EXACT CONTROLLABILITY OF SEMILINEAR HEAT EQUATIONS
IN SPACES OF ANALYTIC FUNCTIONS

CAMILLE LAURENT AND LIONEL ROSIER

ABSTRACT. It is by now well known that the use of Carleman estimates allows to establish the control-
lability to trajectories of nonlinear parabolic equations. However, by this approach, it is not clear how to
decide whether a given function is indeed reachable. In this paper, we pursue the study of the reachable
states of parabolic equations based on a direct approach using control inputs in Gevrey spaces by consider-
ing a semilinear heat equation in dimension one. The nonlinear part is assumed to be an analytic function of
the spatial variable x, the unknown y, and its derivative dyy. By investigating carefully a nonlinear Cauchy
problem in the spatial variable and the relationship between the jet of space derivatives and the jet of time
derivatives, we derive an exact controllability result for small initial and final data that can be extended as
analytic functions on some ball of the complex plane.
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1. INTRODUCTION

The null controllability of nonlinear parabolic equations is well understood since the nineties. It was
derived in [6] in dimension one by solving some “ill-posed problem” with Cauchy data in some Gevrey
spaces, and in [4} 5] in any dimension and for any control region by using some “parabolic Carleman
estimates”.

The null controllability was actually extended to the controllability to trajectories in [S]. However, it
is a quite hard task to decide whether a given state is the value at some time of a trajectory of the system
without control (free evolution). In practice, the only known examples of such states are the steady states.

As noticed in [17], in the linear case, the steady states are Gevrey functions of order 1/2 in x (and
thus analytic over C) for which infinitely many traces vanish at the boundary, a fact which is also a very
conservative condition leading to exclude e.g. all the nontrivial polynomial functions.

The recent paper [17] used the flatness approach and a Borel theorem to provide an explicit set of
reachable states composed of states that can be extended as analytic functions on a ball B. It was also
noticed in [17] that any reachable state could be extended as an analytic function on a square included in
the ball B. We refer the reader to [[1, 7] for new sets of reachable states for the linear 1D heat equation,
with control inputs chosen in L?(0,T). We notice that the flatness approach applied to the control of
PDEs, first developed in [[12} 3] 19} 24]], was revisited recently to recover the null controllability of (i) the
heat equation in cylinders [[15]]; (ii) a family of parabolic equations with unsmooth coefficients [16]; (iii)
the Schrodinger equation [18]; (iv) the Korteweg-de Vries equation with a control at the left endpoint
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[14]. One of the main features of the flatness approach is that it provides control inputs developed as
explicit series, which leads to very efficient numerical schemes.

The aim of the present paper is to extend the results of [[17] to semilinear heat equations. Roughly,
we shall prove that a reachable state for the linear heat equation is also reachable for the semilinear one,
provided that its magnitude is not too large and its poles and those of the nonlinear term are sufficiently
far from the origin. The method of proof is inspired by [6] where a Cauchy problem in the variable x
is investigated. The main novelty is that we prove an exact controllability result (and not only a null
controllability result as in [6]), and we need to investigate the influence of the nonlinear terms on the
jets of the time derivatives of two traces at x = 0. Here, we do not use some series expansions of the
control inputs as in the flatness approach, but we still use some Borel theorem as in [22}[17]. It is unclear
whether the same results could be obtained by the classical approach using the exact controllability of
the linearized system and a fixed-point argument.

To be more precise, we are concerned with the exact controllability of the following semilinear heat
equation

8ty:82y+f( dy), xe[-1,1],t€]0,T], (1.1)
y(—1 (t), t€10,7T], (1.2)

( ) hi(t),  t€10,T], (1.3)

y(x,0) =)»(x), xe[-1,1], (1.4)

where f: R? — R is analytic with respect to all its arguments in a neighborhood of (0,0,0). More
precisely, we assume that

f(x,0,0) =0 Vxe (—4,4), (1.5)
and that
fyoy) =Y apgr(0)? (1) V(x,y0,51) € (—4,4)°, (1.6)
(p.q.r)EN?
with
lap.q |<L Vp,q,r € N (1.7)
o Sy
for some constants
M >0, by>4, by >4, and by > 4. (1.8)

Note that ag o, = 0 for all » € N by (1.5). For p,q € N let

x)= Y apgrx’, x| <ba.
reN

We infer from and (1.7)) that

f(xay())yl) = Z Apﬂ(x)(y())p(yl)qv
p,q€N,
p+qg>0
M 1
< _ .

Among the many physically relevant instances of (I.1]) satlsfying (L.5)-(1.8), we quote:
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(1) the heat equation with an analytic potential:

dy = oty + @(x)y

where @(x) = ¥,~oa,x", with |a,| <M /b for all r € N and some constants M > 0, |by| > 4.
(2) the Allen-Cahn equation
dy =07y +y—y
(3) the viscous Burgers’ equation
Oy = 97y —yory. (1.9)

Note that our controllability result is still valid when the nonlinear term —yd,y in (1.9) is replaced
by a term like @(x)y?(dyy)? with ¢ as in (1), and p,q € N.

Because of the smoothing effect, the exact controllability result has to be stated in a space of analytic
functions (see [17] for the linear heat equation). For given R > 1 and C > 0, we denote by Z ¢ the set

| o n
Trei={y:[~1,1] = R; 3(cty)nz0 € RY, |y gc% ¥n > 0 and y(x) = Za,% Vxe [-1,1]}.
n=0 :

We say that a function i € C*([t1,1,]) is Gevrey of order s > 0 on [t1,1;], and we write h € G*([t;,1]), if
there exist some positive constants M, R such that

p (p!)*
|97 h(1)| < M~

Vt € [l‘[,l‘z], Vp >0.

Similarly, we say that a function y € C*([x1,x2] X [f1,12]) is Gevrey of order sy in x and s, in t, with
s1,82 > 0, and we write y € G*1°2([x1,x2] X [t1,12]), if there exist some positive constants M, R, R, such

that
(p1!)" (p2!)*
RURD:

The main result in this paper is the following exact controllability result.

0210 y(x, 1) < M V(x,1) € [x1,:] x [11,12], V(p1, p2) € N,

Theorem 1.1. Let f = f(x,y0,y1) be as in (I3)-(I8) with by > R := 429" ~4.81. LetR>Rand T >
0. Then there exists some number C > 0 such that for all Y°,y' € Ky ¢» there exists h—1,hy € G*([0,T])
such that the solution y of (I1)-(T.4) is defined for all (x,t) € [~1,1] x [0, T] and satisfies y(x,T) = y' (x)
for all x € [—1,1]. Furthermore, we have thaty € G'>([—1,1] x [0, T]).

It is clear that using the smoothing effect, a similar result could be obtained with a less regular initial
data (e.g. in Lz(—l, 1)) as for the linear Korteweg-de Vries equation in [14, Corollary 1.1]. This would
however require to estimate carefully the domain of analyticity in x of the solution.

A similar result with only one control can be derived assuming that f is odd w.r.t. (x,yp). Consider
the control system

dy=0;y+ f(x,y,0y), x€][0,1],1€]0,T], (1.10)
y(0,6)=0, r€[0,T], (1.11)

y(1,t) =h(t), t€]0,T], (1.12)
y(x,0)=y"(x), xel0,1]. (1.13)
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Corollary 1.2. Let f = f(x,v0,y1) be as in (L3)-(T.8) with by > R := 4e297" ~ 4.81, and assume that

f(=x,=y0,y1) = —f(x,y0,y1)  Vx € [=1,1], ¥yo,y1 € (—4,4). (1.14)

Let R > R and T > 0. Then there exists some number C > 0 such that for all y°,y' € Ky ¢ with
OO(=x), 3 (=x)) = (—°(x), —y' (x)) for all x € [~1,1], there exists h € G*([0,T]) such that the so-

lution y of (II0)-(T.13) is defined for all (x,t) € [~1,1]x € [0,T] and satisfies y(x,T) = y' (x) for all
x € [0,1]. Furthermore, we have that y € G'*([0,1] x [0,T]).

Corollary [I.2] can be applied e.g. to (i) the heat equation with an even analytic potential; (ii) the
Allen-Cahn equation; (iii) the viscous Burgers’ equation.

The constant R := 4¢(29™" is probably not optimal, but our main aim was to provide an explicit (rea-
sonable) constant. It is expected that the optimal constant is R := 1, with a diamond-shaped domain of
analyticity as in [[1] and [7] for the linear heat equation.

