)=da(l), forallT >T;. (24)

He also proves upper and lower estimates for T' € (2£(M,T"),T1) (which do not coincide). The proof of
Theorem 1.18 in Proposition 2.7 yields the according estimates of Kyape(T, T).

1.4 Previous results

Except for the bounds (24) following from Allibert’s result and the computation of Ko ({0}) on (0, L) in
[ |, we are not aware of other situations in which the constants described in the previous paragraph
are known exactly. We collect in this section previous results on the constant Rjcq: and KRyave, Which
received a lot of attention in the past fifteen years.

Parabolic equations in dimension one The most studied case concerns the constant Rpeq¢, With ob-
servation/control at the boundary in the one dimensional case. Yet, it seems that the constant Kpeqr({—1,1})
is still unknown. Note that the latter has a particular importance since it has applications to higher di-
mensions (with geometric conditions) via the transmutation method of Luc Miller | |

Here, we list previous results on (—1,1) with Dirichlet control on both side of the interval. Note also
that each improvement of the constant was also the occasion of finding new techniques.

o Rpeat({—1,1}) <2 (%)2 Miller | |, using the transmutation method;
L ﬁheat({flal}
L ﬁheat({flal}

IN

Tenenbaum-Tucsnak [ |, using some results of analytic number theory;

[\IE N [V

v

)
)
) , Lissy | |, using complex analysis arguments;

o Rpeat({—1,1}) < 0,7, Dardé-Ervedoza | |, combining some Carleman estimates and complex

analysis.

Note that in this context, the analogue of Conjecture 1.1 would be Rpear({—1,1}) = 1, which | |
disproved in this context (by a factor 2). However, this result does not prevent the existence of a universal
constant C' > 0 so that Rpeqt(w) = CLM,w)%

As noticed in | |, the result in [ | implies that on the interval (0, L), we have £,({0}) = LTQ

(and | | even prove (10) for the critical R = %2)

Parabolic equations in higher dimensions There are many papers concerning the control of the
heat equation. We give here a short presentation of those giving some estimates on the constants studied
in this paper.

The first computable estimates were obtained using the transmutation method to give estimates similar

o (15). We can find several references improving the universal constant involved: | , |1 ],
[DE17].

In | |, the authors prove fx(w*) < 3log((ﬁ’;i)|N) where M = (0, )" is a cubic domain and |w*|
is the volume of the biggest rectangle included in w. The proof of this result uses number theoretic
argument of Turan concerning families of the complex exponential (e?**),cz (which can be interpretated
as an estimate of 85 (I) for I a subinterval of T). Remark that in this particular flat-torus geometry, we
have no idea of what the right constant should be.

In | |, the authors prove £x(B(0,7)) < % for all ¢ > 0 in convex geometries. This has just been
extended by Phung | ]. Our Theorem 1.3 improves this result. Note also that | | gave results
related to this in a periodic setting, tracking uniformity with respect to several parameters.

In the Euclidian space R™ where A is the usual flat Laplacian, spectral estimates as (9) can be interpre-
tated as a manifestation of the uncertainty principle. Several results relying on this fact have been recently
stated. We refer for instance to the recent articles | | and | | and the references therein.
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The wave equation Lebeau | | proved in the analytic setting that Kyave(w,T) is finite for any
open set w and in optimal time T > 2L(M,w) (the result is stated in a quite different way actually). It
was only very recently shown to be finite by the authors [ ] in a general C* context. We refer the
reader to the introduction of | | for a detailed discussion of the literature on unique continuation for
waves, and estimates like (12)-(13).

Estimates on analytic spaces of controllable data were computed by Allibert in the above described
examples. We refer to Section 2.4 for more details about why they have implications on the constant £,
(and therefore Rpeqt by Proposition 1.7). In | ], he studies the example of the barrel as we describe it
in Section 1.3.3. In | |, he studies the example of a cylinder (0, 7) x S!. The results he obtain in that

paper should imply Ryaue(T',T) < T?fa where I' = {0} x S! and T > 2.

1.5 Plan of the paper

The paper is divided in four main parts. In Section 2, we give the links between the different constants,
proving in particular Propositions 1.6 and 1.7. We also interpret the description of the reachable set as an
upper bound on the constant £yqpe(w,T).

In Section 3, we construct the various counterexamples on rotationally invariant geometries, presented
in Section 1.3.1. This proves in particular Theorem 1.2.

Section 4 is devoted to the proof of the uniform Lebeau-Robbiano inequality on small balls, stated in
Theorem 1.15.

Finally, we prove in Section 5 the observability inequality of Theorem 1.4 concerning positive solutions
of the heat equation.

The paper ends with two appendices, in the first of which, Appendix A, we prove a uniform Carleman
estimate for bounded families of Lipschitz metrics. Such an estimate is used as an intermediate in the
proof of Theorem 1.15. The result also yields Theorem 1.16.

Note finally that in a companion paper | |, we will use similar techniques to disprove natural
conjectures for the control cost of transport equations in the vanishing viscosity limit.
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grant SRGI ANR-15-CE40-0018 and IPROBLEMS ANR-13-JS01-0006. The second author is partially
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authors are partially supported by the Agence Nationale de la Recherche under grants ISDEEC ANR-
16-CE40-0013. Part of this research was done when the second author was in CRM, CNRS UMI 3457,
Université de Montréal, and Université Paris Diderot, IMJ-PRG, UMR 7586.

2 Preliminaries: links between the different constants

2.1 Different definitions of &,4,.(w,T)

Let us start by proving equality (14). This is a consequence of the following lemma.

Lemma 2.1. Let up > 0, 8 > 0 and assume that A > 0 and X > 0 satisfy
- 1
— <X+ = forall p> po. (25)
A jz
Then, for all o > 0, we have

Ra

HO & ooy 1A+Q>MO%A(A + a)eﬁA) X. (26)

I< (]l/\-‘raﬁlto

Let F: R™ — RY be a nondecreasing function and assume that A > 0 and X > 0 satisfy
A>1 and 1< F(A)X. (27)

Then, we have

1
<F(wX+—, foralpu>D0. (28)
i

>l =
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As a direct consequence of this lemma, we obtain the following corollary, clarifying the definition of
ﬁwave(w7 T) .

Corollary 2.2. Assume (12) with constants R, C, ug > 0. Then, there is C" > 0 such that

[ (w0, wi) |z () x 22 (M)

Ug, U , < C" A2 |u| 2 o), A= ,
R R T ppvimaeriw

for all (ug,uy) € HY (M) x L*(M), and u solution to (11),

1
||(u07u1)HL2(M)><H*1(M) < C//M26ﬁﬂ||u”L2((0,T)><w) =+ ; |(u07u1)||Hé(M)><L2(M)a

for all p >0 and all (ug,uy) € Hy(M) x L*(M), and u solution to (11).

Reciprocally, if (13) holds with constants & ,C" > 0, then (12) holds with R = R, C = C’, and pp =0
(and for all x> 0).
In particular, we have

Rpave(w,T) =1inf {R > 0,3C > 0, g > 0 s.t. (12) holds}
=inf{®R >0,3C" >0, s.t. (13) holds}
=inf {8 > 0,3C > 0, s.t. (12) holds with o =0 (and all u > 0)}.

Proof of Lemma 2.1. Let a > 0. In case A + a > pp, the assumption (25) with u = A 4+ o > pg yields

1 A
- _ < pR(A+a)
A (1 A+a> <e X,

and hence
1
1< aeﬁo‘A(A +a)et X, (29)

1

Ho—x

If now A + a < po (and, in particular, a < pp), that is % > > 0, the assumption (25) implies

1 1 1
—<efMX 4+ =, forall u> pp.
po—a — A o

This yields in particular

1 1
X > ( — ) e~ f for all > po,
Ho —a [

and hence X > max,,>,, (#O—ia - ﬁ) e R > ﬁe‘ﬁ”‘) > 0. With (29), this proves (26).

Let us now prove (28). If A > p, then % < i and (28) holds. If A < p, then (27) gives % <1<
F(A)X < F(p)X and (28) also holds in this case, concluding the proof. O

2.2 The constant R.;,(w) as a lower bound for £, (w), Roo(w), Ryave(w, T'): Proof
of Proposition 1.6

We prove a slightly more precise version of Proposition 1.6.

Lemma 2.3. Assume that (1) holds with constants 8, C > 0. Then, we have

C
[0l an) <4 5@ Il o)+ for all A€ Sp(=Ag) \ {0} and 4 € Bx. (30)

In particular,

&igTW S Rheat(w)~ (31)
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Assume that (10) holds with constants £, C > 0. Then, there exists C"” > 0 such that

CI/
16020t < 575€™ ™ 16l Jor all X € Sp(=A,)\ {0} and v € E. (32

In particular

Reig (W)2

1= Reo(w). (33)

Assume that (13) holds in time T with constants C', 8. Then, we have

T /
[0z <4/ 5O AW, for all X € Sp(~Ag) \ {0} and v € By, (34)

In particular, for all T > 0, we have Reig(w) < Rygve(w,T).

Proof of Proposition 1.6. From (1), applied to u(t,z) = e~ 4 with A € Sp(—=A,) \ {0} and ¥ € E\, we
have

T —2T'A
_ 28 _ 2sl—e
o—2TA ||¢H22(M) < Ce7 / o 2tA ||¢||i2(w) dt =CeT o Hz/)||22(w) , forall T >0.
0
Taking T' = %, with D > 0 to be chosen, this implies
2 B Y S TR S CC /oSS JTATE
[¥llZ2my < Ce™ e B3\ 19172y = 5ye 19172 (w)

Minimizing the exponent with respect to D leads to choosing D = /&, which implies (30) when taking
the square root. From (30), (31) follows directly when taking the infimum over all K.

Let us now prove the second statement of the proposition. From (10), again applied to u(t, z) = et}
with A € Sp(—A,) \ {0} and ¢ € E\, we have

—28 o) 2 —2tA 2 _ ¢ 2
L E e il < 0 [ ol dt = 55 (3)

The left hand-side may also be computed asymptotically for A — 400 using Laplace method, setting

=N\, as

/e‘ge_m‘ztdt — /6—2\/ﬁu(i+5)\/'éds
R+ R+ K

(1+o(1))\/§/e‘”ﬁﬂm(s—l)z)ds
roJr

(1+o(1))\fe4@~ /ﬁ:(l—i—o(l)) (”2L/f> e~ 4VRn,

From (35), we then obtain that, for all eigenfunction 1 associated to the eigenvalue u2, for yu — oo, we
have

1
VR _ ¢
(14 o(1)) <2u3> YR ]| 2 pgy < pye ke T

Coming back to A = x2, this implies that the existence of C, g > 0 such that for all X > o

C
[0z n < e’ P lEe

w)?

and hence the sought result of (32). That of (33) follows as above.
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Let us now prove the last statement of the proposition. We want to apply (13) to the function
u(t,z) = cos(tv/A)y with A € Sp(—A,) \ {0} and ¢ € E, which is a particular solution to (11). We have

[[(ult=0,0ruli= 0)||H1(M)><L2(M) ||¢||H1<M)
A ”(“lf 078tu|f 0)HL2(M)><H (M) o ”d’l‘L?(M) ftOgether Wlth
N
VISl L2y = 1812 ) = ltle=0, Ortsle=0) | 112 (myx L2 an) < €™ Mlull 2 ((0,7) %)
where

T
[l 22 (0.7 xw) :/0 cos” (VM) [¥]1 72 () dt < T )17 -

This finally implies (34). The last result follows from Corollary 2.2. This concludes the proof of the
proposition. O

2.3 Link between R..(w) and R,4,c(w,T): Proof of Proposition 1.7

The proof will follow very closely the method of Ervedoza-Zuazua | ], but with a different assumption.
We summarize the results of | ) | we need in the next proposition for readibility.

Proposition 2.4 (| , ). Let T,S >0 and o > 25%. Let L be a negative self adjoint operator.
Then, there exists some kernel function kr(t,s) such that

e if y is solution of the heat equation Osw — Lw = 0, then w(s) = fOT kr(t,s)y(t)dt is solution of

(36)

Pw—Lw = 0, forse]— SS[
{ (w, Osw)|s=0 (0 o Bskr(t,0)y( ) (0 JTe —af

o for all 6 €]0,1[ and all (t,s) €]0,T[x] — S, S, kr we have

el < sl (b (5 - 25 ) ) 7

Note that this last estimate is most useful for § sufficiently close to one so that a > S?(1 + $). We
first prove the spectral observability property.

)yt

Proof of Proposition 1.7. To simplify notations, we prove the existence of universal constants so that
Bheat () < @35? + a4fpave(w, 259)? for all S > 0.

Let Cp > Ruyave(w,25) so that there exists C' > 0 so that we have the estimate (see Corollary 2.2 for
the equivalence)

||(u07u1)HH§(M)><L2(M)

(w0, ur) |y (ayx 22y < Ce“Mlull2(—s,8)xw), A=

)

[ (w0, wi)ll 2 (r) x =1 (M)

for all (ug,u;) € Hy(M) x L?*(M), and u solution to (11). (38)
Note that when compared to (12), we have changed the interval (0,25S) to (—S,S) which gives the same
result by conservation of energy.

The proof is a direct consequence of Lemma 2.5 and Lemma 2.6 below that we state separately since
they have their own interest. O

Lemma 2.5. Assume (38), then, we have

1
C(1 + 1) S2e2Co(1+0)2 2 T
gyOHi?(M) < (1+X) Te JRIE / HetAgyOHiQ(w) dt, forall0<T < a andall yo € E<y.
0

HeTA
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Proof. We pick o > 252 and use the kernel kr described in Proposition 2.4.
Assume now that w(s) is associated to y as w( fOT kp(t s) (t)dt, where y = e'Poyy with yo €

E<y. Then, in (36), Wy is of the particular form Wo = (0 f e—o(i+7=) (t)dt), so that a calculation
(see | , Equation (3.3)]) yields

v

(L) IWoll3n e = L4+ N

/ e—o(d+rie) gy
The integral can be estimated by Laplace method

T 1 1/2
/ e—o(+75) gt = T/ e 7 (3155 ) ds >CT <T) e 47 for ad >1,
0 0 a T

2
||W0||L2x7-121

> (142" lehl2 T

since the non degenerate minimum of % + l—is is 4 reached at s = 1/2 and the fonction is positive.

IWoll7aspz = CO+N)T'TPa ™ e™F [y(T)]|7: (39)
Moreover, we have Wy € F<y x E<) so that
Wollgre (s
IWollpowm— —
As a consequence, (38) implies
IWolposerer < Ce0 0 s o oo (40)

Using Cauchy-Schwarz inequality, we have

T
||’w||iz(],s,s[><w) < (/]0 - SS[kT(t, S)th dS) /0 / |y(t,3;)|2 dx dt (41)
s L X =9, w

Now, we use (37) with § € (0, 1) fixed sufficiently close to one so that v > 52 (1+5) (which is possible since
we have assumed o > 252).

