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Abstract

We prove a local unique continuation result for Schrédinger operators with time independent Lip-
schitz metrics and lower order terms which are Gevrey 2 in time and bounded in space. This implies
global unique continuation from any open set in a connected Riemannian manifold. These results
relax in the same geometric setting the analyticity assumption in time of the Tataru-Robbiano-Zuily-
Hérmander theorem for these operators. The proof is based on (i) a Tataru-Robbiano-Zuily-Hérmander
type Carleman estimate with a nonlocal weight adapted to the anisotropy of the Schrédinger operator
and (é¢) the description of the conjugation of the Schrodinger operator with Gevrey coefficients by this
nonlocal weight.

Prolongement unique pour des opérateurs de Schrédinger a coefficients partiellement
Gevrey

On montre un résultat de prolongement unique local pour des opérateurs de Schrédinger avec
une métrique Lipschitz indépendante du temps et des termes d’ordre inférieur Gevrey 2 en temps
et bornés en espace. Ceci implique le prolongement unique global a partir de tout ouvert dans une
variété Riemannienne connexe. Ces résultats relaxent dans le méme cadre géométrique I’hypothese
d’analyticité en temps du théoreme de Tataru-Robbiano-Zuily-Hormander pour ces opérateurs. La
preuve est basée sur (¢) une estimation de Carleman de type Tataru-Robbiano-Zuily-Hoérmander avec
un poids non local adapté & anisotropie de 'opérateur de Schrodinger et (i¢) la description de la
conjugaison de l'opérateur de Schrédinger & coefficients Gevrey par ce poids non local.
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1 Introduction and main results

1.1 Background and results

In this article we are interested in the unique continuation problem for a large family of time-dependent
Schrodinger operators. For a general differential operator

(5]

P= Z aa(x)Dg, where Dy, = =%, mé€N, (1.1)
i

la|<m

on an open set 2 C R™ the problem of local unique continuation is the following question: given xg € Q2 C
R™ and S 3 x( a smooth oriented hypersurface, do we have:

(Pu=0inQ, u=0inS~ NQ) = xq ¢ supp(u), (1.2)

where we denote by S~ one side of the oriented hypersurface S? If the local unique continuation property
holds for a sufficiently large family of hypersurfaces, one can propagate it and deduce a global result. For
w a small subset of 2 such a result takes the form:

(Pu=0inQ, u=0inw)=u=0inQ. (1.3)

A motivation arising from control theory is described in Section 1.2 below (see also [L1.23]). On the
one hand, the Holmgren-John theorem [[16r63, Theorem 5.3.1] yields unique continuation assuming all
coefficients of P (i.e. all a,’s for all |o| < m in (1.1)) are real-analytic and the hypersurface S is non-
characteristic, that is to say

Pm (X0, d¥(x0)) #0, where S = {¥ = 0}, (1.4)

and
Pm(x,8) == > aa(x)E” (1.5)
|a]=m

is the so-called principal symbol of the operator P. On the other hand, if one is interested in C'*
(or C*) regularity, Hormander’s theorem [[5r04, Theorem 28.3.4] yields unique continuation under a



(rather strong, unless if P is elliptic, a case which is not considered in the present article) so-called
pseudoconvexity condition (that is to be checked on the whole cotangent space over Xg). The seminal
result of Robbiano [ | for hyperbolic operators, subsequently improved in | ], paved the way to a
more general theorem that would bridge the gap between the C*° and the analytic case. Following another
breakthrough by Tataru | |, this program was finally completed by Robbiano-Zuily, Hérmander and
Tataru in the series of papers | , , |, proving a general unique continuation result for
operators having partially analytic coefficients, containing as a particular cases both the Holmgren-John
and the Hormander theorems. We refer to | , , , ] for further discussions and comments
on these results.

In this article, motivated by applications to control theory (see Section 1.2 below), we are interested
in the particular case of Schrodinger operators

d d
Pog =10+ 00,¢"" (2)00, + > b7 (t,2)0, +q(t, ), (1.6)

k=1 j=1
where ¢7¥ () is a symmetric elliptic matrix on an open set V C R?, that is to say ¢/*(z) = ¢*’(x) and

d
there is ¢g > 0 such that Z gF(2)&;& > coléf?,  for all (z,€) € V x R (1.7)
jik=1

Compared to the general situation in (1.1)—(1.5), we have here n = 1+ d, x = (¢,z), m = 2, and the
“principal symbol” of P is pa(x,&) = pa(t, z,&, &) = — ijk gjk(;v)é“zjgxk. The latter does not depend
on & (and, in particular, is the same as for the heat operator (1.6) in which i9; is replaced by —d;).
The formulation of B, 4 in divergence form, as opposed to (1.1), is related to the low regularity of the
coefficients in our results, see the discussion in Section 1.3.2. The classical theorem of Hormander is
empty in this case. Taking advantage of the anisotropic (or quasi-homogeneous) nature of the Schrédinger

operator, Lascar and Zuily proved in | | that the results of Hormander | , Chapter 28] can be
generalized to the anisotropic case with an appropriate modification of the symbol classes and Poisson
bracket. See also | N | and | | for later results in this direction. In the context of (1.6),

this result applies for coefficients ¢/* € C! and b/,q € L>, under a pseudoconvexity condition on the
hypersurface. The latter is a very strong local geometric assumption on the surface for (1.2) to hold, which
necessarily leads to a very strong global geometric assumption of the observation set w in an associated
global unique continuation statement of the form (1.3). For applications to control or inverse problems,
related global Carleman estimates for Schrodinger operators have been proved for instance in [ ]
(constant leading order coefficients) and in | , ] (Riemannian manifolds or varying coefficients).
A weak pseudoconvexity condition has also been proved sufficient in | | for a flat metric and in
[ | with varying metrics. Yet, in all of these references, a form of pseudoconvexity related to that
of | | is required and global statements hold under strong geometric assumptions. As proved in | ,
Théorémes 1.4 et 1.6], a pseudoconvexity condition is actually essentially necessary in the following sense:
if it is “strongly violated”, then there exists q € C'*°(Q2) such that (1.2) does not hold for the operator
P =D, 4 in (1.6) with b/ =0 (see Section 1.3.1 below).

The Tataru-Robbiano-Zuily-Hérmander theorem also applies to the Schrédinger operator (1.6). In that
case, it implies local unique continuation (1.2) assuming

1. that the surface S is non-characteristic, i.e. (1.4);
2. that the coefficients are real-analytic with respect to the time variable ¢.

In the setting of the Schrédinger operator (1.6) in R'*? mnote that the non-characteristicity assump-
tion (1.4) rewrites equivalently

d
Z gjk(-rO)axj\I/(tmmO)amk\I/(thmo) 7é 0. (18)

jk=1

From the geometric point of view, the non-characteristicity assumption is optimal: it excludes only surfaces
tangent to {t = ¢}, for which we know that local unique continuation may fail (this would otherwise



imply finite speed of propagation for Schrodinger equations). Applied iteratively to appropriate families of
hypersurfaces (see e.g. | , Section 6.2]), this result thus leads to a global unique continuation statement
under an optimal geometric condition, still assuming analyticity in time of the coefficients. From the point
of view of regularity requirements, however, analyticity in time is of course very demanding.

Note finally that T’joén [ | proved a quasi-homogeneous variant of the Tataru-Hormander-Robbiano-
Zuily theorem in a general setting and Masuda | ] proved a global uniqueness result in the case of C?
principal coefficients and time independent coefficients. A challenging problem is to understand to which
extent the time-analyticity condition can be relaxed under optimal geometric conditions. For the wave oper-
ator, we refer to the discussion in [ | and the counterexamples of Alinhac-Baouendi | , , ]
and Hérmander [ ] (see Section 1.3.1 below). In this direction, our results relax the time analyticity
assumption of the Tataru-Robbiano-Zuily-Hormander theorem for the Schrodinger operator (1.6) down to
Gevrey regularity.

Definition 1.1. Given d € N*, U C RY an open set, (B, || - |5) a Banach space and s > 0, we say that f
is a s-Gevrey function valued in B, denoted f € G*(U; B), if f € C°°(U; B) is such that for every compact
set K C U, there are constants C, R > 0 such that for all & € N9
(0% (o7 S
max [0°f ()| < CRI*lal.

These spaces were introduced by Gevrey | | to investigate regularity properties for solutions of the
heat equation between real-analyticity and C> regularity. Recall that for s = 1, G1(U; B) = C¥(U; B) is
the space of real-analytic B-valued functions. However, for s > 1, G*(U; B) contains nontrivial compactly
supported functions. See e.g. | Jor | | for more properties of Gevrey functions. In what follows,
we mostly consider the case d = 1, ¢ being the time variable (but also consider d = 2 in Section 3.1). Our
main results may be summarized as follows.

Theorem 1.2 (Local unique continuation for Schrédinger operators). Assume Q =1 XV where I C R is
an open interval and V. C R? an open set, and let (tg,x¢) € Q. Assume g'* € WL>(V) satisfies (1.7),
that bl,q € G*(I; L= (V;C)). Let ¥ € C1(;R) such that {¥ = 0} is non characteristic for P at (to, %),
in the sense of (1.8). Then, there is a neighborhood W of (to,xo) such that, for P, 4 defined in (1.6),

(Poqu=0 inQ, wel?*;H (V)), u=0in{¥>0}) = u=0inW.

For applications, one may need to assume less regularity on the solution u. The latter can indeed be
relaxed, if we assume some additional regularity of the coefficients.

Theorem 1.3 (Local unique continuation for L? solutions). Under same assumptions as in Theorem 1.2,
and assuming in addition that Z?Zl Dz,b7 € L>=(Q;C), there is a neighborhood W of (to, o) such that

(Poqu=0 inQ, wel?*Q), u=0in{¥>0}) = u=0inW.

Note that the divergence form of the principal part of F,, together with the respective regularity
assumptions on ¢7* b, q and u allow to make sense of P, qu in D' (). With respect to the Tataru-Robbiano-
Zuily-Hérmander theorem for the Schrodinger operator (1.6), we relax the analyticity-in-time assumption
for the lower order terms to a Gevrey 2 condition. We also relax the regularity of the main coefficients

(assumed either C* in | ) ) ] or C'in | ]), replaced here by Lipschitz regularity;
in the elliptic context (and therefore in our context as well) this is essentially the minimal regularity in
dimension d > 3 for local uniqueness to hold (see | ] and | ] for C%* counterexamples for all

a < 1, for operators in divergence forms or not).

Remark 1.4. One can further lower the regularity of the solution u by assuming additional regularity
of the coefficients ¢*,b?,q. For instance, assuming (in addition to the assumptions of Theorem 1.2) that
g € C>(V),bl,q € C>°(;C), then we have

(Poqu=0 inQ, uvweD(Q), u=0n{¥>0}) = u=0in W

Successive applications of Theorem 1.2 or Theorem 1.3 through a family of well-chosen non-characteristic
hypersurfaces yield the following global result (see | , Proof of Theorem 6.7 p. 100] and use that a
connected manifold is path-connected).



Theorem 1.5. Let T > 0 and M = Int(M) U OM be a connected smooth manifold with or with-
out boundary M. Suppose that g € W2°(Int(M)) is a Riemannian metric on Int(M), that q €

loc

G2((0,7); LS (Int(M); C)), that b is a one form with all components belonging to G2((0,T); L2, (Int(M); C)),

loc loc
and consider the differential operator

Pogq =10 +Ag+b-V,+q(t,x),

where Ay is the Laplace-Beltrami operator on Int(M), V, the Riemannian gradient.
Then given w a nonempty open set of M, we have

Po,qu =0 in (0,T) x Int(M)
we L (0,T; HL . (Int(M))) = u=01n(0,T) x Int(M).

u=01in (0,T) X w

If in addition divg(b) € L. ((0,T) x Int(M)), then
Po,qu =0 in (0,T) x Int(M)
uwe LE ((0,T) x Int(M)) = u=01n (0,T) x Int(M).

u=01in (0,T) X w

Note that by q € GZ((0,7); LS. (Int(M); C)), we mean q € G2((0,T); L>°(K;C)) for all compact
subsets K of Int(M). Note also that under the assumptions of Theorem 1.5, the Cauchy problem Py qu =
0,u(0, ) = ug is not well-posed in general.

As in | ] (see Theorem 3.24 and the remark thereafter), this result (for L?(I; H*(V)) solutions)
can also be translated into a global unique condition from an arbitrarily small nonempty open subset of
the boundary OM (in case OM # (}); we do not state this result for the sake of concision.

We finally mention that other notions of global unique continuation have been extensively investigated
for solutions of Schrodinger equations during the last years. One such notion is the following: Assume
that a solution u = u(¢,z) of the Schrodinger equation on R; x R, vanishes in |z| > R for some R > 0 at
two different times ¢y and ¢;. Can we then conclude that u vanishes everywhere? This question has been
addressed for instance in | , , ], see also the references therein. All of these results hold
under stronger geometric assumptions in space (flat metric, nullity outside of a ball), weaker regularity
assumptions on the lower order terms, and use as a key tool Carleman inequalities.

1.2 Application to controllability and observability
1.2.1 Approximate controllability

As already alluded, unique continuation properties for evolution equations are often equivalent to approxi-
mate controllability results for an appropriate dual problem, see e.g. the introduction of | ] for the wave
equation. In particular, Theorem 1.5 has an “approximate controllability” counterpart. For simplicity of
the exposition, we only treat the internal control (the boundary control could be considered as well) of L?
solutions (the case of C°H~1 solutions could be considered as well) with b = 0 (the case of general b could
be considered as well, with regularity assumptions depending on the space in which the control problem is
set; note that in any case, additional assumptions should be made so that to ensure well-posedness of the
Cauchy problem). Given T' > 0, M = Int(M) U M a smooth manifold with (possibly empty) boundary,
g a locally Lipschitz continuous metric on M, and w C M an open set, we consider the control problem

10w+ Agv +qu="1,f, in (0,7) x Int(M),
v=0, on(0,7)x0M if IM #0, (1.9)
v(0,-) = v, in Int(M).

Here, f is a control force acting on the system on the small open set w and one would like to control the
state v of the equation. Concerning well-posedness of the Cauchy problem in (1.9), we first let H}(M) be
the completion of C!(Int(M)) for the norm

2 ::/ IV, ul? + [uf?) dVol, . (1.10)
H'(M) M ( 9~lg ) g



Note that C} (Int(M)) being dense in L?(M), we have a continuous embedding H} (M) C L?(M). Second,
we take the Friedrichs extension on L*(M) of —A, defined on CZ°(Int(M)), which we denote by —A, .
It is defined by

D(-Ayp) = {u € Hj(M), there exists f € L*(M),
/ (Vgu, V)2 + ugp dVol, = / fe dVol, forall ¢ € H(}(M)}, (1.11)
M M

For u € D(—Ayr), there is a unique f satisfying (1.11), and we set (—Agr + Id)u := f. Third, for
q € L*>*((0,T) x M;C), the solution to (1.9) is defined via the Duhamel formula for the unitary group
(e”Ag’F)te]R and is a solution of the first equation of (1.9) in the sense of distributions on (0,T") x Int(M).
Note that if we assume that M is (topologically) complete and that M is compact, then H} (M) = {u €
HY(M), Tr(u) = 0}, where H'(M) is defined as the completion of C1(M) functions with finite H! norm
for this norm (definition (1.10)) and Tr : H'(M) — L*(OM) is the trace operator. This remark justifies
the formal writing of the Cauchy problem in (1.9).

The (second) unique continuation result of Theorem 1.5 combined with a classical duality argument
(see [ , ] or | ]) vields the following corollary.

Corollary 1.6. Assume M is a complete connected Riemannian manifold with or without compact bound-
ary, g is a locally Lipschitz continuous metric on M, and q € L*°((0,T) x M;C)NG*((0,T); LiS.(M; C)).
For any nonempty open set w C M, for all vo,v; € L?*(M;C) and for all precision € > 0, there is
f € L?((0,T) x w) such that the solution to (1.9) satisfies ||v(T,-) — vi| L2y < .

Note that we actually only need to assume q € G?(I; L (M:; C)) for some nonempty open set I C (0, 7).

loc

1.2.2 Observability, exact controllability

Unique continuation also plays a key role in proofs of exact controllability results, or equivalently, observ-
ability estimates. For wave-type and Schédinger equations, the proof of the latter often decomposes into a
high frequency and a low-frequency analysis. We refer to the introduction of | ] for a detailed account
in the case of the wave equation. The low-frequency part of the analysis amounts to a unique continuation
like Theorem 1.5. The observation system is the following free Schrodinger equation:

0w+ Agu+qu=0 in (0,7) x Int(M),
u=0, on (0,T7)xIM if IM #1), (1.12)
u(0,+) =wup, in Int(M),

dual to the control problem (1.9) if g =q. As in the preceding section, for simplicity of the exposition, we
only discuss the internal observability/control of L? solutions with b = 0 to illustrate some applications of
our results, and provide with a single geometric example of application.

Theorem 1.7. Assume that (M, g) = (D, Eucl) is the Euclidean (closed) unit disk and that g € C*°([0,T]x
D;R) N G2((0,T); L, (Int(D); R)) is real valued and w is any nonempty open set such that w N OD # .

loc

Then for any T > 0, there is C > 0 such that for all ug € L?>(M), the solution u to (1.12) satisfies

T
luol| 2y < C/o /|u(t,x)\2da:dt. (1.13)
w

Our contribution in Theorem 1.7 is to include more general time-dependent potentials ¢, using The-
orem 1.5 for the “low frequency” part of the proof. Theorem 1.7 is a direct combination of | ,
Theorem 1.2] and Theorem 1.5. Note that the C*° regularity can be relaxed, see | , Remark 1.6].

