ON SCATTERING AND PROFILE DECOMPOSITION FOR CRITICAL NONLINEAR
WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES

DAVID LAFONTAINE AND CAMILLE LAURENT

ABsTrRACT. We prove scattering for the defocusing energy-critical non-linear wave equation with Dirichlet
boundary conditions outside two strictly convex obstacles in dimension three. This is the first large data
scattering result for such an equation in the presence of trapped trajectories.

Our result is in fact more general and can be used as a black box in other geometries. More precisely,
under the assumptions that the corresponding linear wave equation satisfies global Strichartz estimates, that
the domain is weakly non-trapping and that trajectories do not reconcentrate, we show linear and nonlinear
profile decompositions in infinite time. This implies scattering under the rigidity assumption that the only
compact-flow solution is the trivial one.
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1. INTRODUCTION

We are interested in the defocusing energy-critical non-linear wave equation outside some obstacles in R?
with Dirichlet boundary condition

02u—Au+u® =0in Q,
(NLWg) u =0 on 01,
=0 = (¢°, ") € Hy x L*(Q),

where 0 ;= R3\© and © C R3 is a compact subset of R3 with smooth boundary, and @ denotes (u,dyu).
Solutions enjoy the conserved energy

1 1 1
Eq(u(t)) := §/Q|Vu(t,x)|2d1:+i/ﬂ|3tu(t,x)|2dx+6/ﬂ|u(t,3:)\6d:z:,

which yields a uniform bound of the norm of solutions in H' x L.

In the case of the free space {2 = R3, global existence of solutions was proved for smooth radial data by
Struwe [Str88], then extended to the non-radial case by Grillakis [Gri90], and global existence for data in the
energy space H! x L2 was then obtained by Shatah and Struwe [SS94]. Global well-posedness of solutions in the
particular case of the exterior of a strictly convex obstacle was then proved by Smith and Sogge [SS95]. Global
well-posedness of solutions with the equation posed inside a domain was finally obtained by Burq, Lebeau, and
Planchon [BLPO0§|, and their result extends immediately to the case we are interested in of the exterior of any
obstacle by finite speed of propagation.

As solutions exist for all time, it is natural to wonder if they scatter: that is, if solutions behave linearly in
large time. More precisely, we say that a solution to (NLWg) scatters in H' x L? if there exists a solution ur,
to the linear wave equation in €2

(LWgq) afuL —Aup, =0in Q, wur, =0 on 09,
1
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so that
[ (u(t), Qpu(t)) — (ur(t), Opur (b))l g1y — 0 ast — £oo.

In a seminal work, Bahouri and Shatah [BS98| proved the decay of the nonlinear part of the energy [ |u|® — 0
for solutions in the free space. Bahouri and Gérard [BG99] then combined this decay estimate with suitable
Strichartz estimates, such as described below in the paper, to show the scattering in R3. The decay of the
nonlinear part of the energy is obtained by integrating a divergence identity over a light-cone extending to
infinity. Blair, Smith and Sogge [BSS09] remarked that, reproducing the same integration by parts outside an
obstacle, a boundary term arises, which has the right sign when the obstacle is star-shaped, leading to scattering
in this case. In general, one can still obtain scattering provided the boundary term decays sufficiently in large
time: this yields to the remark that, if there is no energy in mean in large time near the obstacle, then, there
is scattering (see Lemma 7.4 below) — such a property can be seen as a non-linear counterpart to the decay of
the local energy for the linear equation, the study of which was pioneered by Morawetz, Raltson and Strauss
[Mor61, Mor75, Str75, MRS77]. A natural conjecture is that such a decay of the local energy of solutions to
(NLWg,), and hence the scattering, should hold at least for any non-trapping obstacle, for which all the rays of
geometrical optics are going to infinity. However, such a result seems out of reach with the current techniques:
as there is little hope to be able to use truly micro-local techniques for such a non-linear problem, a strategy in
the spirit of [GV85b] is to use vector-field multipliers computations, inspired by the works of Morawetz [Mor75],
and relying on the choice of a multiplier adapted to the geometry of the obstacle. However, this method turns
out to be very rigid in the nonlinear case, because the terms that were of lower order in the linear case now
contribute a priori equally, and for these terms to have the right sign, a multiplier with a negative bilaplacian
would be needed, which seems rather unatural (such a remark already goes back to [Str75] in the linear case,
before it was observed that theses terms are indeed of lower order in this case thanks to Lax theory). For this
reason, scattering of solutions to (NLWq,) had for now only been shown for star-shaped obstacles [BSS09] and
generalisations of this notion [AS13, AS14]. We refer also to some recent results for small perturbation of the
flat metric, [LT21, DL26].

The situation is even worse in the trapping case, i.e. when some rays of geometrical optics stay in a compact
for all time. Indeed, if Z is a Morawetz vector-field (for example, the gradient of a multiplier such as described
above), (z,€) — Z(x) - £ is an espace function, that is, a function of the phase-space that is strictly increasing
along the flow of geometrical optics. Therefore, periodic orbits rule out the existence of such vector fields. As
a consequence, there is no hope to be able to show the decay of the nonlinear local energy, and hence the
scattering, by vector fields methods only, outside a trapping obstacle. The purpose of this paper is to show
the first scattering result in such a trapping situation. More precisely, we are interested in the canonical case
of unstable trapping for the problem with boundaries: the exterior of two strictly convex obstacles, for which
there is only one, unstable, trajectory trapped both in the future and in the past. Recall that such an unstable
trapping framework has attracted a lot of attention in the linear case since the works of Tkawa [[ka82, Tka88] —
see in particular [Bur04], [NZ09a, NZ09b]. We are able to deal with pairs of strictly convex obstacles ©1, 04
satisfying the following symmetry assumption, which is for example verified in the case of two balls.

Assumption 1.1. The line which carries the trapped trajectory intersects 001 and 004 only normally.
Our first main result is the following.

Theorem 1.2. Let ©; and Oy be two smooth strictly convex subsets of R® wverifying Assumption 1.1, and
Q :=R3\(0©,UBO3). Then, any solution of (NLWq,) scatters. Moreover, for any Ry > 0, there exists C(Rg) > 0
so that for any (¢°,¢') € HE x L*(Q) with &a(¢°, ¢*) < Ro, the solution u of (NLW¢,) satisfies

L5(R,L19(Q)) < C(RO)

Note that by strictly convex, we mean having principal curvatures bounded below by a strictly positive
constant.

Because of the periodic trajectory, a Morawetz multiplier cannot exist in the exterior of ©; U ©5. However,
following the progress [Laf20] concerning a model case without boundary, we are able to exhibit an almost
Morawetz multiplier, that is, a multiplier which has the right behaviour everywhere but in an arbitrarily small
neighborhood of the trapped trajectory. This remark alone is not enough to obtain scattering, but it permits to
rule out the existence of (hypothetical) non-trivial non-scattering solutions with a compact flow in H' x L? (see
Theorem 7.1): such solutions cannot concentrate their energy in a set of arbitrarily small measure, hence in
particular in the neighborhood of the trapped ray, and therefore must scatter by our almost-multiplier argument.
This argument will be nothing but the rigidity step in a concentration-compactness/rigidity scheme, first in-
troduced by Kenig and Merle [KM06, KMO08] and relying on profile decompositions that originate from [BG99]
in their modern form, to show the scattering. Arguing by contradiction, one constructs in a concentration-
compactness step a non-trivial, non-scattering compact-flow solution, the existence of which is ruled out in the
rigidity step.

(1.1) [[ul
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Whereas this later rigidity step of our proof relies heavily on the precise geometry we are interested in, we are
able to show profile decompositions and carry the concentration-compactness step in a quite general framework
of weak trapping. This constitutes the second main result of this paper, stated as Theorem 1.6 below, and we
now state the precise assumptions under which we are able to do so. In the following, ¢ — v (z,£) denotes the
generalized geodesic starting at = € Q in direction ¢ € S? and parametrized by the time ¢ € R. More precisely,
it is defined in the following way: we denote ¢, the generalized bicharacteristic flow for —A in €, defined
on the compressed co-tangent bundle *T*Q, j : T*Q —b T*Q the canonical projection (we refer to [Bur97b,
Section 3.1] for the precise definitions; see Section 4 below for more details), and 7, the projection on Q. Then
0(2,€) = maprj (2, €).

Assumption 1.3 (Non reconcentration). For all x,xg € Q and all t > 0 we have
’{f €S? st Y(x, &) = xo}‘ =0,
where | - | denote the Lebesgues mesure on S2.

Assumption 1.4 (Weak trapping). For any x¢ € Q, there exists a non-increasing family of closed subsets
(Vi)nen, Vi C S2, so that the following holds: |V,| — 0 as n — oo, and, for any R > 0 and n € N, there exists
a time Tg,, < 400 so that for all direction & ¢ V,, we have v,(zo,€) € B(0, R)® for all |t| > Trp.

Assumption 1.5 (Strichartz estimates). The linear wave equation in ) verifies the same global-in-time Strichartz
estimates as in R3, at least for the Strichartz-admissible pair (5,10) and another Strichartz admissible-pair (r, s)
with s > 10. In other words, there exists (r,s) with s > 10 veryfying

1 1 3 1 1 1
1.2 T 2
(1.2) 2 r+s’ r—2 s’ r#2

so that for any solution u to the linear wave equation in §2
||u||LP(R,Lq(Q)) 5 H(U(O)v atu(o))HHl x L2 fOT (p7 Q) € {(57 10)) (’I“, S)}

Let us comment on these assumptions. Assumption 1.3 states that in any point of the domain, the set of
directions that allow the trajectories of geometrical optics to re-concentrate later in time is of finite measure:
the typical examples of geometries ruled out by this assumption are obstacles the boundary of which contain
a (concave) portion of a sphere. This assumption is verified in the exterior of two strictly convex obstacles in
Lemma 8.1. While, to the difference of Assumptions 1.4 and 1.5 (that are in particular always true outside any
non-trapping obstacle as we will see), this assumption might be only technical, and we believe that it is verified
generically. Assumption 1.4 expresses that in any point, all directions but a set of arbitrarily small measure
allow to escape at infinity: this reflects the fact that the obstacle is weakly trapping. It is proved in the exterior
of two strictly convex obstacles in Lemma 8.2. Remark that it is an assumption on the size (at any point of
the physical space) of the trapped set (and its tails, i.e. trajectories trapped only in the future or only in the
past), not on its stability. The stability of the trapped set in turns plays a role in Assumption 1.5, that concerns
the linear flow in the domain. This assumption states that the trapping, and finite-time concentration effects,
are sufficiently weak to preserve the free Strichartz estimates (obtained in R?® by [Str77], [GV85a], [LS95], and
[KT98]) for at least two well chosen couple of Strichartz exponents. Such estimates were obtained (with the full
range of indices) outside one convex obstacle by [SS95] (see also [Ival0] for the Schrédinger equation). In the
exterior of two strictly convex obstacles, this is the main result of [Laf22] (see also [Lafl7] for the Schrodinger
equation, [Lafl8] for finitely many strict convex verifying the Ikawa condition, and [BGH10] for the analogous
boundaryless case). Remark that [Bur03] proved that under the non-trapping assumption, the local-energy
decay permits to glue finite-time Strichartz estimates to obtain global ones. In the case of [Laf22], and following
[BGH10], the loss due to the trapped trajectory in the local-energy decay (when asking for a rate with respect to
the energy of the data) is compensated by proving Strichartz estimates in time ~ |log k| for a data of frequency
~ h~!. Finally, let us mention that when a portion of the boundary is concave, there is a loss in the range of
admissible Strichartz pairs with respect to the free case [Ival2]. However, [BLP08] and [BSS09] showed that
(finite time) Strichartz estimates with Strichartz pairs (5,10) and some (r,s) with 7 < 5 (for example (%, 14))
always hold: combined with the result of [Bur03], this shows that Assumption 1.5 in particular always holds
outside a non-trapping obstacle.

We are able to carry the concentration-compactness step of our proof of scattering under the previous general
assumptions, which constitutes the second main result of this paper:

Theorem 1.6 (Concentration-compactness under weak trapping). Assume that ) has a smooth, compact
boundary and verifies Assumptions 1.3, 1.4, 1.5. If (NLWq,) has no non-trivial solution with a relatively compact
flow {(u(t), dpu(t)), t € R} in H} x L2(Q), then any solution of (NLWq,) scatters and satisfies the same uniform
Strichartz estimates as (1.1).

As a consequence, the conjecture of scattering in any non-trapping geometry stated in the beginning of our
introduction now reduces (at least for non reconcentrating obstacles, i.e. verifying Assumption 1.3) to showing



NONLINEAR WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES 4

the rigidity property that the equation has no non-trivial compact flow solution. In addition, note that Theorem
1.6 applies in particular to the exterior of a star-shaped obstacle satisfying Assumption 1.3 where the scattering
was already proved, see [BSS09] using arguments of [BS98], but it does not seem that the uniform Strichartz
estimate (1.1) was known.

At the heart of the proof of Theorem 1.6 lies a linear profile decomposition for the linear wave flow in 2,
in the spirit of the one introduced by [BG99] in the free space, which we are able to prove under the same
Assumptions 1.3, 1.4, 1.5 and is stated as Theorem 5.1 below. Observe that [GGO01] introduced such a profile
decomposition in finite time for the wave equation outside a strictly convex obstacle. Our decomposition given
in Theorem 5.1 is more general than their result, in three directions. First, it is valid under the general weak
trapping assumption discussed above, wereas [GGO1] is only valid outside one convex obstacle. Second, it is
proved in infinite time. Finally, we don’t make the “compactness at infininity” assumption used by [GGO1], and
hence our analysis involves more regimes of parameters.

The proof of the linear profile decomposition relies on the asymptotic description of the profiles in all such
possible regimes. We show that, when the center of a profile is going to infinity, or its scale parameter goes
to infinity, it behaves asymptotically as a free profile, that is, a profile for the flow in R™ (see Lemma 3.1) and
the analog is true for corresponding non-linear profiles (Lemma 3.2). The most delicate case is when a profile
concentrates (that is, when its scale parameter goes to zero) while remaining in a bounded region of space. In
this case, the typical frequency of the solution tends to +o0o and it is expected that, at least in finite time,
the approximation by geometric optic is valid. As discussed before, the point is to detect where there can
be some points of reconcentration which, as noticed in Gérard [G96] following the concentration-compactness
principle of Lions [Lio85], can induce that the Strichartz norm becomes large. This explains our Assumption
1.3 which ensures non-reconcentration for the “classical flow”. For the linear solutions of the wave equation,
this program was fulfilled by [BG99] in the free space where no reconcentration can occur. This turns out
to be more complicated in non flat geometry. Such description was made in Gallagher-Gérard [GGO1] in the
case of the exterior of a convex obstacle where no reconcentration can occur. In a compact manifold, without
further assumption, the linear profile decomposition was achieved by the second author in [Laull] using results
of Ibrahim [Ibr04]. Note that the phenomenum of reconcentration is described in the specific case of the sphere
S3 where a data concentrating at the south pole can reconcentrate at the north pole.

Once the linear profile decomposition is at hand, we can follow the Kenig-Merle scheme to prove Theorem
1.6, by showing an analogous non-linear profile decomposition, that involves now the asymptotic description
of the corresponding non-linear profiles. We use in particular the known result of scattering in the free space
[BG99] to deal with the non-compact non-linear profiles.

Finally, in the exterior of two convex obstacles, the combination of Theorem 1.6 and of the rigidity argument
discussed above and carried out as Theorem 7.1 gives Theorem 1.2.

We end this introduction by giving a few more references related to the problem. When a Neumann boundary
condition is imposed in (NLW,), much less is known — this is due to the fact that the boundary term which
arises in Morawetz-type computations is not signed even in the simplest case of the exterior of a ball. Scattering
for such a problem has been shown in the radial case in [DL22], following a concentration-compactness,/rigidity
approach, where the rigidity part is obtained thanks to the channels of energy method (introduced in [DKM11],
[DKM13]). Finally, note that similar questions also appeared for Schrodinger like equations where the global
geometry is important even in small times due to the infinite time of propagation. Some profile decompositions
were studied in specific geometries, for instance in [[P12] for T3, by [IPS12] in the hyperbolic space, in [PTW14]
on S3, in [KVZ16] in the exterior of a convex obstacle, and in [Jaol9] for a non-trapping compact metric
perturbation of R3.

Structure of the paper. As preliminaries, Section 2 introduces the notations used throughout the paper,
states perturbative results, and discuss the vocabulary used to describe profiles. Section 3 describes the profiles
with center or scale parameter going to infinity. Section 4 deals with the concentrating profiles with a localised
center. Section 5 states and proves the linear profile decomposition (Theorem 5.1). Section 6 proves Theorem
1.6. Section 7 proves the rigidity part of the argument in the exterior of two strictly convex obstacles (Theorem
7.1). Section 8 verifies that the assumptions of Theorem 1.6 are satisfied in this case.

2. PRELIMINARIES

2.1. Notations.

Spaces of functions.
o LPLY:=LP(R,LI(Q)).
e For an arbitrary domain X, H(X) := H}(X) x L*(X). Here H(X) is the completion of C§°(X) for
the norm [|f][x = [V f]l2(x)-
o () will often be denoted H.
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Time derivatives.

e If u is a function of time and space, # is understood to be (u, du).
e Conversely, if @ € H(f2), u is understood to be the first component of .

Linear and nonlinear flows.

e Sgs and Sq are flows of the linear wave equation respectively in R® and in Q with Dirichlet boundary
condition. If (ug,u;) is the initial data, we will denote by Sga(t)(uo,u1) or (Sga(uo,u1))(t), and
Sa(t)(ug,ur) or (Sq(ug,ur))(t) the corresponding solutions evaluated at time .

o g3 and ¥y are the corresponding nonlinear flows for the defocusing energy critical wave equation in
R? and Q with Dirichlet boundary condition respectively.

e We use similar notations for Sq, Sgs, and the nonlinear flows .# and .#gs. The arrowed versions 5;3
and Sq, denote the flows together with their first time derivative.

Projection and extension by zero.

e We denote by Pq the orthogonal projection from H'(R?) onto HA(£2).

e Abusing slightly notations, if f € Hl(R3), we denote also by Pqf the extension by zero of Pqf to
H'(R3).

e Finally, we denote Py := (Pq, 1q).

Cores O, profiles o ok , scaled domain 0y, and limit domain Xo. The notations corresponding to these notions
can be found in the dedicated §2.3.

2.2. Perturbative theory. We first notice that Assumption 1.5 actually implies more estimates.
Lemma 2.1. If Assumption 1.5 holds, then there is C' > 0 so that for any T > 0 we have the estimates
l[ull Lo fo,71, La(2)) < C(H(U(O)a 9¢u(0)) I + ||fHL1([o,T],L2(Q)) )

for any (p,q) with r < p < 400 satisfying (1.2) and u solution of Ou = f together with the Dirichlet boundary
condition.

Proof. As is classical, this is a simple consequence of Minkowski inequality: indeed, by Assumption 1.5 and
Duhamel formula

t
om0 < NC0(0),BraO) ey + | [ St = 5)(0,£(s)) s

L?([0,T],L2(2))’

where, by Minkowski inequality and Assumption 1.5

| [ sot-s0sonas], =] [ teasat - 056D ds
T

Ly (0,71 LY ([0,T],L9())

S/ 150,950t — )0, fF(s) L2 (0,17, L9(02)) 43
0

T T
< / 1Sa(t — $)(0, F(5) Lo r.oacan d5 < / 1£(3)]] 2 ds.
O

Definition 2.2. We say that a solution u of the nonlinear wave equation (NLW¢q) scatters in the future when
there exists a solution ujy, of the corresponding linear wave equation such that

i [[7(0) = ()30 = 0

We define similarly scattering in the past. We say that the solution scatters when it scatters both in the future
and in the past.