1 S2 «
kr(t,s 2dt d$§052/ exp ( (—))dt ds < CS3T. (42
/](),T[X]S,S[ 7(t;s) 10,T[x]—S,S[ min {t,T -t} \ §  (1+9) (42)

Combining (39), (40), (41) and (42) gives the result since the estimate is true for any o > 252. O
Lemma 2.6 (Miller | ). Assume

T
H yOHB(M Ce 207 +3 / ||etA9y0H2Lg(w) dt, for all0 <T < Ty and all yo € E<y.
0
Then, we have
. T
HeTAgyOHQm(M) <C'e*T / Hem-‘?yoHiQ(w) dt, forall0 <T < Ty and all yo € L*(Q),
0

2
with ¢, = (a +Vb+Va? + 2a\/l;) and C' a constant dependent on C, Ty, a and b.

Proof. The result is not stated exactly, but the author proves this as an intermediate result of | ,
Theorem 2.2]. More precisely, the assumptions of our Lemma are exactly estimate (10) in | |, with

—4 4
a=1/2 and B = 1. Tt gives the result with c, = 4b° (\/a+2\/5— \/6) = i(\/a—i—Q\/B—&- \/&) =
(a+\/l;+ \/a2+2a\/5)2. O
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2.4 Link between £,,,.(w,T) and some space of analytic functions

As already mentioned, Theorem 1.18 is a corollary of observability estimates in analytic spaces (charac-
terizing the attainable set for the control problem) obtained by Allibert | |. The following proposition
explains the link between such estimates and (12)-(13) (see also | D-

Proposition 2.7. Assume there is Co, C' > 0 such that for all (ug,u1) € H (M) x L*(M) and associated
u solution of (11), we have

He_CDV _Ag(uo,m)‘

L2(M)x H=1(M) < OHu||L2((07T)XW) (resp. < C”aVuHLQ((O/T)XF))- (43)

Then (12) is satisfied with constant & = Cy and all p > 0. In particular, we have
-Qwa'ue(wyT) S COv (resp. ﬁwa'ue(FaT) S CO)
Again, in this statement, A, denotes the Laplace operator with Dirichlet boundary conditions.

Proof. Given p > 0, we decompose the data (ug,u1) as ug = 1\/j<#uo + ILF uo (and similarly
g =

Ag>p
for uy). Here 1 Ny denotes the orthogonal projector on the spectral space of —A, associated to
g =

eigenfunctions A\; with \/A; < p. Remarking that

1
|‘1m>#(“07ul)”Lz(M)xH*l(M) < ;||1m>ﬂ(u0aul)”H&(M)xN(M)

1
< —[l(wo, u) || g (M) x L2 (M) »
we obtain
1
1o, u) [z xm—r1a = I /mx; < (w0, wn) 2y =100y + ;H(uovul)”Hé(M)xL%M)
_ — 1
< €COM||6 Co+/ Ag(uo’ul)HLz(M)xH*l(M)+;H(u07ul)||Hé(M)><L2(M)
<

1
Ce“Hlul| L2 ((0,1)xw) + ;H(UOvul)HHg(M)xL?(M)v

where we used the assumption (43) in the last inequality. This concludes the proof of (12), and that of

the proposition. O
We now extract an estimate like (43) on some surfaces of revolution from | |. Indeed, a combination
of several estimates in | | gives the following result.
Theorem 2.8 (Allibert | D). For any T > Ty and Cy > da(T"), there exists C > 0 so that
H€7C0\/ —Ay (uo7 ul) HHI L2 g Cllal/u”Lz((O,T)xF) (44)
9]

for any (ug,u1) € HF (M) x L?(M) and associated solution u of (11).

The result is not stated exactly this way in the article. It is also more precise since it involves analytic
spaces only in the § variable. More precisely, denoting E¥ the spaces of functions in H} x L? of the form
f(s)et*? the following estimate is proved in [ , Theoréme 2, Définition 3 and Proposition 1]:

(o, u)l a2 < C(R)Ovull 20,7y 1)

for any (ug,u1) € E¥, where C (k) satisfies
InC(k)

lim sup
n—-+oo

= da(D).

This gives (44) for any Cy > da, taking into account the orthogonality of the subspaces Ef for the norm
of H} x L? and the norm of the observation.

With Theorem 2.8 in hand, Theorem 1.18 is now a straightforward consequence of Propositions 2.7
and 1.7.
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2.5 Reformulation of the definition of the constants in terms of localization
functions

This section is aimed at giving an alternative definition for the geometric constants Re;q(w), Rsigma(Ww),
Rheat(w) in terms of localization functions.

Definition 2.9. Let w C M be an open set. We set:

191l L2 )

31/1 € E)\ \ {0} € [03 1]7 A€ Sp(ng%
191l L2 pn)

LocCeig(w, A) = inf {

”u”L?(w)

Locz(w,)\):inf{ ,u€E<>\\{0}} € [0,1],

||U||L2(M)

HetA

uo| 2 (0,7 xw) o € LA(M) \ {0}}

Locheqt(w, T) = inf
ea ||€TAUO||L2(M)

Note that if the Schrodinger equation is observable from w in finite time (in particular if w satisfies the
geometric control condition, see | , 1), , then, there exists C' > 0 so that Loc(w, A;) > C for

all 7 € N. Under the sole assumtion only w # ), there exists C' > 0 so that Locy,z,; > Ce_c\/rf
Lemma 2.10. We have

—log Locy; ;A ) _logL A
Reig(w) = lim sup 08 Loceig(w, ) ) Ay (w) = limsup M,
A=r+00,AE8p(~4y) VA A—>+00 VA

Bheat (W) = limsup —T log Locpeqt (w, T),
T—0t

Note that we do not have a similar formulation for the constants . (w) and Ryave(w,T) since they
do not correspond to an asymptotic régime (like T — 0 or A — +00).

Proof. We only prove the second statement, the other proofs being similar. Setting

—logL A
Cs(w) = limsup 080w, A ocx(w, A)

A—+oo \/X ’

we want to prove that €x(w) = Bx(w). Assume &, C satisfy (9), then we have

Locy (w, A) > e RV,

1
c

and hence

—log Locs (w, A) < AV + 1og(0)
VA - VA '
Taking the limsup,_,, ., this implies €x(w) < K. Taking the infimum over all such & and recalling
Definition 1.5, we obtain €x(w) < Rz (w).
We now prove the converse inequality. The definition of €x(w) implies that for all €, there exists A (¢)
such that for all A > A\g(e),
—log Locy (w, A)
———— < Cx(w) +¢,
that is Locg (w, A) > e~ (€=(@)+9)VX Thig together with the fact that Locs(w, A) > 0 does not vanish on
[0, Ao(¢)], implies the existence of a constant C(g) > 1 such that Locg(w, \) > %e*mz("”*s)ﬁ for all

A > 0. This is precisely estimate (9) with & = €x(w) + € and C = C(e). Taking the infimum over all such
R and recalling Definition 1.5, we obtain fx(w) < €x(w) + € for all € > 0, and hence fx(w) < €x(w),
which concludes the proof. U
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3 Construction of maximally vanishing eigenfunctions

3.1 The sphere

In this section, we consider the simplest case of our results that is, the unit sphere in R3:
§* = {(x1,22,23) € R®,af + a3 + a3 = 1} = {z € R[] = 1}.

Eigenfunctions and eigenvalues of the Laplace-Beltrami operator on S? are well-understood : eigenfunctions
are restrictions to S? of harmonic homogeneous polynomials of R?, associated to k(k + 1), where k is the
degree of the polynomial. We are particularly interested in so called equatorial spherical harmonics, given
by
up, = Pylse € C®(S?),  Pu(a1,22,23) = (31 + i22)F,

known to concentrate exponentially on the equator given by x3 = 0.

Since it can be written P, = z* where z = x; + ixy € C, it is easy to check that P} is holomorphic as
a function of z and indeed harmonic as a function of (x1,z2,23) € R3. Moreover, P} is homogeneous of
order k. Therefore, see e.g. | , Proposition 22.2 p169], we obtain that u; is an eigenfunction of the
Laplace-Beltrami on S2:

—Agzuk = A\pup with A\, = k(k + 1)

Note that we have

T
() = (0 +adf = (L-ad)t, w= T
We denote by N = (0,0,1) and S = (0,0, —1), the north and south poles, and have coordinates :
(0,7) x St — S\ {N, S}
(s,0) —  (sinscosf,sinssiné, cos s)

Remark that s(z) = dist,(x, N), for € S%. In these coordinates, the metric is given by ds? + (sin s)%d6?,

the Riemannian volume element is dw = sin sdsdf, and the sequence uy, is defined by
ug(s,0) = sin(s)*e*?,

Remark 3.1. The construction works equally well in the unit sphere S* € R"*!, n > 2. The coordinates
has to be changed by
(0,7) x St xS"=2  — S*\ {N, S}
(s,0,1) — (sinscosf,sinssiné,tcos s)
and we can still consider the eigenfunction uy = (21 +422)*|gn with —Agnus, = Apug, and Ay = k(k+n—1).
With the above choice of the eigenfunction uy, we have
lur(2)]? = (1 — 22)* = (sins)?* = |sindist, (z, N)[** = e72k4a@) 4, (x) = —logsindisty(z, N).

Note that d4 is actually the Agmon distance to the equator (s = Z) where S? is seen as a surface of
revolution, see Remark 1.13 below.
Also, given f € L'(S?), we have

/ F@)us(@)Pdw = / F(5,0)(sin 5)*+1dsdo
52 (0,7) xS

X 1
27 F(s)(sins)?**1ds, F(s)=— [ f(s,0)db.
(0,7) 2w St

In case f = 1, this yields the asymptotics of the norm of ug, given by the Laplace method (see e.g. | ,
):
1

1 ! ! 2
2 _ 2 _ 2\k klog(1—z3)
— = — dw = 1-— dxs = & 3ld
27r||uk||L2(SZ) o Joo ug (w)|*dw [1( x3)"drs /71 e T3

(+0G) [ ey = \[T0+ 00,
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—1/4

and hence ||uy||p2(s2) ~ 2273/ 4k as k — +o0.

We have the elementary estimate

i =27 [ (sins) s < ke

This can be slightly refined, e.g. by writing

T
”uk”zL?(B(N,r)) Tkt I(SIHT)QHQ

2wy = 27?/0 cos s(sin )2+ 1ds

= 27r/ (1 — cos s)(sin s)%**1ds
0
2

r ho 2k+1 r? 2
527 A (sins)™ " ds = —[lurllz2m v,

IN

To be a little more precise, let us now prove an equivalent for HukH%Q( BN, 28 k — oo, which is
uniform in .

Lemma 3.2. For all k € N* and all v € (0, ), we have

9 7w sin(r)? 2 , tan(r)?
lukllZe s vm) = 53T "eoay L T8, with Rl < oo

cos(r)
This furnishes an optimal lower /upper bound for this quantity which is uniform with respect to e.

Proof. We write a = —logsinr > 0, change variable y = —logsins, and want to have an asymptotic
expansion of

1 2 "t 2k+1 /+OO —(2k 1
_ - ds = k+2)y = 4
sl = | Ginsrias= [ e — iy

This integral is of the form

+oo
T(a,k) = / =R f )y

where f(y) = ﬁ is smooth on [a, +00). Writing
, 672(1
lf(y) = fla)] < (y—a) Zuols) < (y— G)W,
since f'(y) = —e~2¥(1 — e=2¥)~3/2 and integrating on (a, +00), we obtain
—(2k+2)a —(2k+2)a —2a
e e e
Z(a, k) — < .
' (117 ) f(a) 2%k + 2 = (2k5+2)2 (1 — 6_2a)3/2

Coming back to the original notation, this is precisely

1 5 sin(r)2k+2 sin(r)2k+4 sin(r)2F+2 5
7||uk||L2((’) ) T = 2 3 = 2 tan(r) )
27 ¢} (2k +2) cos(r) (2k 4 2)2 cos(r) (2k 4+ 2)2 cos(r)
which concludes the proof of the lemma. O

Note that the eigenfunctions we have constructed are complex valued. Yet, since u;, = (sin(s))*e*?,
we have for instance Re(uy) = (sin(s))* cos(k#) and the same estimates work exactly the same except that
Js1 €*912d6 = 2 should be replaced by [;, cos(k6)?df = .
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3.2 General surfaces of revolution

In this section we consider a revolution surface S C R? being diffeomorphic to a sphere S?, generalizing
the results of Section 3.1. We follow | , Chapter4 B p95] for the precise geometric description of such
manifolds.

Assume that (S, g) is an embedded submanifold of R? (endowed with the induced Euclidean structure),
having S! = (R/27Z) ~ SO(2) as an effective isometry group. The action of S* on S, denoted by 6 — Ry
(such that R¢S = S) has exactly two fixed points denoted by N,S € S (the so-called North and South
poles).

We now describe a nice parametrization of (S, g). Let L = dist,(V, S) and vy be a geodesic from N to
S (thus with length L). For any 6 € S!, the isometry Ry transforms the geodesic o into Rg(70), which is
another geodesic joining N to S. Set U = S\ {N, S}. For every m € U, there exists a unique 6 € S! such
that m belongs to Rg(y0). The geodesic Ry(7yo) can be parametrized by arclength

p:[0,L] = Ro(y0), p0)=N, p(L)=25, s=disty(p(s),N)= L —disty(p(s),S),
and there exists a unique s € (0, L) such that p(s) = m. We use (s, 6) as a parametrization of U C S:

¢: U=S8\{N,S} — (0,L)xS!
m —  ((m) =(s,0).

We define two other exponential charts (Un,(y) and (Usg, (s) centered at the fixed points N and S by
L L L L
Uy ={N}uU¢ ((0, 5) X Sl> =B, (N, 2) cS, Us={Stu¢ ((Q,L) X S1> = B, <S, 2) CS,

L L
CN:UN_>B]R2 <0a2)a CN(N):Oa CS:US%BRQ <072>7 CS(S):O,
with the transition maps

(vo¢™t: ((UNUN)=(0,%) xSt
(5,0)

(v(UNUy) = Bge (0, %)\ {0}

N
— (scos(8), ssin(8)).

and
(so¢™t: ¢(UNUs)=(%4,L) xSt — (s(UNUs) = Bge (0,%)\ {0}
(s,0) —  ((L = s)cos(f), (L — s)sin(8)).
On the cylinder (0, L) x S, the metric g is given by
(¢1)'g = ds? + R(s)2d6?

for some smooth function R : (0,L) — R (see below Remark 3.4 for the geometric interpretation of

R). Since g is a smooth metric on S, | , Proposition 4.6] gives that R extends to a C'*° function
[0, L] — RT satisfying
R(0)=R(L)=0, R'(0)=1, R(L)=-1, R®*)(0)=R®)(L)=0 foranypeN. (45)

In these coordinates, the Riemannian volume form is hence R(s)dsdf, the Riemannian gradient of a
function is

1 1

0 0
=0sf—+ =—=0f= ith = |0, f? 2 4
and the Laplace-Beltrami operator is given by
1
Agp= 9sR(8)0s + =—05. (47)

R(s) R(s)?