Our method of proof combines two steps.

e The first one is the analysis of a Cauchy problem in the spatial variable. We prove the existence of
global solutions of the semilinear heat equation defined for x in the full interval [—1, 1] associated
with two initial data y(0,7) = go(7), yx(0,7) = g1 (¢) forz € [0, T]. To do that, we refine the method
developed in [20, 21]] which gives solely local solutions in x. The solution is completely defined
in terms of the initial data go and g; (flatness property) but, in contrast to [17]], there is no
representation of the solution as an explicit series.

e The second one is a “jets analysis” which investigate the relationship between the jet (9/'y(0,0)),>0
and the jets (9/"y(0,0)),>0 and (0;9/"y(0,0)),>o. This step is needed to reach a given state in the
reachable space.

We notice that the method of proof in the linear case (see [[17]) was also based on the same two
steps, the computations being however easier and explicit. We note also that our approach does not
follow the classical “linearization + fixed point-argument” approach which is widely used to deal with
the controllability of nonlinear PDEs. Among the advantages of our method, we could mention (i) its
robustness, in the sense that it can be adapted to many other PDEs (see [11] for an extension to PDEs of
the form 9y = My + f(x,y,...,9M~1y) with N < M) (ii) its possible use to elaborate efficient numerical
schemes (see [15] in the linear case). For the restrictions of the method, we should say that (i) the
constants are not optiomal and (ii) it is (to date) only applicable in dimension one.

The paper is organized as follows. Section [2]is concerned with the wellposedness of the Cauchy
problem in the x-variable (Theorem [2.1). The relationship between the jet of space derivatives and the jet
of time derivatives at some point (jet analysis) for a solution of (I.T) is studied in Section[3] In particular,
we show that the semilinear heat equation (I.1)) can be (locally) solved forward and backward if the
initial data yo can be extended as an analytic function in some ball of C (Proposition [3.6). Finally, the
proofs of Theorem[I.1]and Corollary [I.2] are displayed in Section[d}
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2. CAUCHY PROBLEM IN THE SPACE VARIABLE

2.1. Statement of the global wellposedness result. Let / = f(x,yo,y1) be as in (I.5)-(1.8). We are
concerned with the wellposedness of the Cauchy problem in the variable x:

a,gy:aty_f(-xa.%axy)a Xe[—l,l], re [t17t2]7 (21)
y(oat) :g()(t)a re [tlatZ]’ (2.2)
axy(07t) :gl(t)a re [t],lz], (23)

for some given functions gg,g; € G*([t1,1,]). The aim of this section is to prove the following result.

Theorem 2.1. Let f = f(x,y0,y1) be as in (L.5)-(1.8). Let —oo < t; <1y < +o0 and R > 4. Then there
exists some number C > 0 such that for all go,g1 € G*([t1,t2]) with

12
|g§”)(t)| §C(};n)7 i=0,1,n>0,1€ [t,n], (2.4)

there exist some numbers Ry,Ry with 4/e < Ry < Ry and a solution y € G"([—1,1] x [t;,12]) of @-1)-
(2.3) satisfying for some constant M > 0

(p1+2p2)!

9719y (x,1)| <M 5
RflRZPZ

V(x,t) € [~ 1,1] x [t1,52], ¥(p1, p2) € N (2.5)

Assuming that f is defined for x € (—4,4) instead of x € (—1,1) is likely not optimal, and only
technical.

2.2. Abstract existence theorem. We consider a family of Banach spaces (Xx)se[m] satisfying for 0 <
s <s<l1

X, C Xy, (2.6)

1f1x, < [ £, : 2.7)

that is, the natural embedding X; C Xy for s’ < s is of norm less than 1.
We are concerned with an abstract Cauchy problem
hU(x) = Gx)U(x), —-1<x<1,
uo) = u°
where U € X; and (G(x))xe[_l’”

Our first result is a global wellposedness result. It extends the abstract result in [20, 21] which gives
solely local solutions.

is a familly of possibly nonlinear operators.

Theorem 2.2. For any € € (0,1/4), there exists a constant D > 0 such that for any family (G(x))e[-1,1)
of nonlinear maps from X; to Xy for 0 < s' < s < 1 satisfying
)

GV, < QHUHX’S (2.8)
€

s—s

|GXU ~ GV lx, U=Vl 2.9)
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for0<s' <s<1,xe[-1,1]and UV € X; with ||[U|y <D, ||V|[x < D, there exists n > 0 so that
for any U° € X, with HUOHXI <1, there exists a solution U € C([—1,1],Xy,) for some so € (0,1) to the
integral equation
X
Ux)=U"+ / G(t)U(1)dr. (2.10)
0
Moreover, we have the estimate

A\ .
aw(l—s>> 0]y, for 0<s <1, e < = (1 =),

0@l <€ (1 -

where A € (0,1), a. € (A,1) and Cy > 0 are some constants. In particular, we have

2 \ o 1, 2
U@y, <Ci <1— “;+1) [U°ly,, for 0<s<so= 5(1_£), x| < 1.
If, in addition, we assume that
for all Uy € X, with ||Up||x, < D, the map © € [—1,1] — G(t)Uy € Xy is continuous, (2.11)

then U is solution in the classical sense of

{3XU(x) = GWU(x), —-1<x<I,

U = 0, (2.12)

We prove first the existence of a solution of on an interval [—(1 —6),1— 0], where 8 € (0,1).
Next, we use a scaling argument to obtain a solution of forx e [—1,1].

Consider a sequence of numbers (ax)r>o satisfying the following properties (the existence of such a
sequence is proved in Lemma[2.4] see below):

(i) ap=1;
(i) (ax)k>0 is a decreasing sequence converging to de. > 1 — §;
I 4¢)i
(1) Y2, 1(7% < oo,
Next, we pick 17 small enough so that ;- f& <D.

We define, for k € NU {eo}, the space ¥; = {ll] € Mo<s<1C(—ak(1 —s),ar(1 —5),X); ||U]ly, < o}
with the norm

x| .
WUy, :=  sup |[Ux)]| <1— ifkeN, (2.13)
5 <aiog) % ar(1—s)
0<s<1

[« :

Ully = U 1— fk =oo. 2.14

1U]ly.. ‘x‘i:jgﬂ) | (X)HXJ, ( au(1—s) 1 ( )
0<s<1

Clearly, Yy for k < o and Y., are Banach spaces (see [20}21]]). Note that for |x| < ax(1—s),0<s <1, we

have that 1 — ak(‘f‘_s) € (0,1]. Note also that we have Y C Y11 and [[U||y, | < [[U]]y,, for the sequence

(ax)ken is decreasing.
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Proposition 2.3. Forany € € (0,1/4), any 6 € (0,1) and any G and D as in 2.9) and 2.11)), there exists
some numbers d., > 1 — 8 and 1 > 0 such that for any U° € X with HUOHX] < m, there exists a unique

solution for x € (—lw,dw) to 2.10) in the space Y... Moreover, we have the estimate

|| B 0
||U(.X)||XY§C1 <1—a°°(1_s) HU HXl’ for 0§S<1, |X|<(lw(1—S),

where C1 > 0 is a constant.

Proof of Proposition We follow closely the proof of [8]], taking care of the choice of the constants
and of the time of existence.
We want to define a sequence (Uy)i>o by the relations

Up=0, U1 =TU; forkeN

where
(TU)(x) = U° + /0 "G (t)dx.

Note that U} (x) = (TUyp)(x) = U° for |x| < 1. Introduce
Vii=Upe1 — U, keN.

We prove by induction on k£ € N the following statements (that contain the fact that the sequence
(Ur)ren is indeed well defined):

M= Velly, < (4e)n, (2.15)
k Afi

HU,(H(x)HXSng_@ < D for |x| <ar1(1—5), (2.16)
i=0

ai

so that G(x)Uy (x) is well defined in Xy for |x| < api1(1—3s).
Let us first check that (2.15)-(2.16)) are valid for k = 0. For (2.13)), we have that

Ao = [U1 = Uolly, < IU°]lx, <.
For (2.16), we notice that

n
U1 llx, = 1U°lx, < IU°]lx, <n < <D.

T l-a

Assume that (2.15)-(2.16)) are true up to the rank k. Let us check that they are also true at the rank
k+1.