By a classical compactness-uniqueness argument [ ], observability estimates like (1.13) can be
deduced from the unique continuation result of Theorem 1.5 together with a weakened (or high-frequency)
observability estimate (i.e. of the form (1.13) with an additional relatively compact remainder term on the
right-hand side). The geometry discussed in Theorem 1.7 is only an example for which the high frequency
result may be applied as a black box. One may hope to generalize Theorem 1.7 to many other geometric
situations where the high frequency observability is well-understood, for instance in general geometries



under the Geometric Control Condition | ], on tori [ , ) ], on negatively curved
manifolds | ) ) ) ], in unbounded geometries | ] (see also the references therein).
This requires additional work and we plan to study this question elsewhere.

As a direct corollary of the observability statement of Theorem 1.7, we deduce an exact controllability
statement for System (1.9) (see | ) D-

Corollary 1.8. Assume that the assumptions of Theorem 1.7 are satisfied. Then, for all vg,v1 €
L*(M;C), there is f € L?((0,T) x w) such that the solution to (1.9) satisfies v(T,-) = v;.

1.3 Remarks
1.3.1 Remarks on Gevrey regularity

One may question the role of the Gevrey 2 regularity. Gevrey regularity already appears in the study of
strong unique continuation for elliptic operators, see e.g. | , , , ] and the references
therein. In these references, the authors consider elliptic operators with complex coefficients and charac-
terize a critical Gevrey index for strong unique continuation to hold, in relation to the geometry of the
image-cone of the principal symbol.

Gevrey spaces also appeared recently in the related context of control of 1D evolution equations in
the so-called flatness method. For an operator of the form 0; + a0, with a € R and a € N the idea
of this method is to solve the ill-posed problem 9% = —a~'d;u, seeing x as a new evolution variable. It
turns out that the correct regularity in time to be able to solve this evolution problem and the associated
control problem is Gevrey «, see | | for the particular examples of the heat operator, | ]
for the KdV operator. It corresponds to the index a = 2 in the case of the Schrodinger equation. For an
anisotropic operator of the form P = 9 + Q with Q a differential operator in the space variable of order
M > N, it is likely that an analog of our result holds assuming that the coefficients of the operator @) are
Gevrey s in ¢ with s = M/N.

Also, as already alluded, it is proved in | , Théorémes 1.4 et 1.6] that a quasihomogeneous version
of pseudoconvexity is actually needed for unique continuation to hold for general C*> lower order terms.
As an illustration, [ , Théoréme 1.6] proves that if d > 2, there exist u,q € C°°(Bpi+a(0,1);C) such
that

Poqu=0, in Bgi+4(0,1), u=0onz; >0, and O € supp(u),

whence unique continuation does not hold across the non-characteristic surface {z; = 0}. Hence the
statements of Theorems 1.2 and 1.3 are false without the Gevrey-in-time regularity assumption of q.
As a comparison, in the case of the wave equation, the classical counterexamples of Alinhac-Bahouendi |
, ], as refined by Hormander | |, prove the following statement. For any s > 1 and d > 2,
there exist u,q € G*(Bgi+a(0,1); C) so that

O*u—Au+qu=0, in Bpi+4(0,1), and supp(u) = {(t,z1,...,2q) € Bri+a(0,1), 21 > 0}.

This shows that, without any further assumptions, the analyticity in time of q is essentially optimal (within
the class of Gevrey spaces; note that Hormander’s statement is even stronger) in geometrical situations
where the strong pseudoconvexity of the hypersurface is not satisfied. Theorems 1.2 and 1.3 show that in
the context of the Schrédinger equation, Gevrey 1+¢ counterexamples do not exist. It would be interesting
to know if an equivalent counterexample can be proved for Schrédinger type equations with Gevrey 2 + ¢
coefficients, that is to say, whether the Gevrey 2 regularity in time is the critical one.

1.3.2 Remarks on the divergence

In the local setting, we have written the elliptic operator in (1.6) in divergence form. Since we as-
sume that ¢7* has Lipschitz (time-independent) regularity, and we have ¢7%(2)8;,0:, = 0x,97% (2)0s, —
Or, (gjk)(x)azw the operator 9, (¢’*) ()95, has time independent L coefficients, i.e. the same regularity
as b/0,, in Theorem 1.2. Hence, the statement of Theorem 1.2 holds as well for 8,,¢7% ()0, replaced by
gjk(:v)&cj 0z,- That is to say, Theorem 1.2 does not care about the divergence form of the operator. The

same remark holds for the first part of Theorem 1.5.



In Theorem 1.3 however (and in the second part of Theorem 1.5), for the unique continuation statement
for L? solutions, it is important that the elliptic operator is in divergence form. However, the principal
term 0, g’ k9, or A, in these two statements may be replaced by any operator of the form

Ay i=div, Vg,

where ¢ is a Lipschitz continuous Riemannian metric, ¢ is a Lipschitz continuous nowhere vanishing
density and div, and V, denote respectively the associated divergence (the Riemannian case corresponds
to ¢ = y/det(g) with g = (gjx) = (¢°%)7!, and the Euclidean case to ¢ = 1) and gradient. In local
coordinates, they write

d d
. 1 - 0
div,(X) = Z —0.; (¢Xj), Vou = Z ¢ (0 u) =—.
=7 jok=1 Ou

The results of Theorem 1.3 and the second part of Theorem 1.5 (for L? solutions) actually depend on the
density chosen (i.e. the result for one density cannot be deduced from that for another density). They
are however valid for any locally Lipschitz nonvanishing density and the proof of Theorems 1.3 is actually
written in the general context of the operator A .

As far as first order terms are concerned, for the unique continuation statement for L? solutions, it is
crucial that 2?21 dz,b7 € L*°(€;C) in Theorem 1.3 (and in the second part of Theorem 1.5). Note that
in Theorem 1.3, the divergence (form of the operator as well as the divergence condition for b) is taken
with respect to the Euclidean density in R?. In the global setting of Theorem 1.5, the divergence (form of
the operator as well as the divergence condition for b) is taken with respect to the Riemannian density in
(M, g). However, in both settings, given any nondegenerate locally Lipschitz density ¢, we see that

0,
L.
v

d
divy, (X) = divi (X) + )

Hence, for any L vector field b, any Lipschitz metric g and any nonvanishing Lipschitz density ¢, we
have (locally near a point)

divg(b) € L <= divy(b) € L™ <« divi(b) € L™,

where div, denotes the Riemannian gradient (and is defined by div \/m).

1.3.3 More general lower order terms

So far, all results are stated for linear Schrodinger operators. However, as one can check in the proof
(see Section 4.1 where the perturbation argument is performed), C—antilinear lower order terms can be
included in the unique continuation statements. For instance, the statement of Theorem 1.2 remains valid
for all solutions u to

d
Poqu+ Y b (t, )0, 7 +q(t, 2)a = 0,

j=1
assuming (in addition to the assumptions of Theorem 1.2) that b/,q € G2 (I; L (V; C)).

One may also want to lower the space regularity of the lower order terms. In the proof of Theorem 1.2,
an application of a rough Sobolev embedding shows that only q € G2(I; L4(V;C)) is needed if d > 3 and
q € G2(I; L*T¢(V;C)) for some £ > 0 if d = 2. See Remark 3.4 below. Note also that our result is of
no interest in space dimension d = 1, for unique continuation applies to L (I x V') coefficients (without
any Gevrey assumption; the appropriate pseudoconvexity condition being satisfied in 1D), see e.g. | ,
Corollary 6.1.].



1.4 1Idea of the proof, structure of the paper

Since the pioneering work of | ], Carleman inequalities are one of the main tools for proving unique
continuation results. Carleman estimates are weighted inequalities of the form

H6T¢PUHL2 e HewuHL2 , T >To, (1.14)

which are uniform in the large parameter 7 and are applied to compactly supported functions u. The
weight e™® allows to propagate uniqueness from large to low level sets of ¢ by letting 7 — oco. The

key additional idea in [ ] (following the introduction in this problem of the FBI transform in time
. 2
in | ]) is to make use of the nonlocal Fourier multiplier in time e~ i , and replace (1.14) by

| Dy|?
ez ey

e| D

2
_ tl
e~z e"®Pu
L2

, T >To. (1.15)
L2

+ e el 2 2

A key feature of this approach is that, although (1.15) carries less information on e™®u, it is still enough
to prove unique continuation (see Lemma A.1 below). And the advantage of (1.15) with respect to (1.14)
is that the operator and the function are localized in a low frequency regime with respect to the variable
t. Hence (1.15) holds if we only assume the classical pseudoconvexity assumption in a smaller subset of
the phase space, namely where & = 0 (here, & is the dual variable to ). See | , ]

for the original proofs and [ ] for introductory lecture notes on this topics in the case of the wave
operator.
In the setting of the wave operator P = —07 + > g/*(x)0,,0,,, the principal symbol p; = & —

S gk (2)€s, &z, is homogeneous of degree two in all co-tangent variables in (&;,£,). When proving Carleman

esimates like (1.14) or (1.15), the large parameter 7 plays the role of a derivative, which, naturally results
e| Dy |?

3r -~ appearing in (1. 10) is “of order one”, and

in Dy ~ D, ~ 7. In this scaling, the Fourier multiplier
large frequencies |D;| > ¢o7 only contribute to admissible remainders of size e~¢ 20 T,

The first main idea for the proof of Theorems 1.2—1.3 is to prove a Carleman estimate adapted to the
anisotropy of the Schrédinger operator (1.6) in case b = 0,q = 0. In this setting, we want to consider that
D, is homogeneous to D2 ~ 72. With this new definition of homogeneity /order/scaling, the natural “first

|€t| Therefore, the first step of the proof of Theorems 1.2-1.3 is the

order” Fourier multiplier in time is
Carleman estimate of the form

1| Dy |2

nl Dy _
e 23 e %y

_ pIDy|?
e~ 23 ¢"?Pu

4 e 97 HewuHL2 z T > To, (1.16)

L2 L2

for the unperturbed Schrodinger operator P = id; + Y. ¢7¥(2)0,,0,,. This is achieved in Section 2
(see Theorem 2.5). Note that as compared to (1.15), frequencies |D;| > co7? contribute to admissible

2
. . —u 0 I . . .
remainders of size e”#2 7. In other words, (1.16) carries information on time-frequencies |D;| < 72

of the function e™®u whereas the usual estimate (1.15) only contains information on time-frequencies
|D¢| < 7. This is also clearly seen in the proof of | | of the optimal quantitative version of the Tataru-
Hormander-Robbiano-Zuily theorem. In | ], the Carleman estimate (1.16) allows to propagate low
frequency information of the solution in the sense |D;| < 7; whereas the Carleman estimate (1.16) will
allow to propagate low frequency information of order |D;| < 72. This indicates that the new weight allows
to “propagate more information”.

The key step in the proof of the Carleman inequality (1.16) (in Theorem 2.5 below) is a subelliptic
estimate (Proposition 2.8 below) for the conjugated operator Py, defined by

_ ulDy|? nlDy|2

e 25 TP = Py e” 23 e™?, (1.17)

where the time independence of the coefficients of P is crucial for the computation of Py ,. The latter
takes the form (for appropriate norms)

1Ps,uvll L2 + 1Dl Z o]l - (1.18)



u|D¢|?

That the subelliptic estimate (1.18), applied to v = e~ 273 e"%u, implies the Carleman inequality (1.16)

2

follows from the fact that e~ “525~ localizes exponentially close to Dy = 0. Hence the term ||D,v|| mostly
contributes to the exponentially small remainder in (1.16) plus a small term that one can absorb in the
right hand-side of (1.16) . The proof of (1.18) relies on two steps. We first perform the computations in
the case u = 0, that is to say, as for a traditional Carleman estimate of the form (1.14), with the difference
that all terms involving ||D;v|| can be considered as remainder terms. This essentially reduces this step
to a usual Carleman estimate for elliptic operators with only Lipschitz regularity (plus remainder terms
involving time derivatives), for which we rely on [ , Appendix A]. Then the second step consists in
considering the general case > 0 as a perturbation of the previous step plus admissible remainder terms.
A related (although different) perturbation argument is used in the proofs of | , , , 1,
see e.g. | , Section 3.3]. A remarkable difference is that we prove (1.16) for all p > 0, whereas (1.15)
only holds for small € > 0.

The second main step for the proof of Theorems 1.2-1.3 is to prove that (1.16) still holds for general b, q
having Gevrey 2 time-regularity. To this aim, we perform again a perturbation argument and essentially
need to prove that

_ plDy?

_ plDy|?
e 273w

e” 23 (quw) +e 97 w2, (1.19)

~

L2

L2

which becomes an admissible remainder in the sharp version of (1.16) (i.e. with the appropriate norms
and powers of the large parameter 7). The proof of (1.19) relies on a conjugation result of the form (1.17)
but for the multiplication by a function, say q, depending on ¢. The issue of defining a conjugate of a

e elDg|? L .
multiplication operator q by e~ 7= is one of the main difficulties in [ , , , ]. Even
1Dy |2

if the function q is real analytic with respect to ¢ a conjugate operator with respect e~ 2 does not
necessarily exist. However, one can define an approximate conjugate up to an error of the form e~ ||u||,
which is admissible in view of (1.19) and (1.15). In the present setting and if typically q € G*(R;C)
depends only on ¢, our conjugation result writes as

~EIPg = op (&7 (¢ + ihg))e #1740 (7T h— 0%, 1.20
e q=op” (@' (t +ih&))e O ) ey (1.20)
Taken for h = 4, owing to the fact that op® (q"(t +h&;)) is uniformly bounded on L?(R), this provides a
proof of (1.19) and eventually of (1.16) for the perturbed operator P, q. In this expression, the conjugated
operator op¥ (E]T(t + ih{t)) is cooked up from q as follows:

1. First we define q an almost analytic extension of q to C, well-suited to the G? regularity of q. That
is to say a function q € G2(C;C) such that 9;q vanishes at any order on the real line.

2. Second we set q"(t + ih&;) = n(h?/3&,)q(t + ih&;) for (t,&;) € R x R (with the second variable being
the dual variable to ¢, that is to say such that op“ (&) = D;), where n cuts-off high frequencies,
|Dy| > h=2/3 ~ 72, which, as already mentioned, is the right scale in the present setting.

Our proof of this conjugation result relies on the strategy of Tataru | |, and proceeds with a defor-
mation of contour. Working with non-analytic functions raises certain non trivial technical difficulties.

The plan of this article is as follows. Section 2 is devoted to the proof of the Carleman estimate (1.16)
in the unperturbed case b = 0,q = 0. We use some notation from Riemannian geometry which we recall
in Section 2.1. We discuss the conjugated operator in this setting in Section 2.2 and state the Carleman
estimate (1.16) in Theorem 2.5. We then state the subelliptic estimate (1.18) in Proposition 2.8, prove that
the subelliptic estimate implies the Carleman estimate in Section 2.3, and prove the subelliptic estimate in
Section 2.4. As already mentioned, this proposition proceeds in two steps: the case y = 0 is first treated in
Section 2.4.1 and then the case p > 0 in Section 2.4.2 in a perturbation argument. The usual convexification
step is performed in Section 2.5, allowing to transform the function ¥ defining the hypersurface into a
weight function ¢ satisfying the assumptions of the subelliptic and the Carleman estimate.

Section 3 is devoted to the study of the conjugated operator and a proof of a conjugation statement
like (1.20) (namely Proposition 3.5). In Section 3.1 we start with the construction of almost analytic ex-
tensions of Gevrey functions adapted to our needs. We then state the conjugation result in Proposition 3.5
and proceed to the proof in Section 3.2.
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The unique continuation Theorems 1.2-1.3 are finally proved in Section 4. Combining the results of
Section 2 and Section 3 yields a Carleman estimate with Gevrey lower order terms, studied in Section 4.1.
Then an appropriate weight function for the unique continuation results is constructed in Section 4.2

and we conclude the proof of Theorem 1.2. In Section 4.3 we explain how one can exploit the time-
|Dy|?
regularization of the Fourier multiplier e™# 5~ combined with the ellipticity of P, 4 in space, in order to

reduce the regularity of the solution in the unique continuation result. This step, actually relying also on
a refined estimate proved in Section 2 and Section 3 (where remainder terms involve only H ! regularity
of the solution in time), allows to prove Theorem 1.3.

The article concludes with Appendix A where we collect several technical estimates and lemmata.

Acknowledgements. The authors would like to thank Nicolas Burq for having pointed to them the refer-
ence | ] and Luc Robbiano for having drawn their attention to the articles | ] and | ]. They
also thank Didier Smets for helpful comments about elliptic estimates and in particular for Lemma 4.4.
Most of the work for this project was done when the first author was in the Laboratoire de Mathématiques
d’Orsay. He would like to thank the institution for its kind hospitality. The third author is partially
supported by the Institut Universitaire de France and the Agence Nationale de la Recherche under grants
SALVE (ANR-19-CE40-0004) and ADYCT (ANR-20-CE40-0017).