Another important operator is the infinitesimal generator Xy of the group (Rg)ges:, defined, for f €
C>(8), by

Xof = gig%)e_l(f oRyg — f). (48)
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In the chart (U, (), the action of Ry is given by (¢™1)*Rg(u, ') = (u, 8 + ), so that ((71)* Xy = 9. Let
us now check that Xy is a smooth vector field. Indeed, we have

()Xo = ((N) ¢ =d((no¢") - O,
and hence
((:X,l)*Xg (s cos(@),ssin(@)) = (—ssin(0)0,, + scos(0)0s,) (s cos(@),ssin(@)),

that is
((Cn")* Xp) (w1, m9) = =204, + 710,

Since ((¢x')*Xs)(0) = 0 (and since the computation is similar in Usg), we have obtained that Xy is
smooth. Note also that Xg(N) = Xy(S) = 0 and that its norm is given by /g(Xop, Xo)(s,0) =
the coordinates of U).

We define by L*(S) := L?(S,d Vol,) the space of square integrable functions, which is also invariant
by the action of (Rg)gest -

Now, remark that (Rg)gest acts as a (periodic) one-parameter unitary group on L?(S) by f +— foRy.
The Stone Theorem (see e.g. | , Theorem VIII-8 p266]) hence implies that its infinitesimal generator
is iA, where A is a selfadjoint operator on L?(S) with domain D(A) C L2(S). Since iAf = Xyf for
f € C°°(S) (which is dense in D(A)) according to (48), we have that A is the selfadjoint extension of 22.
From now on, we slightly abuse the notation and still denote % for its selfadjoint extension A.

Since g is invariant by the action of Ry, we have

(X, Ag] = 0.

Moreover, A, has compact resolvent, so that the operators A, and Xy share a common basis of eigen-
functions: indeed, Xy preserves each (finite dimensional) eigenspace of A, and it can be diagonalized on
these spaces. In U it can be written as e*? f(s) with k € Z, f € C>(0,L) N L? ((0, L), R(s)ds) solution of

1 k?

_%85 (R(s)0sf) + Wf =Af. (49)
for some A\ > 0, eigenvalue for —A. Let us detail this assertion. Take u a necessarily smooth common
eigenvalue of A, and Xy. In U (with the coordinates (s,6)), denote f(s) = u(s,0). w is smooth and
satisfies Xgu = idgu in the classical sense. Then, for any fixed sy € (0,L), the function gs, € C*(S')
defined by 6 — g, (0) = u(sg, ), is solution of Jggs, (8) = idggs, () and can be written g, (0) = €% f(s).
By periodicity, A\g = k € Z and is thus independent of 6. So, u(sg,0) = e**? f(s¢), and it is clear from (47)
that f must satisfy (49).

We will call these normalized eigenfunctions ¢y, , = etkd frn(s) with eigenvalues Ay, for —A,, where
n € N. In particular, we can write L%(S) = @(Lk:,n)EZXN span(@gn)-

We will denote L? = ker(Xy — ik)) = {¢ € L*(S); v = €*?f(s), f € L>((0,L), R(s)ds)} and H? =
H?(S) N L?. The commutation property implies that AH? C L, so we can define the operator Ay =
A| L which is self-adjoint with domain H?. This can be seen for instance directly on the simultaneous

diagonalization which implies an isometry L?(S) =~ ¢*(Z x N) where L? ~ {(k,n)|n € N} as a closed
subspace of £2(Z x N). The fact that A, has compact resolvent implies the same things for Ay.

Remark 3.3. Note that the introduction of Xy allows to give a more intrinsic definition of d4 introduced
in (17): given a point mg on the “strict global non-degenerate equator” of S, the Agmon distance dy4 is
the unique continuous function such that

1 - 1 ) .y
Xo, Xo)(m)  g(Xg,X9)(mo))

All properties of Lemma 3.8 can be formulated intrinsically since s measures the geodesic distance to the
north pole, and hence s(m) = disty(m, N), L — s(m) = disty(m, S), and s(m) — so = disty4(m, equator).

Xoda =0, da(mo) =0, |ngA|3(m) - <g(
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Remark 3.4. (Another possible parametrization) Some such surfaces of revolution admit the following
“cylindrical” parametrization on the set U: with +z+ > 0 and the two poles Py = (0,0, z1 ), we have

(2-,z4) xSt — U=8\{N,S}cCR?
(2,0) —  (R(2)cos8,R(2)sinb, z)

where R : [z_,2z4] — (0,00) is the profile of the surface, that is, a smooth positive function on (z_, z4)
satisfying R(z4) = 0 and lim,_,,, R'(z) = Foo.
We have
dx; = R'(2) cos 0dz — R(2) sin 6d6
dxs = R'(2) sinfdz + R(z) cos 0d6
drs = dz

so that the metric on S induced by the Euclidean structure is given by
g = da? + da3 + da3 = (1 + R'(2)?)dz* + R(2)%d6>.

As a consequence, the Riemannian volume element is V(z)dzdf with V(z) = R(z)\/1 4+ R/(2)? and the
Laplace-Beltrami operator is given in this coordinates, by

_ 1 V(z) 1 5
“ﬂ‘wwa<uﬂvwayﬂm%%’

with a suitable selfadjoint extension on L?((z—, 24) x S',V(2)dzdf). The link between s and z is the

following diffeomorphism
s(z):/ JIT R,

and we have L = [~* /1 + R/(t)2dt, together with R(s(z)) = R(z)(= \/9(Xp, X)), so that R(s) indeed
measures the distance to the axis of revolution.

Remark 3.5 (The sphere). Note that, in the z-parametrization, the sphere is given by z; = +1 and

r(z) = v/1 — 22 and hence r'(z) = 7= and V(z) = 1 is smooth (which is not the general case if the

surface is flat near the poles).
In the proofs below, we shall often consider h = k! as a semiclassical parameter.

Lemma 3.6. Assume that s — R(s) admits a non-degenerate local mazimum at sg € (0,L). Then, for

; oo — _1 1 /1R (so)l 1
all k € N, there exists 1, € C®(S) N L%, and p, € R such that py, = weor T RS(S;’) + O(k—%),
|[VrllL2(s) = 1, and we have —A gy, = k2 ppby,.

Note that the assumption of the lemma is R'(sg) = 0 and R”(so) < 0.

Proof. We first construct a family of exponentially accurate quasimodes (i.e. approximate eigenfunctions)
compactly supported in U and of the form (in the coordinates (s,8) of U) e?*%uy(s). The function uy(s)
should thus solve (49) approximately. Setting h = k~! and pu = Ah?, we are left with the following
semiclassical eigenvalue (or approximate eigenvalue) problem in the limit A — 0T

2

(Ph—ﬂ)f:—@

1
0s (R(s)0s —_— - =0.
(B6)0.0)+ (e )/
According to the assumption, the potential ﬁ is positive, tends to plus infinity near 0 and L, and admits
ﬁ as a nondegenerate local minimum. Namely, this is R'(so) = 0 and R”(sg) < 0. The construction

is classical (harmonic approximation) and follows e.g. that of | , Theorem 4.23] in a simpler setting.
The idea is to approximate the operator P by its harmonic approximation at sg, namely

h? 1 1" (s—s0)% om0 1 2R"(s0) (s — 80)?
P, = —masR(So)aS + W + (RZ) (SO)T = —h“0; + R(s0)? — R3(s0) 5 (50)
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Recall that the spectrum of the operator —h?d7 + coy® on R (¢o > 0) is given by E,(h) = hE,(1) =

h(2n+1),/cg, associated with the eigenfunctions u!’(y) = h™~ 1ul (y/vh) where ul (y) = pn(y)e VT (p,

_ IR"(s0)l
R3(s0)
We consider a cutoff function xy € C2°(0, L) such that y = 1 in a neighborhood of sg. We set

being a Hermite polynomial). Here, this applies with ¢q =

2
u(s) = x(s)ul(s), with ul'(s) = Ch~ie ~Va 5 where ' is a normalizing constant, and prove this is
an approximate eigenfunction (quasimode). Flrst notice that we have, with P, defined in (50), that

- - N 1
h _ h h __ h 1292 h
Phu - XPhUO + [Phﬂduo - (R(80)2 + hVCO)XuO + [ h 887)(]’11/0

In this expression, [—h202, x| is a first order differential operator supported away from zero, where ug and
its derivatives are exponentially small. This yields

~ 1
ho_ h _ —c/h
1P = (G + 1) 4" a0, meoa) = O™

Now we consider, with norms L?((0, L), R(s)ds)
H(ph - (p +h\/a)) o |(P— 2|+ H(phuh - (37 Wa)) "
H( U s R(5)0s — h28§> ul ,

| G~ e et =)

According to the Taylor formula and the definition of ¢y, we have ﬁ - ﬁ —co(s—50)%2 = O((s—s0)?)
on the support of y, so that

IN

L2 L2

+ Ce~¢/h,
L2

2

|t g o) ],

We now estimate the term
h—285R(s)85 — h20? | u
R(s) °

Notice that hdsu® = hyx'ul + hxOsull = Or2(e™*/") — /Co(s — so)xuf. Moreover, since R'(sg) = 0, the
Taylor formula yields

< c/ (s — 50)3h~ Te VAT 24, < OB3.
R

hosu"

ko
R(s)

L2 L2

hosu"

<Ce M4 C Hh(s - so)gxugﬂLz < Ch2.

7

R(s)

Now, combining the above estimates finally yields the existence of constants D,hg > 0 such that for
: _ 1
all h < hg, we have, with v, = B T h+/cq,

(B — )| < DY/ ~ DIY/2 ||u”|

£2((0,L).R(s)ds) £2((0,L),R(s)ds) °

Now, we define in coordinates in U C S, fx(s,0) = e*%u”(s), h = k~!. This function is smooth and
compactly supported in U thanks to the cutoff y, and can therefore be extended as a function in C*°(S)NL%,
still denoted fj, which satisfies

|(R*Ar — Vh)kaLi < Dh*? ~ Dh?/? [ fxll 2 -
Hence, if v, ¢ Sp(—h?A}), this implies H(—hQAk — yh)_lHL2~>L2 > Dh3/2

being selfadjoint on L2, we have, for z € C\ Sp(—h2Ay), |(— hQAk —2)7Y =
Vp ¢ Sp(—h2Ak)7

Finally, the operator h2A,

m, so that, if

1
> .
d(Vh, Sp(—h2Ak)) — Dh3/2
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In any case, this implies d(vy,, Sp(—=h?Ax)) < Dh3/2, and using that the spectrum of h?Ay is purely
pointwise, this proves the sought result. O

The next step is to study the behavior of the eigenfunction ), constructed in the previous lemma (and
under a stronger assumption on the point sg). This is the goal of the so-called Agmon estimates. We first
need the following integration-by-parts lemma.

Lemma 3.7. For all ¥ € W1°°(8) real valued and all w € H?*(S), we have
/S|Vg(\1/w)\§dvolg—/s|vg\11\§\w|2dvolg :Re(/s|\1/|2(—Agw)w dVolg).

Proof. For ¥ € C?(8), this is a direct consequence of the integration by parts formula (also valid when S
has a boundary dS and w|gs = 0)

/S|vg(\11w)|gdvolg = f/SAg(\Ilw)\IlEdVolg
= Re (/ (—@(Agw)—(qu/)w—2vgxp-vgw)\pwdvolg)
S
= Re(/ [T 2 (— A w)w dVolg) +A
S
with

A = Re (/ (—(quf)qf|w|2—2vgx11-vgwx11w)dvolg>
S

Re </ (VU w]® + VO - Vy(jw]*)T — 2V, T - ng\I/w)dVolg>
S

[ (19, P uavo,

where we integrated by parts in the second line. This is the sought estimate in case ¥ € C?(S). The result
of the lemma follows by a classical approximation argument, see e.g. | , Proof of Proposition 6.1]. O

We shall now assume that R reaches at sg a strict global non-degenerate maximum, and introduce the
relevant Agmon distance to the “equator” s = sg. The latter is defined in the coordinates of U by the
eikonal equation (17), or, more explicitely, for s € (0, L), by (18).

Lemma 3.8 (Properties of d4). Assume that R reaches at sg a strict global non-degenerate mazimum.
Then, d4 € C*(0, L), and we have

da(s) = —log(s) +O(1), ass—0", da(s) = —log(L—s)+0(1), ass— L, (51)

da(s) = ;1/m(8—80)2+0((8—80)3), as s — so. (52)

Proof. Remark that according to (45), we have % — +ooasy — 0% or y — L™, with

R(s) = s+ 0(s®), when s — 0", and R(s)=L—s+O((L—s)®), when s — L.

f: l(l + O(y2))dy = —log(s) + O(1), as s — 0t (and

As a consequence, with (18), we obtain da(s) = |/,

similarly when s — L), that is (51).
Let us also study the behavior of d4 near so. Denoting V(s) = ﬁ - ﬁ7 we have V(sg) =

V'(so) = 0 and V" (so) = % > 0. This implies (52) and that d, is of class C? near sq, by Taylor

expansion of d4 and its derivatives. O
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We can now state the following very precise result. All results concerning surfaces of revolution are
corollaries of this one.

Theorem 3.9 (Agmon estimate). Assume that R reaches at sy a strict global non-degenerate mazimum,
and consider the associated numbers py and functions ¥y, given by Lemma 3.6. There exist C,Cy, ko > 0
such that, for all k € N, k > kg, the following integral is well defined with the estimate

/ ¢244A () [y 12 (1) d Vol (m) < CR2C.
S

Using first that d4 is decreasing on (0, so], we obtain the following direct Corollary.

Corollary 3.10. Under the assumptions of Theorem 3.9, there exist C, Cy, ko > 0 such that, for all k € N,
k> ko and all s1 < sp, we have

/ |?/1k|2dVolg < O2Coe2da(s1)k,
B(N,s1)

From this result, we may now derive a proof of Theorem 1.9 and Corollary 1.11.

Proof of Theorem 1.9 and Corollary 1.11. The eigenfunctions constructed in Lemma 3.6 satisfy A\, =
k2 (ﬁo)? + O(k‘1>. In particular, k > /At R(sp) — C for an appropriate constante C' and k large enough.