Take s and x (for simplicity, we assume x > 0) so that 0 < x < a4 (1 —s). Forany 0 < 7 < x, (2.16)
gives max ([|Us1(7) ||, |Ue(7)|l,) < D (recall ax41 < ax). In particular, we can apply (2:9) replacing s’

by s and s by s(7) = 3 <1+s— Tl), obtaining

Afey.

1G(D)Ui11(7) =G(D)U(T)[x, < S(T;g_s 1Ukt1(7) = Uk()lx,
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Note that we have indeed 0 < s < s(7) < 1. Next
Vie1(0)[lx, = [[(TUks1)(x) = (TUg) (%) ||x,

< [16@U© -Gy, v
/0 WHUkH( ) — Uk(r)||XS<r)dT
" 1—s(1)
< 8||VkHYk/O s(t)—s <ak+l(1—s(r))_~;> dt

where we have used the fact that s(7) satisfies T < a1 (1 —s(7)) (for ax1(1—s(7)) — 7= 3 (a1 (1 —
s)—1) > 0)and 0 < s(7) < 1, so that with (2.13)

A

7 B 7 B
Mo, < (1= s ) Ml < (1- ) Ml 1)

Let us go back to the estimate of the integral. To simplify the notations, we denote A = a1(1 —s)
and recall 0 < 7 < x < A. We have

* ar+1(1—s(7)) _ ¥ A+T
/()(S(’L') dt = 2ak+1/0( dt

—s)(ar1(1=s(1))—1) A—1)?
x 4ak+1A 4A * 4A
dt = — | < .
/0 A_1)? ak+1A_T O_akHA—x
-1
So, recalling ﬁ = (1 - %)71 = <1 - ak+l‘?1‘—s)) , we have obtained
Vi ()] PR <dap1€||[Vielly, -
* ar1(1=s)) — ¢
So, we have proved that
IIV/<+1Hyk+l < 4aoe [|Velly, ; (2.18)

and hence Ay, | < 4apeA;. This ylelds atrank k+ 1.
Let us proceed with the proof of (2.16) at rank k+ 1.

Since Uy, = U1 + Vir1, we only need to prove || Vi1 (x)]], < llkaﬁz for |x| < ag42(1—s). This is
Ak+1

obtained by noticing that

|x| - ag+2 -
Vel < (1-—2) o
Vel < (1= 2B ) Wil < (1-22)

since |x| < ax12(1 —s). The proof by induction of (2.13)-(2.16)) is complete.
We are now in a position to prove the existence of a solution to (2.12). Let us introduce the function
Us = limy_ Uy = Z/j:() Vi. Note that the convergence of the series is normal in Y... Indeed,

o0 oo +o0
Y WVally, < Y IVally, < Y A < e
k=0 k=0 k=0

Note also that (2.16)) remains true for Us. for |x| < aw(1 —s), so that G(7)U. is well defined.
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Let us prove that Us is indeed a solution of (2.10). Using the fact that Uy — TU; = 0, we have
U — (TU)(x) = Un — Ug 11 + / VUi () — G(1)Un(7)] d7

where all the terms in the equation are in Y... The same estimates as before yield for 0 < s < 1 and
IX| < @oo(1 —5)

X X 1
H/O [G(T)Uk(7) — G(7)Uas(7))dT||x, < 4t | U — Uso]y. (1 - aw(l\_s)> 7

and hence
[Use = TUes|ly.. < [|[Ueo = Uit |ly.. +4aoo€ | U — Uss|y.. — O
as k — +oo. Thus U., is a solution of (2.10).

Let us prove the uniqueness of the solution of in the same space Y... Assume that U and U are
two solutions of in Y... Pick A € (0,1), and let a;, = 1, a) = Aay for k € N* U {eo}. Notice that (i),
(i1) and (iii) are still valid for the a;. Denote by Y/, k € NU{eo}, the space associated with a;(. Note that
a) < a. and hence Y., C ¥/ for k> 1. Then we have by the same computations as above that

lU~Tlly; < (4e)|U~Ully,

which yields
U-Uly, < lim |[U—-Ully =0
U=l < Jim U~y
Thus U (x) = U (x) for |x| < a’, = Aaw., with A as close to 1 as desired. O

It remains to prove the existence of the sequence (ay)r>o. This is done in the next lemma.

Lemma 2.4. There exists a sequence (ay)ren satisfying (i), (ii) and (iii).

Proof. We denote Cp = 4¢€ < 1 and we require )~ I_C%i < 4-o0. Picking ap = 1 and y > 0 small enough,

a;

we define the sequence (ay)ren by induction by setting

Y
= l————— ke N.
Ag+1 = Ag ( a +k)2> ) €

lcj =y +l)2C0, and hence Y 7°, = ,,M < +-oo, for

The sequence (a)ien is clearly decreasing,

Co < 1. Finally, by = In(ax) converges to ;" In ( T +k) ) > =2YY o i +k) for ysmall enough. In

particular, a. > ¢~ 2Y¢(2) which can be made greater than 1 — § for y small. O

Let us complete the proof of Theorem by using a scaling argument. Pick any number A € (0,1)
with
e 1
2T
Let 6 =1—A € (0,1) and pick a. € (A,1). Introduce the new variables % := Ax € [-A,A] = [—-(1 —
0),1— 48] for x € [—1,1], and the new unknown

U(F) :=U(x)=UA"'3).
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Then U should solve

5
0)=U"+ / G(1)U(t)dx. (2.19)
0
where
ATIG(ATR)  ifxe[-A,A],
G(x):=< A7'G(1) ifxe A, 1],
A71G(—-1)  ifxe|-1,-4]
Then ( ) e[ 1] is a family of nonlinear maps from X; to Xy for 0 <’ < s < 1 satisfying for 0 < s’ <
s<l,xe[-1 ]andUVeX with ||U|lx, <D, ||V]lx, <D

€
GHU|x, < U
6@V, < Ul

IGEHU -GE)VIx, <

where € = €/A € (0,1/4). We infer from Propos1t1on the existence of a solution U
simple change of variables shows that the function U deﬁned forx € [—1,1] by U(x) =

Finally, assume that the continuity conditions (2.9) and (2.11) hold. We notice that ¥ — G(X)U ()
is continuous from (—aw(1 —s),a.(1—s)) to Xy for all 0 < s’ < s < 1. We infer that U is a classical
solution of the Cauchy problem

of T9). A
U (%) solves

o0 =G(x)0 (%), U(0)=U°
forx e [-(1—0),1—38] =[—A,A], and that is satisfies
Uc ﬂ C(—aw(l —5),a0(1 —5),Xi).

0<s<l1
Then the function U defined for x € [—1,1] by U(x) = U (%) solves

U =G(x)U(x), U(0)=U",
for x € [~ 1, 1], and it satisfies U € Mp<;<; C(—F (1 =), 7 (1 —5),X;) and

Al N oo
||U(x)||X3§C1 <1_aw(1—s)> HU HX]’ for O§S<17 |x|<7(1—s)
The proof of Theorem [2.2]is complete. O

2.3. Gevrey type functional spaces. We follow closely [9, 25]].

2.4. Definitions. We define several spaces of Gevrey A functions for A > 1. For our application to the
heat equation, we shall take A = 2, but for the moment we stay in the generality. Introduce

(k) =275k (14k)72

and let I" denote the Gamma function of Euler. It is increasing on [2,+oc0).
We also introduce a variant of those functions with a parameter a € R (a is not necessarily an integer):

Doa(k) = 273(@C(k+1—-a)*(1+k)72 forkeN st k>l|a|l+1, (2.20)
[yuk) = Tyk), forkeN st.0<k<l|a|+1. (2.21)



EXACT CONTROLLABILITY OF SEMILINEAR HEAT EQUATIONS 11

Clearly, I'y o = I';. Note that for k > |a| + 1, we have k+ 1 —a > 2, so we are in an interval where I" is
increasing. Thus we have for all k € N

Th.k) < Ty(k), ifa>0 (2.22)
Ty (k) < Thalk), ifa<o. (2.23)
For any L > 0, we consider the space of functions u € C*(K) (where K = [t],1;] with —oco < 1] < 1 < o0)

such that
= 7@(")0)’ K. ke N
|uly o := sup LI, o (0 tEeK ke < oo,

Note that for a = 0, we recover the spaces defined earlier in [25], and [ul; o = |u|, .
Definition 1. Yamanaka [235]] defined the norms
Jul = max {20 ol =y 221 ],
and similarly we define for a € R
ol 1= max {28 iy 2217 |, -
We denote by G} (resp. G%’a) the (Banach) space of functions u € C*(K) such that [|u|[, < e (resp.
]l q < o).
The space Gﬁ_’a is supposed to “represent” the space of functions Gevrey A with radius L~! with a
derivatives. Roughly, we may think that u € Gﬁ} L DU e G?, even if it is not completely true if a ¢ N.
Note that, as a direct consequence of (2.22)-(2.23)), we have the embeddings G%,a C G} ifa >0,
G} C Gia if a <0, together with the inequalities
(Jull, < max(L*,L™)[lull,, ifa >0, (2.24)
ullp o < max(LY,L7) [[ull, if a <O. (2.25)
Furthermore, for any @ € R and 0 < L < L', we have the embedding Gia C G%,‘a with
ol 0 < Ml - (2.26)
The following result [25, Theorem 5.4] will be used several times in the sequel.
Lemma 2.5. (Algebra property) [25, Theorem 5.4]
lavlly < llull VIl Va,v € GE. (2.27)

2.5. Cost of derivation. The following result is a variant of Proposition 2.3 of Kawagishi-Yamanaka
[9], where the spaces we consider contain some non-integer “derivatives”.