2 The Carleman estimate

2.1 Toolbox of Riemannian geometry

The proof of the Carleman estimate below (as many proofs of Carleman inequalities for operators with
low-regularity coefficients) relies on an integration by parts. Although we work here in a local setting,
it is still convenient to formulate our integration by parts formula in a Riemannian geometric framework
following [ , Appendix A], which we recall now (see [ D-

We work in a relatively compact open set V C R?. We denote by g = (9jk)1<j,k<a & Lipschitz metric on
V, (that is,  — g, (-, ) is a Lipschitz family of symmetric bilinear forms on T'V' that is uniformly bounded
from below, which is equivalent to (1.7)). We denote by (-,-), = g(-, ) the inner product in TV =V x R
Remark that this notation omits to mention the point x € V' at which the inner products takes place: this
allows to write (X,Y)  as a function on V' (the dependence on z is omitted here as well) when X and Y

are two vector fields on V. We also denote for a vector field X, |X|3 = (X,X),. InV, for f a smooth
function and X =3, X2 Y =3, Yi% smooth vector fields on V, we write

Oz’
d
i g d ij
(X, V), = gi; XY, Vof =302197(0;f) 5%,
i,j=1

. d 1 . d 1 ij
divy(X) = ; Vel (Vdetgx:) . Agf =divy Vf =S, o=, (et gg0;1)

d d oy d 4 4 9
DXY:Z ZXJB -+ ZF;),CXJY’“ o

i=1 \j=1 L Gok=1 Ti

where (g71);; = ¢ and the Chritoffel symbols are defined by

d

o ,
Tin=35 > 9" Digr + Ongij — Dugi) »
=1

(see for instance [ , p71]). Note in particular that the Lipschitz regularity of g writes g;; € W1 (V),
and implies g € W1>(V). This entails, if f, X,Y are smooth, that (X, Y>g € Whee(V), V,f is a
Lipschitz vector field, Ayf € L>(V) and DxY is an L™ vector field on V, since the definitions of A, and
Dx involve one derivative of the coefficients of g. Note that we have chosen to use the Riemannian density
© = +/det g in the definition of the divergence for simplicity. Any non-vanishing Lipschitz density ¢ would
do the same. The results for one density may anyways be deduced from those with another density, see
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the discussion in Section 1.3.2 as well as Remark 2.6 below. Let us now collect some propertles of these
objects, that we shall use below. For f,g two smooth functions on V and X = ", X* 89: Y =3, yi2
two smooth vector fields on V', we have

divy(fX) = (Vo f, X), + f divg(X),
Dx(fY)=(X[f)Y + fDxY,
Dx((Y,Z),) = (DxY,Z),+ (Y,DxZ), .

ox;

We define (see | , Exercice 2.65] or | | for more on the the Hessian)

Hess(f)(X,Y) = (Dxdf)(Y ZXW — T30k f]

which again is in L (V') for a Lipschitz metric g and L® vector fields X, Y. Note also that the Hessian of
f is symmetric, that is Hess(f)(X,Y) = Hess(f)(Y, X) and for any function f and any vector field X and
Y, we have (see e.g. | ; Lemma A.1]) Hess(f)(X,Y) = (DxV,f,Y) . Concerning integrals, we write

in this section
/f:KJuNMaﬂ@m,

where y/det g(x)dx is the Riemannian density. With this notation, a useful integration by parts formula
writes as follows: For all f € H2(V) and h € H' (V) one of which having compact support in V, we have

[@otim== [ 9,£.9,m),.

As we are interested in complex-valued functions, we set (f,g) = (f,9)z2¢v) = [ fh for the L? hermi-
tian product. We are moreover interested in time-dependent functions, and in the context of spacetime

integration, we write [[ f = th [y f(t,2)/det g(x)dxdt and similarly (f,g) = [ fh.

2.2 The Carleman weight

We denote by © = I x V where I is a bounded open interval of R and V is a relatively compact open
subset of R% equipped with a Lipschitz metric ¢g. In this section, we set P := id; + Ay where A, is defined
in Section 2.1.

For a smooth real-valued weight function ¢ (later on, we will assume that it is polynomial of order 2),
the Carleman estimate below will make use of the operator, as explained in Section 1.4.

\Dfl
R U T¢
QL u=¢e " e P

In all the rest of the proof, u does not have any role and could be any constant. We have chosen to

keep it along the proof since we believe it helps to follow the perturbation of the pseudodifferential weight.

[D¢|?
We now describe the conjugation by e * 20

Lemma 2.1 (Lemma 3.12 in | ). Let u € S(R™?) and ¢ > 0, then
112 D ik
e (tu) = (t—!—zgt) e .

This implies the following conjugation of monomials.

Lemma 2.2 (Lemma 3.14 in | ). Assume ¢ is a real polynomial of degree two in the variable t. For
all k € {0,--- ,d} (with the convention t = xg, Dy = D) we have

Qi,T‘Dk = (Dk)dhﬂQﬁ,‘r’
where (denoting ¢y, = 010x,,¢)

(Dk)¢,u = Dk + ZTan¢( ) (bt xk

12



The goal of Section 2 is to prove a Carleman estimate for the “unperturbed” operator

P=i0,+ A, = det gg’* Dy, (2.1)

1
Dy — ——D
! j;l Vdetg ?
with all coefficients independent of t. The following corollary is a direct consequence of Lemma 2.2.

Corollary 2.3 (The “conjugated operator”). Let ¢ be a real-valued function being quadratic in t and P
defined in (2.1). Then, for any p >0,

Q% P ="Py,Q0 ., with

) D
Py, =— (Dt +iT0p(x) — ;’tT;)

d
Dy ik . D,
; \/(F (D +iT0;0(x) — M¢§/,j7_2) det gg’ (Dk +iTORP(X) — 1 ;/kTQ) ,

We define the anisotropic norm
2 2 2 - 2
[l = 72 oll72 + Doz + 772 [ Dev]le (2.2)

adapted to the homogeneity of the operator P in (2.1) (see the discussion in Section 1.4) and its spatial
part
2 2 2
ol =72 vllz2 + |1 Dovllzs - (2.3)

Before stating our main Carleman estimate we need to define the following two important quantities,
see | , Theorem A.5]. Given ¢ € W2 (Q;R), f € WL°(Q;R), X a smooth complex valued vector
field on V' we set

By,p,5(X) := 2Hess(9)(X, X) — (Ay9) [ X[y + f X7, (2.4)
Eg.0.r 1= 2Hess(0)(Vy9, Vo) + (Ag9) |vg¢|z —f |Vg¢‘§ ) (2.5)

where the Hessian is with respect to the x variable only, see Section 2.1, and where we have written
| X |£27 = (X, Y>g. Note that these are two real quantities (since Hess(¢) is a real symmetric bilinear form).
Note that the only difference with | , Theorem A.5] is that the vectorfield X was assumed real-valued
(in applications, X = Vgu). Note that for a Lipschitz metric g on V', we have €, 4 ; € L>®({;R) and
Bg.e.r(X) € L>(Q; R) for any bounded vector field X on V' and we stress the fact that these two quantities
are time-dependent (they are defined on Q@ =1 x V).

Remark 2.4. In what follows we use the notation C' for a constant whose value may change from one line
to another. It may depend on the norms ||¢||W2 « and || f|lyy1.0 where f € W is an auxiliary function,
and on the metric g only via the quantities H gk le (V) and the ellipticity constant ¢y of the metric gjk
(only Lipschitz regularity of g is assumed).

Let us now state the main result of this section, which is a Carleman estimate in the spirit of |
, , ] but with two main differences:

. e _mlDg? _ pIDel?
1. The Fourier multiplier is now e~ 23 instead of e™ 27

2. We use the anisotropic norm defined in (2.2).

In Section 4.1 we show that this estimate remains valid for lower order perturbations of the operator P
n (2.1).

Theorem 2.5 (Carleman estimate). Let xg = (tg,29) € @ = I x V. C R4, Assume that ¢ and f
satisfy the following: ¢ is a quadratic real-valued polynomial, f € W1°(Q;R), there exist r > 0 such
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that \Vg¢|§ > 0 on B(xo,7), and Cy > 0 such that for any vector field X, we have almost everywhere on
B(xq,7): l

Byos(X) > ColX[), and Eg45 > Co|Veol. (2.6)

Then, for all 4 >0 and k € N there exist d,C, 79 > 0 such that for all T > 19 and w € C*(B(xo, g)), for
P defined in (2.1), we have
2 T,
CllQ - Pwl[ . + O™ [[ew]| iy = 7]QF sl Fs. (2.7)

n (2.7), H7"H! = H-*(R; H'(V)), that is to say

1ol r2 = 14D ™"l 2,1 1y - (2.8)

Theorem 2.5 states a precise version of (1.16).

Remark 2.6 (Lower order perturbations). Note that in Theorem 2.5 we have stated the result for the
operator P defined in (2.1). As usual for Carleman estimates, the statement still holds for P replaced by
any lower order time-independent perturbation with L>° (V') coefficients (using that the latter commutes
with Q,‘ﬁﬁ and the corresponding additional term in (2.7) can thus be absorbed in the right-hand side for
7 sufficiently large). According to the discussion of Section 1.3.2, this proves that P can be equivalently
replaced by i0; + Ay, for any Lipschitz nonvanishing density ¢ in Theorem 2.5.

Remark 2.7. The H{kH; norm on the error term in the left-hand side of (2.7) is obtained as a con-

Dy |2
sequence of the regularization properties of the operator e~ "35 . The unique continuation result of

Theorem (1.2) concerning L?(I; H*(V)) solutions only uses the case k = 0 (for which the proof of Theo-
rem 2.5 is simpler). The unique continuation result of Theorem 1.3 concerning L?(I x V) relies on the case
k =1, combined with an ellipticity argument (to gain derivative in space). See Section 4.3 below. Finally,
the unique continuation statement of Remark 1.4 concerning distribution solutions uses the full range of
k € N (together with an ellipticity argument).

The main step for the proof of Theorem 2.5 is the following subelliptic estimate.

Proposition 2.8 (Subelliptic estimate). Let xg = (tg,z0) € Q = I x V. C R**9. Assume that ¢ and f
satisfy the assumptions of Theorem 2.5. Then, for all u > 0 there exist C, 79 > 0 such that for all T > 19
and v € C°(B(xq,1)), we have

2 - 2 2
C Py uvllze + CT7H 1 Devllpe = 7llvlls - (2.9)
Remark 2.9 (Perturbations of (2.9) by lower order terms). In the setting of Proposition 2.8, we consider
b
R=A-D,+7a+ —D;+ Dy, with a,b,ceL®(Q;C), A€ Lo(Q;CY). (2.10)
T T

Recalling (2.2), we have for 7 > 1,

IIDﬂ;HLz 4 1Dl
-

[Bol[ 2 S 7 [0l L2 + 1 Deull 2 + S ol g

As a consequence, estimate (2.9) holds for P, , if and only if it holds for P, , + R in place of Py ,,, up to
changing the values of 79 and C. Let us now define

P—Zg )00, = — Zg 2)D; Dy. (2.11)
As in Corollary 2.3, we have Q/‘iTP = Paﬁ,uQﬁ,T with

Pou=— (Dt +iT0$(x) — pdy, Dt)

= Y @) (D +irp00) - ol 22 ) (Dt ironot - pole ). (212
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Remark now that since the metric g is Lipschitz and time independent, the commutator

[(D +ir0ip — udy; — ) detggjk}=[Djv detggjk]’

is a differential operator of order zero, with L*° coefficients. It follows that

, D
Py,=Ps,—R, with R= Z ﬁ [Dj, det gg’ }(Dﬁwakqs—uqb;(kﬂt)

7,k=1

and, according to the above discussion, estimate (2.9) for Py, implies the same estimate for P, (and
vice versa).

Remark 2.9 allows to transfer estimates from Py, to Py, and vice versa. In Section 2.3, we first show
how the subelliptic estimate of Proposition 2.8 implies the Carleman estimate of Theorem 2.5. Then in
Section 2.4 we prove the subelliptic estimate of Proposition 2.8.

2.3 From the subelliptic estimate to the Carleman estimate

Proof of Theorem 2.5 from Proposition 2.8. Suppose for simplicity that to = 0 and let ro := r/2 with r
given by the assumptlons of Theorem 2.5 and Proposition 2.8. Consider w € C°(B(x¢,r0/4);[0,1]) and
X € C((—=ro,70);[0,1]) with x =1 on (—71¢/2,7r0/2). We notice that

2 2

@il < 27 [Ix@f il + 27 11— 20@f wlly, (2.13)
Consider ¥ € C°((—ro/3,70/3);[0,1]) with ¥ = 1 in a neighborhood of [—7¢/4,7¢/4], so that w = Yw.
Recalling the norms (2.2)—(2.3), the support properties of x, X and w together with Lemma A.2 we estimate
the second term in (2.13) as

0 =20Q¢ vl < 0Tl -0QE vl +0 D1 =)@l

= 07 ||(1 = e H I o 1 + O Dy(1 = Q2w
< CTe_QCT%TS T¢w||2;kH; +CrH|[Dy, (1 — X)]67#%67¢§w ;
+Cr7 (1= X)D: QY UJHiz
< Cﬂe_CT HewwHH;"H; +Cr! HDtQﬁﬁwHi? ’ (2.14)

where H*H! = H=*(R; H'(V)), sce (2.8). We estimate now the second term in (2.14). To do so, we
consider o > 0 a small constant to be chosen later on and we distinguish between frequencies smaller or
larger than o72. We also assume 072 > 1 and obtain

2
1D:Q2 ], < Dl <or @ yu]] ., + H DfﬂnlDt‘ZMQ (D) e 2 7y

L2
\

< 0 [Q ]+ (€EH1e ) e7eu]

kEro -
Lw

5|2 3
Now the function R* 3 s+ ske™#3:% reaches its maximum at s = 4/ k; and is decreasing on [,/ %, 00).

l£412 o274
As a consequence, if 072 > | /¥ which translates to 7 > 2 ,onehas max (Eke M2 ) = oRrkeTH T =
E>oT
o* 72617 We obtain therefore, for 7 > 79 > max (170_1/2, ’;‘2“1)
® 2 (| k1 2k+2 ,—p 55T || 6
1D:Q ]| o < 07 || Q]| 12+ 0 7wl e s (2.15)
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o
w we can apply the subelliptic estimate of Proposition 2.8 to v := xQ% ,w € C°([—r/2,r/2] x B(0,7/8)).
We obtain

We now estimate the term 7 ||XQ¢,TU’H§{1 appearing in (2.13). Thanks to the support properties of x and

7X@l < C|1Popix @, + Ot D@
< C|[Poyix @] o + 7| @h o]+ 7 [ D ]

< C|[Posix@f ]l + 007 [[Qf w2, + CoP 2 btemsr ereu? L (216

kr2
L(E

where for the last inequality, we used 072 > 1 and (2.15). Recalling Corollary 2.3, Qﬁ’TP = PQWQf:J and
thus

H‘P‘z”ﬂXQﬁﬂ'wHLQ < HXP‘buU’QﬁJwHLQ + H[P%wX]Qﬁ,erw

1Dy ]2

[P, Xle™" 3 €T xw

< [|Qf - Pwl| . +

L2
Recalling that x = x(t), together with the expression of P, , in Corollary 2.3, we have
! . 1 D, 1
[Powx] ="+ R, with  R=— {F(x) Da+ folx)—5 + il)7 + f2(x) + 5 f3(x) |,

where F, fo, f1, f2, f3 € LI x V) satisfy supp(F, fo, f1, f2, f3) C supp(x’) x V. Given the support
properties of x, x, Lemma A.2 yields for all k € N the existence of C, ¢ > 0 such that

—u—‘Df'Q TO / —M%D“Q ST —M%Dtp SoTO —cZ2 ) 1o
[Py, xle " 2% e™xw <||x'e "2 xe Pw|  + [|[Re 2 xeT%w <Cpe n He wHHf_kHl.
L2 L2 L2 T
Putting the two last inequalities together we obtain
1Py ,xQ% ]|, < CQ2, Pull,, + CeF [|e™w| sy - (2.17)
duXp, W2 = BT L2 H*H1

Combining (2.13), (2.14), (2.15), (2.16) and (2.17) we find that for any p > 0,k € N, there are constants
C, ¢, 19 > 0 such that for any o > 0 and 7 > 79 we have

T||Qﬁ,7w||§ﬁ <C HQﬁJPwHiQ + Co?73 ||fo,er2L2 +C (e—c§ + o'2k+27—4k+3e—ug27—) ]|eT¢wHZ;kH1 .

Choosing then ¢ > 0 sufficiently small allows to absorb the term 027 ||Q% w||i2 in the left-hand side.

©,7

Then taking 7 > 79 with 7y sufficiently large finishes the proof of Theorem 2.7 from Proposition 2.8. O

2.4 Proof of the subelliptic estimate

This section is devoted to the proof of Proposition 2.8. Recall that the operator P is defined in (2.1) and
let us consider the ”classical” conjugated operator given by

Pyi=e"Pe ™ = e™(i0;, + Ay)e Y,

where we recall that A, is defined in Section 2.1. Remark that P, = Py o where Py, is defined in
Corollary 2.3. We start by proving in Section 2.4.1 the desired subelliptic estimate in the particular
case Py = P;o. We then prove in Section 2.4.2 that the additional terms coming from the difference

|(Py. . — P¢7)u||i2 can be absorbed in the estimate.

2.4.1 Case =0

We recall the definitions of By g (X) and €, 4 ; in (2.4) and (2.5) respectively. We sometimes write
v = Ogv.
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Proposition 2.10. Let Q@ C R'9. Assume that ¢ € W22 (;R) and f € W (Q;R). Then, there exists
C > 0 such that for any v € C* () and 7 > 0, we have for any § > 0

1 .
3Pl + (185015 + 1511) 5z Nl + R 2 25° [ [ Egs = ul? +27 [[ By (0,

with  |R(u)| < O7% ||ull32 + C | Vaull3, . (2.18)
The proof of Proposition 2.10 is inspired by [ | for the Schrodinger operator and | | for elliptic
operators. It relies on the Riemannian tools presented in Section 2.1. In | ], a positivity assumption on

the (space) Hessian for the weight function is made (related to the pseudoconvexity assumption in | ,
, ]). Here, the possibility of having % ||ut||2LQ as a remainder term and the introduction of the
function f allow to relax this convexity condition and stay closer to the elliptic case as presented in | ].

Proof of Proposition 2.10. We start by computing
Pyu = €7%(id, + Ag)(e™"%u) = iuy — irdru+ Agu — 27 (Vo Vou) = 7(Ag)u+ 7 [Vy0|2 u,
We then decompose the conjugated operator P, as

P¢:i3t—i7¢t+Q2—|—Q1, with
Quru = =27 (V49,Vgu), — 7fu,
Qou == Agju+ 72 |Vg¢|§ u—7(Agd)u + 7 fu = Qau + Rou,

where @2 is the principal part of D2, that is
@gu =Agu+ 72 |Vg¢|3 u, and Rou=7(-Ayz0+ fu.