The next two Propositions are consequences of Strichartz estimates in a classical way.
Proposition 2.3. Let (ug,u1) € H(Q) and u(t) = Sa(t)(uo, u1).
(2.1) u € L° ([0,+00), L') = u scatters in the future.
A similar property holds in the past. Moreover, there exists €9 > 0 such that, for any (ug,u1) € H(Q),
(2.2) 1(uo, ui) o) < €0 = Fal(-)(uo,u1) € L*(R,L'(9),
together with the estimate

(2.3) 1 () (o, )|l 15 (r, L10(0)) < Cll(uo, ua)lle)
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and So(-)(ug,u1) scatters. Finally, for any (ug,uy) € H(Q), there exists a solution UT € L°(Ry,L'%) of
(NLWg,) such that
(2.4) |UE(t) — Sa(t)(uo, u1)|l2@) — 0, ast — oo.

Sketch of proof. The properties (2.1) and (2.2) are classical consequences of the global in time Strichartz esti-
mates, and (2.4) can be proved by a fixed point argument using the Strichartz estimates as well. O

Proposition 2.4 (Perturbation). For any M > 0, there exists e(M) > 0 such that, for any 0 < e < (M), and
all (ug,u1), (g, 1) € H(), e € L*L? and u € L>L'Y verifying

lullspio < M, [[Sa(-)((uo,u1) — (o, 1)) ||pspio <€, |lellpiz <€ éllpipe <e,
if u, @ are solutions of

02— Au=—u’ + e in Q, 02— At = —a° + € in Q,

Up—o = (uo, u1), Upi—o = (Tio, @),
u =0 on 09, =0 on 0N,

then @ € L°L'0 and we have
||’LL - ﬂ||L5L10 S €.
In addition, the same statement holds for the corresponding equations in R3.
References for proof. The proof is classical and similar to Proposition 4.7 of [FXC11]. It can be found as a sole

consequence of the Strichartz estimates in [DL22, Proposition 2.13] with the slight addition that we added a
small source term to both equations. O

Finally, we will need the following linear scattering result

Lemma 2.5 (Linear scattering [Tay96, Chapter 9, Proposition 5.5 p.230]). Let G € H(?). Then, there exist
7. € H(R?) so that
||SQ(t)§5— SR3 (t)QBIj:”H(Q) — 0 ast — *xoo.
2.3. Description of profiles. The description of the (loss of) compactness for sequences of solutions requires
the introduction of linear and nonlinear profiles associated to different scale-cores.
Scale cores O. A scale-core written in general O will be a sequence O,, = (An,tn, z,) with A, > 0, tx € R

and x, € R3. Let O = {(A\x,tr, )} be a scale core and let @ = (¢, p!) € H(R?).
Profiles go 0,;. We define the associated profile in (2, {@%k} as the sequence given by

(2.5) Fo,0.k = Sa(—tr)TH 1B

where
. 1 T — X 1 T — Tp
Tosdto) = (e’ (57) e (5
O,k%ﬁ( ) (Ai/zw )\k; )\2/2@ )\k;

TS v @ = PoTo 1.

and we recall that P = (Pq, 1q) is the orthogonal projection from H'(R?) x L?(R?) into H}(Q) x L?(Q).
Note that the operators T ) and Tg’ . do not depend on the component t; of O.
Orthogonality of cores. We say that two frames O = {(\g, tx, 21)} and O = {(Ag, tx, Zx)} are orthogonal
if
: A1 = -1 =) =
lm In{ = 4+ X\ "[te — te| + A, |2r — 2| | = +o0.
k—+oo Ak
Two frames that are not orthogonal are called equivalent.
Conjugate core O~!. We also define O~1 = {(A\; !, —tx A, !, =z AL 1)}, so that
TO*l,k (0] T@ﬁk = L T(g,k = TO*I,k

for the duality of H'(R?) x L2(R3).
Scaled domain 2, and limit domain X». Given a frame O = {(\g, tg, 2%)}, denote Qy, := Q;:k Note
that T is an isometry from H () to H(2). We will use several time in the paper that

(2.6) To-1 nPolTon = Pa,.

Following [GGO1], we say that € converges to X¢ if

e VK compact subset of Xp, 3N € N so that Vk > N, K C Q,
e VK’ compact subset of Xo*, IN’ € N so that Vk > N', K’ C Q"




NONLINEAR WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES 7

The limit space Xo of a scale core O, when it exists (which can always be assumed up to a subsequence) will
be denoted X since it is unique up to subsequence. It is quite clear that the asymptotics of O will describe
very different behaviors, and we will have to distinguish cases :

e The case \; — 0 is considered in [GGO1|. If Ay, — 0 and x, — o € §2, then we have Q2 — Xo = R3.
If \py = 0 and xx — zo € 91, we assume that  is defined locally by Q= {x € R3; ¢(x) > 0} with

Vo(zoo) = Mi(xoo) # 0. We define o = lim (x") € Rand obtain Q) = Xo = {z € R%z - ii(zs) > —a}.

e If \,, = +00 or |x,| = 400, we define Xp := " RS,

e If A\, = X\o € R% and z,, — g, we define Xp := 20,

Ao

3. DILATING PROFILES AND PROFILES GOING TO INFINITY

The goal of this section is to show that dilating profiles and profiles going to infinity are asymptotically free,
in the following sense.

Lemma 3.1. Let G = (¢°, ') € o % L2(R?), f € L'(R,L*(R®)), (tn)ns>1 be an arbirary sequence of times,
a’nd ()\n)nZI; (xn)n21 b@ SO that

Ap — 00 or |z | — 0.
We define
=1 —
L= A2 — 2 L
fo= A ()

and v, to be the solution of

atQ’UTL - Avn - fn m RB’
(o0 = 1) = (W 20(520). 4 1 (522)).

n

In addition, let u, be the solution of
02wy — Au,, = 1o f, in Q,
u, = 0 on 9N
(Un, Opun ) (t = tn) = (Paun, Lodw, ) (t = t,).

Then, as n — oo,

(3.1) sup/ IV (ty, — v)|? + 0 (Un, — )2 = 0.
teR Jq

In addition,

(3.2) ||un - 'Un”Loc(R’LG(Q)) + Hun - U"||L5(R7L10(Q)) — 0.

Lemma 3.1 is proved in subsections §3.3 and §3.4 below, specializing respectively to the cases of a profile
going to infinity (|z,| — oo with A, bounded), and a dilating profile (A, — 00). Subsection §3.1 is dedicated
to the reduction of both cases to the proof of (3.1) for ¢, = 0 and eliminating the data projection.

As a consequence of Lemma 3.1, we get an analog result for the associated nonlinear profiles:

Lemma 3.2. Let ¢ = (©° ') € H! x L2(R3), (tp)n>1 be an arbirary sequence of times, and (Ap)n>1, (Tn)n>1
be so that

Ap — 00 or || — oc.
Let v € L°LYY be solution of
02v — Av = —v® in R3,
and
1 t—t, r—x,
e o (5, 75,
In addition, let u,, be solution to
O2u, — Au,, = —ud in Q,
Up =0 on 09,
(U, Orup) (tn) = (Paun, Lo0w,)(ty,).
Then,
sup [[n 5 10 < 00
and

suIR)/ IV (2t — 02+ 106t — )| + [t — V| (R0 — 0.
te
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Proof. Similarly to [DL22, Lemma 3.3|, the Lemma follows from the linear case, here Lemma 3.1, by a Gronwall
argument that we reproduce for the convenience of the reader.
Let 2, be the solution of
afzn — Az, + 191},51 =0 in Q,
(3.3) zn, =0 on 0Q,
Zntt=t, = Unli=t,-

5

By Lemma 3.1 applied to z, and v, with f := —v°, we get

(3.4) sup 120 = nllace) + 120 — vnllzspio) — 0.
We now show that

(3.5) sup [[un[zopr0 < 00 and flun — vnl|zsr,L10) = 0.

As LP(R,L'9) is invariant by translation in time, in order to show the above, we can assume that t,, = 0 by
replacing w,, Uy, 2n by un(- + tn), vn(- +tn), 2n(- + t,). Let now T > 0; observe that
07 (zn — un) + A(zn —up) = — (u) — 1gv3)  in Q,
(znn, —un) =0 on 09,

—

Zn — Un|t=t, 07

and therefore, we have, by Strichartz estimates together with Holder and Minkowski inequalities, with an
implicit constant which is independent of 7" > 0

llzn — Un||L5(—T,T)L10 N Hui - Ui”Ll(—T,T)L?

T
S /—T [||vn(t)||im||un(t) - Un(t)||L10 + Hun(t) — Un(t)”im] dt

(3.6) S [ [on®lol® = @+ 20() = n(O)l0] e + (D),

where we decomposed uy, (t) — v, () = up(t) — 2, (t) + 2, (t) — v, (¢) in the last line, and

T
en(T) := / [va(t) = 20 ()l|710 + oa (@) L10l|va(t) = 2 (B[] 210 dt.
-T
By Hoélder inequality and (3.4)
(3.7) € 1= sup en(T) < [[on = 2125 r, 110y + 10115 R, 10 R2)) 1vn — 2]l L3 (R L10) = O
>

By (3.6), we have, with an implicit constant independent of T'

T
(3-8) 20 = unlls-r L0 S /T lon ()10 llzn(t) = un(®)| 1o dt + €, + lzn — unll s g1 L10-

5
Now, [[vnl|70 € L5 (R?) and [[loallf0| g gay = 1112

of [FXC11, Lemma 8.1], for all "> 0, with C' > 0 independent of T > 0:

s 10- Thus we get, by (3.8), using the Gronwall-type lemma

(3.9) 20 = tnllLs—rryre < C (e, + 120 — tnlls_ppyp10)-
Let € > 0 be small enough so that 2Ce® < %6, and ng large enough so that ¢/, < €°. for all n > ng. From (3.9),

it follows that if 7" is such that ||z, — wn| zs(—7, )10 < €, we have

1
120 — wnl| L5 (—7,7)L10 < 2¢

By a continuity argument, it gives |z, — un|rs(—1,r)p10 < €/2 for any T' > 0 and n > ng. We can therefore
send T to infinity, and we obtain (3.5) thanks to (3.4).
To conclude, it remains to show that

sup ||t (t) — Un(t)[l3(0) — O
tcR

In order to do so, thanks to (3.4) again, it suffices to show that

sup |2, () — @n (t)[l24(0) — 0.
teR
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This follows from (3.5): indeed, by equation (3.3), energy estimates, then Holder inequality

sup [|25, () — tn(t) () < [z, = vnllzr 22y
€

S [ [Ionlone) = un ()l + on(e) = n ()]

— o0
S ollzs g poyllvn = wnllzs®,zi0) + vn = unllzs g, Loy,
which goes to zero thanks to (3.5), and the Lemma follows. O

3.1. Reduction to t, = 0 and energy norms. The goal of this paragraph is to reduce ourselves to ¢, = 0
and energy norms, and show that the projection of the initial data is harmless.

Lemma 3.3. In order to show Lemma 5.1, it suffices to obtain (5.1) in the case t, = 0, § € C°(R®)? and
f € C(RYF3). It is also sufficient to assume either \,, — 400; or |z,| — +00 and \,, — \g € Ry.

Proof. The reduction to ¢ € C°(R?)? and f € C2°(R'*?) is immediate by density using energy and Strichatz
estimates fo all the linear equations. The second reduction is only performed by taking a subsequence in the
case \,, bounded.

Reduction to the energy-norm decay. We first show that (3.1) implies (3.2). By Sobolev embedding,
(3.1) implies the L>° LS decay

||un — vn||L°°L6 — 0.

To obtain the decay in Strichartz norm (3.2) from the above, it suffices to interpolate between L>°LS and
another Strichartz norm admissible for R? and €. Thanks to Assumption 1.5, we can select one 6 < ¢ < 10 and
5 < p < 400 with % = % + % so that the pair (p, ¢) is admissible. With an appropriate 0 < 8 < 1, we get

0
l|wn — ”nHLsLlo < lun — UnHLOOLG lln — Un”Lqu

0 1-6
< lun = vnllpoopo unllpope + 1onllpora)

Reduction to t, = 0. Now, we assume that Lemma 3.1 holds for ¢, = 0 and show Lemma 3.1 in the general
case. Let

U= (- +tn), Un = 0a(+tn), fu = ful +tn).
Observe that u,, v, }; verify the assumptions of Lemma 3.1 with ¢, := 0. It follows that
sup [ (9@~ T)OF + (01~ 7O 0.
teR JQ
But, for any ¢,

/ 9t — 00) ()% + [0yt — ) (8)] = / 9 (i — T)(t — ) + 1041 — T)(t — )]
Q Q

< sup / V(i = ) (5)[2 + |04 (i — 5 (3) 2

seR
and the result follows. O

3.2. Asymptotic behaviour of projections. The first show that the effect of the projections on €2, in
harmless in the regimes we are interested in.

Lemma 3.4. Assume that A\, — +oc or |z,| — +o0o. Then, for any ¢ € H(R?), we have as n — o0

Po @ — ”H —
R

Proof. By density and the fact that all operators are projections, it is enough to prove the result for ¢ €
C2°(R3)%. We have €, = 2% = R%\ ©,, with ©,, = &%=

We first assume A\, — —|—oo Up to a subsequence, we can distinguish the case

|In|
An

— 400 and § — yoo € R%.
When M — 400, we denote R so that supp(g) C B(0, R). Since O is compact, there exists n large enough
so that @n = @/\ “e is included in B(5*,1) which is included in B(0, R) for n large enough. In particular,
supp(g) C OF = Q. This implies J € 7—[( n) and Po, & = §.

If A, = 4o0 and ‘in — Yoo € R3, using Lemma A.1 and a similar result for L?(R?), it is enough to
prove the result for ¢ € C(R? \ {ys})?. Let € > 0 so that supp(@) C R\ B(ys,€). Since © is compact,
An — to0 and f\—: — Yoo, there exists n large enough so that ©,, = 6/\:” is included in B(yso,€). In particular,
supp(@) C R*\ ©,, = Q,,. This gives again @ € H(Q,,) and Pq, 7 = &.

The remaining case, up to a subsequence is |z, | — +00 and A, bounded by a constant M > 0. In particular,
i > L. For n large enough, © — z,, is included in B(0, RM)°. In particular, ©,, is included in B(0, R)® and
we conclude as before. (]
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Lemma 3.5. Assume that \,, — +00 or |x,| — +00. Then, as n — oo,

—1/2 0/~ Tn 3/2 T\ (y=1/2 0/ " In 3/2, 1/ — Tn . 3
(310) (A/?Pa (¢ () A a0t () ) = (P AP () = 0 i HERD).

n n

Proof. By change of variables
b of (310) ey = || (Patpza ¢ T0n ) = &

— [[(Pros® 1x00") = 9| . =0,

H(R?) H(R3)

which is proved in Lemma 3.4. Here X = R? or R?\{0}, and we used the fact that H}(R*\{0}) = H'(R?) (see
Lemma A.1) and hence Px, = Id. O

3.3. Profiles going to infinity. We now show Lemma 3.1 for a profile going to infinity, that is with
A= X ERy  and  |x,| — oco.

Proof of Lemma 3.1 for A\, = Ao € R} and |z, | — co. By Lemma 3.3, we can assume that ¢, = 0, and it suf-
fices to obtain (3.1). Hence

n = )\_1/2 ;’ -
v n v(/\n .
where v is solution to
92v — Av = f in R3,
(v, 90)(t =0) = &
Let § € C° be so that 8 = 1 near Q° (i.e. near the obstacles) and
Zn = Up — (1 — B)ug.
Observe that z, satisfies (recalling the notation Pg := (Pq, 1q))
81&2271 —Azy = _[Avﬁ}vn + Bfn in Q,
Zn(0) = —BPqun(0) + €n,
zp = 0 on 012,
where
= (1= 8)(Po = Dun(0)+5(Po — 1) (0)
verifies, by Lemma 3.5, '
&, — 0 in H' x L*(R%).
Therefore, using Duhamel formula, it suffices in order to obtain (3.1) to show that
(3.11) A, BlonllLrze + |Bvnllear + [|B0vnll Lo 2 + [[BfnllLr2 — 0,
where all the norms are taken in R x R® and we used again the fact that, by Lemma 3.5, Pou,,(0) — 4,(0) — 0
in H' x L?(R3) in order to eliminate the projection. In order to show (3.11), it is sufficient to prove that for
any v € C2°(R®) equal to one on the support of 3, we have
(3.12) [vonllzree + 7 Vonlloiee + [lvvnllLe e + IWVonll e 2 + [¥0nllLoe 2 + [V fullLre2 — 0.

Showing (3.12) occupies the remainder of the proof. As noticed in Lemma 3.3, we can assume that both
3= (¢", ¢') and f are smooth and compactly supported.
The L'L? decay. We will first show

(313) H’Y’l}nHLle + ||’Yv@n||L1L2 — 0.
As v, =\, v(5o, 55), we have
(3.14) IYVonllpirz = Anllv(An + ) Vol pie2.

As @ = (¢% p!) and f are assumed to be compactly supported, by finite speed of propagation and Huygens
principle, v is supported in

(3.15) suppv C {—R < |t| — |z| < R}
for some R > 0. Moreover, if v is supported in B(O, C), Y(-An + 2,,) is supported in

C |zp| = C |zn|+C
(3.16) suppy(An + 20) C B(— A ) C {lal € [ T 1}
In particular by (3.15) and (3.16), the product v(-A,, + z,,)Vv is supported in a time interval
n ol +C
(3.17) suppY(-An + 2n)Vo C {|t| € I, }, I, := [|x)|\ — R, [ )|\+ —|—R]
of size
2C 1
3.18 I|<—+4+2R< —
(318) Il < 3 +2R S 5
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We notice also that I, is going to infinity, in the sense that, for any 7' > 0, I, N [-T,T] = () for n big enough
in both cases A\g = 0 or A\p > 0 and |z,,| — +00. We only treat the part of the norm where ¢t € I,,, ¢ > 0 (that
is t large positive). The other part for large negative t is treated similarly.

Recall that f is assumed now compactly supported in time thanks to the approximation. In particular, for
t large enough, v is solution of (v = 0. Denoting F € L?(R x S?) the radiation field of Friedlander [Fri80], see
for instance [CL24, Proposition 1.1] we have

[ - F0- 1= 0
We fix € > 0. Approximating Fin L?(R x S?), we can pick F' € CY(R x S?)3 and Ty > 0 so that
- T FU 1=t )
Let n big enough so that I,, C [Ty, +00), then, by the above (3.19) together with (3.18)

2t an) (Vo= 1= )|

On the other hand, using (3.16) to bound ﬁ, then (3.18)

—
L2 t—+o00

(3.19) HVv(t)

S €, Vi 2 To.

(3.20)

S e Se
Ll(I’L

1 : A, .
YA+ ) —F(] - | —t, — H §)\nIn—supH'y~)\n+an =t — ‘
( ITTEU =8 T g e < Alnl g 7 500 FUA=6 )
(3:21) < 2 sup [y (n+ 2 (- =670
Tn| tel, |- llL2
But, for fixed time ¢t € I,,, the support of y(-A, + ) F(| - | — ¢, B l)) is included in
z, C

322 swppa(h e P |67 € Colt) = B2 o
Applying Lemma C.1 with 2y = §= and r = & with e = max(Clz,| ™, R\, \xn\*l) < |z, | ™! and taking n large
enough so that the Lemma applies, we obtain |C,,(t)| < Rt?|z,|~! for t > e;'R. Therefore, for ¢ € I,, (recall
the definition (3.17)) we have the estimate

)N{z eR®st. x| € [t — R, t+ R]}.

3.23 sup |C,
(3.23) sup G (1)) S 55

Now, from (3.21) together with (3.22) and (3.23)
1 .