This gives e~ 2kda(s1) < eCda(s1) g=2da(s1)R(s0)vV Ak Then, Theorem 1.9 follows directly from Corollary 3.10
up to changing the constants involved. The second pat of Theorem 1.9 follows directly from Proposition
1.6.

Corollary 1.11 follows from the asymptotic (51) of d4 and the fact than Theorem 1.9 is uniform for r
small. Indeed, for an appropriate constant C, we have d4(s) < —log(s) + C for all 0 < s1 < s, -

For fixed A\; and using the uniformity for r small, we get the order of vanishing using the general
Lemma B.1 of the Appendix. O

We will need a very simple Lemma

Lemma 3.11. Let p € W1°(8) N L%, then, we have the pointwise estimate on U

2
A - 128

> v
97 g(Xe, Xo

Proof. We have, in the coordinates of U, that ¢ writes (s, 0) = e'*? f(s), with, according to (46),

1 ; K
Vol = 10 + sl SR = 0 + g le™ (o)
K2 . k2
> 62](70 s 2 — 2 ,
> el R = s
which is the sought result. O
The proof follows that of | , Proposition 3.3.5].

Proof of Theorem 5.9. As in the above proof, we use the notation h = k!, considered as a semiclassical
parameter. We define, for some constant Cy > 1, hg > 0 and h € (0, hg) the sets

Q_={s€(0,L),da(s) <Coh}, Qi ={s€e(0,L),da(s) > Coh},
We set

d(s) = da(s) — Cohlog(Cy), forseQ_,
= da(s) — Cohlog(da(s)/h), forse Q.
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For M > 1, set ¢pr = min(¢p, M) and Qs = ¢, ({M}). Moreover, on _, we have ¢ = d4 —Cohlog(Cp) <
da < Coh < Cyhg, so for M > Cohg, we have Q_ N Qy = 0. Indeed, we have a partition Q_ U (24 \
QM) (] (Q+ N QM)

Note that it will be very important in what follows that all the estimates are independent on M while
Co will be defined later on. The function ¢ps is Lipschitz on (0, L), and can be pulled back to a (Rp)
invariant Lipschitz function defined on U, and extended to S by ¢ar(N) = ¢ar(S) = M. We will call Sy,
S_ and Sy, the naturally defined zones so that

S=8_1(S:\Sy)USu.

We now apply the formula of Lemma 3.7 with ¥ = ¢ with ¢ given above and M large, and w = ¥y,
(note that 1, € C°°(S) since it is an eigenfunction of Ay, so the Lemma applies).

[ IS ol [ 19,9l Vol, = [ 9 Vol

Applying now Lemma 3.11 since W¢, € WH*(S) N L and using [V, ¥|2 = k(¢ (s)|2€2¢4/h in U and
so almost everywhere in S, we get

1
[ (e = 190 = ) /M 2 vol, < 0.

Using the expression of ¢y on Q_ and of uy, = ﬁoﬁ + O(h), this yields, for some C' > 0 (independent
of h and M),

/ (R(l) ~6h(s)? - uh) €20/1 35,124 Vo,

IN

Ch / 234 /My 12d Vol,
S_

IN

Che*Co / [1n|2d Vol, < Che* o,
S

since 1y, is normalized.
Note also that on 3, N Q4, we have dg > Coh and so dg > dg — Cohlog(Cy) > ¢ > M > 1. Hence,
since d4 is continuous, there is a constant £ > 0 so that s € Q3 N Q4 implies |s — sg| > €. In particular,

since sg is a nondegenerate maximum for R, there is > 0 so that it also implies ﬁ — ﬁ >n. In
particular, on S); NS4, we have
1 1 1

W*W?M(S)F*M:W*WJFO(MZO

for h < hg for hg only depending on the geometry, and not on M. Therefore, we have obtained

1
/ \ (R<s>2—l¢’<s>2—uh> M PdVol, < Che®. (53)
S:\Swr

Next, on Q4 \ Qpy, we have ¢’ = d'y — C’oh% and hence

1 /"2 [ IR (s0)l 3 (d4)? o, 2(d4)?
— — = —hy|—=———+0(h 2C0h—-2~ — C3h
R(S)Q |¢) ‘ 1223 Rg(S()) + ( 2) + 0 dA 0 d124
|R"(s0)| 3 (d4)*
> hy| —=—% +O(h2 Coh
> R (50) +O(h2) + Cy i
; Foy (d4)° —R"(s0) (dy)?
where we used that d4 > Cyh. According to (52), 7= 2 Rso)® > 0 and 45— can thus be extended

by continuity at sg. Since d’4(s) = 0 iff s = so (R reaches at sq its unique global maximum), the extended
function is uniformly bounded from below on any compact of (0, L). Moreover, according to (51), we have
(@,)? i (@)’ I

~ —_—— d ~ — .
da O gy M T e @)
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7 N2
Hence, there is a constant C7 > 0 such that % > C; on (0,L), and we have

1 "2 (d4)*  [IR"(s0)| 1 (dy)?
W_W‘ —fh 2> h<00 da - R3(80) +O(h )>>C10h2d,47

when taking Cy large w.r.t. 01_1 and h < hy with hg depending on Cy, Cy. We can now fix Cy, hg. After
(53), we have thus obtained

(d4)? 2o/ 12 20,
Ch e Moy, |“d Vol, < Che=*°.
Si\Su A

2Co
Our next task is to replace ¢ by d4 in this expression. Note that e2?(s)/h = ¢2da(s)/h (ﬁ) . In

particular, this yields

(d'y)? h 205
Ch/s s ﬁGQdA(z)/h (dA(S)> |'l/)h|2dV01g < Ch.
+ M

7 \2
Now, the function d(i"z)co is positive on (0, sg) U (so, L), tends to +00 at sg, and satisfies, as above
A

(@)’ I
d}4+2co ~ g2 (log(s—1))1+2C0

— 400, as s — 0T,

7 \2
and similarly d(iAZ)CO ~ (L—s)2(1og((L1—s)—1))1+2Co — 400, as s — L~. Hence, it is bounded from below on
A

(0, L) by a constant, and we obtain

/ 244/ h 1y [2dVol, < Ch™2%,
Si\Sum
which, combined with the already remarked fact that fs, eQdA(Z)/hWJh\Q Vol, < Cte, gives
/ 14 [2d Vol, < Ch™2.
S\S[u

Since all the constants are independent on M, it gives the sought result by dominated convergence making
M tends to infinity. O

3.3 The disk

Denote D = {(x,y) € R? |x2 +1? < 1} C R? the unit disk. We denote by A the (negative) flat Laplace
operator in R?. In polar coordinates, © = rcosf, y = rsin 6, we have

9?2 10 1 02
_ 92 2 _ 2 - -
A_ax+ay_8r2+r3r+r2892'

Then, it can be seen that
Vi (r,0) = Jo (20 7)™ (54)
is an orthogonal basis of L?(ID), where

e J, is the Bessel function of order n, namely:

1 . .
Jn(z) _ 7/ 612311’1067177,19d07 ne Z,Z c C\R_, (55)
2 J_,
o 0 <zp1<2zn2<zp3<--- is the sequence of the positive zeros of .J,,.
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We refer for instance to | , Chapters 14.4 and 15| for an elementary introduction. In particular, the
functions defined in (54) satisfy

—AYp k= Appthng in Int(D),  with \yx =27,  and ¥, k|op = 0.

Roughly speaking, the index n encodes the oscillation in the 6 variable while the index k will contain
an oscillation in the radial variable. We refer to | | for a description of concentration/delocalization
properties of general eigenfunctions (or, more generally, quasimodes) on the disk. Here, we want to analyse
some eigenfunctions corresponding to the so-called whispering gallery modes that are concentrated close
to the boundary of D. They “rotate” very fast and concentrate towards one of the two trajectories of the
billiard contained in S*0D. This phenomenon corresponds to n — 400 and k small, typically £ = 1. In
the following, we thus focus on:

¢n,1(7“7 9) = Jn(zn,lr)einev

and hence on the function J,(zy,,17). This requires information on z, 1.

A huge amount of information is known on the Bessel functions ant its zeros. But we will need very
few of them. First, we need to normalize them. This is for instance done in Lemma 5.1 of Burqg-Gérard-
Tzvetkov | ] in the case k = 1 which is of interest for us.

_2

||7/}n,1||L2(D) ~nos.

We also need a rough estimate on the asympotic of the z, 1, see | | Lemma 4.3 for instance, namely,
Zn1 =1+ (’)(nl/g), Zn1 > M.

To estimate the norm of ¥, 1 on B(0,¢), € < 1, we first prove the following lemma.

Lemma 3.12. For all o > 0 and n € N, we have

n
< n(tanh(a)foz).
In (Cosh(a)>' =

Note that in | , Section 32 p79|, for fixed «, a full asymptotics in terms of n is proved, with
principal term:

n(tanh(a)—a)
%( n >%€ : (56)
cosh(c) 27n tanh ()
Here, we need only the principal term but also a uniform bound in terms of . Note that the short proof

below is not very informative, and the reader is referred to [ , Section 32] for a complete steepest
descent approach to this asymptotic expansion.

Proof of Lemma 3.12. We start from formula (55), in which we write v = and use the holomorphy

n
cosh(a)?
of the integrand, together with the fact that e (®in2=2cosha) jg 5 periodic function of Re(z) to change the
contour. This yields:

T
el(c%ﬁﬁ) sin Oe—meda _ i eil/(sin 0—6 cosh a)da
2

-7

1 ™
2r J_,

Jn (V)

1 T—io 1 T

- iv(sin z—z cosh a)dz — iv(sin z cosh a—i cos z sinh a—x cosh a+ia cosh a)d
2m

™

Z.

—T—io -

This implies

™
|Jn (I/)| < QL/ eu(coswsinhafacoshoc)dx < eu(sinhafacosha) _ en(tanhafa)
™

—T

b

and concludes the lemma. O
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Lemma 3.13. There exist C,8,ng > 0 such that for alln > ng and 0 < r < 1 — Bn=2/3, we have

e 1ll = (B0, < exp (—nda(r) + Cnl/?).

Note that for r € (0, 1) fixed, the asymptotic formula (56) implies that such eigenfunctions have indeed
the decay prescribed by this formula.

Proof. We have =1 = 1+ O(n~2/3) and 21 > 1. Hence recalling that |d/;| is decreasing on (0, 1], we
have, as long as =1 <1,

TZn,1

da( ) —da(r)| < Cn~23r|dy (r)| = Cn=2/3r % —1=Cn"23/1—r2.
r

Thus we obtain from Lemma 3.12

Zn,1 Zn,

[ Ta(znar)] = [Jn(nZ22r)]| < exp (—nd.a (2

17")) < exp (—ndA(r) + C’nl/3>

forallneNand 0 < r < 2. O

Zn,1

The combination of the previous estimates give Theorem 1.12.

4 Maximal vanishing rate of sums of eigenfunctions, and observ-
ability on small balls

In this section, we prove Theorem 1.15, i.e. the Lebeau-Robbiano spectral inequality with observation in
balls of (small) radius  and constants uniform in r.

We follow the proof proposed by Jerison and Lebeau in | , middle of p231]. There are three main
steps, that we summarize in three lemmata. We then prove Theorem 1.15 from these lemmata, and prove
the lemmata afterwards.

In the following, for 3 > 0, we set X3 = (—3,8) x M, and denote P = —92 — A,. In the set
Xos = (—25,25) x M, we denote by (s,z) the running point and by B, a geodesic ball (for the metric
Id ®g) of radius r (its center being implicit in the notation). We also use the rescaled H' norm on an open
set U, denoted H}(U) and defined by

1F % o) = IFI 20y + 72 IV F 720y (57)

This will only be used on small geodesic balls or annuli, namely U = By, or U = Bq, \ Bg,.

4.1 The three key lemmata

In this section, we state the three key lemmata needed for the proof of Theorem 1.15.
The first lemma is a classical global Lebeau-Robbiano interpolation inequality, | , Section 3, Esti-
mate (1)].

Lemma 4.1 (Global interpolation inequality from unit balls to the whole space). Let S > 0 and let
U C Xog be any nonempty open set, then there is C > 0 and ag € (0,1) such that we have

1F |72 x5) < C (IPF Il L2 (xas) + 1F @)™ I1F N5 (-

for all F € H*(X3s) such that F|(_sg25)xom = 0.

The next lemma states a local interpolation inequality. Its specificity is that the observation term is
on a small ball B, and the constants are uniform in r small. For this, the exponent has to depend on r as

[log(r)| ="
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Lemma 4.2 (Local interpolation inequality from small balls to unit balls). Let P = —92 — A, and let B,
denote balls centered at (so,xo) € X, away from the boundary. Then, there exists constants r1 > 0 such
that for all 0 < ro < 71, there is C > 0 such that for all r € (0,%3), and F € H*(B,,), we have

log 2

ar F 1—an L A=
wen)  IFIG,,) o log (22) + log 2

1F N8y < € (IPFllLa(s,,)
A proof of this Lemma is given in Section 4.3, starting from a Carleman estimate (with singular weight)
due to Aronszajn | | (see also | ) ) D-
The last lemma is an interpolation inequality with boundary observation term. All terms are taken on
sets of size r, and the important feature of this estimate is that the constants are uniform in r.

Lemma 4.3 (Uniform local interpolation at the boundary on small balls). Let (0,z9) € {0} x M,
distg(xo,OM) > 0 (all balls are centered in xg). Then, there exists C > 0, ro > 0 and oy € (0,1)
such that we have for all 0 < r < rg

1Flincs,) < C (PIPEl sy + /200 Flamollpamnnioyan) - IE IS, )

for all F € H?(X3s) such that Fl|(—2s,25)xom = 0.

This lemma is proved in Section 4.4, consequence of a uniform Carleman estimate proved in Appendix A.

4.2 Concluding the proof of Theorem 1.15 from the three lemmata

From these three lemmata, we may now give a proof of Theorem 1.15. We first formulate a straightforward
corollary of the three lemmata to prepare the proof.