Lemma 2.6 (Cost of derivatives for Gevrey spaces containing derivatives). Let A > 0 and & > 0. Let
g€ Nanda,beRwithd =q—a+b > 0. Then there exists some number C = C(A,8,a,b,q) > 0 such
that for all L >0, all &> 1, and all u € G}, ,, we have
Ad Ad
< (C(L—d+Ld)+(1+5)ahLd (1) ) lul, , (2.28)
e 9

‘um)

aLb no
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and hence

u@

oalLb elno

Ad
< <C(Ld+(L)C)+(1+8)ade <M> )HMHM. (2.29)

Proof. The main tool will be the asymptotic of the Gamma function Fgf(i)d ) o as x — +o0, which
follows at once from Stirling’s formula (see [23]])
. [(x+1)
lim ———=1.
x=teo (x/e)*/2mx

In particular, for any § > 0, there exists a number N = N(A, 8,a,b,q) such that for all k € N with k > N,

A
(F(k—i—l—b)) <(1+98)k d

We can also assume that k > N implies k+¢ > |a| + 1, and k > [b| + 1, so that T'; ,(k+¢) and Ty ;,(k)
are given by (2.20). Note that we always have ( 1(;@;)2 <lifkeN,forqg>0.

Letk € N. If kK > N, we have

et I e VW
(QL)*PTy 5 (k)  — (aL)*=PT (k)
Ulea L (Tk+1+g—a)\*
T(k+1—b)

ak—b

‘u’LaLd Ad

IN

IN

(1+8)a” [ul, , L sup(ac~'1)
’ t>0

rd M
b d
(1+8)a ’”|L,aL <eln(a)> 7

IN

Ad
where we used the fact that sup,-(o~'t*) = (elﬁ(da)) , where o > 1 and Ad > 0.
If kK < N, we still have
@]l LT (k)
(aL)k=bITy (k) — orlk=bl [y »(k)

Noticing that |k+¢q —a| — |k—b| = |k—b+d| — |k—b| € [-d,d], o "I <1, F;-;(b"gf) <C(A,6,a,b,q)
for0 <k <N(A,8,a,b,q), we infer that
’”(Hq) (1) d | 1d
S Lt V) B o) S S
(aL)kT (k) = (L L)l

and (2.28) follows.

Let us now prove (2.29). The estimate
H“(q)

e S D] < OOl < O
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is valid for any ¢ > 1, and it is obvious for ¢ = 0. On the other hand, we infer from (2.28)) that

Ad
< (C(L‘d+Ld)+(1+6)abL" <M> ) W],

g+1)

s
aLb elno

Using the definition of || - || 4z 5, We obtain at once (2.29).

0

2.6. Application to the semilinear heat equation. We aim to solve the system:
*u=0ou— f(x,u,om), xe[-1,1],1€(0,T], (2.30)
u(0,1) =up(t), t€]0,7T], (2.31)
ou(0,t) =ui(r), te€][0,T]. (2.32)

This is equivalent to solve the first order system

U = AU+F(x,U), (2.33)
Uu) = U, (2.34)

. _ 0 1 0
with U = (u, dyut), Uy = (iip, 11 ), A = < % 0 >,andF(x,(uo,u1)) = ( T )

Let L > 0. We define the space 27 := {U = (uo,u1) € Gi . X G2}, with
)

U1 2, = l(uo,un) | 25, = llwoll 1 jo + [laan ]

where the norms are those defined in Definition [1| with A = 2. (Note that ug is more regular than u; of
one half derivative.) In particular, we have that

AU 2, = llullp 1 2 + [ Gruoll -
In the following result, L; stands for the inverse of the radius of the initial datum.

Theorem 2.7. Pick any Ly < 1/4. Then there exists a number 1 > 0 such that for any Uy € 21, with
HUOH%L1 <, there exists a solution to 2.33)-(12.34) for x € [-1,1] in C([-1,1], Z1,) for some Ly > 0.

Proof of Theorem In order to apply Theorem we introduce a scale of Banach spaces (Xx)se[m]
as follows: for s € [0,1] and U = (uo,u1 ), we set X; = 27, and

Ul = e "0 1o, un)l 2, = et (Huolm,]/z + [Jur ||L(.v)> ; (2.35)
where
L(s) =L, (2.36)

and the parameters r > 0, T > 0 will be chosen thereafter. Note that (2.7) is satisfied because of (2.26)
and the fact that L(s") > L(s) for s’ < s. Actually, we have even that

Uy, <e ™= |Ull,. (2.37)

Lemma[2.8]and Lemma [2.9](see below) will allow us to select the parameters so that G = A + F satisfies
the assumptions of Theorem [2.2]
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Lemma 2.8. Let L < 1/4. There exist Ty > 0 large enough and €y < 1/4 such that we have the estimates
il

s—s

AU, <

|UHXS VU GXS)
forall t> tyand all s,s' with0 <s' <s<1.

Proof. By assumption, we have Li/ 2 /2 < 1/4 and we can pick 6 > 0 so that

TEI

(1+5)L‘T <3 (2.38)

Applying Lemma[2.6|with A =2 and § > 0 as in (2:38), and with ¢ =0, b = 1/2, a = 0 (respectively
qg=1,b=0,a=1/2),s0that Ad = 1 in both cases, we obtain the existence of some number C = Cs > 0
such that

AU 2, = llutllgr1/2+ 9ol
_ 1+06
< (cw v @ o @) (lml + ool )
1+6
< —d c 1/2 _ ‘
< (cw v w9+ Hp@?) ol 2.39)

uniformly for & > 1 and L > 0. So, (2.39) applied with L = L(s), a = 75 = ¢'6=5) > 1 becomes for
s’ <s(wealsouse L; <C, for0<L; <1/4)

Pl 1/2
/ y z L
AUl < e <c<LH IS +6>e_;> U,
r-1/2
—t(s—s") (7 — r e2L
< (Ce o >(L1‘+ec)+(1+5)es_1> U5
-1 ro1/2
e ~1_ iC el
(,L.(C(L1 +e )+(1+5)_s,)> 1U ]|,

s—s') er(s

where we have used the fact that
(s —5)e ") e

T(s—s') ~t(s—5)

—1(s—s') _

(2.40)

e

forte™ <e ! fort>0. Minimizing the constant in the r.h.s. leads to the choice r = 2. (Note that the
initial space X; = 27, is independent on the choice of r.) We arrive to the estimate

Ce \(L; '+ %) L/*\ 1
avly, < ( L (148) 7 | S
By (2.38), we can then pick 7y large enough so that
Ce ! (L" + %) L? 1
g = 1+8)L- < —
! T U8

The proof of Lemma [2.8]is complete. O



EXACT CONTROLLABILITY OF SEMILINEAR HEAT EQUATIONS 15

0
_f(x7 an”l)
(uo,u1) € L™ (K)* with sup(||uo||r=x), |lu1]lz=x)) < 4. Let r =2, L; >0, and € > 0. Then there exists
To > 0 (large enough) such that for T > 7y, there exists D > 0 (small enough) such that we have the
estimates

Lemma 2.9. Let f be as in (L3)-(L.8), and let F(x,U) = ( > forxe[-1,1] and U =

IFCU)l, < —[Ull, (241)
IFeU) =FV)lly, < U=Vl e42)

Jor0<s <s<1,andU = (up,u;) € X;,V = (vo,v1) € X with
[Ully, <D, [IVIlx, <D. (2.43)

Finally, for 0 < s <1 and U = (up,u1) € X; with ||U||x, < D, the map x € [—1,1] — F(x,U) € X; is
continuous.