T E0 =6 )

Combining the above with (3.20), (3.17) and (3.14), we obtain

=
A

A
< 7 sup |[F[sup || sup |Cy (t)]
$n| tel,

L1(I,)L2

[YVopllpipz — 0.
For the L? term ||yv,||z2, in the case A\g = 0, we only need to estimate
lyvnlizize = AV (An + za)vllize < Xllvllzya,)ce < Anllvllper: < CAw =0,

where we have used (3.18). In the case Ag # 0, we make the same reasoning as for the gradient term approxi-
mating v in L?. The L'L? decay (3.13) follows.
The uniform energy decay. We now show

(3.24) lvonllLeorz + |YVor| Loz + [|70:vnl Loz — 0.
For fixed t, we estimate
t
(3.25) 7 Von(®)llzz = 7(An +20) Vo(=)l 22
By (3.17), this term is supported in
t

(3.26) supp (A + ) Vo(5—) {|t| = /\nln} c {\t| € [[on] = C,|an| + C] }
for another constant C'. We take n large enough so that A, I,, C [Ty, +o0). Then, using (3.19)

t 1 t .
3.27 sup H’y A +xn)(Vo(—)— —F(-|— —, — ‘ <
(3.27) oy ( )(Vo(i-) B (1= 5 |.|) Lo

On the other hand, by (3.16), (3.22), and (3.23)

1 t . t .1 1
m”"“xﬁ)b sup [yl sup|F| sup [Co(3-)IF S —.

‘xn| teEAn I, n |(En‘2

sup Hv(-/\n + xpn)
|[t|EXL I,
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and combining the above with (3.25), (3.26) and (3.27) gives the decay of the gradient term
||7an\|LocLz — 0.

We proceed similarly for the term ||ydyv,,(t)||z2. For the L? term ||yv, ()| 2, in the case A\g = 0, we only need
to estimate

4
Iyon(®)llzz = Aallv(An + 2n)v(3=)l22 < CAnllvllper2,

and in the case A, # 0, we proceed in the same way as for the gradient term approximating v in L2. The
uniform decay (3.24) follows.

Conclusion. To finish, we need to estimate ||y f,||p:1r2. But, as we assumed that f is compactly supported
in R x R?, for n large enough £, = 0. Combined with the two previous steps (3.13) and (3.24), we thus have
(3.12) and hence the uniform decay of the energy (3.1).

(Il

Remark 3.6. We chose to present the above proof dealing with all the cases A,, bounded, |z,,| — oo at once. But
observe that the case where A, is bounded away from zero (included in the proof above), is actually simpler:
for example, via Huygens principle, |[YVuy|[zir2 = Ap||[v(- + 20) Vol 1102 S [[VV| Lo 13, /2)10 — 0.

3.4. Dilating profiles. We now show Lemma 3.1 for a dilating profile, that is with
Ap, — +00.
The proof will rely on the following, related to the hidden regularity.

Lemma 3.7 (A priori control of the boundary term). Assume that 9 is smooth and bounded. Then, there
exists C > 0 so that, for any G € H' x L?>(R3) and f € L' (R, L*(R®)), if u is solution to

O?u— Au= f in Q,

u =0 on 08,

(u, dpu)(t = 0) = &,
then, for any to > tq,

ta
/ /8 10l dodt < C(1+ ta = ) (18150 + £ 112):
t1

Proof. We assume @ € C(R1*3)2 f € C2°(R'*3) and conclude by density. We first derive a bound on the
energy. Multiplying the equation by O;u and integrating by parts, we get

6t||(u,8tu)(t)||§-ile2 = 2/Qf8tu.
Hence, by Cauchy-Schwarz inequality

Ol (w, Q) )11 2| < 20 Flle20eullne < 201 fllz2ll(w, Q) ()l i1 g2
It follows that, for any ¢
(3.28) 1(w, Oeu) (D)l 1 2 < NGl gz + 1Nl

Now, observe that, for any y sufficiently regular and decaying, using the equation and integrating by parts
yields the following multiplier identity

1 1
(3.29) 8t< —0uVu - Vx) = [ D*\Vu-Vu— = [ |Vul?!Ax + = [ |0wu|*Ax
Q Q 2 Ja 2 Ja

1
— /fVu-Vx— f/ |0, ul?0, .
2 Joq
Let A > 0 be so that Q¢ C B(0, A) and define x € C° so that
suppx C B(0,A+1), Vx = —v on 9.
Integrating (3.29) between t; and t5, the bound on the energy (3.28) and Cauchy-Schwarz inequality give the
result. O

Proof of Lemma 5.1 for A\, — +oc0. By Lemma 3.3, we can assume that ¢, = 0 and ¢ € C(R3)?, f €
C°(R¥*3), and it then suffices to show (3.1). Hence v,, writes
= A2y
v n v(/\n N
where v is solution to
02v—Av=finR3,
(v,0pv)(t =0) = F.
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Using the equations and integrating by parts, we get

(3.30) / IVt — )2 + [On (1t — )2 = — [ Byvmd (1t — v1) do
2di o

Now, observe that, as ;v and Vv are bounded,

(3.31) sup |0yvn| 4 10pva| < A3/
o0

In addition, as ¢ and f are compactly supported, by the strong Huygens principle, v is supported in {—R <
[t| — || < R}, and thus

(3.32) supp v, N (R x 89Q) C { —A—RMy + |z < |t] <A+ RMN, + |xn|}

Therefore, combining (3.30) with (3.31) and (3.32) and using Cauchy-Schwarz inequality together with the fact
that |0Q] < oo we get, for t >0

(3.33) / 19 (1t — o) + 1001t — )2 S Ar® Lo | oo [+

Pk Dyun|2dor)
+ n tE€[|Tn|—CAn,|zn|+CAR] {)Q| uunl g

For ¢ > 0, integrating the above between 0 and ¢ and using Lemma 3.5 to control the integral at ¢ = 0, then
using Cauchy-Schwarz inequality, we obtain

(3.34) /IV )2 (8) + 100 (un n)|z(t)50(1)+A;3/2/%,+0An(/

-1 " 2 1/2
So(l)+ A, ( o 8Q|8Vun| dadt) .

In addition, by the a-priori estimate of the boundary term Lemma 3.7 above, then using the fact that Pq :
H(R3) — H(f) is bounded and the scale invariance of H* x L?(R%) and L'L?(R3), we have

[Zp |[+C Ay,
(3.35) / / Bytan? dodt < o (| PO+ [ Fallr22) < A
[2n|—CAn J8Q

Combining (3.34) with (3.35) gives

sup/ |V (wy, — 1)7,,)\2 + |0 (up, — vn)|2 — 0.
Q

t>0

The proof of the decay of the supremum over ¢ < 0 is similar, integrating —<& [i, [V (up — vy,)|* 4 [O4(un — v ) |2

This finishes the proof. (Il

4. CONCENTRATING PROFILES WITH LOCALIZED CENTER

In this Section, we deal with profiles A\,, — 0 and z, — zoo € R3. In order to be consistent with the
semiclassical literature, we will denote here h, := A,. One of the main goal of the Section is to prove the
following non concentration property.

Proposition 4.1 (Non concentration in the case of concentrating localised profiles).
Let (Cp)n>1 be an arbitrary sequence converging to +o00, and vy, a linear concentrating wave at scale hy, that
is, Un = pa.0.n for a scale-core O = {(hy)n>1,0, (Tn)n>1} with hy, — 0 and x,, — ¢ € Q. Then, we have for
L, =R\ [=Cphn, Crhy],

lvnll Lo (1, 26(0)) = O-

4.1. Reduction to non-trapped data. We first show that, thanks to the weak trapping Assumption 1.4, we
can reduce ourselves to show Proposition 4.1 for a non-trapped data, in the sense of the following definition.
In the following, @; denotes the bicharacteristic flow of —A in €2, defined on the compressed co-tangent bundle
®T*Q, renormalized at speed one, and j : T*Q —® T*Q is the canonical projection (see the next subsection for
more details).

Definition 4.2 (Non-trapped data). Let 29 € Q and @ € S(R?)?. We say that (z¢, @) i is a non—trapped data if
for any R > 0, there exists Tesc(R) > 0 so that for every non zero direction £ € supp(gp )yu supp(cp ) we have
o1J(x0,&) € T*B(0, R)€ for all |t| > Tesc(R).

Lemma 4.3. Let 3 € S(R®)? and € > 0. Then, under Assumption 1.3, we can decompose @ = Btrap + Prontrap
with ||<ﬁtrapH1ipr2(R3) < e and Gnontrap € S(R®)? is a non-trapped data as in Definition J.2.
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Proof. We first cut the mass at infinity and near zero. Let R > 1 be so that

. €

11l 2 qigi2ag 1e12 o x 22(ie 2 R) < 35
then, R > 0 being fixed, let x<gr(z) := X(‘;—l;) where x € C°(R) is so that x = 1 near [0, R], supp x C [0,2R],
and 0 < x <1, in such a way that

> €
(1 = x<r)PllL2(je|2de)x L2 < 3

Similarly, for n > 0 small enough, we construct x<, so that x = 1 near B(0,n), supp X<n C B(0,2n) and
~ €
IX<nPllL2(ej2da)x 2 < 3

We now cut the trapped frequencies in B(0,2R)\B(0,n). Recall the definition of the set V;, C S? from the
weak trapping Assumption 1.4. Since |V;,| — 0 and from the regularity of the Lebesgues measure on S?, there
exists a family of open sets U, so that V,, C U, and |U,| — 0. From this family, using V,,11 C V,,, we can
construct a sequence of open sets O,, C S? so that

Vn C 0717 On-{-l C Ona |On‘ — O

Indeed, to construct O,,, it suffices to work inductively, and to set O, 11 := U, +1NO,. We can check by induction
that it satisfies the above property. The second property is immediate and the third one is a consequence of
|U,] — 0 and O, C U,. For the first one, we use the property V,, 41 C U,4+1 and the decreasing property
Viat+1 C Vi, combined with the iteration assumption V,, C O,, to prove V11 C Up41 N O, = Op41 which is the
result at step n + 1.

Now, denoting I.X := {Az, A € I, x € X}, observe that 1(1 3z)0, — 0 almost surely because |(3,3R)O,| —
0 and (Z,3R)0,, are non-increasing. Hence, by dominated convergence,

112 3r)0,)Pll(z2(e2ae)x L2) — 0.

We now fix n > 1 big enough so that the above quantity is < 5. Thanks to (the differential version of) Urysohn’s
Lemma, there exists a function Xirap € C*(R3,[0,1]) so that Xtp = 1 near [n,2R]V,, and Supp Xtrap C
(4,3R)0O,,. We then have

[ Xtrap @l L2(jg2ae)x L2 <

Wl ™

To conclude, we take

—

QBnontrap = XSR(l - XSU)(l - Xtrap)‘ﬁa

SBtrap = (1 - XSR)@"" XSU@‘F XSR(l - XSn)XtrapSEa
which satisfies the claim by construction. O
Lemma 4.4. In order to show Proposition 4.1, we can assume that the data J, is non-trapped as in Definition
4.2.

Proof. Fixe > 0. For g€ H' x L*(R3), we approximate @ by a function @reg € S(R?)? so that @ = Greg + Brem1
and |‘¢rem||Hle2(R3) < e. Now, using Lemma 4.3 for @ee, we can decompose @Greg = Birap + Pnontrap With
| Ptrapll 1 x L (R3) < € and Ghontrap € S(R?)? is a non-trapped data. We have therefore ¢ = Bnontrap + Prem2 With
| Brem2 || g1« L2(R3) < 2¢. Using this decomposition for the linear concentrating wave, with the obvious notations,
we decompose v, = Up rem2 + Un.nontrap- BY Sobolev embedding and conservation of the energy, we can write

||’U'n,rcm2HLoc(R’L6(Q)) S, ||vn,rcm2||Loo(R’H1(Q)) S ”'Jn,rch(O)HH(Q)
QO - o -
S HTO,k‘PremZHH(Q) S ||T(9,k<Prem2||H(R3) S H@rem2”7—[(R3) <g,

and thus

||UnHLoo(In,LG(Q)) < ||’Un,rem2||L°°(In,L6(Q)) + ||'Un,nontrap||LOC(ImL6(Q))
< Ce + ||vn nontrapll oo (1, 15 () -
([

4.2. Boundary measure. We will use semiclassical microlocal defect measure or Wigner measure. It was
defined independently by Gérard [G91b] and Lions-Paul [LP93] (see also Gérard [G91a] Tartar [Tar90] for
classical microlocal defect measures). We refer to the the review article [Bur97a] for more precisions and
historical remarks, and to [Bur97b] for an introduction to semiclassical measures. We here follow the approach
of [Bur97a.
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4.2.1. Notations. We begin by gathering the notations used throughout this subsection. We first recall the
notations from [Bur97a, Section 3.2].

o M := R; x Q, with points denoted z = (¢t,z) € M (here we differ from the notation of [Bur97a| for
coherence).

e For i, € C(R,H), we denote u,, the extension by zero of u,, to R'*3.

e Denote *T'M the bundle of rank 3 + 1 whose sections are the vector fields tangent to OM, by *T*M
the dual bundle (Melrose’s compressed cotangent bundle), and by j : T*M —° T* M the canonical map
(restriction dual of the embedding *T'M — TM). Abusing slightly notations, we also denote j the
canonical projection T —° T*Q.

e Let °m. . ¢ be the projection from ®T*M suppressing the component in t: ’m, . ¢(¢,7,2,€) = (1,2,€).
Similarly, we define b7rt7x, and 7, the corresponding projection from 7M.

o We denote by Char(]g) the characteristic set of the wave operator P = 02 — A and denote by Z its
projection

Char(P) = { (o1) = (t.27.8) € TR pl0.6) = 72|

Z = j(Char(P)),
Y =b WT,I,E(Z)7
where p(z,£) is the principal symbol of —A in the chosen local coordinates.

e For a € C°(T*R*3), we define the associated semiclassical pseudo-differential operator acting at scale
hn by (with z = (t,x))

Op(@)(z:hDf = s [ [ €7 Sale Q) fs) dcds.

Three distinct bicharacteristic flows appear in the statements and proofs below. We refer for example to [Bur97b,
Section 3.2] for precise definitions, and recap them here:

e @ is the generalized flow of 2 — A on *T*M.
e ¢ is the generalized flow of —A on *7T*Q. In particular,
(I)s(ta T,Z, f) = (t - 27—87 T, 905(1'7 5))

e  is the generalized flow of —A on ®T*(Q reparametrized at speed one:

©s(2,€) = Pasle| (7, 8).
Finally, we recall the definition of the push-forward measure:
e For two measurable spaces (X1,%1), (X2,22), u € M(X;1) and f : X; — Xs, the push-forward measure
fapt € M(22) is defined by
(fem,a) = {p, a0 f),

for all measurable function a defined on Xs.

4.2.2. Definition and properties of the measure. The following lemma describes the behavior of the solution for
some semiclassical times of the order of h,, (in the case of the exterior of a convex obstacle, this corresponds to
Lemma 2.3.3 of [GGO1]).

Proposition 4.5. Let vy, be a linear concentrating profile associated to the initial data f and O as above. Then,
the following holds.

(1) Ezistence of the measure. Up to a subsequence, there exists a positive Radon measure ju on T*R'*3
such that

Ya € C2°(T*RY3), ILm (Op(a)(t,x, hnDy 2)0¢vn, 5‘tvn)L2 + (Op(a)(t, 2y h Dy ) VU, an)L2 = (u,a).

(2) Invariance. y is invariant by the generalized bicharacteristic flow ® of 92 —A, that is, form € CO(T*R+3)
(4'1) <M, mo CI)8> = <:u7 m> = </J'(t7 T, T, f), m(t —27s, T, SDS(.’L', €)>

where @, is the generalized flow of —A on T*$Q) (note that it is well defined because ®, is well defined
p-almost everywhere).

(8) Trace measure. In particular, j.u (seen as a measure with value in M(Z)) is continuous in time. We
can define the trace of the measure at time t: there exists iy € M(Y') such that

Jepb = dt @ iy
and puy = (17, G(sgn rt)« o, that is for a € CA(Y)
(42) <ﬂt7 a o (Idra &(sgn -r)t)> = <H0, a> = <p’t(7-7 €z, E)a a(T, &(sgn )t (1‘, §)> )

where @, is the generalized bicharacteristic flow at speed one.
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(4) Initial measure. In appropriate local coordinates, the initial measure po satisfies
o ifx,, €Q:

1 — —~ 2
(4.3) Ho(T2,6) = 5 D Bomane ® e |[P0(6) £ [€lR1 ()],
+

o if T € 00
(4.4) po = Gu (0 ® No)y  Ao(&,7) =Y 0(7 F [€]) H(€)dE,
+

where Hy(§) € Ll(Rg) are functions depending on ¢ and O.
In addition, in both cases, if @ is nontrapping (Definition 4.2), then, for any R > 0 there exists T > 0
so that

(4.5) s>T = V(x,7,§) € supp po, ¢s(x,&) € T*B(0, R)°.

Proof. The proof is a combination of several ingredients that can be found in the literature. We explain where
to find and how to combine these arguments, and give details when modifications or generalizations are needed.

(1)—(2): Existence and propagation. The existence and propagation properties are similar to Burq
[Bur97al, with the addition of one argument originally written for microlocal defect measures in [Bur97b]. More
precisely, [Bur97a, Theorem 4] (see also [Bur97b, Theorem 15] in the context of microlocal defect measure)
states that the measure satisfies

. B (€~ &+(p)) — (€~ E-(p)) |
(4.6) Hy(p) = /pemg (&r — €, n(z(p)) )

where v is the semiclassical measure of the normal derivative (0,u,)sn at the boundary. In the context of
microlocal defect measures (not semiclassical), it is shown in [Bur97b, Theorem 15 , iv)] that the analog of
(4.6) implies the invariance of the measure by the generalised bicharacteristic flow, i.e. the analog to (4.1).
As remarked e.g in [Bur02, p.13] for the stationary problem, the same arguments still hold verbatim for the
semiclassical measure, hence (4.6) gives (4.1).

(3)—(4) Trace mesure and initial measure.

Observe that, once the existence of the trace measure is established, if z,, € 2, approximating the data by a
compactly supported function, the semiclassical measure coincides in small times with the one in the free case,
for which the result (4.3) is classical. We will therefore focus on the most difficult case z € 9.

(a) Existence of the trace measure, and initial measure for zo, € 99, proof of (4.3)—(4.5).

The proof is similar to the proof of [GG01, Lemma 2.3.5|; we sketch it stressing the necessary modifications to
generalize it to our setting. The proof uses a symmetrization argument in appropriate coordinates that does
not use the specific expression of the propagator ®;, denoted G; in [GGO1].

In appropriate geodesic normal coordinates, the boundary is flattened to {z; = 0}. By a symmetrization
argument (formula (3.38) in [GGO1]), we end up with a solution v, to the wave equation (formula (3.39) in
[GGO1]) in a domain with a Lipschitz metric that is smooth except at {z1 = 0}, where there is a jump of normal
derivative. We denote v the Wigner measure of v,,. Up to change of coordinates, v coincides with p in {z; > 0},
which corresponds to the interior of €2 in original coordinates. The same computations lead to the fact that v
is continuous in ¢. Moreover, formula [GGO1, (3.55)] of transport equation for the measure still holds and did
not use any convexity assumption. In particular, it is still possible to compute the initial condition for v;_g
and to obtain formula [GGO1, (3.64)’] that provides (4.4). Now, the proof differs slightly from [GGO1] only by
the fact that the property

§']V>0 = Vt >0, Wm@t(xmaTag)EQ
=

(where N = N (24 ) denotes the normal to the boundary) used in [GGO1] to end the proof relies on the convexity
assumption and is not true anymore in our more general setting. We detail the necessary modification as follows.
Let € > 0. There exists to(€) > 0 so that for any & with § <N > e and any t € [0,to(e)],

Tapt(Too, T,€) € 2,
therefore, applying [GGO1, Lemma 2.3.7] to
v i=vle .,
in times [0, to(€)] in the complement of {7 =0} U {% - N = 0} gives, with the same proof,
(47) V(1) > G (Bo © Dol o),
where A is explicitly given by [GGO1, (3.64)’] and has total mass

(4.8) TM(Ao) = [|Pxo 1, = lim (17, (0)]3,
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Using the fact that that u = v in Q, (4.7) implies
Ve >0, Vt € [0,t0(€)], 1> pt(Ju(0z, @ )\olé_Nx)) ® dt.
As both these measures are invariant by the bicharacteristic flow, we therefore have
Ve >0, Vi€ [0,T], p>ot(ju(ba. ® A01§.N>e)) ® dt,
and hence
(4.9) 1t = ¢t(jx 0z ® o)) ® dt.