Now, we write (||-|| denotes the L? norm for short and (-, ) the associated Hermitian inner product)

3| Pyull® + 3 || Roull? + 3 | ropull® > ||Psu — Rou + irepul|* = qut +Quut @u‘ : (2.19)
where we estimate the remainders as
IRoull* < 721 f = Ayl lul7z, and  ropul® < 72 [|gel| 70 Iluul72 - (2.20)
Hence, we are left to produce a lower bound for
Hiut + Qru+ @guHQ = 1Q1ul® + qut + @2UH2 +2Re (iug, Quu) + 2Re (Qru, Qou)
> 2Re (iug, Q1u) + 2 Re (Q1u, Q2u). (2.21)

The second term in the right hand-side of (2.21) is described in Lemma 2.11 below, and we now estimate
the first term as a remainder. Recalling the expression of @1, we decompose

2Re (iuy, Quu) = 211 + I,  with (2.22)
I; := —27Re (iut, (Vq0, Vgu>g ), and Iy := —27Re (iut, fu)

Expanding 2Rea = a + a for I; and performing an integration by parts in ¢ for the first term, we obtain

I :T//¢<vg¢,vgu>gm —iT// (Vo Vo), ue
- 7// ~i [(Vy60, V), + (T, Vi), | 1 — i // (Vg V),

Concerning the last term, an integration by parts in x yields

i / / (V, V7), up = i / / (Ayd)uy +i / / (V6. Vyus), .
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As a consequence, we deduce

I, = 7'// —i(Vgor, Vgu) U+ it //(quﬁ)ﬂut.

The Cauchy-Schwarz inequality yields

2|1L] <27 —i(Vg¢r, Vgu) Ul + 2|7 Agp)Tuy
) ) ) TN
< Vgl 7l + IVl + 7% s + 12000 Ly 2 (2.23)
We obtain similarly
fll7 o
L] < 67 Jull2a + | ”L L 2 (2.24)

We now provide with a lower bound for the second term in the right hand-side of (2.21). The following
result is a version of | , Lemma A.7] for complex valued functions u in the boundaryless case (recall
the definitions of By 4, r(X) and €4 4 5 in (2.4) and (2.5)).

Lemma 2.11. Given an open set Q@ C Rt for all functions ¢ € W2 (4 R), f € WEP(%R) and
ue HZ, (9 C), we have

Re (Q1u, qu =T //€g¢f|u| +T//Bg¢fVu —|—TRe/ (Vof,Vgu,

Lemma 2.11 is a consequence of [ , Lemma A.7] applied to Re(u) and Im(u) (with vanishing

boundary terms), using that Q1, Q2 have real coefficients, hence are C— hnear (which follows from the fact
that ¢ and f are real-valued).
In the estimates of Lemma 2.11, the last term is estimated as a remainder as

i 1961
Row = =Rt [[w(V,, 9y, IBafw)] < DU (19gulfe 72 ul) . (225)

Now, combining (2.21) with (2.19) and (2.22) yields
31| Pyul|® + 3| Roul® + 3 ||rpul® + 2| 11| + |I2] > 2Re (Qru, Qau).
This combined with (2.23)-(2.24) and Lemma 2.11 concludes the proof of the proposition with
R(u) = 3||Ryull” + 3 | réul® + |Ra(w)| + C7° [|ul72 + C | Vgullys
with the first two terms estimated in (2.20) and the third in (2.25). O

2.4.2 The case p > 0: end of the proof of Proposition 2.8

The strategy of the proof of Proposition 2.8 is to follow step by step the proof of Proposition 2.10 and
control the additional error terms. Therefore, we will make use of the different terms appearing in the
proof of Proposition 2.10 like Q2, @2, @1, Rs.

Thanks to Remark 2.9 it suffices to prove the inequality of Proposition 2.8 for the operator P4 , defined
n (2.12). We start by expressing it in terms of P;. Recall that by assumption ¢ is a quadratic polynomial
and therefore ¢} ; = 8f’qu5 are actually constants. We have

d

D
Pou="Py— Y ¢"(D; +ir0;0)udy), +gﬂ 05— (Di +170x0)
_]k:l

'Dt2 ~
—|—/.L Z¢ t,] 7+R1

J,k=1
-p 9 " jk 2 " jk‘D R
=Py 2 Y g T Zm =
jk
:ﬁaﬁ,u"'é%

18



where the operators Ri, Ry belong to the class of admissible perturbations considered in Remark 2.9 and

~ 0;04 0?
P¢7;t::P¢+2UZ¢gkgjk - 22¢tk g,J = F4°

ik
It suffices then to show the estimate of Proposition 2.8 for the operator JSW, We decompose
Py =10y — im0 d + Q1 + Q2,,

where, using the notation @2, Q2,Q1, Re from the proof of Proposition 2.10 in Section 2.4.1, @1# = Q1
and

~ 0; 8 w0
Qop = Qe+ 20 o —5 — i Z Ol 01507 5 = Qopt+ Ba
ik
with
A ik 9; 815 2 752
Qo= Qo+ QMZC/% k9’ - Z¢ ot 9 7 (2.26)

As in the proof of Proposition 2.10, the terms Ry and i70;¢ are admissible remainders. As above, we need
to provide a lower bound for

_ _ 2 _ 2 -
Hiatu + Q1u+ QQ’MuHL2 = ||Q1u||2 + Hiatu + QQ,“uH + 2Re(iug, Qiu) + 2Re(Q1u, Qo pu)

= ||Q1u||2 + Hi@tu + ég,ﬂqu + 2 Re(iug, Q1u) + 2Re(Qru, égu)
+ 2Re(Qru, (D2, — Q2)u). (2.27)

It follows that in order to finish the proof of Proposition 2.8 it suffices to show that the last term in (2.27)
yields an admissible error in view of the estimate (2.9). This is the content of the following lemma.

Lemma 2.12. There exist C, 79 > 0 such that for all uw € C°(Q) one has
‘2Re (Qlu, (égﬁu - ég)u)’ <C Hu||§{1 , forall 7> 7.

Proof of Lemma 2.12. Recalling that Qhu = —27(V4¢, Vgu>g — 7fu and writing @27# — ég = L1+ Lo
with 5
" ]ka

0,0
1:—2;12(;5” ik t, and Lo := _MQZd)tk t,79

we may develop

Re (Qlu, (ég,u - @2)’&) =A; + Ay + Az + Ay, with (2.28)
Ay = —2Re(1 (V,49, Vgu)g,Llu), Ay := —2Re(1 (V49, Vgu)g,Lgu),
Az = —Re(7fu, L1u), Ay:=—Re(rfu, Lau).

We start by estimating the terms Az and A4. Integrating by parts in ¢, we obtain

i :
A3 = —2ERe (fu, 3, ij aﬁifkgj’“@jU)
j
- 25 Z {Re ((Btf)m qﬁgikgjkaju) + Re (fat% ¢£/,k9jkaj“>} :
ik

Therefore, the Cauchy-Schwarz inequality implies, for a constant C' > 0 depending on f, ¢ and g,
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Similarly, integrating by parts in time yields

C
Al < =5 (IlulZ2 + 1Deull3: ) - (2:30)

We now turn our attention to A;. Here one needs to use the real part in order to decrease the number of
derivatives. We write (Vy¢,Vyu) =31 ¢/*0;¢0ru and 2Rea = a + @ to obtain

—A; = 2Re ( Zgjkaj(ba w20 > B g 8@ )

lm
2 .
i Z (670,601, &) g™ O100) + (81,9 DuDyu, g7 0 ) (2.31)
]klm

Integrating by parts in ¢ in the first term in the right-hand side (2.31) yields
> (97%0;60ku, ¢ 9" 010pu)

Jjklm

==Y (9] 0k, ¢ 9" Or) + (9% 0;60k0vu, ¢, 9" Ori)
jklm

= - Z (97" ,0ku, &7 g " Ow) + (¢ g " 010vu, g7 0; POk ) -
jklm

Together with (2.31), this implies

2 )
= S (O, 6 ™),

Jjklm
and thus o
[Aa] < — IV pull2, . (2.32)

Finally, to estimate Ay we proceed similarly by writing

82
Ay =2Re TZQJ 0; PO u, Mzz(b tlglm?i“
Ik
2 )
- % Z ( jk@y‘b&c“ ¢t m ¢t lglmaf“) + ( m P lglmafuagjkaquaku) : (2.33)

jklm

We integrate by parts in ¢ in the first term in the right-hand side of (2.33) to obtain

Z (gﬂ'kaquaku,(z);{ -y lglmafu) = Aoy + Ay,  with (2.34)
Jjklm
Agp 1= — Z (gjkf?;'/,takuﬂﬁg, ¢’t zglmatu) )
Jkim
Aggi= =Y (970,007 ju, 8 1 - &19"™ D) -
Jklm

To facilitate the notation, we write in what follows S; for multiplication operators by L functions that
depend only g, D,.g, on ¢ and its derivatives. We integrate by parts in z and then in ¢ to find

Agp = — Z (0% (gjkaj¢8tu) s Otm - 1, lglmatu) + Z (S10pu, O m - D, lglmatu)

Jkim Ilm

= > (90,000, ¢, - 19" 0 ju) + (S20,u, Oyu)

Jjklm

==Y (97" 0;607u, 8], - 719" Ont) + (S20pu, Opu) + > (S5 00w, Oju)
jklm J

=— Z (0] 1 - 819" OFu, g% 0; 9Ok ) + (S20pu, Opu) + Z (S3,;0u, 0ju) . (2.35)
jklm J
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Now putting together (2.33),(2.34) and (2.35) implies

2
AQ = % <A21 + (528tu7 atu) + Z (S37j6tu’ 6Ju) ) ’

J
We obtain therefore o
o] < = (IVaul}s + 1 Deul:) (2.36)
Plugging (2.29), (2.30), (2.32) and (2.36) in (2.28) finishes the proof of the lemma. O

With Lemma 2.12, we can now conclude the proof of the subelliptic estimate of Proposition 2.8.

End of the proof of Proposition 2.8. Recall now that it suffices to obtain a lower bound for

_ - 2 _ _ _
Hiat’u + Q1 v+ Q2’““HL2 > 2Re(iug, Qru) + 2Re(Qru, Qau) + 2Re(Qru, (Qz,,, — Q2)u),

where we used decomposition (2.27). The first two terms on the right-hand side above are estimated in
Section 2.4.1. The first one yieds an admissible error thanks to (2.22), (2.23), (2.24) and the second one
is calculated in Lemma 2.11. Combining those estimates with Lemma 2.12 which controls the third term
above we obtain the existence of C, 79 > 0 such that for all 6 > 0,7 > 79 and u € C2°(£2) one has

C
2 2 2
ol + 5= luels + Cllully 2 7° [ [ gs = 81l + 2 [[ By s(900)
Recalling Assumption (2.6) in Proposition 2.8, we may now fix ¢ := % to obtain
2 2C 2 2 CO 2
IPoulze + G Nuellee + Cllul = Sl

This concludes the proof of Proposition 2.8 when taking 7 > 7y for 7y sufficiently large. O

2.5 Choice of weight function via convexification

In this section, we explain how to construct weight functions ((;3, f) that almost satisfy the assumptions
of Theorem 2.5, via the usual convexification procedure. In the present context (as opposed to the usual
situation), this also requires a smart choice of the function f, see | ]

The main difference with respect to the assumptions of Theorem 2.5 is that the function ¢ that we
construct here is not a quadratic polynomial. In Section 4.2 we shall see however that since the positivity
of the quantities B and & is a condition that only involves derivatives up to order 2 one can replace ¢ by

its Taylor expansion at order 2. The following is | , Lemma A.9].
Lemma 2.13 (Explicit convexification). Let ¥ € W2 (Q;R) and G € W2%>°(R), and choose
¢=GW) and f=2G"(9)[V,¥|2. (2.37)

Then we have
— 2
B, 5.+(X) = 2G' (W) Hess(W)(X, X) + 2G" (W) ‘<vgqf,x>g’ + (G (W) [V, 02— G () A, ) X2,
€57 = G/ (W) |26/ (1) Hess(0)(V, 0, V,0) + G (W) [V, U2 + G/ (9) 2,0 [V, 02 .

To state the next corollary, for B an L{?. section of bilinear forms on TV, we define |B|y(z) =

SUDx e, 1\0 % which yields a L* function on V.
g

Corollary 2.14. Let U € W2 (Q:R), A > 0 and define ¢, f as in (2.37) with G(t) = e — 1. Then, for
any A > 0 and any vector field X, we have almost everywhere on U

B, 5.5 (X) 2 2N |X[2 (A[V,0[2 — 2| Hess(D)], — A, ),
12
€6 = AN V0] (A, W2 — 2| Hess(W)], + A, 9) .

See | , Lemma A.10] for a proof.
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3 Conjugation with a partially Gevrey function

In | , , , ] part of the difficulty consists in defining an appropriate conjugated operator
even in the case where the coefficients of P depend analytically on the time variable. Here, we exploit the
anisotropic nature of P to allow conjugation with Gevrey s in time functions, for an appropriate s > 1
adapted to the scaling of the Schrodinger operator. Our strategy is based on the proof of Proposition 4.1
in | ]

3.1 Gevrey functions and Banach valued symbols

For notations, definitions and basic properties of Gevrey functions we essentially follow | ]. We recall
Definition 1.1 where the space G*(€2; B) of Gevrey s Banach valued is defined. We shall also make use of
the following notion

Definition 3.1. Given d € N*, U C RY an open set, (B, || - || 5) a Banach space, s > 0, R > 0 we say that
fe QZ’R(U;B), if f € C°(U;B) (smooth bounded functions, as well as all their derivatives) and there
exists C' > 0 such that

|0°f(t)]lg < CRI*lat*,  forall t € U,a € N (3.1)

and set

0 f(t
£l = sup sup 127 Dls.

3.2
wend tev Rlelats (3.2)

In what follows, we only consider the case d = 1 (¢ being the time variable) and d = 2 for extensions
to C ~ R? of such Gevrey functions. Note that, given an open set U and s, R > 0 fixed, gl‘f’R(U; B) has
the advantage of being a Banach space for the norm |||, p;; in (3.2). Note also that for any R > 0,
g;”R(U; B) C G*(U;B). Conversely, if f € G*(U; B), then for any bounded open set W such that W C U,
there exists R > 0 such that f € QE’R(W; B).

The following lemma contains the key properties which we will need concerning Gevrey functions.

Lemma 3.2. Fix s > 1. For any open set U C R and p > 0, there exist Cy, A > 0 such that for any
R > 0, there exist C > 0 and a continuous linear map

GoRU;B) — GrM(U +iR; B)

=17
such that for dll f € G"(U; B),
supp(f) C U +i[—p,pl, J(t) = f(t) fort € T, Hf anvem SCU L r (3.3)
; 1
0z <C xp | — — | U+ iR, 4
‘ f(Z)HB< 1flls,p,0 € P( CO(RIIm(z))s—l> forzeU+i (3.4)
9l f(z)=f0)(2) foralljeN andze U +iR. (3.5)

Estimate (3.4) translates the fact that f is an almost analytic extension of f well-adapted to the
Gevrey regularity G°. Property 3.5 states that the operation of derivation w.r.t. the real part and taking
the almost analytic extension commute.

If B = C, Lemma 3.2 is essentially a consequence of Lemma 1.2 and Remark 1.7 in | ] (in a
simpler 1D context). The proof in this reference does not seem to adapt straightforwardly to the case of
Banach-valued functions, so we provide here with a short and different proof.

Our proof of Lemma 3.2 relies on the following classical result which is the key step (and mostly
equivalent) for the Borel extension problem in Gevrey classes.

Lemma 3.3. For all s > 1, there are constants B,C > 1 and a family ((x.p) € C® (R)N*1+20) such that
forall D>1,keNjeN,

CUp(0) = 8jr, ¢V (2)] < CIHBEDITF kS max(k, j)7* for all z € R.
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An explicit construction of such functions (i p is given in | ]. Another less explicit construction
but with improved estimates on the constants is provided in | ]. In both cases, the functions are
constructed as (i p(t) := ahp(t)% with an appropriate family ay p(t) satisfying ax, p(0) =1 a,(cjzj( 0)=0
for all j > 2 together with supp(ax,p) C [—(Dk*)~1, (Dk®*)~1] (for k > 1) and appropriate estimates of

Gevrey s norm. In | ], ak,p(t) is defined by an explicit expression on page 1 and the estimates are
proved on page 4.
In [ ], the notation is ay p(t) = @r(t), M, = p?*,h = D and ¢y is defined on page 14 and

Ck,p = (i on page 15, and the estimates are performed on page 16 and correspond to (3.17) (in that
reference) which is even better, namely |C(J) (z)| < CIHLB=kDi=F=ksjis and is (essentially) equivalent
to |Ck,pll,cpr < C(BD)~ kl=ks_ This result of | | is a refinement of | , Theorem 2.2] where
the dependence in the parameter D (called h in these two references) is not made explicit.