Proof. Since [2.41) follows from (2:42)), for F(x,0) = 0, it is sufficient to prove (2.:42)). Pick 0 < s’ < s <
1,D>0and U,V € X; satisfying (2.43)). Then

0
F0-Fevil = 1= ( oo )
= ¢ " f(x,u0,ur) — £(x,v0,v1) e

< e FU=) Z ||Ap,q(x)[”g”‘11_VSVLII]HL(‘V')
p+q>0
< e Y A (15~ ol

p+q>0
HIglloe e —villeie))

where we used the triangle inequality and Lemma 2.5] Note that, by (2.24), we have for a constant
C=C(L)>landany0<s <1

il 0y + 11y < Cllioll 12+l ey < CeTH Uy, < CDeT, (2.44)
and similarly

||v0||L(s') + ||V1 ||L(S’) S CDeT.

Since, by Lemma[2.3]
1 -2 -1
lug =6 llwy = Nuo—vo)(ug  +ug vot+--+v5 )lls)
-1 -2 -1
S HuO_VOHL(S/) (HMOHZ(S’) + HMOHL(S/)HVOHL(S') ++ ||V0”Z(j/))
< p(CDe™ )P lug—wol(v),
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we infer that

[F(xU)=FxV)lx, < e““)< Y, 1Apq(0)|p(CDE")P 4 lug —vol| 1)
p+q>0

+ Y A (x)]a(CDe™)P I uy — v | v

p+q>0
= U5, 4 85y).
Let us estimate S;. Set M’ := M /(1 —b;"). Since
M 7 M M

| < pg(l-)7' <
BB by = BlbT

[Ap.q(x) for x| <1,

we have that

M CDeT)P1 (cmf)q
S < — Uug — v J
= L5 (%) L) el
M’ CDe™ \* CDe"
= X o+ () - -l
0 p>0 0 1
M CDe" CDe"
= —(1— 21— Ny — ,
M’
< b [0 —vollz (s
< 2M'[Jug —voll ()
provided that
. boefr bleff
D < .
s min(=e= )

Similarly, we can prove that
S2 < 2M’Hu1 _VlHL(s’)-

Therefore, using (2.37), (2.40) and ({2.44), we infer that

IF(x,U)=F(x,V)|lx, < 2M'e”™ ") (|lug —vol|ree) + lur —villzs)
< M) <C||uo—vo|]L(s,)7% +||ur —v1||L(s,)>
< 2CM'||lU -V |lx,
< 2CM'e T U — V||,
2CM’ 1
< = U=V
< - T(s_s,)l\ X,

)

(2.45)

(2.46)

To complete the proof of (2.42)), it is sufficient to pick 7 > 7y with 7y such that 2CM’/(et) < €, and D

as in (2.46)).
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For given 0 < s < 1 and U = (ug,u;) € X; with |U||x, < D, let us prove that the map x € [—1,1] —
F(x,U) € X; is continuous. Pick any x,x’ € [—1,1]. From the mean value theorem, we have for r € N
that |x" — x| < r|x —X/| for r € N, and hence

M M 1
|Apq(x) = Apg () < lx =2 Y

(1——)2e—].

/i bobiby bbby b
We infer that
IFU)=FE Uk, = e £ Couom) — £ 0, 1) gy
< et Z |Ap.,q(x) —Ap,q(xl)l\\ugu?\\us)
p+q>0
1 u P/ u q
< e IMp (1- )P -x] Y (‘ O’L(”) <” ‘”“”) ,
by p+q>0 bo b
the last series being convergent for ||U||x, < D. O

We are in a position to prove Theorem 2.1}
Proof of Theorem Let f = f(x,y0,y1) be as in (I.3)-(I.8), —0 <1 <, < 4o and R > 4. Pick
80,81 € Gz([t] ,tz}) such that @) holds. We will show that Theorem can be applied provided that
the constant C in (24) is small enough. Pick L; € (1/R,1/4). Let n =1(L;) > 0 be as in Theorem 2.7}
Let Uy = (uo,u1) = (80,81)- We have to show that

100l 2z, = llgoll,, 1 +llglley <7

for C small enough. It is sufficient to have

n
lgollz, s = 3 (2.47)
lgille, < g (2.48)
Recall that
k+1)
. 1857 (1)
lgoll,y = max { 2°ligoll=()) 2°Ly " sup = Fe—— (2.49)
€t 1p],kEN Ll 2 1"2 l(k)
’2
k+1)
) g/ 0]
Igill, = max | 2°gillz=(m)2°L;" sup : (2.50)
1 L>([t1,12]) 1 te[t.,tz},kENLllcz_s(k!)z(l+k)_2
where
Ck) = 25(D(k+ D)’ (1+K)2, ifk>3/2,
22 275 (kN2 (14 k)72 if0<k<3/2.
Then, if follows that (2.47)) is satisfied provided that
Igoll=(n)y < 277, (2.51)

_ 1+ k-1
I ey < 2L () ke, (2.52)
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Since T(k+ 1) ~ T(k)k? ~ (k— 1)!k? as k — +oo, we have that (T(k+1))* ~ (k!)2/k. Thus, the rh.s.

1
of (2.52) is equivalent to 2_9nLlI+2(k!)2k_3 as k — +oo. Using (2.4) and the fact that L; > 1/R, we
have that (2.52) holds if C is small enough. The same is true for (2.51)). Similarly, we see that (2.48)) is
satisfied provided that

Igilli=ney < 277, (2.53)
k1 - _
e ™ Nmuny < 27N (KD (k+ 1) VkeEN. (2.54)
Again, (2.53) and (2.54)) are satisfied if the constant C in (2.4) is small enough.
We infer from Theorem [2.7| the existence of a solution U = (y,dyy) € C([—1,1],Xj,) for some s €

(0,1) of 2.1)-(@2.3). Let us check that y € C*([—1,1] X [t1,,]). To this end, we prove by induction on
n € N the following statement

UeC([~1,1],¢4[n,n])*) VkeN. (2.55)
The assertion (2.53) is true for n = 0, for X;, C C*([t;,1,])? for all k € N. Assume (2.55) true for some

n € N. Since A is a continuous linear map from X to Xy for 0 < s’ < s < 1, we have that
AU € C'([-1,1],X;) € C*([-1,1],C*([r1,1])?) Vs € (0,50), Yk € N.

On the other hand, as f is analytic and hence of class C*, we infer from (2.53) that F(x,U) € C"([—1, 1],
Ck([t1,12])?) for all k € N. Since d,U = AU + F(x,U), we obtain that is true with n replaced by
n+ 1. The proof of y € C*([—1,1] x [t1,12]) is complete. Finally, the proof of y € G'2([—1,1] x [t1,12]),
which uses some estimates of the next section, is given in appendix, with eventually a stronger smallness
assumption on the initial data. O

3. CORRESPONDENCE BETWEEN THE SPACE DERIVATIVES AND THE TIME DERIVATIVES

We are concerned with the relationship between the time derivatives and the space derivatives of any
solution of a general semilinear heat equation

Oy =92y + f(x,7.0:), (3.1)
where f = f(x,y0,y1) is of class C* on R3.
When f = 0, then the jet (9!"y(0,0)),>0 is nothing but the reunion of the jets (9/"y(0,0)),>o and
(9/'09x(0,0)) >0, for
o'y = 92"y, VneN, (3.2)
ddy = ¥y, Vn e N. (3.3)

When f is no longer assumed to be 0, then the relations (3.2)-(3.3)) do not hold anymore. Nevertheless,
there is still a one-to-one correspondence between the jet (d7y(0,0)),>0 and the jets (d/"y(0,0)),>o and

(970:(0,0))nz0-

Proposition 3.1. Let —oo < t; < T <ty < +oo. Assume that f € C*(R?) and thaty € C*([—1,1] x [t1,1])
satisfies (3.1) on [—1,1] X [t1,12). Then the determination of the jet ('y(0,7)),>0 is equivalent to the
determination of the jets (9]'y(0,7))n>0 and (9'0,y(0,7))u>0.