Corollary 4.4. Let P = =02 — Ay and (0,z0) € {0} x Int(M) and consider balls centered at (0, o).
Then, there exists ro > 0, C > 0 and ag € (0,1) such that, for all v € (0,58) and F € H?*(Xag) with
PF =0 and F|(_2s25)xom = 0, we have

1Pl xs) < CIEISE o I3
4

log 2

Fllz L=
1E 1 5. (Xas) log (Z2) + log 2

0

) S CIFNS: s IF Ik
4
1F a1 (8,) < ClOSF |s=0l133 (5, nioy st |1 F I %00

Proof of Theorem 1.15. Let us first treat the case where OM = ), or OM # () but the center of the balls,
xo is in Int(M). The case xg near OM will be treated afterwards.
We reformulate (again) these three results as (in a form close to that of | D

1
Il 1 (x2s) < (C|F|H1(Xzs)) «o ’

IE N 22 (B o) I a (xs)
1
1 F| 1 (x,) o 1l 12 (x20)
IENmr s,y — ||FHH1(B%0) 7
1
I1E'[ 1 (Xas) ( |F|H1(Xzs)> “o
10s F's=ollL2(Bsrn{oyx M) — I E e (B,
and combine them to obtain
#
1BV ) < O Car O FFer (HFHHI(XQS)> : (58)
105 F'|s=0ll L2(B,.n {0} x M) 1] 1 (x5)
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We then follow | , , , |, and, given 9 € E<) take the function

Fs) sinh(s/—Ay) I, 4 + sTlow,

V5,

where A, is the Dirichlet Laplacian, IIy the orthogonal projector on ker(A,) and IT} = Id —IIj, that is F
is the unique solution to

(02— Ag)F =0, Fl_aszsyxom =0, (F,05F)|s=0 = (0,%).

Classical computations (see e.g. | , Proof of Theorem 5.4]) show that there is C' > 1 such that for all
A >0 and ¢y € E<y, we have

1
5||¢||L2(M) <N F i xe) < IF e (xa8) < CESYM Bl 20 -
As a consequence, (58) yields for some C,x > 0, for all A >0, ¥ € E<y, and r € (0,7)

%1l L2 (A1) < Ot VA (59)
||¢||L2(BM(10,27“))

Recalling the definition of ., this is the sought result of Theorem 1.15 (up to changing 2r into r, and the
names of the constants accordingly) with the restriction r € (0, %2). To conclude for all » > 0, it suffices
to notice that (59) remains true with are on the r.h.s. uniformly for observation terms 1Vl 2 (B s (20,2r))

with 7 > %0 (the constants are non-increasing functions of the observation set).

To conclude the proof in the general case, we need to consider the situation dM # () in full generality.
We again follow | , |. In this case, we define the double manifold M = M L M, cousisting in
gluing two copies of M, endowed with a smooth structure of compact manifold, as in | , Theorem 9.29-
Example 9.32]. Then, the procedure very well explained in | , Section 3| and we only sketch the proof.
We extend the metric g on M by symmetry/parity with respect to the boundary OM as a metric § on M.
Note that even if g is smooth, the extended metric g is only Lipschitz on M. This is not an issue since
the three lemmata 4.1, 4.2 and 4.3 remain valid for Lipschitz metrics (as a consequence of Appendix A,
[ , |, and Appendix A, respectively). In the case of Dirichlet boundary condition on dM, and

given ¢ € E<y we take its anti-symmetric/odd extension on Mv, yielding a function 1/; € E~’§,\. Here, ESA
is the counterpart of E<) defined for the Laplace-Beltrami operator Az on M. The above computations

are then made for Az on M and the estimate (59) is proved for ¥. The same estimate for ¢ follows.
Similarly, in the case of Neumann boundary condition, we take the symmetric/even extension of functions,
yielding the sought result. O

4.3 A proof of Lemma 4.2 from Aronszajn estimates

In section, we give a proof of Lemma 4.2 starting from Carleman-Aronszajn estimates as stated in | ,

Proposition 2.10] and | , Proposition 2.10] (and slightly modified according to the remarks in | ,
Beginning of Section 14.3]), which we now state. An alternative proof of a closely related estimate is given
by Hoérmander in | , Inequality (17.2.11), Chapter XVII.2].

Proposition 4.5. Let P = —92 — A, and let (p,t) € (0,71) x S"™ be geodesic polar coordinates around a
point (so,x0) € Xg away from the boundary. Then, there exists a function p(p) with

p=p+0(p"), asp—0%, (60)

and constants g, C,rg > 0, such that we have

C/ |p~ " Pul?*p~ tdpdt > / (1p7"Vul> + |p~"ul?) p~tdpdt, for allT > 19, u€ CF(By, \ {0}).

With this Carleman-Aronszajn estimate in hand, we now give a proof of Lemma 4.2.
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Proof of Lemma 4.2. We use the estimate of Proposition 4.5 as in | | (see also | , Section 5]) to
deduce an interpolation inequality. We introduce for this (as in | , Beginning of Section 3]) a cutoff
function x, = x,(p) such that, with 0 < r < % a small parameter (appearing in the statement of the
lemma)

T _ _ T
Supp(X”‘)C{§<p<TO}7 szlon {T‘<P<§O}7
|aaXT|§CaT_|a‘ on {%<ﬁ<r}a ‘80‘Xr|§0a on {%<5<T0 }

We apply Proposition 4.5 to u = x,F. The operator [P, .| is a first order differential operator with
supp[P, xr] C {5 <p<r}U{% <p<ro}, being moreover of the form O(r=*)D + O(r~2) on the set
{% < p < r}. Therefore, we obtain using (60), for all 7 > g

/(Iﬁ_TV(XrF)IQJrIﬁ‘TerIQ)p‘ldpdt < C/Iﬁ_TerFIQp‘ldpdtJrC/Iﬁ_T[P, Xr|F?p~ dpdt
r\ —27—1 9 r\ —27—2 9
<C(35) " NPPIRs,+C(5)  I1FlnGesen
0 —27
+0(3) 1Pl cp cpn
where B, denotes the set {p < ro}. Recall that the norm H} is defined in (57). Concerning the left
hand-side, we bound it from below by

[0 TP P+l PR o ot = [ (15 VOGP 4 [ F) o dp

2r<p<
o —27 9
2 (7)) ¥ lnpspcrny

Combining the last two estimates together with the fact that (%) 1F s,y < (5) o | Ell g2 5, yields,

for some 79 > 0 and all 7 > 75 and r € (0, {3),

o\~ T T ro\ T
(7)1l <€ (5)  (1PPlea,y) +1Flm@0) + O (5) 1Flms,,)-

Multiplying by ] and recalling (60) to replace balls in p by real balls, we obtain, up to changing the
names of the parameters r, rg, that

2’/“0

T C
Py <€ (22) (1PPliscs,y + 1P nysn) + 51l ca

o
An optimization in 7 > 79 | ] (see also | , Lemma 5.2]), then implies the following interpolation
inequality

log 2

or 1—a, _
1Pl ) < C (IPPlaatay) + 1P laxan ) 1P IGh, ) o = fomm) gy

and concludes the proof of the lemma. O

4.4 A proof of Lemma 4.3 from Proposition A.14

In this section, we give a proof of Lemma 4.3. The latter consists in performing a scaling argument to reduce
the problem to fixed-size balls. However, the scaling argument yields in these fixed balls a family of metrics
(converging to a fixed metric as r — 0), and we need to use uniform interpolation/Carleman estimates for
such families of metrics. These uniform estimates are proved in Appendix A (Proposition A.14).

Proof of Lemma 4.3. We first choose 7y small enough so that Bsy,, C Xg and there exist local coordinate
patch on M : @ : {z € M, dist(x,x9) < 2rg} — U where U is a neighborhood of 0 in R™, with ®(zq) = 0.
Up to a multiplication by an invertible constant matrix, we may assume that ((®7!)*g) (0) = Id. As a
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consequence, ds® ® ((<I>_1)* g) (ry), defined on the ball of radius 2, converges uniformly in this ball towards
the flat metric on the flat ball of R™*! in the limit 7 — 07. We will thus only use the flat metric in the
present proof which behaves well with respect to scaling. The distance (hence the balls, still denoted B,
or By below, all centered at 0) will be defined with respect to the flat metric, as well as the Sobolev norms
(still denoted H}(B,), H'(Bj;) below). The final result we obtain will be formulated in terms of the flat
metric, and associated balls and Sobolev spaces. Coming back to a formulation on the manifold R x M
with the metric ds?* ® g only uses the uniform equivalence of norms in 7*(R x M) and in L*(R x M) for
r sufficiently small.

With this in mind, let us now proceed with the scaling argument in the coordinate chart. Denote by
F,(z) = F(rz) and P, the Laplace-Beltrami operator with respect the metric ds®> @ ((®71)*g) (ry) defined
on the ball of radius 2, we have

1Fl 2B,y = "2 Fell i),
2| PF| 2By, = r "V 2| Pyl 12y,
132|905 F|s=ol| 12 (Bay (0} x mty = 720"/ 2| 05 Fr | s—ol| L2 (Bar{0} x M) -

Note that the metric ds? @ g(r-) defined on By converges uniformly for r converges to zero to the flat
metric ds? ® g(0) = ds? @ dy} ® - -+ ® dy? for the Lipschitz topology on metrics. So, the result follows if
we are able to prove the following estimate: there exist €, g, C' such that for all Lipschitz metric g with
lg —Id |1~ < € and all u € H?(By) such that u|s—¢ = 0, we have

1()/()

lull s (sy) < C (I1(=07 = Ag)ullL2(m,) + 19suls=oll L2 (Ban oy xrm) ™ IF I3 8, )-

This is the object of Proposition A.14 proved in the Appendix. Note that the result of Proposition A.14
is stated with half-balls B,j but is also true with real balls By instead by a symmetry argument. O

5 The observability constant for positive solutions

The aim of this Section is to prove the positive result of Theorem 1.4 about the observability of positive
solutions. The main tool will be the following Li-Yau estimates.

Theorem 5.1 (Theorem 2.3 of Li-Yau | ). Let M be a compact manifold. Let
—K = min(0, min Rice(x)) <0,
zeM
where Rice(x) is the Ricci curvature at x. We assume that the boundary of M is convez, i.e. 1T > 0. Let

u(t, x) be a positive solution on (0,400) of the heat equation with Neumann boundary condition. Then for
any a > 1, x,y € M, and 0 < t; < tg, we have

to ne/2 naK(tg—ty) d(z,y)?
u(ty,z) < [ = e V-1 M-t y(ty, y).
1

Remark 5.2. The convexity assumption is not necessary to obtain a Li-Yau type estimate (if the boundary
is smooth), up to a loss in the exponent. Indeed, setting —H = min(0, mingeom I1(z)) < 0, where I1(x)
is the second fundamental form of M with respect to outward pointing normal, Wang proves in [ ,
Theorem 3.1] the estimate

Cy

t / o a)?

u(tl,m)3<t2> eCaltmt) TGy, ), for all a > (1+ H)Z.
1

The proof of Theorem 1.4 shows that the result still holds without the convexity argument, but yields

C. 2 £(M,w)? T
2 g) =) 2
) aguey < GreOTH SEE [ el ot

C ez [T
(D)2 00 < 756(1+H+8)2 £0120)” /0 u(t, ) dt,

instead of (6)-(7) (hence with a loss (1 + H)? in the exponent). We do not know wether this is optimal.
Finally, we did not find any analogue estimate in the case of Dirichlet boundary conditions.
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Proof of Theorem 1.4. Actually, this will appear along the proof that we will need the following asymptotic
constants, all depending on the chosen € > 0. Namely, we shall use ng > 0 arbitrarily small, » > 1 arbitrarily
large, A € (0,1) arbitrarily close to 1, and « > 1 arbitrary close to 1. Given ¢ > 0, they will all be fixed

at the end so that
ro

m(d“’ +3n0)2 < (1 +¢)d2.

For any x¢ € M and for any 7y > 0, there exist n = n(xg,n0) € (0,10) and yo € w such that

d(anyO) S dw + m, and B(y0777) Cw.

In particular, we have M C Uzo e B(xo,7n) so that, the compactness of M yields the following statement:
given 19 > 0, there exist a finite set J and families (z;);e; € M7, (yj)jes € w’ and (n;)jes € (0,m0)”
such that

M C U B(z;,n5), d(zj,y;) <dw+mn;, and B(y;,n;) Cw, foralljed
JjeJ

Now, fix j € J, and take € B(x;,n;) and y € B(y;,7n;) C w, and we have
d(x,y) <nj +do +n; + 1 < doy + 300 =t dip.
For ¢t € [0,T/r], Theorem 5.1 with ¢; =t and ¢3 = rt; = rt then yields

2naKt(r—1) ad?,
u(t,z)? < r"¥e Vi1 e3-1iy(rt,y)2

Denoting — )
nakK (r —

V2(a—1)
this may be rewritten as

ad?,
u(t, x)?e” 200 < ey (rt, y)?. (61)

We may now integrate this estimate for x € B(z;,7;) and y € B(y;,n;) C w,

L. | B(xj, ;)| | B(z;,m;)|
2 ) 0% 2 ) 2
R e M L R o L)

Summing all these estimates for j € J yields, for a constant C(19) depending only on the geometry of
(M, g), of w, and the constant 79, the inequality

ad?
——m 2 2
T ()220 < COR0I™ " [u(rt) 22, -

Given X € (0,1), integrating this on the interval ¢ € [AT'/r, T/r] yields

A

T/r B «d2, ) T/r )
[ e e < cr [ futro)ag de
AT /r T/r

T/r T
no z 2 no z 2
< Clmpr et [t dt = Clmr e [ uls)l g ds
AT /r AT

after the change of variables s = rt. Concerning the left hand-side, we use the decay of the L? norm of
solutions to the heat equation to write

[ 2y = 1T/ ) L2 gy 2 10T L2 (an) 5 (62)

2
ady,

for all ¢t € [AT'/r, T/r] since r > 1. Noting also that ¢ — e~ 2=17 is increasing in ¢ > 0, we have

T/r ad?, _ rad?
/ e 2 -Didt > Me*m.
AT /r r
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Combining the above three estimates yields

T 1—)\) _ rad?, na ~L T
TA=X) et 14(T) 122 p) < Clo)r e’Yr/ATHu(S)Hiz(w)dS,

that is, for all p > 0, r > 1, A € (0,1), and o > 1,

C(n)rmetl 2nekG-H 1 ra(dytn? r
, 2
[T z2my < me V2a—1) T g 2o —DAT /}\T [[u(s)l 720 ds-

, a close to 11, and n

to 07T, so that ';Ef«d 1‘;;’% < d +€ . We have thus proved the first statement.