Proof of Lemma 3.2. From Lemma 3.3 we first define

f(z +iy) Z@k i*Cep(y), (z,y) €U xR. (3.6)

keN

We first check that for D large enough (fixed later on in the proof), the series converge normally as well
as all its derivatives, and prove the estimate in (3.3) at once. To this aim, we follow essentially | ,
Proof of Lemma 3.1]. From (3.2) we have H@kf(t)HB < RFE!® [ flls.z for all t € U and thus, uniformly
for (z,y) € U x R,

10900 f (2 + )| g = || D 05 (F)(@)i* 0.0 (y)

keN
<\ flypw > R+ J)!éCHlB’fo Rk max(k, €)*,
keN

< [0 @) 100 )]

keN

where we used Lemma 3.3 in the last inequality. We recall the classical inequalities (see e.g. | ,
pl0-11]): (k +j)! < 28H7kl51 NI < NN and N! > (N/e)™N. We deduce

0908 f(a + i) g < 1flls . D REFI2IFFIEL 15 BE DR ERS max(k, £)*
keN
<|Iflly, g, C(R2°)§75(CD)" Y~ (R2° B)* D™* max(k, )" (3.7)
keN

Then we split the sum as

> (R2°B)fD " max(k, £)* = > (R2°B) DM+ (R2°B)* D Fk".

keN k<t k>

In the last sum we use k%5 < e (é“’ )Z which is a consequence of x > log(ex) taken for x = % > 0 (applied

if k> ¢ >0, and also true in case £ = 0). We obtain

> (R2°B)* D% max(k, )" < £ r2B\* + Y (R2°B)*D~"e" )"
’ - D e

keN k<t k>0
<oy R2°B ’“+ ls “Z R2°Be ’“<(€ 3 R2°Be\"
= D e D = D
k< k>0 keN

We now fix D := 2 x R2°Be and, coming back to (3.7), we obtain
020, f (x + )| 5 < I f]l,.p.0 C(R2°) 575 (CR2°T Be)"2(¢s)™ = 2C || f||, g (R2°) (CR2°' Bes®) 4% j7°.
Noticing that £¢5575 < €U+ 101 we have obtained, uniformly for (z,y) € U x R,

090, f(z +iy)|| 5 < ClIfl, g (AR50, with C=2C, A= CR2°"'Bs*e*™. (3.8)
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Now, we take 1 < o < s and let ¢ € G7(R;R) be such that supp(g) C (—p,p) and ¢ = 1 in a
neighborhood of 0 and we set

f@+iy) =g fz+iy), (z,y) €U xR,

so that f has the sought support properties in (3.6). That f(z) = f(z) for € U is a direct consequence of
the definition (3.6), the properties of g together with (i p(0) = dor. Property (3.5) is a direct consequence
of the definition (3.6) and derivation under the sum.

To deduce (3.3) from (3.8), we write 8%35]7(;10 +iy) = 0, (9(x)2f(x +iy)) and apply | )
Lemma 3.7] with ¢ = ¢ and f = 0% f(x + iy) (referring to the notation of this reference) for fixed j
(that the function is Banach-valued plays no role in the proof of | , Lemma 3.7]). This reference,
combined with (3.8) for fixed j, implies the existence of a constant C, s depending only on g (and in
particular on p and o) and s such that for all (z,y) € U x R,

010, f (@ +iy)| | = 11} (92f @+ )| < CousC Il o (ARY 0551 (3.9)
Noticing that 510! < (j + £)!, we have obtained the continuity statement in (3.3) with continuity constant
Cy,sC (and C, A given by (3.8)).

Finally, in order to prove (3.4), we notice that d; f € G AR(U +iR; B) since f € Gy AR(U +4R; B), and

check that 0 f vanishes at infinite order on the real axis. Indeed, we have

01040 +1i0y) f(x +iy) = Y O (F)(@)i* 0Lk p (y) + 05T ()(2)i" 0L G o (1)

keN

Using that CIE%(O) = &g, and that ¢ = 1 in a neighborhood of 0, this implies

0104(0s +i0,) f (z + iy \ = > OFIT(f) (@)i* e + OF T (£)()i* T Seq1
keN
= 0N () (@)i + oI (f) ()it =0, (3.10)
Applying the “sommation au plus petit terme” in | , Lemma 1.3] (which holds with the same proof

in the Banach-valued case), there exist constants C, Cy > 0 such that for all F € G AR 4 4R; B) and all
r+iy € U+1R

. 1 . 1
F(z +iy) — > E(%F)(I +iy)|,_oll < CUIFlls apvimexp (M) :

_ 1
(<Cy ARy FT 5

We may apply this estimate to F' = 9 f € gy AR (U +iR; B) according to the following consequence of (3.9)

Recalling the infinite order of vanishing (3.10) finally yields (3.4), and concludes the proof of the lemma. O

0100, +i0,)f(x + )| | < 2€Co Ifll, g ARV + L+ DI

Consider now X, Y two separable Hilbert spaces and denote by £(X, )) the space of bounded operators
from &X' to ), which is a Banach space as well for || - || z(x,y). We recall some facts of semiclassical analysis
in dimension 1 with values in £(X,)). We consider a family of symbols depending on a (small) parameter
h € (0,1). We say that a € S™(RxR; L(X,Y)) if a € C*°(RxR; L(X,))) depends implicitly on h € (0, 1)

and satisfies: for all a, 8 € N™ there is C,g > 0 such that
‘ o2dlalt ¢, h)Hﬁ(w) < Cogl€)™ 8, forall (t,€,h) €R x R x (0,1).

Note that for readability, in this section, we write £ = &; for the dual variable to the time variable t. We
then quantify (using the Weyl quantization) such a symbol as

1 (t—s t+s
(op“(a)u) (t) := g/R Re’(t )5a< ,5) u(s)dsdg. (3.11)
X
According to | , Paragraph 18.1 Remark 2 p 117],
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e for all a € S™(R x R; L(X,))), op”(a) maps continuously S(R; X) into S(R;)) uniformly in h €
(0,1);

e for all a € S°(R x R; L(X,))), op®¥(a) maps continuously L?(R;X) into L?(R;)) uniformly in
h e (0,1).

Ifa € S°(RxR; L(X,))) has compact support in R xR (with support possibly depending on the parameter

h € (0,1)), then
(wmmm=4ﬁmwwaKM$=;AJH%C;{Q%

where the Schwartz kernel K of the operator op® (a) satisfies £ € C*(R x R; £(X,))). Note that such
functions a do not necessarily belong to S~ for some § > 0 (since the support may depend on h).

Remark 3.4. Note that in the application we have in mind, for a domain V' C R?, we choose X =
Y = L*(V) and B = L*(V) and observe the embedding L™ (V) = B — L(X,Y) = L(L*(V)) (via the
application that maps to a bounded function f the multiplication operator by f) with || - ||zx,y) < [ - |5

Another application is X = HY(V),Y = L*(V) and B = L4(V) if d > 3 (resp. B = L?>*%(V) for
all ¢ > 0 if d = 2) and observe the embedding L¢(V) = B — L(X,Y) = L(H*(V), L%(V)) (a function

q acting by multiplication) according to the Sobolev embedding: |qu| z2v) < Hq”Ld(V)HU”Ld ) <

||q||Ld(V)||u||H1(V) if d Z 3 (resp. ||qu||Lz(V) S ||q||L2+s(v)||uHH1(V) foralle >01if d = 2).

3.2 The conjugated operator

In this section we define for ty € R and rg > 0 the open intervals I := (tg — 2rg,to + 2r¢) and U :=
(to — 10,t0 +10). Given now f € G%(I; L(X,))) there exists R > 0 such that f € gg’R(U;E(X,y)). The
intervals I, U and the radius R, used in definition (3.2) will be fixed for the rest of this section. For p > 0
we denote by f (2) the almost analytic extension of f in U + iR given by Lemma 3.2 which is supported
on U, :==U +i[—p,pl.

Along this section, we will need some cut-off functions satisfying the following properties: x° €
C2°((—4,4);[0,1]) with x = 1 in a neighborhood of [-3, 3], 8° € C°((—1,1);[0,1]) and n° € C°((-3, 3);[0,1])
with 7 = 1 in a neighborhood of [-2, 2].

Take now 7 with 0 < r < min(%, £). We will define x(t) = x"((t — to)/r), 0(t) = 0°((t — to)/r) and
n(€) = n°(&/r). In particular, they satisfy

e x € C((tg — 4r,to + 4r);[0,1]) with x = 1 in a neighborhood of [ty — 3r, to + 37]
e 0 Cx((tg — ryto +1);[0,1])
e n e C®((—3r,3r);[0,1]) with n =1 in a neighborhood of [—2r, 2r].

The functions y, 6 and 1 depend implicitly on r and ty, but we will not write anymore this dependence
for better readability.
With h € (0,1), we set

(2) = x(Rez)np(h~Y*Imz)f(z), ze€C and hence (3.12)
F7(t+he) = x(Bm(h*P) f(t + ihg),  (£,€) R xR.

Observe that the function (t,&) — f7(t + ih€) is smooth, compactly supported in R x R, and belongs to
SOR x R; £(X,))). According to the above discussion, we define the operator

Ey == op™ (f"(t + ih€)). (3.13)

It maps continuously S(R; X) into S(R;Y) uniformly in h € (0,1) and
Fpe L (L*(R;X); L*(R;Y)), uniformly in k € (0,1). (3.14)
We are now ready to state the following result, which guarantees that we have a reasonable conjugate for

the operator e~ 310:1° f.
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Proposition 3.5. Let p,rg >0 and 0 < r < min(“, £). Then there exists ¢ > 0 such that for all R > 0

and all k € N there exist Cj, > 0 and hg > 0 such that for all f € Gy’ B, c(x,Y)) and u € S(R; X) one
has

ch—1/3

/
e T lullg-rmx) -

_h|p,? _h|p,?
Hthe 21D gy, — e 31Dl f@u‘

2,R,U

< Cph* H @
L2(R;Y) r Z f
J<k

for all 0 < h < hg, where Fy, is defined by (3.13).

We refer to Remark 2.7 for the interest of the index k. Here again, the proof of Proposition 3.5 is
simpler for k¥ = 0. Note also that for all R > 0,7 € N and € > 0, there is a constant C' > 0 such that
(R—¢e)™(m + j)2 < CR™ for all m € N, whence

SO, sy S CERE Tl forall € G U: L. D).

As a consequence, the result of the lemma reformulates in a simpler way as

c_p-1/3

_h 2 _h 2 —
Hthe 2|Dt| eu_e 2‘Dt‘ f@u’ Ok,a ||f||2,R,Ue R—¢ ||u||H RX)

<
L2(R;Y)
for all h € (0, hg) where hg = ho(k,€).
Remark 3.6. Taking h = /73 one sees that

— L |Dy|? — L |Dy)? I 7
e~ 231Dl 0f = FT%Q 73 | D4 0, FT% = op" <X(t)77(7_2§)f(t+lﬁ)> ,
modulo an exponentially small error of order e~“" (in well-adapted norms), which is an admissible error in
the Carleman estimate (2.7) (in view of its application ot unique continuation in Section 4). Notice that
with this scaling, the cut-off 7 localizes in frequencies |&;| < 72. This is consistent with the sketch of proof
in Section 1.4.

Remark 3.7. Proposition 3.5 provides with a substitute of Lemma 2.1 in the case where f(t) = t is
replaced by an arbitrary Gevrey 2 function.

Lemma 3.8. Setting

Ry, = xFre 31P0 — e~ 2P 10 ¢ £(L2(R, X), L*(R,))), (3.15)
we have
(Ruu) (¢ / Kn(t, s)u(s)ds, u € S(R, X) with (3.16)
1/ 1\Y?
Kn(t,s) = _%’Cl,h + Culan(t,s) Chi= = (m) , and (3.17)
Kun(t.s) = x(OB)(s) [ 5 =290 s (3.18)

Kan(t,s) == x(t)9(8)/ (3.19)

R

. (f?" (”“’+ h€) (h2/3€)f(8)>e

Proof of Lemma 3.8. Recalling the definition of the Weyl quantization in (3.11) and that of F}, in (3.13),
we have

(Fpu)(t) = % /}R Rei@*w)é fr <t+2w +zh§) u(w)dwde.

Combined with formula (A.2), this implies

h 2 1/2 . ~
(xFre 2P gu)(t) = % (;Th) x(t)/R . Rel“*wﬁf’“ (’H;w + hf) 0(s)u(s)e

(3.20)
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.2) as well as the formula for the Fourier transform of a Gaussian (A.1) we find

(A2
(1>1/2X(t) [ fepeutse 5 as

( h> /f < . (2ﬂh)1/24e*i<5*t>§e*h‘§‘ >ds
~ (32

.

Using again formula

(xe™ 1P fou)(t) =

s
™

2
5 > /f < L (27rh)1/2/Rei<5t>€n(h2/35)e’”52d5> ds

) as

We now use once more (A.1) in order to replace e~ by (55)Y? [pe e %% dw in the first term of
the sum above. We find then:
-% 2 1 —i(s— —iw _lw?
(xe” 2P fou)(t) = (2 h) /f (/ et ”fn(iﬂ/%)/ e W™ T dwdf) ds
m R R
. higl
+aoxt0) [ st ( / SO ) ) ds. (321)

We finally perform the change of variable w — w — s in the integral with respect to w to express the first
term in (3.21) in the following way:

= <27rh) / f(s ( /R e~ e (n?/3¢) /R ¢mivge dwdg)
e

= o <1>1/2 x() / e (R2/3E) f(5)0(s)u(s)e T
2w \ 2mh RXRXR "

(3.22)

The result is then a consequence of (3.20), (3.21) and (3.22). O

The key step for the proof of Proposition 3.5 consists in controlling the terms /C; 5, in (3.18)—(3.19). For
later applications, we consider a slightly more general family of kernels (useful when) defined for functions
X1,01 € C2(R) and f € GP™(R; £L(X,))) and m € N, by

Tun(t,s) = x1(t)01(s) f(s) / e~i0E(1 — n(n2/3g))e 5 em,

R

Tun(t.9) = a000) [ (3 (S5 ) nf (S5 v ine) - P s)
(t —; v +thé — s)m ei(t_w)ge_%dwdg.

Later in the proofs, we shall write Zs 1 (t,s) = Zan[x1, 01, f,m](t,s) to stress the dependence on the
functions and parameters involved in the definition of Zs 5. Note that Ko 5 = Zo n[x, 0, f, 0], where x, 6 are
defined (once and for all) at the beginning of Section 3.2.

Lemma 3.9. Let p,r > 0 as in Proposition 3.5 and x, 0 defined accordingly at the beginning of Section 3.2.
Then, for any m € N, any x1 € C*(R) with supp(x1) C supp(x) and supp(x}) C supp(x’), for any
01 € C°(R) with supp(01) C supp(0), there exist C,c, hg > 0 such that for all f € gf’R(U;E(X,y)),

ch—

1/3
”Zj,hHLoo(RxR;/;(X;y)) <C Hf||27R7U e E for all h € (07 hO)'

Note that this lemma will be only used with y; = x*) and 6; = %) for some k € N, which satisfy the
support assumptions.
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Proof of Lemma 3.9. We start with the proof for j =1 i.e. study Z; . We remark that in the support of
n(h?/3¢) one has h?/3|¢| > 2r which implies that h|¢|? > ch™'/? in the support of 1 — n(h?/3¢). We
estimate then, for h < hg with hg sufficiently small:

\df

h\a\ hw

__hl¢
T2 ey < oo SO e [ \(1 )
S P— \ (1 = n(h22¢))e- sm\ aé

_eh—1/3 _
< Ce M /‘e
R

< Ceich_l/.?.

4 57”

d€ |1l poe (supp(o):c 0

eh T (3.23)

||f||L°°(supp(9);£(X;y)) < Ce

where we used the fact that f is Gevrey (and hence continuous) and € is compactly supported in U.