On the other hand, conservation of energy together with (4.8) implies that both measures in (4.9) have the
same total mass. It follows that (4.9) is in fact an equality,

(4.10) 1= 0t(Js 0z ® Ao)) ® dt = prpio @ dt,  pig == ju(6z.c ® o),

so that the measure ¢;(j.(dz.. ® Ao)) is continuous in time. The computation of Ay comes from the formula
[GGO1, (3.64")]. It gives

Ao(€,7) =D 0(r F € Hx (§)de,
with H defined as follows ’
} (\1&(5) alelp(6)] + |d(RE) + z’f|¢(R(5)>|2) if Xo = R?,
(L) He(©) = 0§ |Tod(6) ~ T B(R(E)eoe
£il€] (Prop(€) ~ Prop(R(E)eoe) |
where i = ii(2o0) is the normal vector and R is the symmetry with respect to T,_ (99), defined by

R(§) ==& — 2(§ - 1i(200))71(7 o0 )
The fact that Hy € L' comes directly from the fact that ¢ = (¢,1) € H' x L2. Finally,

2
|+

it Xo ={¢ () > a},

P76 SUPD o C o SUPP(Sz. @ Ao) C ja ({Zao} X (supp(@) Usupp(@ o R) U supp(t) Usupp (i o R)),
but, as j(Toc, R(§)) = j(Too, &), this gives

P SUDD o C Ji ({Zoo} X (supp(@)) Usupp(¥))),

and (4.5) follows by definition of a non-trapped data (Definition 4.2).
(b) Reparametrizing the flow to obtain (4.2). It only remains to show (4.2), and hence to make the link

between ¢; and @;. To do so, we reparametrize the flow. Notice that
Dy (t,7,2,8) = (t = 278, 7, 05(x,§)) = (t = 275, T, Pasi¢| (2, §)),
hence, as y is supported in {72 = [£|?}
Dy(t, 7, 2,8) = (t — 275, 7, Pag|7|(2,€))  on supp .

For any ¢ < d and 0 < a < b, ® is well defined for (s,7,t, (x,£)) € [c,d] x [a,b] x R x® T*Q to [a,b] x R x® T*Q
and we can check that it is proper. Then, applying Lemma B.1, as by our previous steps, u({7 =0}) =0, p is
also invariant by

@S(t,T7I’,§) = (I)%(t,T7I’,§) - (t — 5T, @(sgn‘z‘)s(xvg))v
hence

(prao®2) = [ (ld Fmneln.).

¢
and (4.2) follows. O

4.2.3. From properties of the measure to properties of the concentrating wave. We define
en(t) := (Opun(t)? + (Vu,(1))?dx
the local density energy which satisfies the equation on (2
Oren, = 2divy (Orun Vauy).

Notice that since d;u, = 0 on R x 05, the previous equation still holds in R x R? if we extend e,, and u, by
0 outside 2. As a consequence, e, is weakly-* equicontinuous as a measure-valued function of ¢ and the limit
points e, of e, are weakly-* continuous measure-valued functions of .
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Lemma 4.6. We have the following formula for the local limit energy density

(4.12) eoo(t)dtz/ u(t,x,dT,dg):/ Japu(t, z, dr, d§),
R7.><R1§3 7,&

in the sense that
oo (t)dt = (T,5)spt = (bﬂ't,z)*j*/ia
where p is described by Proposition 4.5. In addition, it satisfies the following properties:

(1) (Escape property) Assume that the data is non-trapping (Definition 4.2). Then, for any ¢ € C§°(B(0, R)),
we have p(x)ex(t) =0 for t > Tosc(R) where Tese(R) € R is defined in Definition 4.2.

(2) (Finite speed) For any t € R, ex(t) is supported in B(0, |t| + |zo| + 1).

(3) (Non reconcentration) Assume Assumption 1.3. Then, for anyt # 0 and any yo € R®, exo(t) [{yo}] = 0.

Proof. We have classically
/ w(t, x,dr, d€) < e (t)dt.
RTng

Moreover, since (4.9) has been proved to be an equality, we have, with TM denoting the total mass,

™ / p(t 2, dr,d€) | = TM(A0) = | P B3, = lim [z, (0)[2,
RTXRS n—oo

where we have used (4.8). Concerning e, we compute

TM(eoo(t)) < limsup TM (e (t)) = lim ||, (t)]3, = 1P, 13-
n— 00 n—oo

In particular, we have equality in all the previous inequalities and we have obtained the expected formula (4.12).
The proof of the second equality is similar.

Now that formula (4.12) is obtained, the remaining Properties are direct consequences of the precise descrip-
tion of u given by Proposition 4.5.

More precisely, Property 1 follows from (4.5).

Property 2 follows from the semiclassical finite speed of propagation and the fact that g is supported at x .

For Property 3, observe that, using (4.2)

€co (t) ®dt = (bﬂ't,z>*j*ﬂ = (bﬂt,w)*(ﬂt ®dt) = [(bﬂw)*ﬂt] ®dt
= [(*72) (1dr, Gisgn 1))« (0 @ Ao)] @ d,
therefore
eoe(t) = (") (I, Blagn o)« (G © Ao),
and we have, using Proposition 4.5, for example in the case where z,, € 9
eoo(t) [{y0}] = ("m2)(1dr, o(sgn 1) (s © Ao) ({10})
= (Idr, @ (sgn ) (0o @ 20)(Cm  ({y0}))
= (020 © 20) ((1dr, @ (sgn ) "7 ({%0})))
= o {(€,7) €R*L, st (200, €") € T (sgn e ("7 ' ({wo})) }
=X ({(¢,7) € R2HL git. bww@(sgnﬂt(xoo,f’) =yo}) =0,

thanks to Assumption 1.3, where the last two identities are written in local coordinates near . ([l

These three properties of the measure can be immediatly translated into three properties of the concentrating
wave:

Lemma 4.7. Let v, be a linear concentrating profile as above. Then, it satisfies the following properties:
(1) For any x € C§°(B(0, R)), we have for any C > Tus(R),
IX(@)vnll oo (7 (R),C120) — O-
where Tese € R is defined in Assumption j.2.
(2) For any T > 0 there exists x € C§°(R®) such that we have
vn = X(@)vn + 0(1) Los ((0,7],1)-
(8) For any 0 < C; < Cy, we have

||Un||Loo([cl,Cz],L6) — 0.
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Proof. Property 1 is a direct consequence of Property 1 of Lemma 4.6, indeed

Ixvn ()l S IIVxon(@)llz2 + [IXVon(@)llz2 + [IXOevn ()l L2,
but v, (t) — 0 in L? and

IXV0n ()25 + [[XOPva(8) 12 = / Xen(t) = / Xewolt) =0

for t > Tesc by Property 1 of Lemma 4.6.

Property 2 is a direct consequence of the finite speed of propagation (Property 2 of Lemma 4.6).

For Property 3, we prove that for any sequence t,, — t € [Cy,Cs], we have ||v,(t,)|/ o — 0. We will use
the principle of concentration-compactness of P. L. Lions [Lio85, Lemma I1.1]. We can assume that ¢, — ¢
and therefore, the weak limit v of |V, (t,)|? verifies v < e, (t). The previous Property implies the second
assumption of [Lio85, Lemma I.1]. So, we can conclude using Property 3 of Lemma 4.6 that v({z¢}) = 0 for
any t # 0 and any zo € R3.

4.3. Escape from the obstacle. The main purpose of this Subsection is to prove the following Proposition.
Roughly speaking, it says that after a long enough time, the solution has escaped and its behavior is as in the
Euclidian case:

Proposition 4.8 (Escape with the obstacle). Let x € C§°(R3) such that x(z) = 1 on a neighborhood of Q°
(i.e. near the obstacle). Let ¥, = <ﬁ%n be a linear concentrating profile associated with a non-trapped data
(Definition 4.2). For any e > 0, there exists C > 0, such that

lim sup |[X(2)0n | o (0,400 1) < €
n—-+oo

Moreover, if W, is the Fuclidian solution of
Pw, — Aw, = 0, (t,z)eRxR?
UJ”(C) = U7L(C)7
then, we have

lim sup ||7,, — Wn||; 0o <e.
im Sup ([0, = Wl o< j0 ool 70) <

Remark 4.9. One can take C' = Tos.(R) (where supp x C B(0, R)) given by Assumption 4.2.

The idea of the proof will be to distinguish two time periods on which we have to prove that the Euclidian
solution and the solution on 2 are close:

e During semiclassical times [Tesc(R),C], the semiclassical description given by the measure allows to
show that the solution is away from the obstacle and propagates freeely, as in the Euclidian case. This
is the object of Proposition 4.11, which mainly relies on the non-trapping property and its consequences
in term of measures developed in the previous subsection.

e In classical times [C,+o00[, we use Huygens principle, stated as Lemma 4.12 below, to prove that the
Euclidian solution with same initial data at time Tusc(R) is far from the obstacle in a time [C, +o0[ with
C' large and is therefore close to be a solution with Dirichlet condition during the time [C, +o00[. Since,
we have already shown in the first semiclassical step that the Euclidian and Dirichlet solutions are close
on [Tesc(R), C], the two solutions are actually close on [Tesc(R), +00.

We first show the following lemma, which shows that if the solution is localized far from the obstacle, then the
Dirichlet and Euclidian solutions are close.

Lemma 4.10. Let x € C§°(R®) such that x(x) = 1 on a neighborhood of Q¢ and X € C§°(R3) such that X(x) = 1
on the support of Vx. Let g € H. Denote u = Sraty and v = Squy. Then, we have
1~ Tl et ) S (@)l -+ min (1@ 11y IR @ 1) -
with some constant independent on the interval I.
Proof. Let w = (1 — x)v. It is solution in the distributional sense of
{ #w—Aw = f on RxR3

(w, Opw)(0) = (1 —x(x))io

with f = 2Vx(z) - Vv + Ax(z)v. We denote F = (0, f). Therefore, we have w(t) = Sgs(t)(1 — x(x))do +

fot Srs(t — s)F(s)ds. Moreover, since w(t,x) = 0 near ¢, the same formula is true with the Dirichlet semi
group. So, we obtain the formula

[Srs () — Sa(t)] @o = [Sks(t) — Sa(t)] xido — /O [Sks (t — 5) — Sa(t — 5)] F(s)ds.

This gives the result with ||)Z(x)vHL1(17H1) after noticing that supp f C supp Vx C {X = 1}. The same proof
with s = (1 — x)u gives the result, with right hand side |[X(z)ul| (7 g1y instead of [[X(z)vll 11 (7 g1y O
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Proposition 4.11 (Escape in large time). Let x € C§°(B(0, R)) such that x(z) = 1 on a neighborhood of Q°
(near the obstacle). Let ¥, = Sg()gﬁ%n be a linear concentrating profile with G a non-trapped data (Definition
4.2) and Tesc(R) as in Definition 4.2. For any C > 0, we have

IX(@)0nl oo (1o 1200 570 O

Moreover, if Wy, (t) = Sga(t — Tesc)Un(Tesc) 18 the euclidian solution of
2w, — Aw, = 0, (t,z)eRxR?
wn(Tesc> = ﬁn (Tesc)a
then, we have

(4.13) 1T = Tl oo (11201200 570 O

n—-+oo

Proof of Proposition 4.11. Let € > 0 and X € C§°(2 N B(0, R)) such that ¥ = 1 on the support of Vx (in
particular, it is supported away from the boundary). Using Property 1 of Lemma 4.7, we get that for any
C > Tuse(R),

IX(@)Vn |l Loo (170, c190) = O-
Holder inequality in time gives

||%(‘T)v:l||L1([TeSC,C],H) -0,
and we conclude using Lemma 4.10 and the strong convergence of the L? norm: indeed, the initial data cﬁ%n
goes to zero in L? x H~(Q), and the L? x H~'(2) norm is conserved. O

We will also need the following Euclidian result.

Lemma 4.12 (Huygens principle). Assume @ compactly supported in B(0, R). Then, Sgrs(t)u is supported in
{lz| >t — R} for anyt > R.
In particular, for x,X € C(R3), then, there exists C > 0 and A > 0 so that we have
X Sratioll 100 R\ (- a,4),20) < C (L= X)uolly
and
V[t| > A, xSrs(t)xto =0
for any iy € H.
Proof. The first statement is classical in odd dimension. We decompose iy = Xt + (1 — X)tdp. The Huy-
gens principle gives A only depending on x, and X so that xSrs(t)Xtg = 0 for |t| > A. Then, we write
IxSee ()1 — Ditollye < C l1Sre ()1 — Dol < C (1 — X)olly, uniformy for ¢ € R. 0

Proof of Proposition 4.8. Let R > 0 so that x € C*°(B(0,R)). Let Tes.(R) given by Assumption 4.2. Let ¥
given by Item 2 of Lemma 4.7 so that

(4'14> H(l - %)Un(TescHl’H — 0.

Fix A as in Lemma 4.12 depending on x and x. Thanks to Proposition 4.11, the conclusion holds on the
interval [Tese, C] with C = Tese + A

(4.15) |8, — Sra(t — Tese)Un (Tesc)
Now, by (4.14)

Lo ((Tee G 70) < &

X0 (Tese) = Un(Tese) [l < €,

hence by conservation of energy, for any ¢

[1Sa(t = Tesc)XUn(Tesc) = Un(t)ll2

= [1Sa(t — Tese)XUn (Tese) — Sa(t — Tese)Un(Tese) ||
(4.16) — [0 (Tese) — (Tl < .
But, on the other hand, by Lemma 4.12

VE> A, xSrs(t)XUn(Tese) =0,
from which it follows by Lemma 4.10 that
Vt > A, Srs(t)XUn(Tese) = Sa(t)Xtn(Tesc),

and after time change of variable
(4.17) Wt > C,  Sgo(t = Tese) X0 (Tesc) = Saa(t — Tuse) X (Tesc)-
The above (4.17) together with (4.16) gives

Hﬁn - SR3 (t - Tesc)%ﬁn(Tesc)||L°°([C,+oo),’}-[) <e
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Finally, by conservation of energy for any ¢

||SR3( esc)XUn( esc) SR3( esc)ﬁn(Tesc)”H
< ||SR3 (t - Tesc)XUn( esc) SR3( - T
- ||Xvn( esc) 'Un( esc)”’H S €.

esc)ﬁn (TeSC) ||H(R3)

The result follows with C' = Ts. by combining the previous estimates.
a

4.4. Proof of the non-concentration Proposition 4.1. We will prove that for any sequence of times ¢,, >
Chrhy, we have |lv,(t,)]| o — 0. We distinguish three cases (up to extraction):

(1) t, — +oo (escape at infinity)

(2) t, — c with ¢ # 0 (semiclassical propagation)

(3) t, — 0 and t,, > Cyh, (locally Euclidian case)
Each case will be studied in a separate subsubsection. Recall that, as shown in Lemma 4.4, it is enough to
consider a non-trapped data (Definition 4.2).

4.4.1. Escape at infinity: t, — +o0o. Let w, be the Euclidian solution described in the Proposition 4.8. Using
Sobolev embedding and (4.13), it is enough to prove that ||wy(t,)| s — 0. But, we also have by Property 2
of Lemma 4.7 that there exists x € C§°(R?) (related to the constant C of Proposition 4.8) such that w, (C) =
vn(C) +0()y = x(#)vn(C) + o(1)3 = x()wn(C) + o(1)3

The result is then a consequence of the following Euclidian Lemma applied to z,(:) := w,(- — C). In the
following, an h,-oscillating sequence, h,, — 0 is defined in [GGO1, Definition 2.2.1] and the equivalence with
the usual Fourier oscillation is proven in [GGO01, Proposition 2.2.4].

Lemma 4.13. Assume that f, is bounded in H(R®) and h,-oscillating and satisfies f,, = x(x)fp + o(1)y(rs)
for some x € C3°(R3,[0,1]). Denote i := Sga frn. Then, if t, — +00, we have |un(tn)|l o — 0.

Proof. We use the profile decomposition for the wave equation in R3, due to Bahouri-Gérard [BG99, Lemma
3.6]. Since f, is h,—oscillating, we can easily impose (up to a fix dilation of the profile) that all the profiles
have the same h?, = h,,. So, for any I € N, we have the following decomposition, up to a subsequence,

Z t—tJ x—x% + k(¢ 7)
\/7 hn N ’
Jj=1

= Spat)?, H@O walHLOO(R LOR¥) | 0-

with

In particular

(4.18) Vi, x() e e W S e +o(1)
N j? X \/E hnﬂ hn _\/H hnv h,n Hs

indeed, by orthogonality of the profiles and the support assumption, we have for any [ > 1

th - —xd
)

1=l = ZH S () -] + oo

from which (4.18) follows.

We now prove that we can select only the profiles such that tJ is bounded. Fix j so that ¢}, — +o0o. We
fix e > 0 and we select one radiation fields F7 of Friedlander (see use [CL24, Proposition 1.1] for the related
statement) to be bounded and with compact support so that

(4.19) HVVj(t) - ﬁFj <| I+t |> ﬁ’

Note that for a solution in the energy space, the Radiation field F is usually in L?(R x S?) but an approximation
allow to take it bounded and compactly supported up to a small loss in the energy space. But

R ,
- n_ =l|x h, - +:L-.] F] = ‘
‘ h | mzn | llzre) (e ”)| | -] hy |- ]

As FJ and x are compactly supported, there is Ry, Ry > 0 so that, if the function integrated above is non zero,
we have

<e Vi < —To.
L2(R3)

B~ 2x () 1.|FJ‘ ‘

J
| T

Y
xn

b,

L2(R3)

—l‘% R1

ROu hn 7E

j
+R0} and y € B(

hn )

ly| € [ZJ
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Thus, denoting

2l Ry t 4
K, = B(—tn U { Ry g }
(G2 0 {lul € [ = Ro, 7 + Ro
we have
_3 1 T — ts, whil"

(4.20) [t PO = 2 )| < e

| g |5 o
We then pass to a subsequence so that [z | — £ €0,+00].
> First case: £ = 1. Since we have selected j so that ¢, — +oo we have therefore |x7,| — +00. We check that we
can apply Lemma C.1 with r = B2 g = =% R = Ry, t = i~ — +oo and € = max(R; !|x?| ™1, Rohn |2l ™) <

|#7 |71 — 0. Taking n large enough soe < 50 and Ry < eot SO that the lemma applies, gives

A i i
Kol Sled™ (1) 5

n h3,

where we have used the equivalence of tJ and |zJ|. Now, (4.20) gives, using that |y| > % for y € K,

o -
; 1 R 1 [t 1
-3 j n|_ “n n < |-
hn 2 X((L‘) mfx% F (| hn | I’Ln 5 rimzl ) tZL h2 (t] )% — 07
| hon | ‘ ha | L2(R3) ha, " "

from which, going back to (4.19) and (4.18),

7 (5 | 2

for n big enough.

> Second case: £ # 1. If £ # 1, then K,, = (§ for n big enough, thus (4.21) holds as well. Indeed, if y € K,,, we
have from the definition of this set

t lzn| Ry .t lzn| | Ri
Ry, ) <yl < (LL Ro, = 7),
rnax(hn 0 » hn)_|y|_m1n thr 0 » +hn
from which if
|xn| R1 |.’1?n| Rl t]
n_ Ry >l M Pl s ™ 4R
e 0% R Fo P b
there can be no element in K,,. But this is equivalent to
|zn| || Iy, 1
t] Sl—Rof—ng or §>1+ROE+R1¥7

which is verified for n big enough if ¢ # 1 (recall that ¢/, — +oo and h,, — 0). Arguing in the same way,
the analog of (4.21) holds for the component xd;V7. It follows that (using Strichartz estimates to obtain the
0(1)pecps from o(1)y)

N 1 . (t—t z—af .
Up = Z VJ< ; TL7 - n)+w,lrl(t,l')+0(1)L?oLi
1<5<1 " " "
tJ bounded

For the remaining profiles, so that t/ is bounded, we compute

1 o (th—t z—ad Lo (t, —t
Vj mn n n V] n n
[ () = 1 ()

using the fact that, as ¢/, is bounded and t,, — +o0, . — +o00, and as V7 is a fixed solution of the linear
—+> 0. This ends the proof. O

— 0,

LS

6
Ly

tnft

wave equation, we have HV] || L6

4.4.2. Semiclassical propagation: t, — ¢ > 0. This is the Item 3 of Lemma 4.7.
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4.4.3. Locally Fuclidan case: t, — 0 with t, > Cph,. By finite speed of propagation, this is easy if the
concentration point x, is far from the boundary. In the case z,, € 012, the proof of this part is exactly the
same as the proof of Case (b) of Proposition 2.3.1 of Gallagher-Gérard [GGO01] which is a local argument that
is valid in any geometry with regular enough boundary. Therefore, we only give an idea of the proof. The
argument, detailed page 27, consists roughly in the following.

e They work in normal coordinates close to the boundary and extend the solution by symmetry.

e They rescale the concentrating wave so that the time ¢, corresponds to time 1 (taking care of the
boundary conditions).

e In this scaling, the new solution satisfies a wave-type equation with piecewise smooth metric converging
to the flat metric. The associated Wigner measure satisfies the same transport equation as the flat
metric: that is, the energy travels along straight lines. In addition, the measure at time 0 is concentrated
only at the point 0 (corresponding to z, in normal coordinates). The same argument of concentration-
compactness as in Item 3 of Lemma 4.7 then allows to conclude.