To be a little more precise, we can choose «, r such that % + E = 1. This yields

na+1
cn) (32) i [T
2 a—1 2nk o af(dey+n)® 2
||’LL(T)||L2(M) < T(l — )\) eVvz(a—1)" g 2T /)\T ||u(8)||L2(w) dS,

or, with « =1+ € and A =1 — ¢, we obtain for all € € (0,1)

€ (1+5)"+1 T
C(n) () 2y (40)? (dytn)?
2 p T (detm)? 2
e TV fe—— TSRS [ ) d
€ (1-e)T
C(n) T (+0)? (dydm)? r 2
e Ve ds.
) e S, Ol s
So we have proved the first estimate of the theorem. The second can be obtained similarly by integrat-
ing (61) in the z variable only, and not in the y variable. O
Remark 5.3. In fact, remark that from (62) on, we could also put Hu(T/r)HiQ(M) on the left hand-side
2
of all estimates of the proof, which amounts to ||u(T lje) L)’ and, in particular, we have the much
stronger statement
C(n)r”"‘+1 20K (1+e) (dw+n) T
2 T, (degtm)® 2
lu(@ = D)2y S — € > / [w($)[ 2 () ds-
€ (1—-e)T

Remark 5.4. All constants can be made explicit. We denote by K := min {0, — min,e ¢ Ricci(z)}. For
instance, we have for all n > 0, all

C(n)rmetl _anx T, a? (dy +m)? /T 2
u(T)|? < ——F———eV2(a-1) AT u(s ds,
() v < S5 BT

Choosing the constants, we have, for all € € (0,1), for all n > 0,

€
1+e

2 T
C n wtm)?
w(T ) < (n) o AT (14e)° i ) /(1 . ||U(5)Hi2(w) ds.

Lz(./\/l) T€2n+2

Remark that for non-negatively (Ricci) curved manifolds (this is the case of a convex domain in R™),
2
then K = 0 and the constant is %6(1“)3 (et and hence decays like 1/T for T large.

A Uniform Lipschitz Carleman estimates

In this appendix, we produce Carleman estimates for a Laplace-Beltrami operator on a Riemannian man-
ifold M with boundary M. It requires the minimum of regularity and seems to be new from this point
of view, even if it will not be surprising to specialists of the subject. Moreover, the proof below present
several advantages with respect to the existing proof of similar results:
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e it is relatively short;
e it is completely geometric and, we hope, is relatively readable;

e as we already said, it requires the minimum of regularity for the metric (in dimension > 3), namely
only Lipschitz regularity. Indeed, it is known that in dimension > 3, local uniqueness does not hold
for general elliptic operators (even in divergence form) with C%® coefficients for all a < 1, see | |
and | |-

The proof, using formulae from Riemannian geometry, is inspired by some Carleman estimates for the
Schrodinger equation proved by the first author | ]

There have been several works about such Carleman estimates for Lipschitz metric (but without bound-
ary). The oldest result seems to be | | for elliptic operators. Another one, which actually falls short
from the Lipschitz regularity is the very general result of Hérmander | , Section 8.3] which requires
C'" regularity, but applies to much more operators than elliptic ones. A proof for general elliptic operators
with order 2m and Lipschitz coefficients is written by Hoérmander in | , Proposition 17.2.3]. For
Lipschitz regularity of the coefficients, we can also mention for instance the recent preprint [ |, with
explicit dependence. Note that there has also been several research on doubling estimates directly on the
parabolic equation, see | ) | for instance.

A.1 Toolbox of Riemannian geometry

The definitions given in this section have a deep geometric meaning (see | ). We will however only
use the associated calculus rules, which we recall below. Note that they are usually written for smooth
metrics, but they still make sense for Lipschitz metric, as we shall see below. We follow the notations of
[GHL90).

Here and in all estimates below, M is a (not necessarily compact) smooth d-dimensional manifold with
boundary OM, so that M = oM U Int(M).

Given U C M such that U is compact in M (note that this definition holds not only for open sets of
Int(M)), we denote by LP(U), H*(U), W*>°(U) the usual Sobolev spaces. These are defined intrinsically
once U is fixed, even if the associated norms may depend on the metric or the charts chosen.The notation
Ly, (M), HE (M), VVIIZ’COO (M) will be used for functions belonging to LP(U) etc... for any set U such that
U is compact in M (and not Int(M)).

We denote by g a Lipschitz metric on M, (that is, z — g,(-,-) is a Lipschitz section of the bundle of
symmetric bilinear forms on T'M that is uniformly bounded from below by a positive constant).

Given a local regularity space B as above, and U C M such that U is compact in M, we define

T3(U) = Tp(T*T* M)y

to be the space of sections of 2—tensors on T*M having regularity B on a neighborhood of U. In local
charts, such a tensor t € TA(M) writes t = (tij;) with t;; having the regularity of B. Typically, a locally
Lipschitz metric g satisfies g € Tv%/ﬂ"x (M).

We denote by (-,-), = g(-,) the inner product in 7M. Remark that this notation omits to mention
the point @ € M at which the inner products takes place: this allows to write (X,Y") gasa function on M
(the dependence on x is omitted here as well) when X and Y are two vector fields on M. We also denote
for a vector field X, |X|3 = (X, X),.

We recall that the Riemannian gradient V, of a function f is defined by

(Vof, X}g =df(X), for any vector field X,

For a function f on M, we denote by [ f = [, f(z)d Voly(z) its integral on M, where d Voly(z) is the
Riemannian density. We denote by div, the associated divergence, defined on a vector field X by

/udngX =— / (Vgu,X),, forall ue CZ(Int(M)).
We denote by A, = div, V, the associated (nonpositive) Laplace-Beltrami operator. We also denote by

D the Levi-Civita connection associated to the metric g (see | , Chapter II Section B]).
Let us now recall how these objects write in local coordinates.
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Formula 1. In coordinates, for f a smooth function and X = Y, X* 82, Y =5, Y’T smooth vector
fields on M, we have

n

(X,Y), =) g X'V,
i=1

g Pl
Vol =3 9905

/ ;= / f(2)/det g(x)da,
divy(X Z\/W (Vaetgx:) .

f= Uzz:l m@‘ ( det ggijajf> )

DxY = ; ;ngj + )T XYk P

j,k=1

where (¢71);; = g”/ and the Chritoffel symbols are defined by

L5, = ZQ 9jgkl + Okgij — Oigjk) »

(see for instance | , p71]).

Note in particular that the Lipschitz regularity of g writes g;; € W1°°(M), and implies g*/ € W°°(M).
This entails, if f, X,Y are smooth, that <X,Y>g € Whoo(M), V,f is a Lipschitz vector field, A,f €
L>(M) and DxY is an L™ vector field on M, since the definitions of A, and Dx involve one derivative
of the coeflicients of g.

In view of the properties of Dy, it is natural to set Dx f = X f = df(X) for a function f on M. Let
us now collect some properties of these objects, that we shall use below.

Formula 2. For f, g smooth functions and X = >, X* y=%,Yi 2 - smooth vector fields on M, we

have

81’

Vg(fh) = (Vgf)h+ f(Vgh),

divy(fX) = (Vg f, X > + f divy(X),
Dx(fY)=(Xf)Y + fDxY, where Xf :=df(X)
Dx((Y,Z2),) = (DxY.Z), +(Y.DxZ),.

That Dx acts on functions as well as on vector fields suggests to extend the definition of Dx to more
general vector bundles (see [ , Proposition 2.58]), and, in particular, for a one-form w, define (by
duality) Dxw to be the one-form acting as

(Dxw)(Y) =X (w(Y)) —w(DxY), for all vector fields Y.
This allows to define the Hessian of a function (see [ , Exercice 2.65])
Hess(f)(X,Y) = (Dxdf)(Y), for vector fields XY,

(which only involves the values of X, Y and not their derivatives). In local charts, note that we have

Hess(f)(X,Y) = Z XY 92 f —TEo,f]

which again is in L°°(M) for a Lipschitz metric g and L* vector fields X,Y. Note also that the Hessian
of f is symmetric, that is Hess(f)(X,Y) = Hess(f)(Y, X).
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Lemma A.1. For any function f and any vector field X and Y, we have
Hess(f)(X,Y) =(DxVyf.Y),.
Proof. According to the above calculus rules, we compute in two different ways the following quantity:

Dx((Vyf.Y),) = Dx (df(Y)) = (Dxdf)(Y) + df (DxY) = Hess(f)(X,Y) + df (DxY').
We also have
DX(<ng, Y>g) = <vagf7 Y>g + <ng, DXY>g = <Dngf, Y>g + df(DXy),
which, combined with the previous computation yields the result. O

Finally, we recall an integration by parts formula in the present context.

Formula 3 (Riemannian Stokes formula). Assume OM is piecewise C' and graph-Lipschitz. Then, for
all f € H2 (M) and h € H] (M) one of which being compactly supported, we have

J@pn= [ (@t n= [(9,1.9m,.

Here, the boundary M is endowed with the Riemannian metric induced by g, and |, o 18 the integral with
respect to the associated surface measure (defined as in Formula 1). The vector field v is the normal vector
to OM which is outgoing. It is defined almost everywhere if 9M is piecewise C!. In a local coordinate chart

(x1,--+,xn) centered at 0, and in which OM C {z,, =0} and M C {z,, < 0}, we have v = Z; 1 \/9%8‘2] .

With the prescribed regularity of the boundary, the space LS (OM) is defined intrinsically. We denote by

loc

Of=(Vgf, > the normal derivative at the boundary, which is only L°°(8M ) since OM is piecewise C'1.

Note that in the above coordinate system, we have 9, f = > =1 \/W Og, f. In particular, if f satisfies

Dirichlet boundary conditions, this is 9, f = 1/¢™""0,.,, f.

Note finally the vector field X — (X, v) ;v 1s tangential to OM, so that we may decompose a vector field
as its normal and tangential parts. In particular, we shall decompose the gradient V,f = 0, fv + Vrf,
where va|6M € TOM.

A.2 The Carleman estimate

We stress the fact that functions u € C°° (M) are smooth up to the boundary of M (as opposed to functions
u € C*(Int(M))). We will first estimate the Carleman conjugate operator in Theorem A.2 and then give
the desired estimate under appropriate assumptions in Theorem A.5.

Theorem A.2. Assume g is a Lipschitz metric on M and OM is piecewise C*. Let U be an open subset
of M such that U is compact (in the topology of M D M) and denote ¥ = OM NU. Then, for any
fewte), p e W2>(U), ue H2,, (U) and T > 0, we have

comp

/ ’ewAg(e_wu)‘Q + R(u) > 7'3/ [ZHess(go)(Vggo, Vo) + (Agep) |Vgap|§ —f |Vggp\ﬂ |u|?

7 [ 2Hess(@) (T V) = (8y9) [Vl + 119,
+ BT(u),

with boundary terms

BT (u) = 727/2<vgu, v), <vg<p,vgu>g+7/2<vg<p,u>g|vgu|§
=7 [(Tgpn, P Vol + 7 [ (T, fu (63)
and remainder R(u) satisfying
1
|R(u)| < (lf Ag<ﬁ||Loe o ts ||V f||Loo<U)> 7 |lull72 + 3 Vo fllpoe o) 1V gul7 - (64)
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Note that the last term in (63) is actually of lower order. We keep it here since it vanishes in case of
Dirichlet Boundary conditions.

Remark A.3. It is very important for our purpose to notice that all terms in this identity only involve
derivatives of order 0 or 1 of the metric. This will be important when we will consider stability issues with
respect to Lipschitz perturbations of the metric.

This identity suggests to introduce and study the following two important quantities, given X a smooth
vector field on M:

By (X) = 2Hess(0)(X, X) = (Agp) X[ + f X1,
€g.p.r = 2Hess(0) (Vg V) + (Agp) |Vg‘P|z —f |vg§0|3 :

Note that for a Lipschitz metric g, we have €, , f € L2 (M) and By, (X)) € L (M) for any locally
bounded vector field X.

Remark A.4. At this level, it would be very tempting to set F' = —Ayp+ f and work with the associated
simplified expressions of By, ¢(X) and €, , . From a conceptual point of view, this is completely fine,
see Remark A.8 below. However, since we consider the limiting Lipschitz regularity of the metric, this
change of additional function is not admissible. Indeed, the remainder term R(u) in Theorem A.2 requires
the regularity Vo, f € L*> and f = F + Ay is already in L*° and consumes one derivative of the metric
g. Having V, f € L*> would then require g to be W2oo,

We define ||wl|3> = [ |w|? (see Formula 1 for the notation [) for a function w and || X3, = [ |X\§ for
a vector field X.
We can now state the Carleman estimate.

Theorem A.5. Let U be an open subset of M such that U is compact (in the topology of M > OM ) and
denote X = OM NU. Assume that the functions (¢, f) satisfy: f € WH(U), ¢ € W3>(U), \Vg<p|§ >0

on U, and there exists Cy > 0 such that for any vector field X, we have almost everywhere on U :
Bg,p.f(X) = 2Co |X|£27 5 (65)
Egpt = 2C0 [Vl (66)

-1
Then, denoting c(¢) = min {1, (minU \Vg<p|§) }, we have the following statements.
1. ForallT > %ﬁ) <||f - Aggo||2Loo(U) + 3 ||ng|\LOO(U)) and all v € C°(U) we have the estimate

CO K T T
e G AR e Ay

T 2 T 2 T 2
< e gl oy + 7 (1Y g0l 3oy + T2 7 0V g0l s) ) Krr (67)

with K gy =3 (4 ll o) + 31Vl e )

2. For all T > ng) (”f - Ag<p||ioc(U) +1 HngHLOC(U)) and all v € C(U) such that v =0 on %, we
have

Co

2 (e 0V gl T + 71T Vo0l Ta ) ) < €7 AgulFa) + 7 / 0,000, (68)

3. If ¢|s is constant and —m(p) := maxx d,p < 0, then setting M (p) := maxs(—3d,p) > 0, we have

c NPT .
for all 7 > max {g';) (||f - AgtpHiw(U) +1 ||ngHL°o(U)) ,m(fp)(z’} and allv € CX(U),

C
T 2 T 2 0 T 2 T 2
e Bgulls + Mol [ 190l 2 S (72 1T oVl + 71Vl

T m(@)g / 27 2 3m(90)3 / 2
+ = e“T?|0, | + 0 ———— v, 69
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Remark A.6. In the last two statements of this result, we assume boundary conditions (either for v or
for ¢) on the whole boundary ¥. Since the integrals involved are local, we could also assume different
conditions on parts of the boundary, obtaining the associated terms in the estimates.

For simplicity, in the proof, we shall denote by
2 2 2
lullzrs =7 [uVgell: + I Vgullz
the semiclassical norm (recall that \Vg<p|3 > 0 here).