We now turn our attention to Zy p(t,s). In the definition of Z j (¢, s) we change variable by writing
(w,€) € R? = z € C with

; .
% +ihe, whence w=2Re(s)—t,h¢ =Tm(z), and dwhdi=rdonds  (3.24)
. w—s|2 X w—s|2
The factor ei(t~®ée=57= rewrites as ei(t-wée= "5 = et 2(ts ) with
_5)? 2 )2
B(t,s,2) = i(t — w)he — w — 2i(t — Re(z)) Im(z) — * Re(z)2 ) (3.25)
. . 5 t24s?
= 2itIm(z) — 2i Re(z) Im(2z) — 2Re(z)” — 5 + 2t Re(z) + 2sRe(z) — ts
2 2
=2tz+s(z+z2—-t)—(z2+2)z — t J;S
L 6)2
_ ! 25) F(z—s)(2t—2—2). (3.26)
Then, we can write Zy 5, as
_ i —-1/3 r} m _le—si? L(z—5)(2t—2—%)
Toalt,s) = Txa(®)0(s) [ n(h™*Im2) (x(Re2)f(2) = £(5)) (= = 5)"e™ 7 e dz A dz.
(3.27)
Defining }
ba(z) = () X2 ) = 7(5), (3.28)
z2—s
we may rewrite
. t—s|? B
Top(t,s) = —ixl(t)/(z — 5)™n(h™Y3 Im 2)bs(2)0: <e_ a7 e’lz(z_s)(%_z_z)) dz NdZ. (3.29)
c

We will now check that we are in position to integrate by parts using Lemma A .4.
First, we prove that by € C*(C). It is smooth away from s, so we only need to check the regularity close

to z = 5. We decompose by(z) = 0(s)x(Re z)w —0(s)(1 — x)(Rez) L) The first term is cl(C)

z—s"'
thanks to Lemma A.3 applied to f( —5). For the second term, we observe that for s € (to —r,to+7) in the
support of 6 and for Re(z) ¢ (tg — 3r,to + 3r) in the support of 1 — x, we have |z — s| > | Re(z) — s| > 2r.
This gives the regularity of the second term.
According to (3.25) and (2Re(z) —t — s)? > Re(z)? — Cy 5 for some C; s > 0, we have

s Cts _ Re()?
e_lt%‘ et (z=9)(2t=2=2) ge%e_Réh) , (3.30)
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as well as

Ct=sl2 o1, s
62 (6 57 eh(z s)(2t—=z Z>>‘|Z$

[t—s|2 Re(2)2

— C,‘S
e mh o en(Fm)@i—2—2)| < e R (|Im(2)| + | Re(z) — s|) e 2~
(3.31)

Since 7 localizes the imaginary part in a compact set and now (3.30) and (3.31) are obtained, we are left
to prove L™ estimates on bs(z) and Ozbs.
We have § ~
||bs(Z)Hz:(X;y) = HfHWI,oo(Up;L(X;)}))7 for Re(2) € (to — 3r,to + 3r),
since x(Rez) = 1 for such z. For Re(z) ¢ (to — 3r,to + 3r) and s € supp 6, we have |z — s| > 2r, which
implies
| Bs (2)

with a constant C' depending only on r. Putting the two estimates above together we obtain that b, €
CP(C) and there is C = C(r) > 0 such that

Hc(x;y) <C HfH for Re(z) & (to — 3r,to + 3r),

Lo (U,pi£(X5Y))

b < . :
1bs ()| ey < € HfHWLOO(Up;L(X;y)) , zeC (3.32)
Secondly, we compute
o X(Be) x(Re2)0:/(2)
0zbs(2) = 6(s) 20— ) f(z)+6(s) o , (3.33)

and notice that the first term is smooth and bounded given the relative support properties of 6 and .
For the second term, using (3.4) for Gevrey 2 functions and the fact that s € R, we obtain, for z € U, (the
value of the constant C' may change from one line to another):

X(Re 2)0f(2)

Z—S

1 1
< C I
~ |z — ] |f||2’R’UeXp( C’oRImz|>

L(X5Y)
1 1
< — _
- |Imz|C 17115, 0 exp ( CoR)| Imz|)

1
<l (- 5ep s ) (3.34)

Combining the previous estimate and (3.33), we get

190 2y < €7, ooy T rys Z€C
As announced before, the L> bounds on d;b, and by, combined with the localization of 7, (3.30) and (3.31)
give the integrability of all the terms involved in the integration by parts. All assumptions of Lemma A.9
are therefore satisfied and we may now integrate by parts in (3.29), yielding

_lt=s

0z ((z —5)"n(h 3 Im z)Bs(z)) a7 eh(z 2t=2=2) g2 A dz. (3.35)

Ton(tss) = ixa (1) /

C

Recalling (3.33), we now decompose (3.35) as

Loy =Zorp +Ioon + Loz, with

X'(Rez)

Tous(ts) = a(00s) [ (2= )"0 1) S e

Toan(t, ) = ixa (£)6(s) /«: (= = s (n /7 ) XEOROT ) s

\t SI

en(Z=9)@===2 g A dz, (3.36)

enE=)@=2=2) gy A dz  (3.37)

[t—s|2 1

1 . _
Tos n(t,s) == —§h_1/3xl(t) /(z — 8)™ (W3 Tm 2)by(2)e™ 2n en B 2=2=2) g2 A gz, (3.38)
c
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We now estimate each term separately. We start with Zs; 5 and rewrite the integral in the original
variables (3.24) as

To1,n(t,s)

— ima(06(s) |

RxR

ttw N e (EHw F(H52 + ih¢) i(t—w)
< 5 8+zh§> n(h §)X< 5 >2(t'gw+ih§s)et e

Observe now that supp(x’) C (to—4r,to—3r)U(to+3r, to+4r). Therefore the integrand above is supported
n |=5— —tg| > 3r (thanks to the support o and |t —tp| < 4r (thanks to the support o . 1s implies
thw 3r (thanks to th fy') and 4r (thanks to th £ x). This impli

that |w — tg| > 2r for otherwise one would have

U)*to

5 <2r+r=3r

Since in the support of 6§ we have |s —tg| < r we find finally that |w — s| > r in the support of the integral.
Notice finally that, if x’ (5%) # 0 and 6(s) # 0 one has

— 4+ ihE —s| > —|to —s| > 2r

t
‘ +w trw

’t+w ‘ V+w

and thanks to the supports of x, # and n have for a constant C > 0 depending on m and r that

m

<C.

t
‘—HU—th—s

We can then estimate as follows:

5|2

T < H“ / R2/3¢) e~ T e n dwd
|| 21 h”/;()(y) 47" f Loo (Ui £(X5))) ]R><R| ( §)| 5

Jw=s|?

LY S T £
47“ Lo (Upi£(X3Y)) [—3rh—2/3 3rh—2/3]

This implies the stronger bound

_ ekt ekt
1Zot )y < O] pomy @ S CE " Wl (3.39)

where the last inequality follows from (3.3).

We now study the integral Zoo j, defined in (3.37). Recall that suppn C [—3r, 3r], so that the domain of
integration is contained in | Im z| < 3rh'/3. Using (3.34), we can then estimate the corresponding integral
as follows:

R 0 f t—s|?2 1 _
[ Za2,n(t $) | £ 203y < h=1/31m z)we_%eﬁ(z_s)(zt_z_z) |dz A dz|
’ zZ— S5
L(X;Y)
h_1/3 [t—s2 1 _
< Clfllg, g, exp (— ) / e~ 2 en @2 gy A 7|
m GTCOR 1/3
_en—1/3
<Clfloppre * - (3.40)

In this last inequality of (3.40), we used the fact that

b

which follows from (3.25).

t—s|? _
67‘ 2;‘ e%(zfs)(thzfz)

|dz A dZ| §/ |[dzAdz] < C.
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The last term we need to control is the integral Zs3 5, in (3.38). In the original coordinates (3.24), we
have

h2/3 t . t
Tosp(t,s) = szl(t)/ (—; — s+zh§> (h2/3§)bs (—;w + hg) i(t—w)é ,—
RxR

We look at the integral in w and treat & as a parameter satisfying 2rh=2/3 < €] < 3rh~2/3 thanks to the
support of 1/. The change of variable w — w + s allows to rewrite the integral as follows:

. [t _s)2 ) .
/bs (—;w—i—zh§> t-w)g = ST dw:e_’(s_t)g/ghg,t’s(w)e_““& _de (3.41)
R R
- [t =\ [t - A\
with gz, () i= b, (*52”” + if) (“;’S + ig) . (3.42)

Using (3.41), we obtain

h2/3 t+w " - (t+
||I237h(t75)||£()(;y) = ’ 7)(1(1')/ < — s+ th) n’(h2/3£)bs <2U) =+ th) i(t— w)§
RxR

2 2 L(X;Y)
1 (s
= Sxa(t)h*? /77'(h2/3€)€_z(5_t)f (/ e t,s(w)e "¢ _%dw>
2 R R L(X:)
1 —iw _lwi?
< §X1(t)h2/3/ n/(h2/3§)‘ H/ ghg,t,s(w)e e~ 2n dw de.
R R E(X;y)

Recalling that supp x C (to — 47, to + 4r) together with the definition of gne ;s in (3.42), of by in (3.28)
and supp x C (to — 4r,to + 4r), Lemma 3.10 (below) now implies

w/wm%am/%mwuzw-%dw
R R

Combining the two estimates above and recalling the support of 7 yields

%scéwm%omme

L(X;Y)

3rh=%/3

_Ch71/3 —
ot Moy <07 [ dee T |l < Ce

ch—1/3

1Nl m,0 s (3.43)

for h < hy.
Putting together (3.39), (3.40) and (3.43) yields for some constants C' and ¢ depending only on I, p, r:

_ch
||12,h(t75)“£()(;y) S Ce R

which concludes the proof of Lemma 3.9. O
In the proof of Lemma 3.9, we have used the following result.

Lemma 3.10. Let gners be as in (3.42) and fix ca > ¢; > 0. Then there exist C > 0, ¢ > 0 and hg
depending on I, p,r,cy,co such that fort € (to—4r,to+4r), s € R, h € (0, ho) and cth™2/3 < |€| < cah™2/3

one has:
. w|2
H/gh&t,s(W)e_’wfe_ = dw
R

Proof. First, thanks to the definition of b, and the support of 6, we can assume without loss of generality
that s € (to —r,to+7), for otherwise the integral is zero. We start by separating the integral in two terms:

ch—1/3

<Ce  F |flaru-
L(X;Y)

Jw|?

. . Jw|2 .
/yhs,t,s(wﬁ_mge_ e dw :/ Gne.t.s(w)e” e 2 dw+/ he,t,s(w)e™ e 2 dw,
R |w|>r

wl<r

Observe that since ¢, s, h¢ lie in a fixed compact set (which depends on r) we have that

t+w—s
2

+ ihf‘ < C(lw|™ +1).
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For the integral in |w| > r we can then proceed as in (3.23) to obtain the stronger bound

Jw|?

H/ ghg’tvs(w)eiiwgei 2h dw
lw|Zr

hlw|?

e T (Jlw™+1)dw

< Crefz:h_1
L(X;Y)
< Ce—ch71

HWMO(U,);L(X;JJ))/R

-1
< Ce ||fH2,R,U?

HW1>°°(UP;L',(X;))))

thanks to (3.32).
We now work in the region |w| < r and remark that for t € (tg — 4r,tg + 4r),s € (to — r,to + ) and
|w| < r one has for z = 5t 4 jh¢ that

S—to

2

t— 1o
2

|Re(z) — to] < ‘

w
—| < 3r,
+‘2’*T

and |Im(z)| = h|€|. Therefore in this region we have x(Re z) = 1 and consequently

b (o) — e MBI~ S8) T ()

b: (2) = ] zZ—5

This implies as in (3.34) that, for Im(z) < hg:

. 1
HaEbS(Z)HL(X;y) < Clfllo,pyexp (—W) (3.44)

To alleviate the notation we write g for gpe:s. We know thanks to (3.42) that g admits a complex
extension in [—r,r] +i[—p/2, p/2] for h < hg given by

v t y t _ . m
g(w +iv) := b, (+52+1”+z’h§+’;) <—H§S+ih€+22v> ,

that is

- [z t+s . z t—s . "

which implies

1. . t t— mn
9:9(2) = 50:b (; + ;S + ihf) : (; + < ihf) : (3.45)

Remark that for |z| <r and ¢,s,£ as in the statement of the lemma we have

z
2

t— m
+28+ih§‘ <c,

for a constant C' > 0 depending on r and m.
We now write the integral we want to control as

r . 22 r —he2 z+ih€)?
/ g(z)e_’zfe_ﬁdz:/ g(z)e R )

We consider now o € (0, 3) to be chosen later on. We let Q = [—r, r]x[—ch&, 0] in case £ € [e1h™2/3, c;h™2/3]
(see Figure 1), resp. Q = [—r,7] x [0, —oh&] in case £ € [—coh™2/3, —c;h=2/3]. Stoke’s theorem applies,

see (A.7), and yields:

T 2 ihe)2 2 ihe)2 2 ihe)2
—he? _ (z+ihg) —he2 _ (z+ih8) —he? _ (z+ihe)
/ g(z)e 2 e = dz:/ g(z)eT2 e = dz—l—/ g(z)e 2 e 2 dz
I Iy

—r

—he? z+ihg)? . 22
+/ g(z)e ZE 6_( +2:E> dZ +/ ag(g(Z))e_lz£6_ﬁdZ A df, (346)
Fg Q
where the contours (oriented counterclockwise, see Figure 1 in the case £ > 0) are defined by
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iR

Iy O I's

T, —icht

Figure 1: The domain € where we apply Stokes’ theorem in case & > 0 (the picture in case £ < 0 is the
symmetric about the real axis). Notice that 9Q =TI'y UT'2 UT's U [—r,7]. Recall as well that in this regime
we have & ~ h~=2/3 and therefore hé ~ h'/3. As h goes to 0 the domain € collapses to the segment [—r, 7]

I'h={z€C,Rez=—-r, —och{<Imz <0},
I'y={z€C,—r<Rez<r, Imz=—-0h&},
'3 ={z€C,Rez=r, —ochf{<Imz <0},

if £ >0 and

I'={z€C,Rez=—-r, 0<Imz<oh{},
I'p={2€C,—r<Rez<r, Imz=oh{},
I's={z€C,Rez=—r, 0<Imz<ohf},

if £ < 0. We now estimate all terms in the right hand-side of (3.46).

We start with the last term in the right hand-side of (3. 46) Using (3.45) and (3.44) together with the

fact that 2z € 2 in particular |Im z| < oh|¢| < $h[¢| (since o < 1), we obtain

N <
1020 et < el e (~ g /2 )

1
< C | fllg,pp exp (C’OR(| Tm(z/2) + h|§|)) < Clfllg, g, exp (QCORM)

1/3

1 e
< Ol o o0 (=g ) = € Ml ™" (3.47)

where ¢, is given by |¢] < coh™?/% and & == 3o R- We write 2 = a + i with a, § € R and notice that

for z € Q we have |B] < oh|£] and B < 0 (m both cases). As a consequence, we deduce

2,2
_p2 o2n2(g)2 o2ng|2 o2c3
55 = <e zh <e 2 < e2nl/3,

. 2
‘6_1Z56_ ;h,

Together with (3.47) this yields

. 2
z))e e

_ (x_ .22 —1/3 = —-1/3
|y 192 A 2] S C Wl e E M < Oy gy e/,

after having chosen o := min(%, 1). With o now fixed we control the other three terms in (3.46).
o For a + i = z € I'; we have a? = 2 and estimate the real part of the second exponential, using
(B + hé)? < (h€)? (in both cases —ché < B <0if € >0and 0 < B < —ohf if £ < 0), as

)2 2 _ 2 2 122 2 272/3 2
Re (z + ihé) _r (B + he) ZT h2¢ 27" csh ZLZO,
2h 2h 2h 2h 4h
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for h sufficiently small. This implies

- z4ih€)? ~ —h ~ _
/ g(z)e i e~ T dz < C HfH e 2 <C HfH e~k 1/3,
Iy LX) Woo (Upi L(X3Y)) W00 (U, £(X5Y))
(3.48)
thanks to (3.32).
e For the integral in I's we proceed exactly as for I';.
e For a + i =z € 'y we have § = —ch and « € [—r, 7], and we obtain
hlg* | (2 +ihg)? he? o — (B +hE)?
R/ = -_-_— —_—m
¢ < SRRT) y T 2h
2 2 2 2 2
> E,M:EO,O,J)?) > oh§ > Lclhfl/fi
2 2h 2 2 2
for |€| > ¢;h~2/3. The estimate of Jr, in (3.46) then proceeds as that of [;. in (3.48).
This concludes the proof of Lemma 3.10. O
3.3 Proof of Proposition 3.5
We can now turn to the proof of Proposition 3.5.
Proof of Proposition 3.5. For u € S(R; X), we start by writing
XFhe_%‘Df‘ZGu — e_%lDtlzfé‘u = (XFhe_%lDtlzﬁu — xe_%‘D‘lszu) -(1- X)e_%lDtlz(feu)
= Ryu— (1= x)e #1201 (fou), (3.49)

where Ry, is defined in (3.15). The second term in (3.49) is bounded using Lemma A.2 by

< Cefc/h

h 2
1— e 2P (rp ‘
| =e ()] <

L fOull -1 .y < Ce /" I w0 (supp(oy;c 2,3y 1l i .
(3.50)

thanks to the supports of (1 — x) and . Concerning the first term in (3.49), the kernel of Ry is Kp(t, s)
given by (3.16) according to Lemma 3.8. Since K (t,s) = —5=K1,4(t, s) + CrK2 n(t, s), Lemma 3.9 applied
in the particular case m = 0, xy; = x yields

ch—

1/3
" ||f||2,R,U . (3.51)

Combining Lemmata 3.8 and 3.9 and recalling supp KCj, C (tg — 4r,tg + 41) X (tg — r,to + 1), the Cauchy-
Schwarz inequality yields

1w () HLOO(RXR;E(X;)))) < Ce”

_ch™1/3
| Rhull 12 gy = H/IC;L(.,S)u(s)dS . < Ce T | fllyro 1l sy oy -
L2(R;Y
This, together with (3.49) and (3.50), implies
F —%|Dt‘29 —%|Dt|2 ) <C _cthl/?,
X1I'he u—e JOu 12 = e ||f|2,R,U [ullz2,

and concludes the proof of Proposition 3.5 for k = 0.
To obtain the estimate for k£ € N*, and given (3.49) and (3.50), it only remains to prove that

ch—1/3

||Rh<Dt>kuHL2(R;y) S Ckhikei B Z Hf(j)HZ RU ||UHL2(R;X) ’ (352)
i<k Y
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with R, defined in (3.15). We can suppose without loss of generality that k = 2n, n € N and thus

n
HRh<Dt>kuHL2 < C HRhu”L2 + OZ HRthQeuHLz . (353)
(=1

It suffices therefore to control the terms ||RthuH 2 for ¢ > 1. To do so we observe that the kernel of
Ry, Dy is given by DK, where K, is the kernel of Rj,. Recalling (3.17), we need consequently to control
H(’?ZIC] n(t,s Hc(x v) for j = 1,2 and prove that they satisfy the estimate of Lemma 3.9. Concerning the

term 951 (t, s) we remark that the desired bound follows from Lemma 3.9 applied to some derivatives of
0 and f instead of 6 and f. We need consequently to study afIngh(t, s). According to Lemma 3.11 below,
applied to K2, = Zo [, 0, f, 0], and recalling that supp(Za, 1) C supp(x) X supp(é) which is a compact set
n (t,s) (whence |t — s|¥2 is bounded on this set) we have

|02K2,n(t,8)|| aoyy < Cel™ D H Tonx, 0, f(k4),k5}(t75)H

k<t L(X,Y)
+ Ot HB 002 ko kal(t, s H :
v kaq [ 3, kal(t, s) L)

where we take x1 = x in the definition of B. Using Lemma 3.9 to estimate all terms involving 7, ;, and
proceeding as in (3.39) to estimate all terms involving B (where we use the localization of supp(x’)), we
obtain for all (t,s) € R? and h < 1,

B _e 1/ _
|05KC2,n(t, s Hg(xy < Ceh Z( o C/h)ZHf(j)H2RU

Coming back to (3.53), we have now obtained (3.52), which concludes the proof of Proposition 3.5. O

Lemma 3.11. For all x1,01 € C°(R) and f € g§7R(R; L(X,Y)), m, L €N, there are coefficients ay,, By, €
R such that

0 Tanlx1, 0, f,m(t, Z aph™ M (t — $) Ty [x1, 0%, F5) m + ks](t, 5)
ki<t
+ Y Beh M BI0™), kg, m + kal(t, 5). (3.54)
k<t

where

B[O, m, k](t,s) := Xl(t)@(s)/

RxR

(Yo f (B50 v ine)

_ wes|? t "
X el(t*w)fe*‘ 2h| (w — 5) (;’LU —+ th — S> dwdf (355)

The proof of Lemma 3.11 relies on the following identities.