4.5. Comparison between linear and non-linear concentrating profiles and the Euclidian flow. We
first describe the local behavior of the profiles that are asymptotically euclidian in a range of time of the form
[-Chy,, Chy). The linear version is

Lemma 4.14. Assume that O = {(hg,0,21)r} is a concentrating scale-core and @ € H(R?). Let vy = SaPo.k
be a linear concentrating profile. Let u = Sx, Px,@ extended to R® by zero. Then

_ 1 t xr—xp
vk(t,x)—mu(hk, I )+0(1),

where the o(1) is a sequence converging to zero in L ([—Chy, Chy], H(R?)) for any C > 0.

Proof. This follows from Proposition 2.1.3 in [GGO01], with exactly the same proof since the argument is local
close to the concentrating point. Indeed, one apply [GGO1, Proposition 2.1.3] together [GGO1, Lemma 2.1.2]
with (f0, f1) := Pq, 3. We get, denoting Xo := Qs
Sa, Pa, 7 — Sa. Pa. @
strongly in L*>°([-C, C], H(R?)), hence,
To, 50, Pa,?—To,Sa..Pa.,¢—0
strongly in L>([—Ch,,, Ch,],H(R3?)) and, using the conjugation formulas
To-1PoTo, = Pa,, Tp-15qT0, = Sa,,

this gives exactlty the result: indeed To, So, Po, ¢ = To, S0, Tp-1 Polo,§ = SaPoTo, = vn. O

Moreover, a similar result hold for the nonlinear equation as a consequence of the non-reconcentration Propo-

sition 5.2.
Proposition 4.15. Assume that O = (hy, tg, )k i a concentrating scale-core and 5 € H(R3).
(i) For k large enough (depending only on ¢ and O) there is a nonlinear solution Uy, € L®(R, L'°(Q2)) of the
equation (NLW ) with initial data g;%’k, and
(4.22) Ukl L5 Lo SSRs(@ 1.
(ii) There exists a Euclidean solution U € C(R, H}(Xo0)) of
(4.23) (07 — Ax,)U =UU*

with scattering data ¢+ € H(Xo) defined as in [BG99, (2.27) and Corollary 2.8] such that the following holds,
up to a subsequence: for any e > 0, there exists T(¢,€) such that for all T > T(¢,€) we have

(4.24) 10 = Ukllzs oo (g <rney) < €

for k large enough, where

Ou(t) = A 20 (t‘t’“ x‘“"’f) .

hy 7 hy

In addition, up to a subsequence,

(4.25) Uk (t) = Sa(t — te)To k01 Loo (b=t >The, 1) < &

and similarly with ¢=°° in L=t — ty, < —=Thy, H), for k large enough (depending on ¢,e,T ).

Proof. The proof is exactly the same as in [GGO1] once the non-reconcentration property of Proposition 4.1
is at hand: (4.24) is the estimate [GGO1, (1.10), p.38], and (4.25) corresponds to [GGO1, (1.9)-(1.11) p. 39].

Therefore, we only only sketch the argument for the convenience of the reader.
In the case t; = 0:
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e With a local argument analogous to Lemma 4.14 for the nonlinear equation, we can prove that a
nonlinear solution with a concentrating profile as initial data stays close to the solution of (4.23) on
each interval [—~Chy, Chy] with C as large as desired: this leads to (4.24).

e The non-reconcentration property in L®L® of Proposition 5.2 that shows that after a time Chy with
large C', the solution with a concentrating initial data do not reconcentrate, together with a straight-
forward adaptation of the linearization theorem of [GJ6] to the case of an open domain, gives (4.25).

In the cases where & — 400, the proof if slightly more involved. If for instance h—’“ — 400, we construct
the nonlinear solution U on X that has for scattering data at —oo (see [BG99, ( 2 27) and Corollary 2.8|) the
profile PXO$ € H(Xo). More precisely, defining v := Sx,, Pxod), we have Hv H 0.

Ot—)oo

he 0 e
is a good approximation of U,jpp on some intervals [ty — Chy, t; + Chy] with C as large as desired. If C' is large

enough, U(—C) is close to v(—C). We consider the linear solution v;"** := Sq(t — tk)hikgg (%) By Lemma

We define the nonlinear solutions U, := o (t — tk)h—lkU (0 “Jhﬂ) The “flat solution” ;- LU < = m)

4.14, the “flat solution” hl v (t;:"“ , %) is a good approximation of v;*” on some intervals [t — Chg, t + Chy]

with C as large as desired.

In particular, v;P (t — Chy) is close to U. P (t, — Chy) for C large enough.

Now, since we know that [[v;"P || oo ((—oo,ty—cChy) 8y < € for large C, a straightforward adaptation of the
linearization theorem of [GI6] to the case of an open domain, gives [[v;PP — UpPP|| Lo (— oo tr—Chel, 1) S E-

app

For the asymptotlc behavior of U, after the concentration, we define w := Sx,, q_5'+°° the linear solution

so that Hw — 0 given by the nonlinear scattering. We define similarly w;"® := Sq(t —

HH(X ) t—+oo
te) - qb+°° (x x’“) and get in the same way [|w,*® — UpPP || Loo (6, Chy+oo), 1) S €
By construction, U satisfies (4.25) (with Uy, replaced with U™PP) with ¢~ = Px,¢ (on the interval

t—tr < —TXg) and ¢ defined above (on the interval t —t; > T\); and (4.24) (with Uy, replaced with UPP).
Moreover, we have U;PP(0) = viPP(0) 4 o(1) = So(—tx)¢o.x + o(1). In particular, Uy, can be globally defined
and Uy = U 4+ o(1) in L*°(R,H), and (4.25)-(4.24) follow. O

5. LINEAR PROFILE DECOMPOSITION

Theorem 5.1 (Linear profile decomposition). Assume that Q has a smooth, compact boundary and verifies
Assumptions 1.3, 1.4, 1.5. Let B, be a bounded sequence in H(SY). Then, there exist a family of profiles 1)\,
and of orthogonal scale cores OY) so that, up to a subsequence, for any J >0

J
(5'1) 9571 = Z 1/)&)@(.7)7,1 + w’l('LJ)7
j=1
where the reminder satisfies the global-in-time decay
(5.2) im lim sup 1560 ()@, || L= r, Lo (2)) + 10 ()@ | L3R 10 () = 0.

Moreover, the expansion verifies the following Pythagorean expansion: for any J > 0, as n — oo
(5.3) 18nl5 ) = Z 19 o o ey + 185 iy + on (D),

and its LS version

(5:4) [EAE Z 108 00 IS @) + w886y + 0n(1):

One of the main tool to prove the above is the following non concentration property. It is a direct consequence
of the comparison results of §3 in the cases A\, — +o00 or z,, — o0, and it is the main result of §4 in the case
where \,, — 0, z,, — xg.

Proposition 5.2 (Non concentration). Let (Cy,)n>1 be an arbitrary sequence converging to +oo, and v, =
©0,0.n for an arbitrary scale-core O = {(A\n)n>1,0, (Tn)n>1}. Then, we have for I, = R\ [~CpA,, CoA,], up
to a subsequence

lvnll Lo (1, 26(0)) = O-
Proof. In the case where )\, — 0 and x, — xo € €, this is Proposition 4.1. In the case where )\, — 0o or

xp — 00, this is a consequence of Lemma 3.1 with f, = 0, together with Sobolev embedding and the similar
result for the wave equation in R3. In the case where )\, — \g # 0 and z,, — x¢ € €, this comes from the fact
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that ||u(t)||rs — 0 as t — Zoo for any w solution to the linear wave equation in Q (this comes from example
from linear scattering Lemma 2.5, together with Sobolev embedding and the analog result for the linear wave
equation in R?). O

We will also need the following Lemma that was already proved here in some cases (Lemma 3.4).

Lemma 5.3. Up to a subsequence, we always have 0, — Xo with one limit described in Section 2.3. Then,
for any @ € H(R?), we have
Po.G—P *H —
H Q,P Xo¥ H(RS) n oo
To-1 0 PoTon@ = Pxo @+ oyrs(1),
$0,0,n = (PxoP)0,0m + ors) (1)

Proof. The second statement is a direct consequence of (2.6) and the first statement. For the third statement, we
use formula (2.5) and (2.6) to write a.0.n := Sa(—tn)PoTo n@ = Sa(—tn)TonPa, . So the third statement
comes again as a consequence of the first one.

We now prove the first statement. The cases A\, — 400 and |z,| — +o0o are treated in Lemma 3.4 where
Px, = Id. In the case A\, — 0 and x,, convergent, it was proved in [GGO1, Lemma 2.1.2] using that [GGO1,
Proposition 2.1.1] implies Q,, — X» with the definition of appropriate definition of X in Section 2.3. The
only remaining case is A\, — Ao > 0 and x,, — x9. We prove that Q,, - Xp = Q/\ L0 in the sense given
in Section 2.3. This will concludes thanks to [GGO1, Lemma 2.1.2], noticing that the proof only involves the
convergence of domain. We now come to the proof of 2,, - X». Let K be a compact subset of Q/\;O =R3\ 0
where ©g = @;\f". In particular, dist(K,©g) > 0. We easily check that dist(0,,00) — 0, so we can take n
large enough so that dist(K, ©,) > dist(K, ©g) — dist(0,,,0¢) > £ dist(K,0) > 0, thus K C R*\©,, = Q,. On

the other hand, if K is a compact subset included in ;”“C Int ©g, K C UY_, B(z;,€), where z; € K, and
for € > 0 small enough, B(z;,€) C O for all ] The fact that A\, — \o and x, — x¢ shows that B(z;,§) C O,

for n large enough, and thus K C Int©9,, = A . This ends the proof. O

With the above at hand, Theorem 5.1 will be a consequence of the three following Lemma.

Lemma 5.4. Let (fn)nen be a bounded sequence in HY(Q) such that for all scale core O (still denoting by f,
its extension by zero to H'(R3)),

To-1pfn — 0 in H*(R®).
Then, up to a subsequence,
1fnllLe(@) —= 0.

Proof. We apply the elliptic profile decomposition in R? of [Gér98| to f,: there exists orthogonal scale cores
(O(j))j21 so that, up to a subsequence, for any J > 1

J
1

n= v + Wn, g, hm lim sup ||w,, -0,

o= Y () ot s s

where, by construction, for any j
T(O(J'))*l,nfn - '(/)(]) in HI(RS)a
hence ) = 0 for all j and the result follows. O

Lemma 5.5. If O' and O? are equivalent frames, then there exists an isometry Q : H(Xop2) — H(Xp1) such
that for any profile 1¥q o2, with ¥ € H(Xp2)", up to a subsequence there holds that

(5.5) lim sup H(QTL/})Q,OHWL - 1/79,02,71 e

n—-+o0o

If moreover, A}, = X2, Ay, = A2, M, = 0, al, — oo with t), =2 + 7X), then Q = Sx , (7).
Proof.
First case: for j = 1,2, \;,, — o0 or |z;,| — co. Then, thanks to Lemma 3.1, it suffices to prove the same

result for solutions of the equation without obstacle, for which the result is obtained with ) a composition of
translation, dilation and the application of flow of the wave equation in R? in finite time.

e 117 € H(R3), Lemma 5.3 shows that the same result holds with Q replaced by Q o PXo2
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Second case: for j = 1,2, C < \;, < C7!, |zj,| < C. We select a subsequence so that \;, and z;,
converge. This provides an isometry Ty from H(Xp1) to H(Xp2) as a composition of translation, dilation (with
similar scaling as To k), so that

(5.6) T(02)-1,n 0 Tor ¥ = Tot) + ogyrs)(1).
Up to a subsequence, we assume that t2 —tL — ¢;. We choose
Q= TO_1 0 Sx,, (—to).
We compute, using that Sq(t) is unitary on H(2) and T(p2y-1, from H(Q) to H(Q2)

H(QWQ,Ol,n — Y0 02.n e

_HSQ W PoTor Ty ' Sx , (— tO)z/j_Sﬂ(_ti)PQTOQ’"&HH(Q)

_HPQT(:)l o Sx,, (—to)d — Salth —tZ)PQTOQ"¢“ H(Q)

= HPQ%T((’F)*RnTOl,nTo_lonz (—t0)1/} — SQ% (t sz 1/1”9,{(9%) .

Combining [GGO1, Proposition 2.1.3.], which also applies here, and Lemma 5.3 gives
Soz (th — t2)Paz = Sx o (—t0) Px oo ¥ + 030r% (1)
= SX» (—to)J+ o3 r3)(1)
= P2 5x, (—to)y) + o (rey (1),
where in the last line the projection comes for free as the left hand side is in #(Q2). In addition, by (5.6),
T02)-1 nTor n Ty *Sx o (—to)h = ToTy *Sx o (—to)¥ + 0p(ray (1)
= 5X s (—to)¥ + o3 (r3)(1).

So, combining the three identities above, we finally obtain

H(Q%)Q,Ol,n_&ﬂ,(ﬂ,n @ H 0z Sx o (— to)y — Poz Sx ) (—to 1/’” . +o(1) = o(1).

Third case: for j =1,2, \;,, = 0 and |z;,| < C. By assumption, up to a subsequence,
L =ton+MnTn, Tin=2T2n+ A néns Ain = A2 nlin,
with 7, = 7 €R, &, — £ €R3, i, — > 0. Now, let
@ (t) = Tior)-1 S (M at) PaTo2 n1),

so that i, (r,) = T(Ol)—l’nSQ(tl,n)’l/;’Q7O27n and (5.5) is equivalent to

HPQ}LQ% - un(Tn)

-0
H(QL)
If additionally, Q?p € H(Xo1) as expected, this is equivalent to proving that w, (7,) — Q% thanks to Lemma 5.3.
Observe that
1
Un(t, ) = A7, Un (A0t A n® + T10),

where 4, (t,z) := Sq (t)PQTOz,nig, hence u,, is the solution to

O2uy, — Auy, =0 in O},

Up =0 on 90L,

Un(t = 0) = To1y-1 , PoTo2 13-

AonyL Aoy Asm R . .
Let now vy, (t, ) := ($22) Tun (228, 222 + %) It is solution to
O?v, — Av, =0 in 2,
vy, =0 on 902,

Un(t = 0) = Ty o2y-1 , PaTo2 1.
Observe that thanks to Lemma 5.3
Tio2)-1 pPoTor b = Poa b — Px_ o ¥,
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in #(R?) and hence, by [GGO1, Proposition 2.1.3], @, converges in LS. H(R?) to Sx_,(t)Px,, ¥. As T, is
bounded, it follows taking ¢ = 7,, that

A2n 1 Ao, Ao Aan Tom — T
()7, 2 )i ( T+ ")
>\1,n )\l,n

Tny
)\1 n /\1 n /\1,n
in H(R3), and hence

" - o PR _
@n(Tn) = DugSx s (T)Px o Dy = (u™2, 1 2)p(u™" = €).
The result follows with Q := D), ¢ o Sx_, (7). This gives also the last statement. O

Lemma 5.6. Assume that some cores O and O? are orthogonal and ¥ € H(R3), then
T(O2)—l)nSQ(t721)'(ZQ,Olyn — 0.

Proof. We denote V,, := Tio2)-1 50 (ti)?;g’ol’n the function we consider. We will denote V,, = (V,,, V) its two
components.
First case: A, — +oo or |z;| — 40c. In this case, Lemma 3.1 and the unitarity of T(2)-1 ,, gives

Vn :T(02)717nSR3 (ti —t! )T@l nJ—F O3 (R3) (1)
2 —¢tL
(5.7) =T(02)-1,nTo1,nSrs ( N ) U+ oy Ry (1)

We are left to the case on R3, which is known.
2

Second case: up to a subsequence, \} — 0, . — 7., and ‘ ‘ — 4o00. This is inspired by [GGO1,

Lemma 3.7.], see also [Laull, Lemma 5.2.10]. By unitarity of Tp ,, on L6(R3), we have

IVallsgsy = ||Se (22 = £4) PaTor,
by Proposition 4.1. So, in particular, the first component of T p2)-1 SQ( )1/79,@1% converges weakly to zero,
that is, there exists f € L?(R3) so that for every @ € H(R?)
2N\ 77 -
(5.8) (Tion 1 mSat)o0rm @), o =2 0. F) Py

To conclude, we will show that f = 0. To this end, let s € R a parameter and consider instead 2 := t2 +s\L.

Defining the associated cores 62, which satisfies the same assumptions as O2, we obtain similarly, for another
fs € L?(R?),

. Tiooy-1 , S (B2)0, n*> <,~s,*> :
(5.9) (Tory1 S0 (E)i0,01m: @ sy ot VOB
But, we have, using successively Lemma 5.3 and 5.5 where Qs = Sx, (),

<T(02) 1 Sa(E) 0,01 m<,0> HERD <Sﬂ(tn)¢ﬂ,ol,mTo2,n90>H(R3)

ey <"ZQ,(91,n>SQ(_EL)PQTOQ,nSB>

Q,0 n; SOQ 02 >’H(Q) = <¢Q,01,n7 (PXO2 6)97627">H + 0(1)

()
0,01 n5 (Qs Px 90,02 n >H(Q) +o(1)

Tio2)-1,nS0(t2) 60,01 ns QSPXo25">H(R3) +o(1)
= < 0, f QSPXO2 SO>H(R3) + 0(1)
where we have used (5.8) with Qs Px_,{ as test function. Combining this with (5.9) gives
Vs € R7 VQBE H(X02)7 <(07f)aQsPon()3>H(R3) = <(O7f5)7¢>H(R3) .
This implies (0, f) € H(Xp2) and for any s € R, § € H(Xp2),
(O.5:8), = {0, QPxaa@lryix 1y = (8502 (O Brix

from which we obtain

H(Q)

(0, fs) = Sx 42 (5)(0, f).
This implies that f = 0 since the only solution of the wave equation with the first component equal to 0 is the
zero solution. This ends the proof in this case.
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2 1
L=ty
A

Third case: up to a subsequence, \, — 0, . — ., and — Soo- In this case, Lemma 4.14 gives

Sa (ti — t}l) PQTOanJ =To1 nSx, (So0)Pxoth + O’H(R3)(1)-
In particular,
V, = Ti02)-1 nTo1 nSx0 (Soc) Pxot + 03(r3) (1),
which converges weakly to zero thanks to the case on X which follows from the case of R® since we have
o (2 + 2kl s oo
Fourth case: up to a subsequence, A\ — \g > 0 and =} — x,,. We first notice that PQTOl,n’lE converges

strongly to one fixed function ¥ € H(R3).
In the sub-case where t2 —t — s,

‘7” = T(Oz)—l,nSQ (Soo) ‘f/ + OH(RS)(l),

which converges weakly to zero since by orthogonality, we have either A2 — +o00 or A2 — 0 or |22| — +oo0.
In the last remaining sub-case where up to a subsequence, t2 — t. — 400, by Lemma 2.5 there exists
U+ € H(R?) so that Sq(t)¥ — Sgs()¥* — 0 as t — Foo in H(R?), and therefore

‘7” = T(Og)fl,nSRB (ti - ti) /e + O’H(RS)(l).
The result in R3 holds and gives the result. (I

Remark 5.7. Note that the conclusion of the previous Lemma is false if the non focusing Assumption 1.3 is not
satisfied as it happens, for instance, on the sphere, see [Laull].