Proof. The proof of Proposition [3.1]is a direct consequence of the following
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Lemma 3.2. Let f € C*(R?) and n € N*. Then there exist two smooth functions H, = Hy, (X,y0,V1, .., Y2n_1)
and H, = H,(x,Y0,1, .., y2n) Such that any solution'y € C*([—1,1] x [t;,12]) of (B.1) satisfies
Ay = 0"y+Hy(x,y,0h,...,07" 1y for (x,t) € [-1,1] x [t1,12], (3.4)
"oy = Xy H,(x,y,0,...,02")  for (x,1) € [~1,1] X [t1,1]. (3.5)

Proof of Lemma|[3.2] Assume first that n = 1. Then (3:4) holds with H;(x,yo,y1) = f(x,y0,y1). Taking
the derivative with respect to x in (3.1)) yields

d d d
0,0y = Oy G 5.3 009) + S5, 0) iy + 5 (1,003

dx dyo
and hence (3.3) holds with Ay (x,y0,y1,52) = 5 (x,50,31) + $£ (x,30, )31 + 5L (x,30,51)32.
Assume now that (3.4) and (3.3) are satisfied at rank n — 1, and let us prove that they are satisfied at
rank n. For (3:4), we notice that

'y = (9" y)
— 8(82”*2y+Hn 1 (x, y,&xy,...,af”%y))

2n3

_ aZn zazy‘i’ Z x y,&xy,...,3f"_3y)atafy

2n—

= (v + f(x,.0)) Z

= 02"y + Hy(x,y,0yy,...,0°" 1y)
for some smooth function H, = H,(x, Yo, --.,y2x—1)- For (3.3)), we notice that
atnaxy = o (atnil axy )

— 8(82”71))4—}7,, 1(x y,axy,...,afnfzy))
2n— 2

= 82?1 1(9;_)7"_ Z

L (2,3, 9, -, 02 39) 0K (I2y + f(x,3,00)) (3.6)

(%, 0, ..., 02" 2y) 9, ALy

2n2

0H,_
= 82” 1(82y+f(x Y xy + Z Ay (x,y,&xy,,._,af”*zy)af(afyjtf(x,y,8xy))

07y + Hy(x,y, 00y, - 9f”y)
for some smooth function H, = H,(x,Y0,y1,-..,Y2n)- O

Next, we relate the behaviour as n — oo of the jets (9/"y(0,7)),>0 and (9/"3,y(0,T)),>0 to those of
the jet (9"y(0,7)),>0. To do that, we assume that in (3.1)) the nonlinear term reads

fEyoy)= Y apgr00)P 1) V(xyo.y1) € (—4,4)°, 3.7)
(p.q:r)EN?

where the coefficients a,. 4., (p,q,7) € N°, satisfy (T.7)-(T-3).
The following result is a refined and quantified version of Proposition [3.1] in the sense that it gives a

domain and a codomain for the map which associates (by an algorithm) a jet (9/'y(0,T)),en to a pair of
jets (9/'y(0,7))nen and (9x9/'y(0, T))nen. A C smooth solution y of the semilinear heat equation (3.1 is
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assumed to exist in order to perform the computations, but its existence will be fully justified thereafter
(see below Proposition [3.6).

Proposition 3.3. Let —o <t;] <T<th <+ooand f=f (x y0,y1) be as in (1.3)-(1.6) with the coefficients
apgr (Psq,7r) € N2, satisfying (I7)-(8). Pick any R > 4 and any numbers R,R with 4 <R < R <
min(ﬁ, by). Then there exists some number C > 0 such that for any C € (O,C], we can find a number
C' =C'(C,R,R) > 0 with lim¢_,o+ C'(C,R,R’) = 0 such that for any function y € C*([—1,1] x [t1,1])
satisfying (3.1) on [—1,1] X [to,11] and

oo xn
y(x, 1) =y(x) = Zanﬁ, Vx e [—1,1] (3.8)
n=0 :
for some yWe %ﬁyc, is such that
" 2n+k)!
10%97y(0,7)| < C’(R,(R,ZH), Vk,n € N. (3.9)
In particular, we have
2n)!
9"y(0,7)] < C (R,’Z , VneN, (3.10)
2 1)!
arv(0,7)] < D o G.11)
2:9/'y(0 C’(

RR?n ’

Proof. We know from Proposition [3.1] that the jets (9/"y(0,7)),>0 and (9/'d,y(0,T)),>0 are completely
determined by the jet (9y(0,7)),>0, that is by y°. A direct proof of estimates (3.10) and (3.TT) (which
follow at once from (3.9)) seems hard to be derived, whereas a proof of (3.9) can be obtained by induction
on n. We shall need several lemmas.

Lemma 3.4. (see [10, Lemma A.1]) For all k,q € N and a € {0,...,k+q}, we have

£ ()0G)-()

0<p<gq

The following Lemma gives the algebra property for the mixed Gevrey spaces G'2([—1, 1] x [t1,1]).
A slight modification of its proof actually yields Lemma [2.3] making the paper almost self-contained.

Lemma 3.5. Let (XO,I()) S [—1, 1] X [l‘],tﬂ, R,Rl S (0,+°°), geN, ue (q—i—2,+°o), ko,no €N, C1,C; €
(0,4c0), and y1,y» € C*([—1,1] X [t1,12]) be such that

(2n+k+q)!
RER2(2n + k+ 1)H

|0%3yi(x0,10)| < G Vi=1,2, VYke{0,.. .k}, Vne{0,...,n}. (3.12)

Then we have
(2n+k+q)!
RFR?"(2n+k+ 1)K

10597 (y1y2) (x0,10)| < Ky uC1Ca Vk € {0,....,ko}, ¥n € {0,...,no}, (3.13)

where

—2“‘11—1—6]2‘1 —<oo.
/.L
]Zb;’) (2i+j+1)H
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Proof of Lemma 3.5} Using (2n+k+q)? < (1+¢)?(1+2n+k)?, we obtain
2n+k+q)! < n+k)(2n+k+q)? < (1+q)4(2n+k)! (1+2n+k)?.
So, denoting [I := jt —gq > 2 and C; := (14 ¢)?C;, we have

(2n+k)!
"RFR(2n+ k+ 1)E

From Leibniz’ rule, we have that

9537 5132) o)
Y (5) (1) @it @ )

0<j<k 0<i<n
k n\ ~ (2i+j)! ~ (2(n—i)+k—j)!
. . O —C - - ; ] =
i RIR?I(2i+ j+ 1)A " RIR2=)(2(n — i)+ k— j+ 1)H
C]C2

o6y p (B

05 Tek 0%ren (204 J+ DEQ2(n—i)+k—j+1)H

|0k d/"yi(xo,t0)| < Ci

Vi=1,2, Vke{0,..k}, Vvne{0,...,np}.  (3.14)

<

0<)<k 0<i<n < J

I
We infer from Lemma that

k q k+q> ;
. < . , for0<j<k 0<p<qg. 3.15
<]><p>_<J+p J P=q (3.15)

This yields

and hence (using again (3.13))

() ()= (3)=(33)

Finally, by convexity of x — xH, we have that

(2n+k-+ 1)~

| i
= =<
ogz,:'gkogzi‘én(zi+j+1)“(2( —i)+k— J+1) 5 SZ: <Zl+1+1 2(n—i)+k—j+1>

<n
< o#d ( . ) L,
057ekogen \(2iH DR (2(n—1) +k j+DH ,>ol>o i+ j+1)"

where we used the fact that &t =yt — g > 2.
It follows that

~ q
1< (Y Y 1 L i YY 1 (@ntkt 1)
5050 Qi+ j+DE ) 2n+k+1)H =5 2i+j+ 142 ) 2n+k+1)*
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and hence the proof of Lemma is complete once we have noticed that (2n+k)!(2n+k+1)7 <
(2n+k+q)!. O
Let us go back to the proof of Proposition [3.3] Pick any number p > 3. We shall prove by induction

on n € N that
(2n+k)!