Lemma 3.12. We have

8tI2,h[X1a 97 f’ m} = IQ,h[XS_? €7 f7 m] - h_l(t - S)IQ,h[Xla 97 fa m]
+ 2h7112,h[X1, 97 fa m+ 1}, (356)

and

(at + aS)IQ,h[X17 97 f7 m] = IQ,h[X/h 97 f7 m] + IQ,h[Xla 9/7 f7 m]
+Ig’h[xl,9,f',m] +B[9,m70] (357)
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As a direct corollary of Lemma 3.12, decomposing
0sTop = (Op + 05)Za, — OLo s

we deduce the following key formula

OsTonlx1,0, f,m] = Tonlxa, 0, f,m] + Tonlxa, 0, f'sm] + h ' (t — s)Tan[x1, 0, f, m)

— 20 Ty 1[x1, 0, f,m + 1] + B[f, m,0]. (3.58)

We also notice that differentiation under the integral yields

0s B[O, m, k] = B[0,m, k] + h"'B[0,m,k + 1] — kB[f,m,k — 1] — mB[#, m — 1, k]. (3.59)
With these two formulas at hand, we are now prepared to prove Lemma 3.11.

Proof of Lemma 3.11 from (3.58) and (3.59). The proof proceeds by induction on ¢ € N. For ¢ = 0, the
result holds straightforwardly with a(g,0,0,0,0) = 1 and B(0,0,0,0) = 0. Assume now that the result holds at
range ¢ and prove it at range £ + 1. Differentiating (3.54), we obtain

O Tonlxa, 0, frm) = aph™ ((t — 8)%20, Ty n[x1,0%), f5) m + ks
k<t

— kot — 8)F2 71T, 5 [x1, 0 )y 4 k5]> + ) Beh M 0.BI0™) ks, m + k).
ki<

Using (3.58), we deduce that the first term, involving 9,75 5, has the form (3.54) with ¢ replaced by ¢+ 1.
The second term, involving (¢ — s)*2717, ,, is directly under the appropriate form as well. Finally, (3.59)
implies that the last term, involving 9, B is also of the form (3.54) with ¢ replaced by ¢ + 1. O

We conclude by proving Lemma 3.12.

Proof of Lemma 3.12. Formula (3.56) directly follows from rewriting Zs 5 as in (3.27) and differentiating
under the integral. Concerning Formula (3.57), we rewrite Zo 5, as

Ton(t,s) = x1(t)0(s)J2(t,s) with (3.60)

Jw=—s|?

Ja(t, s) := / F(t,w,s,&)e' e "o dwd,
RxR
Fltws.©) = (7 (S5 ine) a2 50 ) (S5 wine =)

From (3.60) we deduce

(O + 05) Lo (t, ) = X1 ()0(s) Ta(t, 5) + X1 ()0 (5) T2 (t, 5) + x1(£)0(s) (0 + 05) Fa(t, ) (3.61)

Next, we focus on J». Using that (9 + 0y,)(e?*="®)€) = 0, we have on the one hand

. w—Ss 2 . w— S 2
O Ta(t,s) = BtF(t,w,s,g)e’(t*w)ﬁe*‘ e dwd§ — F(t,w,s,f)@w(el(“w)&)e*‘ 7 dwdg.
RxR RxR

[w—s|?

Integrating by parts in w in the second integral, and using (9, + 9s)(e™ 2=

) =0, we deduce

) w—s|? . w—s|2
OrJa(t,s) = / (00 + 0u) F(t,w, 5,€)e’ e 5 dwde — F(t,w,5,6)e' 080, (e~ 1 )dwde.
RxR RxR
On the other hand, we have
. w752 . ’UJ752
s Jo(t,5) = F(t,w,s,&)e e T2 dwd + t,w,s,&)e s(e” 2R wd§,
8.7 8, F £)el e~ 5 quag F )€ (=5 ) dwde
RxR RxR
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which, combined with the previous line yields

(0 + 03) Talt, 5) = / (0 + D + Do) F(t,w, 5, €)™ 6e™ 50 dude. (3.62)

RxR

We next notice that (0; + 9y, + 05) (HTM + thé — s)m =0 and

t4+w

0+ 0, +0.) (7 (52 4 ine) =m0 1)) = onay (77) (552 + i) = w201t

—nn59) (x¢ (5 ) (S5 ine) o (5 o (5 4 ine) - 10

Combining this together with (3.62) and (3.61) and the fact that Ore(s)f = (fN’) (from (3.5) in Lemma 3.2)
finally yields (3.57) and concludes the proof of the lemma. O

4 The unique continuation theorems

4.1 Adding partially Gevrey lower order terms

With the results of Section 3 at our disposal, we can now add in the Carleman estimate of Theorem 2.5
lower order terms with coefficients which are Gevrey 2 with respect to ¢t and bounded with respect to x.
Let I C R and V C R? be open sets and define  := I x V. The goal of this section is to prove the
following local Carleman estimate for the operator B, 4 defined in (1.6).

Theorem 4.1 (The Carleman estimate with Gevrey lower-order terms). Let xg = (tg,20) € Q=1xV C
R and assume that the metric g is Lipschitz on V, with time-independent coefficients, and b7, q €
G2(I; L*°(V;C)). Assume that ¢ and f satisfy the assumptions of Theorem 2.5. Then, for all k € N and
all ;> 0, there exist r,d,C, 79 > 0 such that for all T > 19 and w € C°(B(xo,7)), we have
2 Cdr | rh 112
CllQg - Poqul[ e + Ce™ [le7w|[yy 1y, 2 TIQE w7 (4.1)
Note that this Carleman estimate is still valid for B, 4, (defined in (4.6) below) in place of P q
according to Remark 2.6.

Proof. We define R := Z;i:l bjamj + g so that P, q = i0; + Ay 1 + R. We estimate HQﬁ,er,quQLz pe
HQﬁ,erHiz - ||Qﬁ,erHiz' Application of (2.7) in Theorem 2.5 yields

Q% Poqu|;, +e97 He”wHZ;kH; 2 Qi Pul, +e H@“”wHZﬁH; — [lQg Rl
2 71Q% wld — |QF, Rul}. . (4.2)

We now estimate the last term using Proposition 3.5, up to reducing r. In order for all the setting of
Section 3 to apply, we pick ro small enough so that J = (to — 2rg,to + 2r9) C I and p > 0 is arbitrary. If r
is the one given by Theorem 2.5, we reduce it again in order to ensure the assumption 0 < 7 < min(%, £).
We select x, 6,7 with the additional assumption that § =1 on [ty —r/2,t9 + r/2]. We denote by B;j the
approximate conjugated operator associated to b’ as defined in Section 3, that is Bjj = Fj, as defined in
(3.13), in the case f = b’ and h is linked to 7 via h = pu/73. We will keep however the h notation for the
conjugated operator. The function b/ € G2(J; L°°(V;C)) is identified with the multiplication operator in
G2(J; L(L*(V;C))), that is, we make the choice X =Y = L?*(V) and B = L*°(V).

We now assume w € C°(B(xg,7/2)) so that fw = w. Applying Proposition 3.5 with u = e"?9,,w = fu
gives

XBjne” Fu - T bl < Ce ul -z -

H Dy |2 ul Dy |2
L2(R;L2(V))
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According to (3.14), Bjp € L(L*(R; L*(V))) uniformly in h € (0, 1), which, combined with the previous
estimate gives

) _ulDy? _ulDy|? _
R B M e I
L2
< —% —cT ¢ —cT T
e+ Wl = 108 Bl Pl

nlDy|2

Using that €70, w = 0y, (e™w) — 7(0y,¢)e" w and [e” 277 ,8,,] = 0, this implies

HQﬁ,Tbjazij[ﬁ S T ||Qﬁ,'rw”L2 + HQﬁ,TU}HHi +T€_CT ||e7—¢wHH;kH; :

We proceed similarly for the potential q to find HQﬁquHL2 < Hij,TwHL2 + e HeT¢wHH_kL2 and
t x
therefore adding these two estimates yields
Q5 Rl o S 7@ wll o + 1QF gy + 73 [l ]| fyapyy (4.3)

Estimate (4.3) allows to absorb the last term in (4.2) up to taking 7 > 7o with 7 sufficiently large. This
concludes the proof of Theorem 4.1 up to renaming the constants r, C, c,d and 7g. O

4.2 Using the Carleman estimate: proof of Theorem 1.2

In this section, we prove Theorem 1.2 as a consequence of the Carleman estimate of Theorem 4.1. As
usual in this procedure (see e.g. | , Chapter 28], | ] or | ]), we need to construct a weight
function ¢ that

e satisfies the assumptions of Theorem 4.1, that is the assumptions of Theorem 2.5;

e has level sets appropriately curved with respect to the level sets of ¥; this is the geometric convexi-
fication part.

This is the content of the following lemma, in which we recall that I C R and V C R? denote bounded
open sets and we write x = (¢, z).

Lemma 4.2. Let xg = (to,20) € Q=1 xV C R and assume that the metric g is Lipschitz on V , with
time-independent coefficients, and b’,q € G2(I; L>°(V;C)). Let ¥ € C?(Q;R) satisfy (1.8) and ¥(xq) = 0.
Then there exists a quadratic polynomial ¢ and a function f satisfying the assumptions of Theorem 2.5
together with the following properties: ¢(xg) = 0 and there exists ro such that for any 0 < r < rq there
exists n > 0 so that p(x) < —n forx € {¥ <0} N{r/2 <|x —xo| < r}.

Proof. Given ¥ € C*(€%;R) define ¢ = G(¥) and f as in (2.37) with G(s) = e** — 1. Note in particular
that ¢ and ¥ have the same level sets. Then using Corollary 2.14, one has, for A large enough, almost
everywhere on U and for every vector field X,

<12
B,y (X)>ColX[2, and €, 5, >Co|Vyd|. >0. (4.4)
Now define (;VST by
. 1 .
or(x) = Z a(aa@(xo)(x —X0)“.
|l <2

Observe that both quantities B, 5 ; and € ; ; involve derivatives of order at most 2 of é. Since W is C?
and G is smooth, ¢ = G(¥) is of class C? as well. Since (3Q¢VQT)(Xq) = (0%¢)(x0) for o < 2 we obtain by

continuity that for any € > 0, there exists r; > 0 such that quT —¢ C2(B(xo,m)) < & Define finally ¢ by

¢ = ¢ — d|x — xo|%.
Then there is o > 0 such that for all § € (0,60), |07 — &[] 2 ey 1)) < € and hence [[6 = &l o 550 1y <
2e. As a consequence of (4.4), together with the fact that By 4 5 and €44 5 (defined in (2.4)-(2.5)) are
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continuous with respect to ¢ in C? topology, we finally deduce existence of r; > 0 and § > 0 such that for
a.e. X € B(xg,r1) and for all vector fields X,

C C
Brss () = LIXE,  and  €405(x) = 3 V6, () >0,

As a consequence, ¢ satisﬁgs the assumptions of Theorem 2.5. The geometric statement of the lemma
follows from the facts that ¢ and ¥ have the same level sets and ¢ is the order 2 Taylor expansion of ¢
(see e.g. | , Proof of Theorem 2.2)). O

We are now prepared to prove Theorem 1.2.

Proof of Theorem 1.2. Consider u a solution of P, qu = 0 such that v = 0 in QN {¥ > 0}. Let ¢ be as
in Lemma 4.2. Theorem 4.1 for £ = 0 implies that there exist r,d, C, 79 > 0 such that for all 7 > 7, and
w € CX(B(x0,1)), we have

C 1@ - Poquo]| o+ Ce™ [[e7w] |y = TIQY -l (4.5)

w7

According to usual approximation argument, Estimate 4.5 still holds for functions w € L?(I; H'(V')) such
that P, qw € L? and suppw C B(xp,r). We have moreover:

1. ¢(x0) = 0 and there exists n > 0 so that ¢(x) < —n for x € {¥ <0} N {r > |x — xo| > r/2},
2. ¢(x) < d/4 for |x —xo| < 7.
Property 1 comes from Lemma 4.2 and Property 2 is just the continuity of ¢, up to reducing r. Let

X € C°(B(xg,7)) with x = 1 in B(xg,7/2). In order to apply the Carleman estimate (4.5) to w = yu €
L2(I; H(V)), we first estimate

HQﬁ,TPbquUHLz < HQﬁ,TXPb’quHL‘z + HQﬁ,T[Pb,q,X]UHB = |‘Q¢,T[Pb7q7X]UHL2

< HeT‘i’[Pme]UHLz <e " ull 2 s

according to the fact that supp(Vxx) C {r > |x — x| > r/2} and supp(u) C {¥ < 0}, Property 1 and the
fact that [P, q, x| is a differential operator of order one with no derivatives in t. We have as well

o—dr Hemﬁ < e3d/4

wHLfH; ||UHL%H31:7

thanks to Property 2. Plugging the last two estimates in (4.5), we finally obtain that there exists a § > 0
such that

HQﬁ’TXuH[? S HQZS,TXUH?{}, S 06_67— H’U’HL?H}F ’
which implies that HQﬁﬁquLQ < C uniformly in 7 > 75. Lemma A.1 gives supp(xu) C {¢ < —d}. Since
@(x0) =0 and x =1 in B(xg,7/2) one has that W = B(xg,r/2) N {¢ > —4/2} is a neighborhood of x in
which yu = u = 0 and the proof of Theorem 1.2 is complete O

4.3 Reducing the regularity of the solution: proof of Theorem 1.3

Theorem 1.2 concerns solutions u € L?(I; H'(V)) of the Schrédinger equation P, qu = 0. The L?(I; HY(V))
regularity allows in particular not to care about the divergence form and to make sense of b/ (¢, )0, u(t, x)
in the sense of distributions if b € L> (I x V') ounly. In the present section, assuming divergence form of the
principal part and additional space regularity on the vectorfield b, we generalize Theorem 1.2 to L?(I x V)
solutions to P, qu = 0 and prove Theorem 1.3. Since the statement of Theorem 1.3 is sensitive to the form
of the elliptic operator involved, we prove it in the more general setting with B,  replaced by

d
Pogy =10y + Dg o+ > b (t,2)0,, +q(t, ), (4.6)
j=1
where Ay, is defined in Section 1.3.2. Then we have P, 4 = P, q,1, i.e. the statement of Theorem 1.3
corresponds to taking ¢ = 1, and the application to the second part of Theorem 1.5 to ¢ = y/det(g). The
idea is to use the Carleman estimate of Theorem 4.1 for k£ = 1 instead of & = 0. This allows to exploit the
ellipticity of Ay, via Lemma 4.4 to gain regularity.
We first state a local regularity result for the Schrédinger operator B, 4 .
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Lemma 4.3 (Local regularity for P,q). Let I C R and V C R? be bounded open sets and Q@ =1 x V.
Assume that g/* € W2°(V;R) is symmetric and satisfies (1.7), that ¢ € VVI1 (V3 R) satisfies ¢ > 0

loc

on V, that q,b) € L2 ($;C) and Z;‘l:1 Ox,b7 € LS (Q:C). Let x' € CX(I), x* € CX(V) and set

loc
xs(t, ) = x'(t)x®(x). Then, there is a constant C > 0 such that for any u € L*(Q) with x3Ppq,u €
HY(R; H-Y(R%)), we have xsu € H™1(R; HY(V)) with

Ixsull -1y (vy) < ClIxsPoatll -1 m -1 ayy + C lull 2y - (4.7)

Proof. We prove (4.7) for all u € C2°(V), and the lemma follows with a regularization argument left to
the reader. We define the operator R := Z?Zl b7 (t,)8,, +q(t,x) so that Py g, = i0; + Ay, + R where
A, is defined in Section 1.3.2. We apply Lemma 4.4 for any ¢ € R to w = (D;)"'x'u and integrate in
time to obtain

Ieaull i g vyy = DD T X Ul Loy gy
<C (sz<Dt>71XtAgv¢u||LQ(R;H—l(Rd)) + H<Dt>71Xtu||LZ(R;LQ(SHPP(X‘T)))> '
Using that Ay, = Ppq., + Dy — R, this implies
X3l -1 rs 1 (1)) < C( X" (D)™ X Deul| o g1 gy + XD X Poaot]| 21 2
D0 Rl gy + IO XU ey ) (@9

Now observe that ||(Dy)~'x"D,
borhood of x?, we have

||L2(R)_>L2(]R) < 400, so that for any x* € C°(I) with x* = 1 in a neigh-

X" (D)~ DtuHL?(RH L(Rd)) = = [x* (D)~ XtDt)%tuHL%]R;H 1(Rd)) > <|[Ix" X“”LZ(JRH 1(R4)) - (4.9)

Next remark that

||Xx<Dt>_1Xth7Q7LPuHLZ(R;H—I(Rd)) = ||X3Pb,q,4pu||H—1(R;H_l(Rd)) 3 and (410)
—1_t t

K™ X | 2 s 2 uppieryyy < X 22 s 2 uppieyy (4.11)

To handle the last term, we argue by duality and write

™ (D)™ X R a1 gy < IR 1 ey = sup (R, 0) g
L2(R;H~1(R%)) (BR;H=H(R%)) BESRIT) 01| 2 s 11 ity <1 ( )
(4.12)
We calculate
(x3Ru, H)LQ(RHd) = ngbwa u dtdx +/ x3quf dtdx
R“rd R1+d

/ 8 ngje)udtd:c—i-/ xaqul dtdx
Ri+d S 1+4d

/1+d
Jj=

/ ngbJ (0, 0)udtdx + / ysqul dtdz.
R1+d

1+d

d
X b Qudt — / x3 divy (b)uf dtdx
7 Ri+d

Consequently, the Cauchy—Schwarz inequality yields

(X3Ru79)L2(Rd+1) <C ||b||L°°(supp(X3)) ||u||L2(Q) ||9||L2(]R4+1) +C ||div1(b)||L°°(§upp(X3 ||UHL2(Q) ||0||L2(Rd+1)
+ C bl Lo (suppxs)) 1402200 191l 2225101 Ry + CllAll oo (suppxayy 14l 220y 1611 2 (rary

< Cllull z2q) 191 2,11 may) -
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and we obtain thanks to (4.12) that ||x* <Dt>_1XtRu||L2(]R-H*1(]Rd) < C|lullz2(q) - Combining this together
with (4.9)—(4.10)—(4.11) in (4.8) yields finally (4.7) for all v € C2°(V'), which concludes the proof of the
lemma. O

We now prove Theorem 1.3 in the more general setting of the operator P, q .