We can now prove the linear profile decomposition.
Proof of Theorem 5.1.
Setup of the induction procedure. For g = (&,),>1 a bounded sequence in H, we denote A(J) the set of
all couples (1/7, O) where veH x L?(R3) and O is a scale core so that, up to a subsequence
To-1nSa(tn)Pn — & in H' x L*(R®),
and we let

77(@ = Sup HPXOTEHH(XO)'

(¢,0)eA (@)
Arguing inductively on J > 0, we will construct an extraction of (3, ),>1, orthogonal cores O, profiles z;(j ),
and remainder %Y so that (5.1), (5.3), (5.4) hold, and in addition

(5.10) VI<ji<J, (@9 V)x1) < 20 Px_ i, 09 lacx )
and
(5.11) Vi<j<lJ 7 i=Tou 1,5 0)d9) =0 in H(R).

Observe that, taking

G = G,
with (5.10) and (5.11) holds at rank J = 0. Therefore, let J > 1, assume
5.3), (5.4), with (5.10) and (5.11) at rank J — 1, and let us construct it at

the decomposition (5.1), (5.3), (5.
that we have a decomposition (5.1), (
rank J.

It n((zﬁ'?(lj_l))nx) = 0, then we take ¢/(/) := § and we are done. Otherwise, there exist (/) € H(R3) and a

4),
),

scale core O) = {( 7({]))721, (/\,({]))nzl, (xﬁ{j))nzl} such that, up to a subsequence,

(5.12) T\ -1 Sat)al = — ) in H(RY),

and so that (5.10) holds. We take

(5.13) wi) = a Y =P

so that (5.1) and (5.11) hold at step J. Let us detail why (5.11) holds. We have to show that
(5.14) T(O<,]))717TLSQ(t;‘]))ﬁgéw,n — ) in H(RY).

Observe that, using Lemma 5.3 to obtain the convergence in the last line,
T(om)fl,nSQ(tgil))i/;&«nm =T\t nSa(t)Sa(—tS") PaTow
= (o(.f))*lmpﬂTo(J),nJ(J) = PQ;J)J(J)

— PX(OJ)J(J),
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Therefore, it only remains to show that PXu)J(J) — ¢)). But since SQ(tglJ))u'J'ﬁlJ_l) € H(2), we have
O

Tow)-1, SQ( )_’,({] D e ’H(Qﬁ;’)). In particular, (5.12) implies that /) is a weak limit of functions in
’H(Q%‘])). It implies that Supp(iz(‘])) C X and therefore PXU)J(J) = (V) see again Lemma 5.3.
O
We now separate the cases to check (5.3) and (5.4). In the sequel, we will denote
0= {(tn)nzla (An)nzlv (xn)nzl} =0

for conciseness.

The Pythagorean expansion (5.3). Observe that, by the induction assumption, using (5.3) at rank J — 1,
it suffices to show that

= - J
(5.15) 15513, = 1057 13 + 196, 13, + 0(1)

in order to show (5.3) at rank J. We separate cases.

First case: A, — A € (0,+00) and x, — & € R® (up to a subsequence). Let T be the (n-independent) rescaling
associated with A and Z, that is, with the notations of §2.3,

T:= T{(:\)n>17

>1,(F)n>1}m
Observe that, by (5.12) and using that TOu)’nzZ;(J) converges strongly to TQZ(']), we get
Sa(ty)w =1 —~ T in H(R?),
and hence
(5.16) So(t)@V D — PaTg)  in H(Q).
On the other hand, (5.13) and T@’HJ(J) =Ty + 03(0)(1) give

(5.17) <J§i{29,m 3 3(0) = (Sa(—tn) PaT¢) @~ SQ(_tn)PQTJ(J)>H1><L2(Q) +o(1).
But, using (5.16)

(Sa(~ta) PaTd™ ™Y = Sa(~tn) PaTy )y = (PaT'), Sa(tn) ! — PaT¢ )30y — 0
The above combined with (5.17) gives (5.15).

Second case: A, = 00 or T, — 00 (up to a subsequence). Observe that

(J =
(Do T ) e

= (Sa(-t )PQTO WD, 3D — SQ(*tn)PQTO,n%;(J)M(Q)
<PQTO M/) (t L>7B’SLJ71) - PQTO,nJ(J)>H(Q)
= (To 9, SQ( W) — To,ni/;(J)>7-t(R3) +o(1),

where we used Lemma 5.3 to obtain the last line and get PQTO,,,«L’(E(J) = T@,nPin/;(‘]) = T@,nl/j(‘]) + oy (1).
Continuing this chain of equalities, we get

(G5 B V100 = (B To1 1 Sa(tn) i ™ = 5D}y msy + 0(1) = 0,
thanks to (5.12), and (5.15) follows.

Third case: A, — 0 (up to a subsequence). Using Lemma 5.3 and then (5.12), we get
(0 T ) = (Sa(~tn) PaTo w0 ™))
= (Po, 0, To-1 ,Sa(t,)d =V = (Po_ "), To-1 ,Sa(ts)wy—V 1
= (P, 0", To1 nSa(tn) B0, = (Pa b, To1 nSaltn) @~ )pums) + o(1)
e J
= P00 Ryo) +0(0) = 150 o Fuey + 0(1):
from which (5.15) follows.

The L° expansion (5.4). In the same way, by the induction assumption, using (5.4) at rank J — 1, it suffices
to show that

_ J
(5.18) ol D% = 1T11%6 + 14575 1% + o(1)

in order to show (5.4) at rank J. We separate cases again.
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First case: A\, — X € (0,+00) and x,, — T € R® (up to a subsequence). If, up to a subsequence, t,, — t € R,
we can assume that (f,, \n,z,) = (0,1,0) and (£,\,Z) = (0,1,0) by replacing the limiting profile ¢)/) by
Sq(—t)PoT1)") with the previous notations, and we have,

(5.19) @ 0 inH.
Now, observe that

2+ w[® = [2]° = [wl®| S |2l |w|(|]2]* + w]*),
hence, denoting

i | [ R 10 = 0,1~ 0P
we have

J J
£ S [ 10 a0 lgns g i= [0 o1+

But, using (5.13), Sobolev embedding and conservation of energy,

J J _ J
S o nll%e + 1001186 < 1950 a5 + 1w V%6 < 650 all%e +1

SNPaTo 1% + 1 S 1 Tont™ [Srsy + 1 = 1[I rs) + 1,

3

2
3

L2

[l gnll

hence, by Holder inequality
J -
£ 5 [ 165 PP = [ IPad PP o,

up to a subsequence, from which (5.18) follows: indeed, |w7({])|3 is bounded in L? so have a weakly converging
subsequence in L2, and from (5.19) together with Rellich theorem, after another extraction it converges strongly

to zero in L3 (K) for any compact K; hence, by uniqueness of the limit in the sense of distributions, |w7({]) [P—0
in L2. In the case where t,, — 0o, we can still assume that (\,,z,) = (1,0) and (\,Z) = (1,0) by replacing the
limiting profile ©)(/) by T%(/). Then, observe that
J -
l60.llzs = Sa(tn) Pad o =0,
by linear scattering (Lemma 2.5 together with an approximation argument) and because the analog is true for

the linear flow in R3; and hence (5.4) follows as well.

Second case: Ay, — 00 or x, — 00 (up to a subsequence). We first assume that, up to a subsequence, f\—" has a
n

J

finite limit 7. Then, we can assume that t,, = 0 by replacing (/) by SRs(—T)J( ): indeed, using Lemma 3.1,

we have in H(Q)
P5om = Sa(—tn) PaTo,n ") = Sps(=tn)Tont”) + o(1)
= To S (~5)0) + (1) = To o Sns (7)) + o(1)
— S0(0) PaTo.nSrs (~7)) + o).
Then, having replaced ¢, by 0 and 1) by Sgs(—7)¢()
le = PoTon ") = To ") +o(1),

using Lemma 5.3 and that (/) € H(Xo) so (/) = Px /). It follows that, arguing as previously
fo o)+ [ Font PP = [P T ol -0,

from which (5.18) follows.
In the case where f\i — 00, observe that

||¢S(2{29,n”L6 - ||SQ(tn)PQTO,n$(J)”L6 = ||SR3 (tn)TO,nJ(J)HLG +o(1),

where

- tr - ty o -
1Sgs (tn)Ton || Lo = IITo,nSRB(y)dJ(J)HLe = HSRB(TW(‘”IILG — 0,

n

and (5.18) follows as well.
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Third case: A, = 0 (up to a subsequence). Again, let us assume first that, up to a subsequence, f\—" has a finite
limit 7. By Lemma 4.14, there exists an isometry @ of R? so that

) = Tom(Sxo(—12)89) 0@+ (1) = Ton(Sxo (~7)0) 0 Q + o (1),

hence, once again, we can assume that t,, = 0 by replacing ¢/) by (SXO(—T)ﬁ(J)) o Q. Arguing in the same
way as previously, we then get

fu S o(1) + / D P|To-1 P = 0,

and (5.4) follows. In the case where /\" — 00, thanks to Proposition 5.2 we have

1966 allze =0,

and (5.18) follows once again.

Orthogonality of scale cores. We now show the orthogonality of cores up to j = J. To this end, let
0 < j < J—1, and let us show that O/) and OU) are orthogonal. We work by decreasing iteration and assume
that we have proved that the cores O/) and O are orthogonal for j +1 <1 < .J — 1. An iteration of (5.13)
gives

l _
Z Polow , + w0l Y.
_J+1
In particular, combined with the definition of % i ) in (5.11), this gives the identity
T(O(J))717nSQ(t£LJ) — tg))T(O(J)) _( ) — T(O(J>)—17TLSQ(t$LJ))1ET(Lj)

=Tiow)-1 nSalt)) }: o, +wl’ ™
k=j+1

Since by iteration, the cores O(/) and O are orthogonal, Lemma 5.6 provides
Vit1<I<J =1, Tom-t a0 0w, = 0.
In particular, the application of (5.12) gives
T(o(l))* Sg(t(‘]) _ t(]))T(O(J)) . nj N 77[,(1) £ 0.

By Lemma 5.5, this implies that O(/) and ©U) are orthogonal: indeed, if they are equivalent, using successively
that T(Om)nf’gf € H(Q) so that Tiou)),nT i e H(Q) = PQT(O(J>)nrnj € H(Q), then Lemma 5.5 assuming
equivalence of the frames, and (5.11), we get for any test function 7€ H(R3)

(T o)1 pSaltl) — tglj))T(oun o)
= (Sa(—tIT 00y 75, Sa(—t$) PaT 001y )
= (Sa(—tiNT 0wy T, Sa(—t) PaT 0wy n@Px,, ) + o(1)
= (i), Py Qp) + 0(1) — 0,= (7, QPx_, p) + o(1) = 0,

where we have used Lemma 5.3 in the last line. This is a contradiction with (/) £ 0.

Conclusion of the induction procedure. Hence, we constructed orthogonal cores O), profiles J(j), and
for any J > 0 an extraction &, of @y, with (n{)x C (n] ")k, so that (5.1), (5.3), and (5.4) hold, with in
addition the decay property (5.10). By a diagonal argument, we obtain an extraction of ¢, so that (5.1), (5.3),
(5.4), (5.10) hold for any J, and we are left with verifying the decay of the remainder (5.2).

Decay of the remainder (5.2). This will be a consequence of (5.10) together with Lemma 5.4. To obtain
(5.2), it suffices to show that

(5.20) hm limsup || Sq ()| =R, ey = 0.

J—=00 npnsoo

Indeed, by Hélder inequality, Strichartz estlmates of Lemma 1.5, and finally using the fact that, by (5.3), for
any J we have limsup || ||3 < limsup ||Gnlln <

1Sa (- s r, 10 < ||Sn<~>wJ\|Lm<R Loy I1SaOYE 1 1)

S ISa ()@ 17 .oy l@ 1137 S 152 ()@ |7 =, o)
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with 6§ = 35((38__160)) > 0 since s > 10. Let us therefore show (5.20). Observe that, by conservation of energy and

change of variable
||¢g72<j>,n||3{(9) = [|PaTom o, 9|3,q) = HT(O(j))_1,nPQTO(j),nw(j)||§.[(Q-ZL)

where T(O<j>),1)nPQTO<j>,n1/7(j) = PQ%J(J') — PXO(j)l/;(j) in H(R?) by Lemma 5.3, hence

1956, By = 1Poo 8P lacx )

and, by the Pythagorean expansion (5.3), the serie Z]oil ||Po(j)’l[;(j)||7_l(xo(j)) converges. It follows that its
general term goes to zero, and hence, as J — oo,

(5.21) n((w;)n) = 0.
Now, if (5.20) fails, by a diagonal argument, there exists € > 0, a sequence (t;) and subsequences (ng); and
(Jg) so that

[Sa(tr)wy | o) = €
By Lemma 5.4, it follows that there exists a scale core O = {(tx)r, (% )k, (M)} and ¥ € H(R3) # 0, so that,
up to a subsequence

Je 7 3
TO—l’kSQ(tk)wnz 'L/) m H(R )
But
TO—I’kSQ(tk)U}T{z = (To—l’kPQT(j’k)TO—l}kSQ(tk)w,,{,;7
and as, in addition, Tofl,kPQTO’kJ — PXOQE by Lemma 5.3 again, we deduce that z/_; = PXOJ € H(Xo). The

fact that ¢ # 0 is then a contradiction with the definition of 7 and (5.21).
O

6. CONSTRUCTION OF A COMPACT FLOW SOLUTION
Let E.(Q2) be defined as

(6.1) EC(Q) = sup{E >0 s.t. HC(E) > 0, (g)Q((,B) <k = nyﬂ<')6||L5(R,L10(Q)) < C(E)}

By the small-data theory, E. > 0. The goal of this section is to show the following Theorem. Observe in
particular that it immediately implies Theorem 1.6.

Theorem 6.1 (Construction of a compact-flow solution.). Assume that Q has a smooth, compact boundary and
verifies Assumptions 1.3, 1.4, 1.5. Then, if E.(Q) < +oo, there exists . € H(Q), G, # 0 with &(F.) = Ee,
so that the nonlinear flow {Fo(t)@., t € R} is relatively compact in H(Q) and So(-)@G. ¢ L*(R, L').

Proof. If E. < +00, let @ be a minimizing sequence for E.(2), in the sense that
(6:2) Sal@) > Bo(Q), lim 6a(8}) = E.(Q), |7a()@l|iesm — oo,

where by convention [|uy |15, r10) = +00 if u, ¢ L5 (R, L'?). Let us define
Up = Yg()@"{}
Translating in time, if necessary, we may assume
(6.3) Jim | 25 (0, 400).10) = T {[un |15 ((~00,0),L10) = +00,

with a similar convention as we did on R, i.e. by convention |[up || 15 ((—oo,0),210) = +00 if u, ¢ L® ((—o0,0), L'?),
and similarly for L5 (0, 00), L'?).

As @ is bounded in H(f2), we can, up to a subsequence, decompose it into profiles according to Theorem
5.1:

(6.4) Fo =D Vo + B
j=1
To each profile (z/j(j), 0ov)) = (J(j), (tjmsNjmsTjn)), we will associate a Dirichlet nonlinear profile U7, and
possibly a free nonlinear profile V7, in the following way.
e (compact) If \;,, =1 and z;, = 0 for any n: we will write j € Jeomp. If t;, = 0, let U be the
only solution of (NLW¢,) in © with Cauchy data /() at time zero. If ¢;,, — o0, let U be the only
solution of (NLWg,) in €2 such that

Hﬁ(j)(ft) - S_g')(ft)ﬁ(j)HH(Q) —0 ast— foo.
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Recall that the existence of this solution, for example in the case t — 400, is obtained as the solution
of the fixed point

— — . +oo —
0(t) = Sa)d® ~ [ Salt - 5)(0.0%(s)) ds,

working in L°([Tp, +00), L'°(£2)) for Ty > 0 big enough, using Strichartz estimates from Assumption 1.5
(recall in particular that these homogeneous estimates imply inhomogeneous ones with source in L' L?
by Minkowski). In these three cases,

(6.5) Tim. HUW(—tj,n) — Se(—t;.0)P9 HH(Q) —0.

We set
(6.6) UA(t) == U7 (t —tjn).

Notice that, if —t;,, — +oo, U’ € L*(Ry, L'°(Q)) by construction.
¢ (asymptotically free) If \;,, — oo or z;, — oco: we will write j € Jaqiz. We have, by Lemma 3.1

H(Q)

: 7(5) )
nh_)ngo ‘wg,om,n sz,o(:‘)’n

Furthermore, denoting by Vg (t) := Sgs (t)?/J(j),

; 1 (t—ti, x—x;
Sk (t - tj,n)¢|(qj3)7o(j)7n = )\1/2 Vg ( s Jﬁ’ s J7n> :
7, 7,

Jsn

We define the free nonlinear profile V7 as the unique solution of the critical nonlinear wave equation in
R? such that

(6.7) tim |V (=t /Ajin) = V2 (~tin/Nin)

n—+oo

) =0

H(RS

This is possible distinguishing the cases —t; ,/A; , convergent and using the Cauchy theory or —t; /A, n —
—o0 using the scattering theory on R3 (see Proposition 2.3 for instance). Furthermore, we set

; 1 (t—tjin T—Tjy
(6.8) Vi(t,z) = — VI ( jn T, )
A Ajn  Ajn

and we then define the associated family of Dirichlet nonlinear profiles as
(6.9) Ui(t) i= Falt — 1)) P (Vi(H))

Observe that, as a solution of a defocusing nonlinear wave equation in R3, for which the scattering is
well known, we have V7 € L°L'°(R?). Furthermore, by construction, from Lemma 3.2

Vj € Jaig, sup HUZ||L5(R,L10(Q)) < 09,
n

and

(6.10) Vi € Ja, supHVg(t)—ﬁg(t)H + Vi = Udllgzso — 0.
¢ tTr npn—oo

H(Q)
¢ (concentrating) If Ajn — 0 and z;, is bounded: we write j € Jeonc. In this case, let U,{ be given by
()

oo ). In addition, we define

Proposition 4.15 (applied to the profile v
(6.11) Ui () = Salt = ) T50) .05
where gb;”o are given by Proposition 4.15 as well.
Let us assume by contradiction that the decomposition has strictly more than one non trivial profile, i.e
(6.12) J > 1.

Then, by the Pythagorean expansion and its L® version

V5 € Joomp, limsup &n (Sg(ftjm)d;j) < FE,.

n—oo

Hence, &, (U’) < Ec, and U’ € L°L'°(Q) by the definition of the critical energy. Summing up, we have

vj, sup, |Uj|lLs 0 < +oo,
(6.13) Vj € Jeomp, U7 € LPLY(9),
Vj € Jag, V7€ LPL'(RY).