Proof. We first let v = e7"%u, and apply the estimate of Theorem A.2. The latter, together with our
assumption (65)-(66) (applied almost everywhere in M to X = V, u) implies for all 7 > 0 and u € C°(U)

_r 2
€7 Ag (e u)|[ . + R(u) > 2Co7® [uV 40|72 + 2Co7 |V gul| 7. + BT (u)
= 2Cor [[ul3n + BT (w),

where BT'(u) is defined in (63) and R(u) estimated in (64). Now, we have
2 1 2
R < e(e) (1 = Ayl + 5 1Vl ) ol
which implies that if 7Cy > () <||f - Aga,0||2Loo + 3 vaf”Lw)’ we obtain

€7 Ag(e ™))%, > Cor [ull s + BT (w). (70)

We now consider the boundary terms. Without any assumption on the boundary, we have
2 2
BT ()] <37 [Vl 1 sy (IVgulasy + 72 [V g2 s,

5 Wl (1022 gy + 72 el )
and hence obtain in this case
Cor lullfn < [lemeAg(e™ )7
+ (e@) 1l + 37 V0l s ) (IVgulTa(sy + 72 (490 )
Recalling that u = e"#v, this implies V u = €™V v 4+ TuV 49, and hence
lem*Vgul3a < 2([Vyullts + 272 [uVpl7. =2 fullf (71)

IVgull2, < 2([e™ V|2, + 272 ™0V 0|75 -

The last four estimates imply

G

2 (7l vl + 7 e Vvl3s) < Cor lulf,

<l a0l
+3 (@) 1f | sy + 371Vl )
x (e eV gll7a + 7 09,017 )

and hence (67).
Second, we assume the Dirichlet boundary condition v|s, = 0. This implies uly, = 0 and Vguly =
Oyu|xd,, so that we obtain

BT (u) = —7'/ |0 ul? = —T/ 8l,<p62w\8l,v|2.
b b
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Estimate (70) then reads
=g}, + [ Bupe™ela0f? = Cor Jully
. 7

Using again (71) to come back to the variable v yields (68).
Finally, we consider the case where @|s is constant and d,¢ < —m(yp) < 0, in which case we obtain
from (63):

BT (u) = —27/ D00 ul? +T/ 8,,90|Vgu|z —73/(8U<p)3\u|2 +T/ dyufu
5 5 : ) 5
— 2 2 3 31,12
= —T/ 0|0y ul +T/ O |Vrul, — 7 /(8,,(,0) |ul +T/ dyufu.
5 5 ) 3
Estimate (70) then reads
a5+ [ ool =7 [ oplVrul+7 [ @l =7 [ dufu Cor ully .
p) b)) b b)) "
and hence, using —M () < d,p < —m(p) <0,
ey} + M) [ (Fral? =7 [ Dutuz Cor lullyy +me)r [ 100 + om(e)* [
5 5 2 )

Now, we estimate

‘/E dufu

so that, for 7 > 7VHQ|(L5(E) this term is absorbed in the right handside, and we obtain

11l e (s 11l Lo sy m(0)T

2 2
< Il pee sy lull 2y [0vull 25y < om(p)r 10vullpe sy + ———5— lullzayy

3
- . 2 m m
e, (e wu)\yL2+M(<p)T/ Vrul? > Cor ul%, +¥7/ \ayupws%/ .
b > b

Recalling that v = ™0 and Vr¢|s = 0, this implies Vzru = €™¢Vrv and €27%|9,v|? < 2|9,ul? +

27210, ¢|?|ul?, hence

1 2 1 2

,m(¢)2/e2w|8yv|2§7/ |ayu|2+7_2m((p) /|u‘2
4 M(p)? Jx 2Js 2 b

Finally using again (71) with the las two estimates implies (69), which concludes the proof of the theorem.
O

Proof of Theorem A.2. The statement of the theorem is a lower bound for the L? norm of the quantity
€"?Ay(e~T?u), which we may compute as

Pou:=e™Ag(e”Pu) = Agu— 27 (Vgp, Vgu) , — 7(Agp)u + 72 |Vg<,0|£27 u.
We then decompose the conjugated operator P, as
P,=Q2+ Q1
with
Qru = =27 (Vyp,Vgu), — 7fu
Qou := Agju + 72 |Vgg0|§ u—T(Agp)u+Tfu= Qau + Rou
where @\/Q is the principal part of ()2, that is

Qou = Agu+12 \Vg<p|§ u, and Rou=7(—Agp+ fu.
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Now, we write (||-|| denotes the L? norm for short)

—~ 2
2|1 Ppull® + 2 | Rul® > || Pou — Roull® = [ Quu+ Qaul

where we estimate the remainder as
2 2 2
[Roull® < 721 f — Agellzoe ullgo - (72)

Hence, we are left to produce a lower bound for
— 2 — 2 —
HQ1U+Q2UH = [|Quul® + HQQUH + 2Re(Q1u, Qau).

Now, remark that the all differential operators Pw,Ql,@; involved have real coefficients. Hence, if we
consider complex valued functions u = ug + ius, we have || Pyul|* = || Pyugl|l® + || Pour||?, |ul* = ||url® +
lur]|? so that proving || Pyul|? > col|u|? for real valued functions u implies the same inequality for complex
valued ones. As a consequence, we only prove the result for a real valued function u, and associated real
inner product. We now provide an explicit computation for (Qqu, Q2u), which is the key step in the proof.

Lemma A.7. For all functions o € W2°(M), f € Wh(M) and v € H2,, (M), we have

loc loc comp

(@, Qo) = 7° [ (2Hess(2)(Vy0.V0) + (B0) (V22 = 119,612 Il
+ T/2Hess(g0)(vgu, Vou) — (Agep) |Vgu|3 +f |Vgu\§
+ T/u (Vgu,Vyf), + Boundary terms,
with

Boundary terms = 727/

(Vgu, 1/)9 (Vgo, Vgu>g + T/ (Vgo, 1/>g \Vgu|§
b

b
=7 [Ty o 9l = [ (T, 1
To conclude the proof of the theorem, we now simply write
2P + 2 | Roul? > | @uu+ Qo 2 2(@uu, Go). (73)
In the estimates of Lemma A.7, the remainder term is
Rotw) = 7 [w(@uVan),s IRl < 2= (9,0, 477 ).
which, combined with (73), (72) and Lemma A.7, concludes the proof of the Theorem with
R(u) = || Ryul|* + | Ra(u)].

Proof of Lemma A.7. We have
(Q1u, Oyu) = /(—2T (V0. Vgt), — 7 fu)(Dgu + 72V ) = —r(2] + 202K + L), (74)
with
J :/<Vg<p7vgu>g Agu,
K = /<Vg<p, Vau), Vool u,

L= /fu(Agu+7'2 |Vgnp|§ u).
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We now perform one (and only one, which is the more we can do with the Lipschitz regularity of g)

integration by parts in each of these integrals. Firstly, we compute J as

J= /2 (Vyu,v), Vg, Vgu) | - / <Vgu,vg(<vg@,vgu>g)>g.
But, we also have

(Vo VoV, Vu),)) = De,ul(Vy, Vou),)
= (Dv,uVg0,Vyu) , +(Vg0,Dv,uVgu),
— Hess(9)(V g, V) + Hess(u) (V10 V 40),
so that
J = /Z (Vgu,v), (Vgp,Vgu)  — /Hess(go)(vgu, Vgu) — /Hess(u)(vgu, V).
But we notice that
(Voo Vo IVguly) = d(1V5u)(Vop) = Do, (Vyu, Vgu,)

= <Dvnggu, Vgu>g + <Vgu, Dvnggu)q =2 <Dvnggu, Vgu>
=2Hess(u)(Vgp, Vgu),

g

so that we have in particular

Q/Hess(u)(vggo,vgu) =/<vg¢,vg |vgu|§> —/(Agnp) |vgu|j+/2<vggp,y>g\vgu|§.

g

Coming back to J this finally implies the expression
2J = 2/Z (Vgu,v), (Vgp,Vgu)  — 2/Hess(cp)(Vgu, Vgu)
+ [@) Vol = [ (Vo) 9.
Secondly, remarking that V,|ul? = 2uV ju, we write K as

1
K= / <V94P7vgu>g |Vg<p|3u = §/|Vg§0|§ <V9907vg‘u|2>g-

An integration by parts yields
S Vool = [ Tgpun, 1P 19yl = [ (9009, (1P 19,613) ).
= [ (Topn), I 9,

_/|vg¥7|§ <V9‘P7vg‘u|2>g _/|u|2 <vg@avg |vg@|_(2]>

Combining these two formulas, we obtain

g9

2K == [l (90l + [ (o), W Vool = [ (T, 9, V) Juf

== [l 9,6l + [ (T, P (Vs =2 [ Hess(o)(Ty Viollul

where we have used as in (75) that

<Vg<p, \ IVg¢|§>g = Dv, Vg0, Vep), = 2(Dv, o Vo, Vo) = 2Hess()(Vyp, Vyp).
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Thirdly, let us compute L with one integration by parts as
L= /fu(Agu + 72 |Vgga\§ u)
= [ T, fu= (@ Ty, + 7 [ 195l Sl
= [ gy, ru= [ 11947 [ 1900l P = [ (99,0, (79
Coming back to (74) and combining the computations of J, K, L in (76)-(77)-(78), we have obtained the

statement of Lemma A.7. O

Remark A.8. We wish to compare the above proof with the more usual proofs of Carleman estimates.
Note first that the fact that operators and functions are real-valued implies, for u € C2°(Int(M)) that

(Qiu, Qou) = (Q2Q1u,u) = —(u, Q1Q2u) = %([Q%Ql]mu). Note also that the principal symbol of the
conjugate operator P, is given by

2 . .
Po(@,6) = 0(Po)(,€) = |8} — 7 [V yeol? + 2ir (V 0, %) = €2 — 72 dipl2. + 2ir(dip, €) -,

where g* is the dual metric on T*M, i.e. g* = (¢%), and ¢! is defined by <§ﬂ,X>g = £(X).
Here, a computation shows that we have

{Repy, Imp,}(2,8) = drHess(p)(€F, &%) + 4r° Hess(9) (V. V).

As a consequence, the important quantity in the Carleman estimate of Theorem A.5 is

Bg,%f(fﬁ) + 728000 = (f = Dgp) <|§ﬁ|z -7’ |V990|§)
+2Hess(p)(€%, &) + 277 Hess () (V9, V)

1
= (f - Ag(p) Repg& + E{Repwlmpw}.

The main assumption under which the Carleman estimate of Theorem A.5 holds is hence the existence of
a function F' = F(z) (of the position variable only) so that

1
FRep, + 5—{Repy, Imp,} > C(IE* + 7). (79)

The choice of F' under the form F' = f — Ay is only made in order not to consume regularity of the metric
g, see above Remark A .4.
Of course, Assumption (79) is stronger than the usual subellipticity of the Hérmander theorem [ ,
Section 23]:
{Repy,Imp,} >0 ontheset {Rep,=0,Imp,=0}.

The proof of the Héormander theorem | , Section 23.3] then uses a symbol F(z,&) instead of just a
function F(z), for instance having the form F(z,¢) = gipfg.

We refer to | , Section 3.1] for a related discussion regarding the Furskiov-Imanuvilov approach
to Carleman estimates.

A.3 Constructing weight functions via convexification

In this section, we explain how to construct weight functions (¢, f) that satisfy the Assumption of Theo-
rem A.5, via the usual convexification procedure. In the present context (as opposed to the usual situation),
this also requires a smart choice of the function f.

Lemma A.9 (Explicit convexification). Let ¥ € W2 >°(M;R) and G € W2 °(R), and choose

e=G(¥) and f=2G"(V)|V,U[. (80)

46



Then we have

Byp.r(X) = 2G' () Hess(W)(X, X) + 26" (V) |(V, ¥, X), g (¢"(w) |V, 02 - G'(w)A, W) X2,

Egiot = G'()?2G" (W) Hess(¥)(V,¥,V,¥) + G" (V) |Vg\11|3 + G'(P)A,V \Vg\IIS}.
To state the next corollary, for B € 7ffo(M ) a L2 section of bilinear forms on T'M, we define
|B(2,X,X)|

|Blg(%) = supxer, a0 TRE which yields a Ly?. function on M.

Corollary A.10. Let ¥ € VVlifo(M;R), A > 0 and define o, f as in (80) with G(t) = e*. Then, for any
A > 0 and any vector field X, we have almost everywhere on M

2 2
Byt (X) 2 AN X2 (N|V, 02— 2| Hess(W)], — A,0),
Egipt > A Vg0 ()\ V02— 2 Hess(¥)], + Agfo) :
Proof of Corollary A.10. With this choice of G, Lemma A.9 gives
2
By s (X) = ANV [zHess(\I/)(X,X) +2) ’<vgx1:,X>g’ — AU X[ AV, |X|§] :
together with
Eg.ps = NPT [2Hess(W)(Vy 0, VW) + X[V, 0[5 + A, [V, |,

which yields the sought result. O

Proof of Lemma A.9. We first have dp = G'(¥)d¥ and V, ¢ = G'(¥)V,¥. We then compute the Hessian
and the Laplacian as

Hess(p)(X,Y) = (DxVyp,Y) = (Dx(G'(¥)V,9),Y),
= @'(T) (DxV,T,Y), + G"(V)dV(X) (V,T,Y),
= G'(W)Hess(V)(X,Y) + G"(¥) (V,0,X) (V,1,Y), |
and
Agp = divg(G(T)V, V) = G'(¥)AgV + G"(T) ‘ngf] :
In particular, we have
2
Hess(¢)(Vy¢, Vy0) = G/(0) Hess(0)(Vyi0, V) + G () [ (V0. V), |
2
— G'(D)? {G’(\I!)Hess(\l/)(vg\k V, ) + G"(P) \mw@‘ ] ,
together with
Bgp [Vyel = G'(0)? [V, 0[5 (G (0)A, % + G (¥) [V, 07)
As a consequence, we obtain
2
Byp.r(X) = 2G' () Hess(9)(X, X) + 26" (W) [(V, 0, X) |

+ (G (WA, ¥~ G (W) [V, + 1) 1XT2,

as well as
Egipf (@) =G (V)2 {QG’(\IJ)Hess(\I/)(Vg\II, V) +2G" (D) |Vg\11|3
2
+ (G/(0)A + G (W) [V, 02— £) [V, ].
Now, recalling the choice f = 2G"(¥) |Vg\I/|§ concludes the proof of the lemma. O

Remark A.11. Note that in this proof, the choice f = aG"(¥) |V9\I'\§ yields a useful lower bound only
if @ € (1,3). See also | , Section 3.1] for a related discussion.
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A.4 Uniformity with respect to the metric

Until this point, all calculations are exact for a fixed metric. In the present section, we prove uniform
estimates in a class of metrics. For this, even though the manifold with boundary M is not assumed
compact, we will consider only an open subsets U of M such that U is compact in M (not in Int(M)). On
the compact set K, the spaces W*>°(K) are defined intrinsically, even if the associated norms may depend
on the metric or the charts chosen. We fix one of these norms || - [[yy1.0 (k) for functions on M, as well as
for forms on M (still denoted || - [0 (i))-

Now, given a reference metric gy and two constants D > ¢ > 0, we consider the class

T.p(K,g0) = {g metric in T‘/%/ll,?o(M), lgllwrocy <D, ego<g< Dgo} .