RkR’2”(2n+k+ 1w’
where 0 < C, < C’ < +oo. For n = 0, using the fact that R < R, we have that

10Xy (0,7)| < Vk €N, (3.16)

k! k!
953(0,7)| = |ay| < —< 1A <
10:3(0,7)| = || <C C(;gg(R) (p+1) )R"(M—l)# = Coprlirym

provided that

-1
c<C= <sup(§)l’(p+1)#> Co. (3.17)

peN

Assume that (3.16) is satisfied at the rank n € N for some constant C,, > 0. Then, by (I.1)), (I.6), we have
that

050 1y(0, 7)) = 1957 (dy+ Y apgny”(9ey)")(0,7))

psq,reN

= 1907 (9y+ Y Apg(x)y"(9)7)(0,7)]

p,qeN

< 1995 2y(0,7)| + Y 19591 (Apo(x)yP) (0, T)]

p>1

+ Y Y 10507 (Apg (x)y”(9:9)9) (0, 7))

q=1p=0
= h+hL+15 (3.18)

(Note that the sum for I is over p > 1, for Ago(x) =0.)
Since R’ < R, we can pick some € € (0, 1) such that

R? < (1—¢)R?
For I;, we have that

(2n+k+2)! " (2n+k+2)!
RSF2R2 (2n 4 k4 3)K RR?™2(2n+ k4 3)1

Since A, 4 does not depend on 7, we have that 8;‘8;% pk=0forn>1andk > 0. Next, for k > 0, we
have that

I} <G, —£)C, (3.19)

k' M Ck!

k =k
0xApg(0)| = k!apq x| < bk bl < (k+ 1)ERABDY

for some constant C > 0 depending on R, by, i, for R < b;.
Note that, still by (3.16), the function d,y satisfies the estimate

C, (2n+k+1)!

S RRRTn ko KEN

|959;" (9:)(0, 7)
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Using u — 1 > 2, we infer from iterated applications of Lemma [3.5] that
CCRKP(2n+k)!
RFR"(2n+k+ 1)Hb})’
roloakd <ax
oo < S
where we denote K := max (Ko 4, K ). We infer from (3.20)-(3.21) that
CCRKP(2n+k)!

089 (Ap0y?)(0,7)| <

- )

I )
2= 1;1 RER™"(2n+k+ 1)Mb})
hoe oy y SRk )
= S SRR (2n+k+ 1)RBIBIRT
Using (3.18)-(3.19) and (3.22)-(3.23), we see that the condition
K Anal (2n+k+2)!
1050/ 19(0,7)| < Cutr RRP2(2n k1 3 Vk €N,
is satisfied provided that
(1-e)C+ Y CR"? 2n+k+3 “(CnK)p
S ntk+1)2n+k+2) \2n+k+1) b
CR? 2n+k+3\" GK. , CK
L) (T )P (22) < G
g>1p>0 2n+k—|—2) 2n+k+1 b() b]R
Pick a number 6 € (0,1). Assume that
bo blR
C,<$6-

so that C,K /by < 6 and C,K/(b1R) < 8. Set
K CR” K CrR?  3H
bo(2n+1)2n+2)1—-86 bR (2n+2) (1—6)?

Cost = MCyi=[(1—g)+ 1C,r

23

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Then, with this choice of C,41, (3.24) holds provided that (3.25)) is satisfied. Next, one can pick some

no € N such that for n > ng, we have

A < 1.

This yields Cyq1 < C, for n > no, provided that (3.25) holds for n = ng. To ensure (3.25) for n =

0,1,...,ng, it is sufficient to choose Cyp small enough (or, equivalently, C small enough) so that

by bR
max (Co, AoCo, L ACo, .. Ang—1 - AoCo) < 8- mln(lg Il( )-

The proof by induction of (3.16) is achieved.
We can pick

C/(C7R7R/) = max (CO,A{)CO,A[A{)C(), n() 1° )L{)CO)
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with Cy = CsuppeN(%)p(p + 1)*, so that C'(C,R,R’) — 0 as C — 0. The proof of Proposition [3.3| is
complete. O

Proposition 3.6. Let —oo < 1] <7<t <+ooand f = f(x,y0,y1) be as in (1.5)-(1.6) with the coefficients
apar (pyq,r) € N3, satisfying (LT)-(I8). Assume in addition that by > R := 467" ~ 4.81. Let
R > R. Then there exists some number C > 0 such that forany C € (0, 5] and any numbers R,R', L with
R <R <R<min(R,by) and 4¢*' /R* < L < 1/4, there exists a number C" = C"(C,R,R',L) > 0 with
limg_,o+ C"(C,R,R',L) = 0 such that for any y° € F c» we can pick a function'y € Gh 2([ 1, 1] x [t,22])
satisfying 3.1) for (x,t) € [—1,1] X [t1,12] and

y(x,7) Zan . Vxe[-1,1], (3.26)

and such that for all t € [t1,1,]
19y(0,2)] < C"L"(n!)?, (3.27)
10,0/'y(0,1)| < C"L"(n!)>. (3.28)

Proof LetR:=4¢2"" R>RandR,R with R<R <R < min(R, by). Pick C,C as in Proposition
and pick any y° € P c- If a function y as in Proposition (3.6|does exists, then both sequences of numbers
d, = 9'y(0,7), neN,

d, = 939'y(0,71), neN

can be computed inductively in terms of the coefficients a, = 9} 0( ), n € N, according to Propo-
sition 3.1} Furthermore, it follows from Proposition [3.3] (see (3.10)-(3.11))) that we have for some
C'=C(C,R,R)>0andallneN

(2n)!
dn| < Clw7
. (2n+1)!
|d,) < /W

Note that both sequences (d,),cr and (d,).en (as above) can be defined in terms of the coefficients
a,’s, even if the existence of the function y is not yet established.

Let L€ (%5, 1). R € (/¥ L R') and M = M(R,R',R") > 0 such that
(2n)!
\d, ]<MC'R”2 , VneN.

The following lemma is a particular case of [17, Proposition 3.6] (with a, = [2p(2p —1)]~! for p > 1).
Lemma 3.7. Let (d;)s>0 be a sequence of real numbers such that
dy| < CH'(29)! ¥g>0
for some H > 0 and C > 0. Then for all H > ¢ 'H there exists a function f € C*(R) such that
f90) = d, Vg>0, (3.29)
IFf )| < CHY2q)! VYg>0,VteR. (3.30)
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Pick H = 1/R" and H = L/4 > ¢ 'H. Then by Lemma there exist two functions go,g1 €
G?([~1,1]) such that

g(0) = dn, n>0, (3.31)
g0 = dy, n>0, (3.32)
s@) < CA(2n)), n>0,te[-1,1], (3.33)
§@)] < MCH"(2n)), n>0,te[-1,1]. (3.34)

It follows at once from Stirling’ formula that (2r)! < Cy4"(n!)? for some universal constant Cy > 0, so
that (with 44 = L)

8" < CCEAY (M), nz0,1el-1,1], (3.35)
8" ()] < MCCARY"(n)?, n>0,1e[-1,1]. (3.36)

Note that4H =L < 1 /4. If C is sufficiently small, then C’ is as small as desired, and it follows then from
Theorem [2.1| that we can pick a function y € G'?([—1,1] x [t1,52]) satisfying 2.1)-(2:3). Using again
Proposition|3.1} we infer that 9Xy(0, ) = a; = d*y°(0) for all k > 0, and hence (3.26) holds. The estimate

-(3. ollow from - an - with L = 4H an = max s, MC'Cy). e
follow fi d ith 4 dc” C'C;,MC'C;). Th

proof of Proposition [3.6is complete. O

4. PROOFS OF THE MAIN RESULTS.

Let us start with the proof of Theorem Let R > R = 4¢9)™" and let € be (for the moment) the
constant C given by Proposition Pick any y°,y! € Ky - We infer from Proposition applied

with [t1,1] = [0,T] and T = 0 (resp. T = T) the existence of two functions §,5 € G'?([—1,1] x [0,T])
satisfying (2.1)) and such that

3(x,0) =y"(x) and §(x,T) =y'(x), Vxe[-1,1].
Let p € C*(RR) be such that

and pjo ] € G2 ([0,T)). Let
go(1) p(1)9(0,2) + (1 —p(2))3(0,1), t€[0,T],
gi(t) = p)dI0,1)+(1—p(1))d:5(0,1), 1€[0,T].
Then by [17, Lemma 3.7] go,g1 € G*([0,T]) and using (3:27)-(3-28) and picking a smaller value of C

if necessary, we can assume that (2.4)) is satisfied with R = 1/L. It follows then from Theorem [2.1] that
there exists a solution y € G'?([—1,1] x [0,T]) of 2.I)-@2.3). The control inputs z_; and 4 are defined

by using (T.2)-(T.3). Then y satisfies (I.I)-(1.4) together with y(x,T) = y;(x) for x € [—1,1]. Indeed,
since p(¢) =0 fort > 3T /4, we have

A0,y =g (T) = 9'5(0,T), VneN,
2,9/v(0,7) =g\"(T) = 9,9/5(0,T), VneN.
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It follows then from Proposition that 97y(0,T) = 97$(0,T) = d"y'(0) for all n € N, and hence
y(.,T) = y'. The proof of (T.4) is similar. The proof of Theoremis achieved. U

Let us now proceed to the proof of Corollary Pick any solution y = y(x,¢) for x € [—1,1] and
t € [t1,12] of (3.1), and set y°(x) = y(x, T) where T € [t1,,]. Assume that y°(—x) = —°(x) forx € [—1,1].
The following claims are needed.