The Theorem will follow from the following nonlinear profile decomposition.
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Proposition 6.2. We have

(6.14) VI, un(t) = > U(t)+ R)(t)
1<5<J
= > U+ > Vi +R),
J€JcompUJcone JEJaits
1<5<J 1<5<J
where

lim thUpHR;{HLst = lim limsupHRiHLsLm =0.
J—=© pnooo J—=0 pooo

In order to prove the above, let

J

(6.15) i) =Y Uj.
j=1
Observe that ;) is solution in §2 of the following nonlinear wave equation with Dirichlet boundary conditions:
J
(6.16) (0F — ANy + (i1)° = ey, with ;) := (i) = Y (U7)°.
j=1
Proposition 6.2 will come perturbatively from the following.
Lemma 6.3. We have
(6.17) Vi#k, |UIMUER —0in L'L2,
thus in particular
(6.18) hm limsup ||e] || 1.2 = 0,.
—0 n—oo
In addition,
(6.19) Eirt:o = Un =0 + al; hm limsup || Sq ()& || 510 = 0.
J—=0 pooo
Proof. (A) The L'L? decay (6.18).
We will first show (6.18). Observe that
(6.20) el Ss > 1UAMUAL
1<j#k<J

We will treat the three above terms separately, beginning with the mixed terms |U7|*|U¥|. In order to do
so, we have essentially six cases to consider. We highlight that the first three cases, corresponding to (j, k) €
J3g U Jaig X Jeomp U Jcomp7 were already treated in [DL22] (in the radial case, but this part of the proof holds

in the same way).
(A.1) The mixed term |U}[*|UX| for j, k € Jaig-
We first show

(6.21) 11UA 141U

The proof is the same as in [DL22], we reproduce it for completeness. Note that
U1 | < VAV + UV = U+ VIV = ORI,

thus, by Holder inequality

(6.22)  [[|UA["|OY

On the one hand, as V7 and V¥ are rescaled solutions of the defocusing critical nonlinear wave equation in R?
associated with orthogonal parameters, we have, as n goes to infinity (see for example [BG99)])

(6.23) Vi1 Ve
On the other hand, as

|||L1L2 — 0, for j,k € Jaig-

|Vf - Uﬁ”LSLlO + ’|V7{’|L5L10 HV?? ~Un p

<[V VE 1 e + T2 s o -

|||L1L2 HL5L10 |

112 — 0.

sup ||U7J1| rspwo T ||VT{||L5L10 < 09,
n

it follows from (6.10) that
(6:24) 10215 220 V2 = UKl o oo+ 1Vl oo 1ViE = Uk g0 — 0

as n goes to infinity, and thus (6.22) combined with (6.23) and (6.24) gives (6.21).
(A.2) The mixed term |Uj|*|UF| for j € Jeomp, k € Jaisr-
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We now show
(6.25) UZHUR 22 — 0, for j € Jeomp, k € Jaisr-
We follow [DL.22] once more. Similarly as before,

HVrf B USHLL”LW :

(6.26) NUZUE ] 1o < NUEHVEN 1 ge + 102 35 o

On the one hand, we already saw that for k € Jqig

(6.27) 10211z 220 V2 = Ukl o oo 52, 0

n—roo
On the other hand, by Holder inequality and change of variables

< 02l e o ViU o2 o

— 07 e \/iTn(/ (/QUJ'(S7$C)5V1€(S+75J;\:7; tin 2 ;kxfnf dm)1/2d5)2/5-

As the above expression is uniformly continuous in (U7, V*) € L5L'°, we can assume that both are continuous
and compactly supported. Then, if A, 5 is bounded and |z, | — +00, the above vanishes for n big enough. On
the other hand, if Ag,, — +00, we get

[Tz vy

s ze

(6.28) U1V

1
|HL1L2 fs \/m — 07
and thus by (6.26), (6.27) and (6.28), (6.25) follows.

(A.3) The mixed term |UJ|*|UF| for j,k € Jeomp-
Let us show

(6.29) ||Ui1t Uk — 0, for j, k € Jeomp-

e

Observe that
) ) /
|||U%|4‘U£|||L1L2 :/(/ U](t_tj’n7x)8Uk(t_tk7n,l')2 dx>1 th'
Q

Hence, by change of variable s =t —t;

|}|U£|4|U£‘|{L1L2 = / </QUj(5,l‘)8Uk($+tjm 7tk’n’x)2 d$)1/2ds'

As this expression is uniformly continuous in (U7,U*) € L°L'°, we may assume that both are continuous and
compactly supported. But for such functions, the above expression vanishes for n large enough because of the
orthogonality of the parameters

[tjn = thn| — +00,

and therefore (6.29) holds.
(A.4) The mixed term |Uj|*|Uk| for j € Jag, k € Jeonc-
We now show

(6.30) el — 0, for j € Jaig, k € Jeone-

11z
In order to do so, we use again

4

[z ok < VTR g g + 008 s 1o V= Ul s 0

|HL1L2

where we already saw that for j € Jgig

HU: vag _U£|’i5L10 — 07

4
HLSLIO n—00
and hence, in order to show (6.30), it remains to show that

(6.31) |IViI*UL]| .. — 0.

L'L2

In order to do so, let U*, ﬁff, foo , and for € > 0 arbitrary, T = T} > 0 be given by Proposition 4.15 (applied
to the profile Jgké(k) ,,» recall that k is here fixed). On the one hand, recalling the definition of v%* (6.11), by
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Holder inequality, the triangle inequality, and Proposition 4.15, we have for n big enough

VIO et mizne iz S IVl oo 10N 2o ety i ne 200

14
< ||V£||L5L10(Rs) HUr]f - UflﬁrHL5(t—tkm3T>"“’"’Lw)
IV N Ls progre) o W o emee 17020

.4 _
1V 2 1o oy 1107 = o0 N oesy <o o)

4 -
5 L10(R3) an HL5(\t7tkm\2T)\k,,n,L10)
(6.32)

4
5L10(R3)6;

where we used Proposition 5.2 together with Holder inequality and Strichartz estimates to control the Strichartz
norm of v¥* outside the concentration times. On the other hand, still by Proposition 4.15,

1477k
H|Vrz| UnHL1(|t—tkm,|§T>\k n,L?)
< |||vI|*UFk v U —
> H| n| n L1L2+H HL5L10 L5(|t tie,n|<T Ak n,L10)
. -
< |WEETE| L+ IV s ooggoye:

Combining the above with (6.32), in order to show (6.31) and hence to conclude, it only remains to show that,
asn — oo

— 0.

G 1477k
(6.33) [varoz|.,..

This follows by the orthogonality of the parameters. Indeed, by Holder inequality,

, 1
e\ T —
- V77510 SV

t—tnk T—Tnky,i/t—tn; T—Tpni|°
< (] o by 1, 9| dw)
(/ [2 ( )\k,n )\k,n ) ( Aj,n )\j,n )

and, by change of variable, we get the two inequalities

/ k T>\k ntten—tn;i Y \e,ntten—Tn,
Jn( (I‘U ’yvj A]'n J7 )‘Jn J)

S L

ViU,

i

< Vil

L'L?

=
SN

dt> ,
5 1 5
dy)2d7> ,
de)%d7>

Observing that the above expressions are uniformly continuous in (U7, V*) € L°L'°  and assuming that both
are continuous and compactly supported, each regime of parameter orthogonality gives the desired result, and
(6.33) follows. This finishes the proof of (6.30).

(A.5) The mixed term |UJ|*|U%| for j € Jeomp; k € Jeonc-

Let us show

i 7Tk

‘VJU

n-n

[S[™

L5/2[5

k,n k,n

(6.34) lleetess — 0, for j € Jeomp, k¥ € Jeone-

sz

This case is essentially a simplified version of the previous one (A.4). Again, let U, Uff, and for € > 0 arbitrary,
T = T, > 0 be given by Proposition 4.15. On the one hand, by Hdlder inequality, triangle inequality, and
Proposition 4.15, we have for n big enough

|||U£‘4Uk||L1(|t tr n|>T/\J n;LQ)

< (U2 20 0%

L5(|t—tp,n|>TAp.n,L10)
j |14 k,+ k,+
< ||l‘jj”Lf’Lm(R?’) ( HUn —Un HL5(t—tk,nzTAk,,“L10) + an HL5(\t—tk,n|2T>\k,n,L10))

+ (U7 ||L5L1° (R3) ( ||Uk 71?7||L5(t7tk,n§7T)\k,n,L10) + Hvs’i||L5(|t7tk,n|2T)\k,n,L10))

(R%)€
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where we again used Proposition 5.2 to control the v¥* terms outside of concentration times. On the other
hand, in the same way,

j a7k
NG UM s et mi<rng o)
< |[jui AT Uil s, ||UF - TF
=3 (Lo R (e[ Lo .
j 1477k (|4
< |2, + 107 s ooye:
It therefore only remains to show that, as n — oo

— 0.
LiL2

This follows exactly as in the end of (A.4) and (6.34) follows.
(A.6) The mixed term |U}|*|U%| for j,k € Jeone-
Finally, we show

(6.35) TR 1 o

In the same spirit as for (A.4) and (A.5), let U*, U7, U]j, Ug, and for € > 0 arbitrary, Tj,T; > 0 be given by

Proposition 4.15. We let T := max (T}, T;). On the one hand, by Hélder inequality, for n big enough
11U

([t

— Oa for ja ke Jconc'

||Ll(lt—tk,n‘ZTkk,nvIg)

4
< |Uall s o 1071

L5 ([t—tp,n|>T Ak, n,L10)

+ Hvrli’+||L5(|t—tk,n|2TM~me)

114 k k,
< sup [|U|[Ls 1o (re) ( [ PR S 20
1 2T,

+ ||Uv]zC - ’UftyiHL5(t7tk,n§7T)\k,n,L10) + ||v5’7||L5(|t7tk,n|2T)\k,n,Lw))
(6.36)

~i €

where we again used Proposition 5.2 to control the v5'* terms outside of concentration times. In the same way
(6.37) Ui 1*uy
On the other hand, denoting

Iﬁk = {|t - tj7n| < T/\j,n} N {‘t - tk,n‘ < T>\k-,n},

<
||L1(|t—tj,n|z:mm,m) Sk €

we have by the triangle inequality together with the inequality (a + b)* < a* + b* for a,b > 0

. ~ . ~ ~ . .4~
(ARl s|airay| |+ |oa - vtk - ok

|||L1(I;-1,wL2) L1L2 Li(1p,,L?)

n

+ |1 - va '

+ |k - vk

LY(I7,,L?) LY(I7,,L?)

and hence by Holder inequality and Proposition 4.15,

[z lok +e.

< rrilArTk
s e

[

Therefore, combining the above with (6.36) and (6.37) it only remains to show that

(e -
L2
This follows exactly as in the end of the case (A.4). We conclude that (6.35) holds.
(A.7) Conclusion: the L'L? decay (6.18).

We have shown that

||‘U'rj7:|4U'r’§{|LlL2 — 07
V(j,k) € Jgiﬁ U Jdiff X Jcomp ) J2 U Jdiﬂ X Jconc U Jcomp X Jconc U J2

comp conc*

The remaining, almost symmetrical cases (4, k) € Jeomp X Jdiff U Jeone X Jaiff U Jeone X Jeomp are obtained in the
exact same way. Hence

‘}|U%|4U7ISHL1L2 —>07 V(], k)7
and it follows that
(6.38) v DD U U — 0.
1<j#k<J

L1L2
Combining (6.38) with (6.20), we obtain the L1L? decay of the error term e, that is (6.18).
(B) The data approximation (6.19)
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Let us now show (6.19). Observe that

i (0) = un(0) = ) T(0) —

1<j<J
7(3) =(J
Z (UJ Q O(J) n) Z (U] wﬂj 0G) n) - wr(L )’
1<5<J 1<5<J
JE€Jaisr F€Jcomp
where we used the fact that, by definition, for j € Jeone, we have U}%( 0) = ws(lj)(')m The decay of SQ(')lﬂ,,(,LJ) in

L5 (R, L'°(Q)) comes directly from the decay of the reminder in the linear profile decomposition. On the other
hand, for any j € Jqigr, by (6.10) and (6.7), in H*(£2), as n goes to infinity

73 74 1 b e —
T7(0) = VI(0) + 0(1) = — VI (=22, 92 4 5(1)
A ( Nim | A )

= v/ g T 4 o(1)
a5

n
J,m J:

= wl(?]:i),(’)(j),n +o(1) = 1% 0w, T o),

were we used Lemma 3.1 on the last line. The time derivative component is handled in the same way, and we
obtain, in H(2),

( ) — wg)om n 0.

Furthermore, from (6.5), we have for j € Jeomp, in H(£2)

U9 (~tjn) — 30, — 0.

Q,00) n
The estimate (6.19) follows from global Strichartz estimates. This ends the proof of the Lemma. ]
J

We also need some uniform bound of the approximations

Lemma 6.4. There exists a uniform M > 0 so that for every J € N,

lim sup ||a7{||L5L10 < M.
n—oo

Proof. By (6.17),

J

Jh_{r;onhm @135 110 = hm Jim lelU 135 1o,

J

hence in particular,
J

hm [ |75 10 < C + hm Z” 75 o

By the small data theory (2.3) in Proposition 2.3, there exists ey > 0 so that
E(@) <eo = [Fal)Blrsr < CgllBlln-
Let Jy > 0 big enough so that
32 J0 = [P0 I < o
Using the fact that, as shown in the proof of Lemma 6.3, part (B),
. i ~(j 0 if j € Jaig U J,
\vJ , U’ Tin — (3) ) + o, 1 ; Tim 1= i concs
B N s e = 1l onD, =42 P

we can now write, using (6.13) for j < Jy and the previous estimate otherwise,

Tim ([ [Fs 10 < Cuy + Ce lim Z 168 o 13
J Jo

S+ lim Z ||¢g(zj)om e
J Jo

where we used the injection £° < ¢2, and the result follows thanks to the orthogonality of the linear profiles
(5.3). O

The proof of the nonlinear profile decomposition follows:
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Proof of Proposition 6.2. By Lemma 6.3 and Lemma 6.4, the perturbative result of Proposition 2.4 gives
u, = + R,

with
lim limsup ||R]| 1510 = 0.
J—=00 pnsoo
Finally, (6.10) enables us to replace all the U7 by V,/ for j € Jaig in the definition of ;. O

We are now in position to end the proof of the Theorem. Indeed, by the nonlinear profiles decomposition
Proposition 6.2, together with (6.13), u,, is in L°L'" with a uniform bound in n for n large enough, and the
definition of the minimizing sequence (6.2) is contradicted. Therefore the assumption J > 1 (6.12) cannot hold,
that is, J = 1: there is only one non-trivial profile in the decomposition (6.2):

(6.39) B = Pq.om+ Bn,  ||So(-)iBnllLsp0 — 0

Let us show that it is the fully-compact one: 1, =0, A1, =1, 21, = 0; that is 1 € Jeomp with ¢; , = 0.
As noticed before, as the scattering in the free space R? is well known, we have V7 € L°L for any j € Jyg-
Therefore, if 1 € J4ifr, the same proof as before yields the decomposition:

1 t—1tin .
6.40 n(t) = —=V1 — — R, (t
(6.40) wlt) = 137 (5 5) + a0
with
(6.41) limsup || Ry ||ps 10 = 0,

n—oo

proving that wu, € L°L', a contradiction. Similarly, if 1 € Jeone, the same proof as before gives thanks to
Proposition 4.15

un(t) = Up(t) + R, (1)
with

sup ||Un|lpspio < oo, limsup ||Ry||Lsp0 =0,
n n— oo

proving again that u, € L°L'°, a contradiction. Thus 1 € Jeomp-
It remains to eliminate the case t;,, — f00. Let us for example assume, by contradiction, that ¢; , — +oo.
This implies

L5((—o00,0)L10)

)

lim ‘SQ(- - tl,n)z/ﬁ‘

n— oo

and we obtain, by the small data well-posedness theory, that for large n, u, € L5((—o00,0), L'?) with
nh_{go 1wnll 25 ((=o0,0),L10) = O,

contradicting (6.3). The case t; , — —oo is eliminated in the same way.
Therefore, g writes:

(6.42) Py = 0" + @, [[Sa()iallLsL0 = 0.
with 1/;1 € H(2). By the Pythagorean expansion and its LS version, & (1/71) < E., and therefore
&) = E.
otherwise, by the definition of E., w, scatters. This implies, by the Pythagorean expansion again,
([ Wn [l #) — 0,

that is 4 — 1;1 strongly in H(Q2). We take @, to be this profile:
Be == L.
By the conservation of energy, we have & (% (t)@.) = E. for any ¢, and the same argument applied to %, (t,,) 3.
for any sequence (t,),>1 € RN shows that the nonlinear flow {t € R, . ().} has a compact closure in H(£2).
Indeed this sequence satisfies the same assumptions as @2, namely (6.2) at the beginning of the proof, and
will therefore have a convergent subsequence in H(2) as well. Finally, observe that &(3.) = E. > 0 insures
in particular that @. # 0; and we have .%o (-)@. ¢ L°(R, L'°(Q)) otherwise the non-scattering property of the
minimizing sequence (6.2) is contradicted using (6.42) together with the perturbative result of Proposition 6.2

as before.
O
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7. RIGIDITY OUTSIDE TWO STRICTLY CONVEX OBSTACLES

The purpose of this section is to show the following rigidity property in the exterior of two strictly convex
obstacles verifying Assumption 1.1.

Theorem 7.1 (Rigidity). Let ©1,05 be two smooth, strictly convex subsets of R® with compact boundary
verifying Assumption 1.1, and 2 := R3\(01 U ©3). There is no non-trivial solution u of (NLWq) such that u
does not scatter and the flow {(u(t),du(t)), t > 0} is relatively compact in H* x L2.

Observe that, put together with Theorem 1.6 shown in the previous section (recalling that Assumptions 1.3
and 1.4 are verified in §8 and Assumption 1.5 is the main result of [Laf22]), this shows Theorem 1.2.

Our main tool will be the following momentum identity, which was first introduced by Morawetz in a similar
form to show some decay properties of the linear wave equation. The normal at the boundary, denoted 7 (or n
where there is no ambiguity) is outgoing for €, that is pointing inside the obstacle.

Lemma 7.2. Let u be a solution of (NLWg) in a domain 2 of R® and x € C*°(,R) . Then we have

t ¢ ¢
(7.1) / —0uVuVyx — leuatu :/ /(DQXvu,Vu) - 1/ /UQAQX
Q 2 o JoJao 4Jo Ja

1/t 6 1/t )
+ = lu|®°Ax — = |Onu|*On x.
3Jo Ja 2 Jo Joo

Proof. The identity can be shown by standard integrations by parts justified by an approximation argument. [

7.1. A scattering criterion. The scattering in R® was shown by [BS98|. Their proof still holds in the case of
a domain with boundaries if we are able to control the boundary term arising in their computations, as shown
in the following lemma.

Lemma 7.3. Let u be a solution of (NLWq) in a domain Q of R® with compact boundary and verifying
Assumption 1.5. If

1 T
(7.2) —/ / |0 u|?dodt — 0,
T Jo Joo

as T goes to infinity, then u scatters in H.

Proof. The scattering classically follows from the decay estimate
(7.3) /|u(m,t)|6 dx — 0 as t — oo,

together with Assumption 1.5. Indeed, if (7.3) holds, € > 0 been given, there exists T' > 0 large enough so that
llu(t)||re < € for any t > T. Then by Assumption 1.5 (and Lemma 2.1), for any S > T
lulls ((7,5),210) + lullLr((z,5),L5) < C(E+ 1v°|lLr((r,5),L2)) = C(E + [[ull7s((,5).110));
where
lull ocz,p.20) < 1l 8y 2oy WISy 1oy < € lullErlips) oy

with 6 = 35((5;160)) > 0 since s > 10, thus

llull L3 (7,5, L10) + lullLr((7,8),5) < C(E + 659||u||27(5(6T,s),Ls)),

from which u € L®(Ry, L'°(2)) thanks to a continuity argument, and the scattering follows by Proposition 2.3.