Lemma A.12. Let U be an open subset of M such that U is compact (in the topology of M > OM ) and
denote ¥ = OM NU. Given a metric gy € 7"/2(/1,00(M), D > ¢ >0, and a function ¥ € W2>°(U) such
loc —_
that |Vg,W|2 >0 on U, there exists Co > 0 and X > 0 such that for any g € Uc p(U, go), the functions
p=e, f=2)\2 \Vg\Il|§ satisfy
By, f(X) >2C |X|3 , for all vector fields X, (81)
Eg,tp,f > 200 |vg¥7‘§ ’ (82)

almost everywhere in U.

Note that the constant Cj involved is explicitely computable in terms of D and €, which we do not write
for the sake of readability. Yet, if one is interested in obtaining explicit constants, the choice G(t) = e
of convexifying function is probably not the best one.

Proof. Denote by g* = (g"/) the metric on T*M induced by g. For g € T p(U, go), we have g5 < g* <
%93- With this notation, we have

1 1 ) 1
SV, W, = Z|a0 % < VU2 = av 2. < [dw

1
5=/ Vall; (83)

where |w|2. = (w,w)y- is the cotangent squared norm. Next, using the uniform W' (U) bound in

I'.p(U,go), we have
A,T] < Cle, D)Wy, |Hess(D)], < O D) Wllwa~ o,

Now, the compactness of U with the assumption yields ¢y > 0 such that |V90\I/|!2]0 > ¢g everywhere on U.
According to Corollary A.10 and the above two estimates, we obtain for any A > 0 and any vector field X

Byopr(X) =AM X[} (Y, 0} - 2| Hess(0)], — A,7).
min Co
=AY X2 (A2 = 3C(e, D)W wae))
which yields (81) when taking A large enough. Similarly, (82) follows from taking A large enough in

: C C
e 2 A V0l 2 (AT =30 D) Wweeqo)).

9
O

We directly deduce the following uniform Carleman estimate in the class I'. p(U, go). We only state
it with the Dirichlet boundary condition here for conciseness (the case without boundary condition writes
the same).

Theorem A.13 (Uniform Lipschitz Carleman estimate). Let U be an open subset of M such that U
is compact (in the topology of M D OM ) and denote ¥ = OM NU. Given a metric go € T‘;ZVLOO(M),
loc

D >e>0, and a function ¥ € W2*°(U) such that |V, W|2 >0 on U, there exist A > 0,C1 > 0,79 > 0
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such that for ¢ = e and for any g € T p(U, go), for all 7 > 79 and all v € C(U) such that v =0 on
>, we have

Cx (P10l + I T g0lay) < NP Agoliagy + 7 [ oo, s

T 2 T 2 T 2 T
Cr (T e vl Faw) + 7™ Vatllfay ) < e Agullfa, +7 / €720, 0l0,0]". (85)
Note that in the second inequality (85), we implicitely wrote
T 2 T 2
€™V govll 21y = /Ue2 7V gyul,, dVolg,

in the left handside, which does no longer depend on the metric g. Hence, the sole dependence on the
metric ¢ in (85) is through A, and 9,.

Proof. We choose f = 2\? |Vg\11\§ and according to Lemma A.12, the bounds (65)-(66) with constant Cy
are satisfied for A large enough uniformly in the class g € Tz p(U, go). According to Theorem A.5, this

implies (84) with C; = S2c(p) for all 7 > 7o(g) with 7o(g) = % IIf— Agap||2Loo o+ 3 IV fll e
o ) )

—1
with ¢(p) = min {1, (minﬁ \Vg<p|§) } Now, (83) implies that

—1 —1
min {1,5 <min |vg0\1/§0) } < ¢(p) < min {1,D <min|vgoqf|_fm> }
U U

uniformly for g € T p(U, go), and, similarly

70(9) < Cle, D)[[¥[lw2. ),
uniformly for g € T p(U, go). This concludes the proof of (84). The proof of (85) follows again from (83)
(applied to v) and the fact that d Vol,, < e~%2dVol, (recall that d = dim M). O

Note that for the application that we have in Proposition A.14 below, it is sufficient to have some
stability results in the following sense. If some interpolation inequality or Carleman inequality is true for
some metric, it is still true for any metric in a suitable neighborhood, which can be obtained as a byproduct
of our results.

A.5 Uniform interpolation estimate at the boundary

In this section, we consider a very particular case of the above Carleman estimate to prove a local interpo-
lation estimate in a neighborhood of a boundary point for metrics g in the neighborhood of the constant
flat metric. The manifold M considered is R’ ™' = R" x R, (that is, d = n + 1) and the reference metric
is go =1d

Note that the above sections prove much more than needed for this argument.

Below, we denote B, = B(0,r) C R™*! and B;f = B(0,r) nR}.

Proposition A.14. There existse > 0, C > 0 and ag € (0,1) so that for any metric g € I'c p(Bg~(0,2),1d),

we have
17&0

ap
ol sy < € (1(=02 = Agoll o) + 195lsmoll2(maniopien) ™ ol
or any v € H2(BY) such that v|s—o = 0.
[ Y 2

Proof. In the proof, we shall denote by x = (s,z) € Ry x R™ the overall variable and recall that all

balls are centered at zero. We choose a point 2% = (—a,0,---,0) ¢ RT“I. We define the weight function
VU(z) = —|z — 2|, which is smooth and satisfies ¥ < 0 and d¥ # 0 in B .
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For a sufficiently small, there exist 0 < p; < p2 such that we have
Bf CW, W, CWy C Wy C B, with W;={¢>—p;} R j=12 (86)

As a consequence of Theorem A.13, there exist A > 0,C1 > 0,79 > 0 such that for ¢ = e*” and for
any g = Id®g € ' p(By,1d), for all 7 > 79 and all u € C°(By) such that u = 0 on {s = 0}, we have

o (T?’ ||ew’u\|i2(3;)+T||eT“"Vu||iQ(B;)) < |eWAgu||iQ(Bz+)+T/{ » 29, 0l0u  (87)

Here, the ball, the gradient and the volume element are taken w.r.t. the FKuclidean metric. Moreover,
the normal vector-field 9, is that associated to the metric g = Id ®g, and hence 9, = —09s (and does not
depend on g). The sole dependence on the metric in (87) is thus in A, = 92 + A,.

Note that levelsets of ¢ are those of v i.e. pieces of spheres. Note also that we have ¢ < ¢(0) on By
and define

—M1 = max P,

¢(0) > 1 :==minp > ¢ :=minp=e _m
+ W1 Wa\W1

B/

which only depend the geometric setting (not on the metric).

We let x € C°(R™1!) such that, with W; as in (86), x = 1 on W; and x = 0 on By \ Wa, and
apply (87) to u = yv € C°(B5) with v € C>(By) satisfies v|,—¢ = 0. We have 9,u|s—g = —X|s=00sv|s=0
since v|s—¢ = 0 and hence

/{ ) 2™ 0,p|0,u|* < 0627“’(0)||X|s:oasv|s:0||%2(W2m{s:0})~

Using that xy = 1 on W; D B;, we have that

o, 112 - 2 o, 112 - 2
e (pu”[ﬁ(B;') +7e LPVUHLZ(B;) > 77 |le Sa“”[ﬁ(Bj') +7e vaUHLZ(B;f)
> e ”UHi(l(Bf)'
Finally, we have Agxv = xAgv + [Ag, x]v, where [A, x] (recall Ay = 97 + Ay) is a first order differential
operator with L> coefficients supported in Wy \ Wi, and such that [[[Ag, x][|;2_,,2 < CD on that set
uniformly for g € T'c p(Bgn(0,2),1d). Moreover, we have ¢ < ¢} on Wy \ Wi. Thus, we have

2
e Agulla gy < €72 XAGIT2 51y + €72 1A, XI0I T2 51

< 279(0) 1A, ”HL2(B+ +CDe2w1HU||H1(B+)
Combﬂng the last three estimates with (87), we find that there is C, 79 > 0 such that for all g = Id®g €
I'. p(By,1d), for all 7 > 75 and all v € C°°(B5") such that v = 0 on {s = 0}, we have

ezwl“v”ipwlﬂ < Ce29(0) <||6 V5= 0||L2 (B n{s=0}) +[|A, v||L2 B+)) +C€2”"1HU||H1(B+

Recalling that ¢(0) > 1 > ¢} and after an optimization in the parameter 7 (see | ]), this yields the
result of the lemma. O

A.6 A uniform Lebeau-Robbiano spectral inequality

In this section, we give a proof of Theorem 1.16. For this, we follow the strategy of proof of | ,
Section 2| with our uniform Carleman estimates (Theorem A.13). The original proof of | | also works
(see the above Section 4) but is less straightforward in the present setting. We recall that M is the ambient
compact manifold with boundary M, and set M = [0, Sy] x M, having piecewise C* and graph-Lipschitz
boundary OM = {0} x M U{Sp} x MU0, Sy] x IM. We denote by (s,z) the variable in M. the metric
is g = Id ®g. Note finally that 9, = 9, on [0, Sg] X M, were v, denotes here the outward unit normal
to M at OM, that 9, = J; on {Sp} x M, and that 9, = —9; on {0} x M.
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Lemma A.15. Let gg € TV%/LOO(M) be a metric on M. Then, there exists a function ¢ € C*(M;R) and
¢ > 0 such that

‘vgowhjo >cin M, ay,c’ll) <0 on [O,So} X 8,/\/[,
05t > ¢ on {0} x (M \ w), Vg =0 and 059 < —c on {Sp} x M.

We refer to | , Appendix C] for the proof of this result. With this weight function in hand, we
obtain the following global uniform Carleman estimate.

Theorem A.16 (Global uniform Lipschitz Carleman estimate). Given a metric go € 7}21,1,00(/\/[), and U

as in Lemma A.15, for any D > ¢ > 0, there exist A\ > 0,01 > 0,79 > 0 such that for ¢ = ¥ and for any
g€l p(M,go), for all 7 > 19 and all v € H*([0,So] x M) such that v =0 on {0} x M U [0, Sp] x OM,
we have with M = [0, So] X M and g = 1d ®g,

2 2
T el o ary + T €7V gvll 72 ary

+ 727 (50) (/ |asv(so,-)|2+72/ v(so,-)|2>+T/ e27%(0:)19,0(0, ) |2
M M M\w
<C (Hefw(_ag _AB)UHQLZ‘(M) _H_/ e2T¢(O")|55v(07~)|2+TeQW(S°)/ |ng(So,-)3>. (88)
w M

Proof. We use the Carleman estimates (68)-(69) together with Remark A.6 and Lemma A.12 for the
uniformity in the metric. More precisely, on the boundary {0} x MU0, Sg] x OM, the Dirichlet boundary
condition is prescribed and the only boundary term is +7 [ €2799,|8,v|?, according to (68). That
Ovp < —c<0on {0} x (M\w)UI0,Sp] x M implies that the associated integral is dominated on that
set, whereas the only observation term on that part of the boundary is —7 [ e?7(0:)9,0(0,-)|0sv(0, -) |2

Now, on the part {So} x M of the boundary, we have the observation term 7 [, e*7? |VTU|§ =
Te2m¢(50) [ |V au(So,-)[2. On the other side of the inequality, we have the two observed terms

T m(p)3 / 27 9 3m(<p)3/ 9 270(So) </ 9 2/ 2)
— e“TPlou|F + TP ———— v|? > Cre 7?0 dsv(Sp, )|* + v(Sp, - .
] n[((p)g . | | T 4 Z| ‘ T M| ( 0 )| T M‘ ( 0 )|

Finally, we are left with the existence of C, 79 > 0 such that for all v € H?([0, 5] x M), g € I'c p(M, go),
and 7 > 79, we have (88). O

From Theorem A.16, we now deduce a proof of Theorem 1.16, following closely (and carefully) | ,
Proof of Theorem 1.1].

Proof of Theorem 1.16. Given w € E2 < take the function

o(s) sinh(s,/—A

= H+w+sHg

Ve

where Ay is the Dirichlet Laplacian, II§ the orthogonal projector on ker(Ay) and 11§ = Id —IIf, that is v
is the unique solution to

(_ag - AE)U = 07 IU‘((LSQ)X@M = O? (U7asv)|s=0 == (07 'UJ)

We may now apply (88), keeping only the last term in the left hand-side:

62T<P(SU)7_3/ ‘U(So,-)|2 SC<7_/627'&0(0,')|asv(0,.)|2+Te2T¢P(So)/ |ng(507.)|§)_
M w M

Now, we have
/ 2T7010,0(0, ) < 2TPr PO |7,

together with (using an integration by parts, together with w € E% )
/,/\/l |VQU(SOa )|§ = (—AQ’U(S(), ')7 U(S07 '))LZ(M,dVolg) < A (’U(So, ')7 U(SOa '))LQ(M@VOIG) .
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The last three inequalities imply for all 7 > 7
72 (S0, 22 < € (2 #0202, 4 (S0, )2
and hence, when choosing 7 = max{2v/\, 79}, we obtain
[v(So, )72 < OtV P #(0) = (50)) ||w||2L2(w) :

Finally, using w > Sy and the orthogonality of the eigenfunctions, we also have

sinh?(So\/—Ay)
/ [v(So,)|* = (_Agﬂiw,ﬂiw + SHIMG w22t avor,) = SallwlZe
M g L2(M,d Voly)
The last two inequalities conclude the proof of the theorem. O

B Local behavior of vanishing functions

In this appendix, we give an explicit link between the different definitions of the vanishing rate of a function.

Lemma B.1. Let f € C°(Bgn(0,1)) and assume that there are C,D > 0 such that we have uniformly
for 0 <r <1 the estimate

£l 2(Ben (0,r)) < CrP. (89)

Then, we have 0% f(0) =0 for all || < D —n/2.
Conversely, assume f € C*°(Bgn(0,1)) satisfies 0% f(0) =0 for all |a| < k, k € N. Then we have (89)
with D=k+1+n/2.

Proof. Denote by k = inf{|a|,0%f(0) # 0} € NU {oco} and, in case k < oo, write the Taylor expansion of
f at zero as f = P + Ry with Py homogeneous of degree k and |Ry| < Clx[*+1. We obtain

||PkHL2(B(o,r)) = /R HPKHL2(B(071)) , and ||RkHL2(B(o,r)) < Cpn/AHE,

Using (89) for r small implies n/2 + k > D and thus 0% f(0) = 0 for all |a| < D —n/2.
Conversely, if 9% f(0) = 0 for all |a| < k, then we have |f(x)| < C|z|**! and thus

k—+1 k+14+n/2
Hf”Lz(BR"(OvT)) <C Hm ||L2(BW, (0,7)) <Cr 2
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