CLAIM 1. For all n > 0, there exists a smooth function H, such that we have 9”[02y + f(x,y, dyy)] =
H,(x,y,0y, ...,0""2y), where

ﬁn(_x7 —Y0,Y1, —Y25 .-+ (_1)n+1yn+2) = (_1)n+1ﬁn(x7y07y17 "'7yl’l+2)'

The proof is by induction on n > 0. Claim 1 is obvious for n = 0 (take H, (x,50,¥1,2) =y2+ f(x,50,¥1)),
and if it is true for some n € N, then

ATy + f(x,y,00)] = 0L [07y+ f(x,y, )]
= O[Hu(x,y, 0y, ..., 0" 2Y)]
N n+2 =N
- aan(x7y7 axyu (A} a)’c,l+2y) + Z akal’l('x7y7 ax% bR} a):l+2y)a)f+1y
k=0

= Hn+1(X,y, axya ...,8;[4_2}7, a)?+3y)

Then it can be seen that

~

Hn+l (—xa —Y0,¥1, —Y2y -5 (_1)n+1yn+2a (_1)n+2yn+3) — (_1)n+2[/_1\n+1 (X,YOJI, '-'7yn+3)-
Our second claim is concerned with the function H, in Lemma[3.2]

CLAIM 2. For all n > 1 we have H,(—x, —y0,V1, ..., (— 1) 'y2, 1) = —H, (%, 50, Y1, -, Y2n-1)-
We prove Claim 2 by induction on n > 1. For n = 1, the result is obvious, for H; (x,yo,y1) = f(x,y0,¥1)-
Assume the result true at rank # — 1 > 1. Then we infer from (3.4) and that

Hy(%,,00,--,02"71y) = 9272[9%y + f(x,y,00)] — 9"y

2n—3 8H _

+ Y S (0,00, -, 02 ) I (9Fy + £ (x,3,91y))

dy
k=0 k
- I:\I2n—2(x7yvaxy7"'7axzny>_axzny

2n—3 8H 1 B .

+) 8; (X, Yy oy OF 39 Hi (X, Oy, .., 05T 2y).
k=0 k

Using Claim 1 and the induction hypothesis, one readily sees that

2n—1y2n71) = _Hn(xay07yla ---,y2n71)-

Hn(_xa Y0, Y15 - (_1)
Claim 2 is proved.

CLAIM 3. 9/'y(0,7) =0 VneN.
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Note that the result is true for n = 0, for y(0,7) = y°(0) = 0. By Claim 2, we have

a'y(0,7) = 92y(0,7)+Hy,(0,y(0,7),0:%(0,7),..., 07" 'y(0, 7))
= 97"°(0) + H,(0,)°(0),9°(0), ..., 92" 1y°(0)).

It is clear that the function 92"y” is odd, and it follows from Claim 2 that the function
X = Hy(,°(x), 0" (x), .., 97"~y (x))

is odd as well. It follows that d/"y(0,7) = 0. The proof of Claim 3 is achieved.

Let us go back to the proof of Corollary Let us show that $(0,7) = 5(0,7) =0 for all r € [0, T]. Let

us consider $(0,7) only, the property for 7(0,¢) being similar. The function § is given by Proposition

But in the proof of Proposition as d, = d;y"(0,7) = 0 for all n € N, it is sufficient to pick go(r) =0

forall 7 € [0,T], so that §(0,7) = 0 for t € [0, T]. Finally, the function y = y(x,?) for (x,¢) € [—-1,1] x [0,T]

given by Theorem [I.1|yields by restriction to [0,1] x [0, T] the solution of the control problem (1.10)-
. O

APPENDIX: GEVREY REGULARITY OF THE SOLUTION OF (2.1)-(2.3) PROVIDED IN THEOREM [2.1]

Assume that f satisfies (T.3)-(T.8). Let us show that y € G'?([—1,1] x [t1,£2]). Pick any numbers
R1,R; such that 4/e < R| < R, and let us prove that there exists some constant M > 0 such that (2.3)
holds. To this end, picking any ¢ > 3, we prove by induction on / € N that

(2n+k)!
"RERZ" (2n 4 k+ 1)H

|0£0]"y(x,1))| V(1) € [<1,1] % [t1,8], ¥n €N, @.1)

for/ € Nand k € {2/,2] + 1}, with sup;.yC; < oo. Let us start with / = 0. Then (4.1) reads

(2n)!
] - 42
19y(x,1)] < OR%"(Zn—i—l)”’ (4.2)
(2n+1)!
2:9/"y(x, < Co—b 4.3
215w < oo @3)

for (x,t) € [-1,1] x [t1,t2] and n € N.

We already know that y € C*([—1,1] x [f1,#2]) and that (y, dyy) € C([—1,1],Xj,) for some so € (0,1),
ie. (y,0y) € C([~1,1],2,) with Ly = L(sg) = ¢217%0)L; < €’L; < (e/2)?. Thus we have for some
constant C > 0 and for all n € N and all (x,1) € [—1,1] x [t1,12],

_1 1
| < oLy T+ ) 1 4n)

laxat"“y(x,tﬂ < CLS“(n!)z(l +n)*2.
Using the estimate I'(n+ §) ~ T'(n+1)(n + %)_% and the estimate (n!)? ~ /7n(2n)!/2%" that follows
from Stirling formula, we infer the existence of a universal constant Cy > 0 such that (4.2)-(4.3)) hold for
some constants Ry, R, with4/e < Ry < Ry < \/4/Ly.
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Assume now that (@.1) is true for all k € {0, 1,...,2/ 4+ 1} for some / € N. Let us pick k € {21,2] + 1},
and let us check that (.1)) is true for k+2 € {21+ 2,21+ 3}. Then
057290y (x,0)| = 19592
= [059/(9y— f(x,y.9)]
< 19yl Y 10507 (Apo(ey”) | + ), Y 1959 (Apq(x)y” (99)))]

p>1 q>1p>0
= Lh+bL+5.
Then
(2n+2+k)! Ry (2n+2+k)!
h =G =G 5 k+2 '
RERS™2(2n+k+3)H R, R1+ R (2n+k+3)*
On the other hand, we have as in the proof of Proposition that for some positive constant K = K (1)
CCP’KP(2n+k)!
K (Apo(x)y")| < : :
9 Aol < Rk n ket Dyl
CCPHKPH(2n+k+1)!
KM (A . (VP (9.v)e < L >1
1059/ (Ap,g(X)y’ (dey)?)| < R’fR%"(Zn—i—k—i—l)“bgb?R? 7=
This yields

CCIKP(2n+k)! CCl K"+ (2n +k+1)!
hths ) RERY(2n+k+1)Hb}) L) RERZ(2n+k+ D)RBYLIRT
S (2n+k+ g>1p>0 n+k+1)

The desired estimate

2n+k+2)!
ak+28n xt)| <C ( 4.4
9oyl < U RE2R (2 4 K+ 3)m @5
is satisfied provided that
2 u P
R — 1 2n+k+3 CK
R, = (2n+k—|—1)(2n—|—k+2) 2n+k+1 bo
2n+k+3\*" C,K)”(Cﬂ()"
+CR} — ) (=) <Cur- 4.5
qugfoz +k+2 <2n+k+1) (bo biRi) — ()
We assume that for some number 6 € (0,1),
by biR;
<6 4.6
! min (K X —)- (4.6)
We set ) . .
R K CR; 3 K CR, 3H
Cr1:=4Cr:=[( | +— L — C.
L A [<R2> +b0(2l+1)(21+2)1—8+b121+2(1—6)2] !

With this choice, (4.5) and (.4) are satisfied. Since R; < R», there exist some number /) € N such that
A <1 (and hence C; 1 < () for [ > 1. For ({.6) to be satisfied for all [ > 0, it remains then to choose
Cy sufficiently small so that

by bR

maX(Co,XOCo,)l]lOCO,....,7%,1 QL()CO) <5 min (K K )
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