Proof of Theorem 1.3. The proof of Theorem 1.3 proceeds as that of Theorem 1.2. The main differences
are that now we apply the Carleman estimate of Theorem 4.1 for k¥ = 1 and that we consider the operator
B, q,0- That Theorem 4.1 still holds for B, 4, in place of P, 4 is a direct consequence of Remark 2.6. The
functions ¥ and ¢ are the same as in the proof of Theorem 1.2, i.e. those furnished by Lemma 4.2.

Recall that for €,k > 0,
b\ k2
= max 556785? = (> .

k_—e|D:|?
’ Dyie -
2L £, eRT 2ee

As a consequence, we have for 7 > 1 (and using k& = 1 in the above identity),

—u|Dy|? _
192 Pl o = (D=5 (D) 17 g
L2
—ulDy|? —ulDy|?
<2|le” 27 (D) e Pgow| +2 HDte (D) e Pog ow
L2 L2
<crl? "€T¢Pb7q7@w{|H:1Li '
This, combined with the Carleman estimate of Theorem 4.1 for £ = 1 yields
. 2 _d 2
Cr [|e7 Py g oo g1 + Ce™ [[7w][ oy > TIQE w3 (4.13)

We now apply Inequality (4.13) to w = xu with x as in the proof of Theorem 1.2 and u € L?(£2) solution
to By q.ou in D'(Q). According to Lemma 4.3, ysu € H~'(R; H'(V)) for all y3 with supp(xs) C I x V.
Moreover [P, q.,, x] is a differential operator with L> coefficients and involving only space derivatives of
order at most 1. As a consequence, [Py q ., x|u € H '(R; L*(V)) and we need to estimate

72 HemeA#P(XU)HH;ng =72 ||€T¢[Pb7q,gp7x]u||Ht—1Li .

We argue by duality and write

||67¢[Pb,q,<p7 X]UHH,L_lLi = sup ’ (6T¢ [Pb,q,saa X]’LL, 0) L2(R1+d) |~ (414)

BESRIT), 6],y 2 <1

We choose a function x; € C°(Q;R) such that x; = 1 on the support of Vyx and supp(x1) C {r >
|x — xg| > r/2 — e} with € > 0 small. We consider as well x5 € C*°(Q;R) with x2 =1 on {¥ < 0} and
X2 = 0 on {¥ > ¢}. Notice that this implies in particular that x2 = 1 on the support of u. Recall that we
have the property

o(x) < —n forall x € {¥ <0}nN{r>|x—x0| >r/2}.

By continuity, we can then choose € > 0 sufficiently small such that
o(x) <—n/2 forallx e {¥ <e}n{r>|x—xo| >r/2—e} =supp(x1)Nsupp(xa). (4.15)
We finally take x! € C°(I) and x® € C°(V) such that x3(¢, z) := x*(t)x* () satisfies xy3 = 1 on supp(x).

The operator [P, 4., x| is a differential operator with derivatives of order at most 1, no time derivatives,
and with L™ coefficients supported in supp(Vxx) where x; = 1. We then obtain

|(67¢[Pb,q,apa X]uv G)LQ(R"+1)| = ‘/ eT¢[Pb,q,<p7 X}u@dtdl’

N ‘/[P@q,wX](XBU)€T¢X1X29dtd:E

= |([Pb,q,tpa Xl (xau), €T¢X1X20)L2(R1+d)‘ <| [Pb,q,z,aa X (XSU)”H;le Hérd)XlXQeHHtng

< Cre /2 ||X3u||Ht—1H; HQHHr}Lg < Ce /4 ||X3uHHt—1H; ||0||H3Li )
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where we have used (4.15) as well as the support properties of Vyx, u, X1, x2. Coming back to (4.14) we
have thus obtained the estimate

Herj[va%P’X}u||H;ng < Qe /4 Ixsull =141 -

Similarly, one has

e—d‘f‘ Hefqb < €_dT/8

w“}[t—nglC HX3UHH;1H;'

Combining the last two estimates with (4.13) and using Lemma 4.3 gives the existence of some ¢ > 0 with
195 rwllzz < Ce™T |Ixaull g1 41 < Ce™T |Jull 2 (g -
From this point forward, the conclusion of the proof of Theorem 1.3 is identical to that of Theorem 1.2. [J

In the course of the proof, we have used the following elliptic regularity lemma. It is rather classical,
but we provide with a short proof for sake of completeness.
Lemma 4.4. Let V C R be an open set, assume g'* € WI})f‘J(V; R) satisfies (1.7), that ¢ € Wlf)’coo(V;R)
satisfies ¢ > 0 on V, and let x € C(V). Then, there exists C > 0 so that, for any w € L*(V;C) with
Qg o (w) € H-Y(RY), we have

||XwHH1(Rd) S c ||XA87<P(,U})HH*1(Rd) + c ||wHL2(supp(X)) .

Recall (see e.g. Section 1.3.2) that Ag, = div, Vg =3 i@xj g’%©0,, . Note that, for any ¢ and g as
in the statement, there is a Lipschitz continuous Riemannian metric g such that gy = g/det(g) (namely

dit(g)Ag = det(gcp)ﬁAg. In this expression (and

in the setting of Lemma 4.4), the prefactor is a Lipschitz nonvanishing function. Since multiplication by
a W1 function is bounded on H~! (for it is on H'), it suffices to prove the result of Lemma 4.4 for A,
(defined at the beginning of Section 2.1) in place of Ag .

g = det(gap)fﬁzggp) and for this g we have Ag, =

Proof. We may assume w € C°(V;R), the conclusion of the lemma will follow from a density argument,
together with application of the result to the real and imaginary parts of the function. By integration by
parts, using the notation of Section 2.1, we have

J1I9a0) == [ agtewnw == [ A - @0 - 2T Tpu), e,

Rewritting (Vgx, ng>g xw = (VgXx, Vg(xw»gw — \Vgxi w?, we deduce

JI9a0)2 == [ Ag(wiiu + (Va2 = Apo0u® - 20959, (xw), v

Since ¢’* € Wli’COO(V;]R) and x € C*(V) we have Agx € L>(V). As a consequence, we have for any
e > 0, the existence of C. = C:(x,g) > 0 such that
2 2
/ |vg<Xw)‘g S ||XAg<w)||H*1(Rd) ||Xw||H1(]Rd) + C ||wHL2(supp(X)) + C va<Xw)||L2(]Rd) ||w||L2(supp(X))
2 2 2
< C: ||XAg(w)HH71(]Rd) te ||Xw||H1(]Rd) + Ce ||w||L2(supp(X)) + e[ Va(xw)ll72 - (4.16)

Using ellipticity and boundedness of g on supp(x), we further have existence of Cy = Cy(x) > 1 such that
for all w € C*(V),

- 2 2 2 2
C xwllp oy < 19,0122 + IxwlZs < C Il o -
Combining this with (4.16), we have now obtained
_ 2 2 2
(& ' HXwHHl(]Rd) < C; HXAg(w)HHfl(Rd) +e(1+Cy) HXw”Hl(]Rd) +(Cc+1) HwHL?(supp(X)) )

which concludes the proof of the lemma when choosing e = C; ' (1 + Cy)~'/2. O
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A Tools

In this appendix, we collect technical lemmata that are used along the article.

A.1 The conclusive lemma for unique continuation
The following is | , Proposition 2.1] that we state here (without proof) for the reader’s convenience.

Lemma A.1. Let u € L?>(R") and let ¢ be a smooth real valued function. Let (A;);>o be a family of
continuous bounded functions in R™, such that for any compact set K C R", we have || Az 1| Lo (k) =700
0. If there exist C, 19 > 0 such that

HAT(D)EWUHLQ <C, fordalT >0,

then suppu C {¢ < 0}.

A.2 A technical lemma on the Gaussian multiplier

We first recall the formula ) 2
Flew )€ = (@25, geR, (A1)

used several times in the article, and its consequence

(e—%wzlzf) (1) = <2ﬁh)1/2/f U3 ds, teR (A.2)

Lemma A.2. Let (X, |- |lx) be a normed vector space, x1,x2 € C*(R) with all derivatives bounded and
such that dist(supp f1,supp f2) > d > 0. Then for every k,m € N, there exist C,c > 0 such that for all
u € S(R; X) and all A > 0 we have

|D4 |2 —c
] yie™ 3 (xou) < e ull g may -
HF (R;X)
See e.g. | , Lemma 2.4] in case m = k = 0.

Proof. We start with k = m = 0 and recall (A.2). Using the support properties of x1, x2, this implies

|Dy|2

e <xQu><t>=(A)1/2xl<t> [ et teas

47

1/2 ,
_ (;) ()1 zae 107 % x2()(1)

The Young inequality thus yields

A\ /2 e
’ = (4 ) el [ £50e730
L2(R;X) m L

|D¢|2

xiem > (xou)

|(R) ”XZUHL?(R;X)

A\ 172 a2
<(2) Ml lelm [Lisae O] ol
The result for £k = m = 0 then follows from the fact that
0o . 00 . _2A g2 0o
1 H11H>d67%(')2 :/ e~ 355 ds < 67%d2/ e85 ds < Ce = / e~ ds < Ce N,
2 - L1(R) d 0 Vi o

. . . o D2
As a preparation for the general case, we prove a similar estimate if e~

k € N. Notice that from (A.2), we have

\Dt\ 1/2 )\ 1/2 A 2
Die” ( ) / Dfew(t <>ds—(47r> s ks / Nt (s —t)f2em 3007 f (s)ds,
0<k1k2<k
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where ay, i, € C do not depend on A. As a consequence, proceeding as above with the Young inequality,
we obtain

_1DyI? _A(2
’lefe (o) < O ST ha®Tzae OO x (eu)®)]|
L2(R;X) 0<ka<k L2 (R;X)
A ()2
< Ck,\k+1/2 ||X1||L<x> ||X2||L<>° Z HlHZde 2() (.)kz . Hu||L2(R;X) )

0<ko<k

Using now

Hﬂ|~|2d€7%(')2(')k2

* —2Ag2 A% — 242 > ko —2s2
=2 e 8% e 8% g"2(ds < 2e s"2e7 8% ds
L1(R) d 0

katl i
8\ 2 1
e (x) g (2; ) < Cpyets?,

Combining these two lines, we finally deduce that for any k¥ € N and any x1,x2 € L*(R) such that
dist(supp f1,supp f2) > d > 0, there are Cy, ¢ > 0 such that for all u € S(R; X),

1

Now, we prove the following statement: for all k,¢,m € N, for all x1, x2 € Cg°(R) such that dist(supp f1, supp f2) >
d > 0 there are C, ¢ > 0 such that for all u € S(R; X),

|Dy |2

x1Dfe” > (xou)

< Cpe llull 2 ) - (A.3)
L2(R;X)

Dy, DFe—%E (v, D < Ce Ad
X1l e (x2D{"u) = Le ||UHL2(R;X)- (A4)

L2(R;X)

To this aim, given £, m € N, we consider the induction assumption
(A.4) is satisfied for all k¥ € N. (A(¢,m))

We notice first that (A(0,0)) is (A.3). Then, we assume (A(¢,m)) and prove (A(¢+ 1,m + 1)). For this,
we decompose and expand

Dy Dy |?

_1De? m —[Pel” m
D yiDFe™ 3 xa D" = Dy (x1 Dy + [Dy, xa]) DEe™ > (Dexa + [x2, Di]) D;

1D¢|2 ID¢|2

= Dix1Df?e™ 3 xo D" +iD{xa Dy e 3 x4 DY

IDy | ’ IDy |

—iD{X{Dite” 3 xo D" + DixiDie” > x4Dy,

and notice that the induction assumption (A(/,m)) applies to all of these four terms since supp xj C
supp x;j, j = 1,2. This concludes the proof of (A.4).

To conclude the proof of the lemma, we deduce from (A.4) (for £ = 0) that for £,m € N, and all
veSR;X),

| 2

2\4 _1PeZ 2\m
(1+D;)xie” > (x2(1 + Di)™v)

< Cem o1l L2 sy -
L2(R;X)

Letting v := (1 + D?)~™u in this expression, we deduce that for all u € S(R; X),

i

This concludes the proof of the lemma (for even integers, and thus for all integers). O

2
|

_ 1Dyl m
H(HD?)@W 22 (o1 1 D2)™)
)

[D¢]

xie” * (xou)

H2(R;X L2(R;X)

—cA —cA
< Cem Ml pepy = Ce™ ull g-2m gy -
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A.3 A complex analysis lemma
The following regularity lemma is used in the conjugation argument.

Lemma A.3. Let U C C an open set containing 0 and h € C*(U) such that |0sh(z)| = o(|z|) as z — 0.
Then, the function defined by
h(z) — h(0)

w(z) := — forz#0, and w(0) = 0,h(0),

satisfies w € CH(U).

Proof. The only problem is close to z = 0 and may thus assume that U is a small open ball centered at 0.
We write the Taylor formula h(z) = h(0) + 2z fol 0.h(sz)ds + Efol Ozh(sz)ds and obtain

w(z) :/0 azh(sz)ds—i—g/o Ozh(sz)ds, z#0. (A.5)

The first term in the right-hand side is of class C! by assumption and we only need to prove that the second
term u(z) = %fol 0:h(sz)ds can be extended as a C'! function near 0. The assumption |9;h(2)| = o(|2|)
implies that u(z) can be continuously extended by 0 at 0 so, we are left to consider the derivatives of u.
Denoting by V any derivative, we have

Vu(z) =V (g) /01 Ozh(sz)ds + j/ol sVOzh(sz)ds. (A.6)

By assumption, d;h € C* and we may thus write (Taylor expansion with Peano form of the remainder)
Ozh(z) = 0:h(0) + 20.0:h(0) + 202h(0) + o(]z]). Since we further assume |9;h(2)| = o(|z|), we deduce that
9:h(0) = 0, VO:h(0) = 0, and therefore |[VO:h(z)| = o(1) as z — 0. Since |V (£)| < C|z|!, we deduce
from (A.6) and |0zh(%)| = o(|z|) that

1 1
|Vu(z)|§0|z|_1/ 0(|sz|)d8+/ 2|2|ds — 0,
0 0

as z — 0 (note that in the first integral, we have used that, since h is C2, we have o(z) = zm(z) with m
continuous near zero and m(z) — 0 as z — 0, together with the Lebesgue convergence theorem). This
proves that u is of class C! near zero and hence, coming back to (A.5), so is w (with Vw(0) = V3,h(0)). O

A.4 Integration by parts formulae

Given a bounded C* (or piecewise C') domain Q2 C C and a C* one form w defined in a neighborhood of
), we recall the Stokes formula
/ w= [ dw.
a0 Q

Here, 0f) is given the orientation coming from the canonical orientation of C.
Now given a Banach space B and a function fo : R? ~ C — B, and under the identification fo(z,y) =
f(z, 2), we apply the above formula with the one Banach-valued form w(z,y) = f(z, 2)dz to obtain

F(z5)ds = / d(f(z 5)dz) = / 0. F(2, 2)dz A dx + 0 (2, 5)dZ A dz = / 0-f(2,2)dz A dz,
o) Q Q Q
that is
f(z,2)dz = / 0:f(z,2)dz A dz. (A.7)
a0 Q
Here 09 is oriented so that 2 lies to the left of 02, see for instance | , Chapter 1, Section 1.2].
Applying this to f = gh with g € C*(C;C), h € C*(C; B), we deduce
/ gozhdz Ndz = / ghdz — / hosgdz N dz. (A.8)
Q o9 Q

If now g € C1(C) and h € C*(C; B) satisfy hg — 0 at infinity and gd;h € L*(C;B), hdzg € L*(C; B), then
we may choose 2 = B(0, R) and let R — +00, yielding the following statement.
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Lemma A.4. Assume B is a Banach space, g € C*(C;C) and h € C'(C;B) satisfy gd:h € L'(C;B),
hdzg € L*(C;B) and faB(o R) lhglls(z)dz — 0 as R — +o00. Then

/ gozhdz Ndz = —/ hozgdz N dz. (A.9)
C C

Note finally that z = x + iy and Z = x — iy so that

dz Ndz = d(z —iy) Ad(x + iy) = 2idz A dy,

where dz A dy is the usual Lebesgue measure on R? (oriented).
Note also that if f is holomorphic, we recover the usual deformation of contour principle | oq f(2)dz =0.
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