The decay estimate (7.3) when = R? is due to Bahouri and Shatah [BS98]. When Q¢ is star-shaped, this
is due to [BSS09] by remarking that the boundary term arising in Bahouri and Shatah computations has the
right sign. Without geometrical assumption on Q¢ ;| this boundary term decays to zero as soon as (7.2) holds.
More precisely, in the exact same way as [BS98] and [BSS09, Proof of Lemma 4.2], using a flux identity and the
time-translation invariance of the equation it suffices to show that

/ lu(x, T)|®dz — 0
|z|<T
as T — oo. Following [BSS09, Proof of Lemma 4.2], integrating Bahouri-Shatah space-time divergence identity
over the truncated light-cone {|z| <t, T} <t < Ty} gives
0>I+4+I1I+1II+ B,

where I, II, IIT are the exact same terms as in [BSS09, Proof of Lemma 4.2] and B is the boundary term, which
is not signed anymore and is given by

1 [ . )
B=—- i -2 (Opu)” do.
2J)r Joa
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The rest of the proof consists in taking 77 := €T, T3 := T with € > 0 small enough to control the integrals on
the bottom of the truncated cone {(x,€T), |z| < €T’} as well as the fluxes through the mantel, and getting the
control of the L% norm on {(x,T), |x| < T} from the top of the truncated cone. Following [BSS09, Proof of
Lemma 4.2] verbatim but keeping the boundary term B this gives, after dividing by T, for T' > 1 big enough

1
[ e Dl do < «C(B) + 1B < C(E) + 5 sup | / | 1o,
2| <T T 2T

€N

and the result follows from (7.2). O

Note that the trace of the normal derivative is not an easy object to deal with, because this trace is a priori
not defined in L?(952) for elements of H'(Q). Moreover, even if we can define it for almost every u(t) when u is
a solution of (NLW) (see for instance in [LLT86] the classical hidden regularity for the linear equation) because
of the particular structure of the equation, the application

u € H' N {value in time t of solutions of NLW} + 8,u € L*(9%)

is not continuous.
For this reason, we prefer to deal with the following criterion, which involves only the local energy of the
equation, and which we deduce from the previous one using the momentum identity (7.1):

Lemma 7.4. Let u be a solution to (NLWo,) in a domain Q of R® with compact boundary. There exists A > 0,
B(0,A) D 09, such that, if

1 T
(7.4) 7/ / Vulz, 6))? + [u(z, 6)]° dedt — 0,
T QNB(0,A

as T goes to infinity, then u scatter in H.

Proof. Let x € C§°(R?,R) be such that Vy = —n on 9%, supported in B(0, A). Suppose that

1 /7
f/ / |Vu(z, t)|? + Ju(z, t)|® dedt — 0
T QNB(0,A)

as T goes to infinity. We use Lemma 7.2 with the weight x to get:

1 1 1
Oy (/ —0uVuVyx — 2Axu8tu> :/(D2XVU,Vu) - 1/ u2A2x+/ |u\6Ax+§/ |Onul?do.
Q Q Q Q o9

Integrating in time we get

T T
/ / |8nu|2dadt§/ |8tuVu|+|u6tu|+/ / l® + Juf? + Va2,
o Joa QNB(0,4) o JonB(o,4)

and using Minkowsky inequality,

T 3 LA 3 3
/ / 6nu|2dadt§</ 8tu2> (/ |Vu2> nyt (/ |8tu|2> (/ |u|6>
0 o0 Q Q Q Q
T ) T 3
e[ v+ af ( / |u6>
0 JonB(0,4) 0 QNB(0,A4)
SaC(E // (Jul® + |Vul?) + T3 (// |u|6>
QNB(0,A) QNB(0,A)
Thus

—//\8u|ddt< 7+ // (Jul® + |Vuf?) (// >—>0
aQ QNB(0,A) QN B(o, A)

as T — oo and by Lemma 7.3 we conclude that u scatters in H?. O

Wl

Wl

7.2. Proof of Theorem 7.1. In order to prove Theorem 7.1, we will show that the previous scattering criterion
is verified using a carefully chosen weight.

In the following Lemma, we recall that n is the normal oriented toward the interior of ©; U®5, and we choose
coordinates such that the trapped ray R is a segment of the line {x5 = 23 = 0}. Remark that a version of this
Lemma, adapted to potentials instead of obstacles, originates from the first author’s work [Laf20].



NONLINEAR WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES 42

Rel

—n(y)

F1GURE 7.1. Illustration of the proof of Lemma 7.5 in the two dimensional case: ty for a few
points of 00;.

Lemma 7.5. Let ©1, 05 be two smooth, strictly convex subsets of R® with compact boundary verifying Assump-
tion 1.1. Let ¢y >0 and ¢ := (c1,0,0). Denote

X(@) = |z — el + |2 + .
Then, for any c1 > 0 fized big enough,
Vx(z) - (—n)(x) >0, Vze€ d(O©UBOs).

Proof. We first do the proof in dimension 2, as it makes the main idea clearer, and we then give the full
three-dimensional argument.

Thus, assume first that ©1,0, C R? with R a segment of the line {5 =0} = Re;. By strict convexity
and Assumption 1.1, for any = € ((‘3@1 U 8@2)\R61, n(z) is not colinear to Re;. Indeed, let w be so that (for
example) —n(w) = e;. Then, the tangent to ©; in w is carried by eq, so by convexity, ©1 C {1 <w-e1}. It
follows that the functions z € 901 — x - e; € R has a maximum at w. By strict convexity, such maximal points
are unique, so w € Rej. It follows that, for any = € (8@1 U 862)\R61 there is a (unique) ¢o(x)>0, depending
continuously on x, so that

x +to(x)n(z) € Rey.
We extend to(x) continuously to the whole 007 U 00, still verifying the above property, by setting, for z €
(001 U802) NRey, to(x) := k(z) > 0, where £(z) is the radius of curvature of 901 U 90, at x. Denote (—c, c)
the open segment
(=c,c) = {(21,0), z1 € (—c1,c1)}.

As z — to(x) is continuous, by compactness of 90, U 905 we can chose ¢; > 0 big enough so that, for any
T € 6@1 @] 8@2,

x +to(x)n(z) € (—

C

¢, )
o
=

We can also impose x ¢ {—c, c}. Now, observe that Vx(x) = i

“’:a, so that
Vz € (—c,¢), Vx(z)=0.

c |z

In addition, as x is convex and C! outside {—c, ¢}, we have for any p, q so that [p,q] N {—c,c} =0

(Vx(p) = Vx(9)) - (p—q) > 0.
If necessary, take ¢; larger so that {—c,¢} N 9(©1 U B2) = 0. Now, take z € 9(©1 U 9O2) = () and apply the
above with p = x, ¢ = x + to(z)n(x). We get, as Vx(q) =0,
V(@) - tolz) (~n)(z) > 0.

This ends the proof in dimension two since ¢ty > 0 .
We now go back to the three dimensional setting we are interested in. We will reduce to the two dimensional
setting above. Let x € 001 U 005. Denote by I, be the plane generated by e; and x:

11, := span(z, ey),

and, for j =1,2
C;:=0;NIl,.
Observe that, as =, —c, ¢ € I,
Vx(z) € I1,.
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It follows that, denoting 7, the orthogonal projection onto II,

(=n(2)) - Vx(z) = (=man(z)) - V(2).
On the other hand, by the two dimensional argument detailed above, there is C(z) > 0, depending continuously
on x, so that for any ¢; > C(z)
Vx(z) - (=v(z)) = 0,
where v(x) is the inward-pointing normal to C; UCs in II,. As v(x) is positively colinear to m,n(z), we conclude
that

Vx(z) - (=n(z)) = 0,
for any ¢; > C > 0, with a uniform C' > 0 by compactness. The proof is completed. O

Remark 7.6. It is insightful to consider the case of the exterior of two balls: in this case, an explicit computation
gives the result with the points £c the center of each ball. This was remarked in [Laf22, Section 5.2] (with no
scattering result at the time). Observe also in the above proof that ¢; needs to be fixed larger as the radii of
curvature of the obstacles are bigger, hence when the trapped trajectories becomes less instable.

We are now in position to prove the rigidity Theorem:

Proof of Theorem 7.1. Let u be a solution of (NLWg) in = R3\ (©; U©,) with a relatively compact flow
{u(t), t >0} in H'. We will show that u scatters in H' x L?. Let A be given by Lemma 7.4. We set
¢ = (c1,0,0) with ¢; > 0, fixed big enough according to Lemma 7.5 and so that £c¢ ¢ B(0, A), and choose the
weight
x(@) =[5+ | + |z — .
so that
2 2

(7.5) Ax = T—d + Trd
Observe that

A% = —81(6_+3.) <0

hence, Lemma 7.2 together with an approximation argument gives

1 1 1
(7.6) Oy / —0uVuVyx — Axudiu | > /(DQvaVu) + f/ lulSAx — f/ |0,ul>Vx - n do.
Q 2 Q 3 Ja 2 Joa
On the other hand, according to Lemma 7.5, we have
(7.7) Vy - (=n) >0

Thus, combining (7.6) and the above, we obtain the inequality:

T
(7.8) O <—/ diuVu - Vx + ;Axu&gu> > %/ lulSAx + / (D?*xVu, Vu)
0 Q )

Integrating this estimate and controling the left-hand side using the Hardy inequality

2
LS [ < [ 1vre o g e o)
+

and that Vy is bounded, we get

T
(7.9) / / lulAx + (D*xVu, Vu) dedt < E.
0 Q

From the one hand, from (7.5),
Ax(z) Z 1, for z € B(0,A),

/ l® < / A < / Ay,
QNB(0,4) QNB(0,A) Q

and therefore, by (7.9) and the non-negativity of D?y (since x is convex)

(7.10) 7/ / lul dadt < =
QNB(0,A)

Now, we would like to estimate the localised cinetic energy using (7.9) again. We have

Dy () = 1 (Id(x+c)(x+c)t)+| 1 (Id(x—c)(:c—c)t).

|z + ¢| |z + c|? x — ¢ |z — ¢|?

thus
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The operators corresponding to the matrices

1d— (ar:—&—c)(a:—kc)t7 resp. 1d (m—c)(aj—c)t7
|z + ¢[? |z —cf?
are the orthogonal projections on the plane normal to ‘zii‘, resp. to ;:il. Thus,

) B 1 ) 1 Szt 2_ 1 T —c ?
(7.10) (Dx-§7€>—<| ord T eod )f| e (f |x+0|) fr = (5 |x—c|) |

We choose orthonormal coordinates (depending of  and ¢) such that
r+c r—c

=(1,0,0), —— = (a,),0),
P ( )|x_c| (a,,0)
for a = a(x) = ‘;Iﬁ‘ “To—q and b = b(z) = v/1 —a?. Notice that (a,b) = (cosf,sinf) where 6 is the angle

between x — ¢ and x + ¢. Then we have, if £ = (51 52 53) in this set of coordinates

1 T +c 2 1 T —c 27 2 2 |x1C|+|xa_2C‘ \x c| &
|z + ¢| <§.|x+c|) Jr|30—C| (§’|$—C|> =& 62)< +ﬁ \m o (52)

The largest eigenvalue of this positive quadratic form in (él 52) writes

1 1 1 1 1\ b
do =7 + + + 4,
2\ jlz—¢ Jz+ |z —¢| |z 4+ |z + ¢||lz — ¢]

2
Therefore, since £c¢ ¢ B(0, A), there exists C = C(A4,b) so that m > C (ﬁ + ﬁ) for x €
QN B(0,A) and we have

A2§;< L ><1+\/14Cb2)

lv—cf |z +¢
and there exists another C' > 0 such that, we have, for z € QN B(0, A) and « > 0 small enough
1 1
7.12 V>a = A< | —— 1-Ca).
) 2o = s (g g ) 0o

On the other hand

1 T 2 1 z—c\’ £ N2 2
(f' ) + (f' —c|> < Aof(61,62)7 < A2l

|z + | |z + | |z — ¢ x
thus we get, combining this last inequality with (7.11) and (7.12), for z € 2N B(0, A)
(7.13) B >a = (D?x-£€) 2 aléf,

and let us denote, for o < g
S(a) =N B0, 4) N {b*(z) > a}.
We have, on S(«), because of (7.13)
(D?x - €,€) Z al¢.
Thus we get
/(D2Xvu7Vu) 2/ (D*xVu, Vu) > a/ |Vul?,
) S(a) S(a)

and by (7.9) we obtain

1 /7 E
(7.14) f/ / |Vul|? dedt < —.
T 0 S(a) o

From the other hand, because the flow {u(t), t > 0} is relatively compact in H', we have in a classical way
(see Lemma A.2)

Vul?(t,z)dz = (|20 B(0, A)\S(e))),

sup/
>0 J(QNB(0,4))\S(a)

where €(h) — 0 as h — 0 and is decreasing. And in particular

(7.15) 1 / /mBOA ey [T = @0 BOANS (@)

Denote m(«) := |(2 N B(0, A))\S(e, c)|. By the dominated convergence theorem, we have m(«) — (2N
a—
B(0,A))N{b=0}|. We check that b(z) = 0 implies a(z) = Z+< - £=% = 1, which implies that = — ¢ is colinear

|z+c|  |z—c|

to « 4 ¢, that is € Re;. In particular, |(2 N B(0,A))N{b=0}| =0 and m(«a) — 0.
oa—



NONLINEAR WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES 45

NN

o
0T
- T

=
-

/ /
/
/
.cz{v/%
\%

,,,,,,,,,,,,,,

7
4
|

)
?—é‘_’//./
7

/?
%
j

I~
I~
T~ <
T~ - -
oG =
e A A A A =
e s
e da
e ee
%,’7/7'?/
i

7

FIGURE 7.2. Vx and S(«)

Collecting (7.10), (7.14) and (7.15) we get
1 /T / ) G E FE
= |[Vu(z, t)|” + |u(z,t)|® dedt < = + — + e(m(a)).
T Jo JonB(,4) T ' aT

We take (say) o := T~/2. Then all the right hand terms go to zero as T goes to infinity, and u scatters in
H' x L? by Lemma 7.4. (]

8. GEOMETRIC FACTS

The purpose of this section is to verify that the exterior of two strictly convex obstacles satisfies the geomet-
rical Assumptions 1.3 and 1.4.

8.1. Non reconcentration.

Lemma 8.1. Let ©1, 02 be two smooth, strictly convex subsets of R™ and  := R"\(©1UBO3). Then, Q) satisfies
Assumption 1.5.

Proof. We call a finite sequence of elements of {1,2}, J = (i1,...,4,) with i, € {1,2} and ix11 # ix, a story of
reflections. Let ® 5 ;(z, &) be, if it exists, the point of Q obtained following the story of reflections J for a time ¢,
starting from the point x and direction £ : the first reflection occurs on ©;,, the second one on ©;,, and so on.

We will show that, for any story of reflections J, any z € Q and any &,& € R", as soon as ®,(z,£;) and
D4z, &) exist

(8.1) Qye(x,&1) = Pe(n,&2) = & = &,

and the lemma will follow: indeed, if (8.1) holds, there is at most one direction permitting to go from x to xg
in time t following a given story of reflections, and therefore, because the size of stories connecting x and xg

in time ¢ is bounded by clt|, {§ € R s.t. Oy(x, %) = xo} is a finite collection of half lines, thus a set of zero
measure.

To this purpose, let J = (i1,- -+ ,i,) be a story of reflections, x € Q, &1,& € S"~L, suppose that ®;,(z, &1 2)
exists and that
(8.2) Pi(2,61) = Pe(x, &2).
We denote, for j =1,2
&9 =¢;,
2 =z,

J
for0<k<n-—1,

(8:3) 2 = o W) € e,

(84) g7 =" —ag Al ae),
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the points and directions of the k-th reflection so that §§k+1) n= fj(k) -m. Note that , §J(.k+1) = gj(,k) for tangential
points. We define tg-n) by
(n) _ (1) (n—1)
=t — (5 + -+ 1),
in such a way that
®ui(w,65) = af") + 457,

(k) (k))

For convenience, we will denote 7i;

(85) (1" =) (6" —&") = (g7 + 576 (6" &) =~ +657) 1 - g7 gY) <0
by unitarity and Cauchy-Schwarz inequality. On the other hand, note that, using (8.4)

=7z On the one hand, because of (8.2), we have

(86) (" —af”)- (¢ — &™) = (" =) - (" =& Y)

n n n—1 —(n—1)\ 2(n—1 n—1 —(n—1 n—1
-2l — ) (€ - a0,
But, for y, z belonging to the boundary of a convex body C, we always have

(y—2)-7(y) <0

where 77 is oriented toward the interior of C. In addition, we also have 5;"_1) ~ﬁ§n_1) > 0 because, by definition,

{;"_1) points toward ©;,,. Thus, because xgn)

term in (8.6) is non-negative and we get
(8.7) (7" =g (6" - &) 2 @V — ) (@ - gn ).
Moreover, by (8.3)
(@ =) (@ =g ) = @ =) @ )
S GRS St - R (G U S )

G R S R S S R G e S (O S S

and x;") belong to the boundary of the same obstacle, the second

Therefore, combining this identity with (8.7)
n n n n n—1 n—1 n—1 n—1 n—1 n—1 n—1 n—1
(27" = 2§") - (" =" 2 @ =) @ g T g g Y,
And by induction we get

n—1

(@ —a§) - (6 — ey = ST i) (1 - 6N ).

k=0

Therefore, by (8 5), if x ¢ 09, as tgo) + tgo) > 0, we conclude that £ = &>. In the case were z € 92, we obtain

(1)

similarly 5 , and hence &; = &;.

O

8.2. Weak trapping.

Lemma 8.2. Let ©1,03 be two smooth, strictly convexr subsets of R" and Q := R"\(©1 U ©2). Then, every
point on ) is only on the way of a finite number of trajectories that are trapped either in the future or in the
past. In particular, Q satisfies Assumption 1./.

Proof. Let x € Q and &;,& € S"~1. We will see that if both (z,&;) and (z, &) are trapped in the future, then
either & = & or the rays starting from (z,£;) and (z,&s) first reflect on different obstacles: this will show that
there is at most two different trajectories from z that are trapped in the future.

Assume that (z,£1) and (x,&2) are trapped in the future and both first reflect on the same obstacle, and let
us show that & = &. By assumption,

m {tpt(fﬂ,fl), > T} and ﬂ {@t($’£2)a t> T}

T>0 T>0

are compact sets of S’Q. On the other hand, both of these sets are invariant by the flow of geometrical optics
(in the future and in the past). The only such set is the trapped set R x {—e, e}, where e € S"~! is parallel to
the trapped ray R. Indeed, if £ is not colinear to e, then |x(t) - £(t)] — +oco for either t — 400 or t — —o0,

where ¢ (x, &) =: ((t),&(t)). Hence
ﬂ {‘pt(z7£1)v t=> T} = n {(pt($,§2)7 t= T} =R x {—6,6’}.

T>0 >0
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We now adopt the notations of the proof of Lemma 8.1. From any subsequence of §§n), we can extract a
converging subsequence. Because of the above, the limit can be either —e or +e. In addition, because the rays

starting from (z,&;) and (x, &) follow the same story of reflections, 5571) - e and fén) - € have the same sign for

any n. Therefore, the difference fg") - fg") goes to zero. Hence, for € > 0 arbitrary, we can fix n > 1 large
enough so that

(@) — ") - (" - &) <.
On the other hand, we saw in the proof of Lemma 8.1 that

n—1

(@i —ad) (€™ =) > S + 1)1 - e ).

k=0

In particular (recall that €§02) =&1,2),

0< (8 +t5)(1—€-&) < (@ —2§”) - (e — &) < e

Therefore, as € > 0 is arbitrary, if 2 ¢ 9Q and hence tgo) + tgo) > 0, we conclude that & = &. In the case were

x € 02, we obtain similarly 5(1) (1), and hence & = &.
The same holds for trajectories trapped in the past, and the Lemma follows. (I

APPENDIX A. FUNCTIONAL ANALYSIS

We used the following property, which is certainly classical, see [Tar07, Lemma 17.2] for a closely related
statement.

Lemma A.1. H}(R?\{0}) = H'(R®).

Proof. Tt suffices to show that any element of C>°(R?) can be approximated in H'(R?®) seminorm by elements
of C°(R3\{0}). In order to do so, let f € C>(R?), and x € C°(R?) be so that suppx C B(0,2) and xy =1 in
B(0,1). For any € > 0, we set

Observe that f. € C2°(R3\{0}), and

If = fellgn < HVfX( Mz +e 1HfVX( M2
S HVfHLz(B(o,ze)) +e ||fHL2(B(0,2e)) S (1+eH[B(0,2¢)]/2 < €2,
This finishes the proof. ([

Lemma A.2. Let {u(t), t > 0} be a relatively compact family of H', and Sy, be a family of subsets of Q such
that the Lebesgue mesure of Sy goes to zero as k goes to infinity. Then we have

sup/ |Vu(t,x)|2dxk—> 0.

>0
Proof. If it is not the case, there exists a subsequence S, , a sequence of times ¢, and € > 0 such that
vk, / |Vu(ty)|?de > .
S’Vlk

Because {u(t) t > 0} is relatively compact in H*, we can suppose, up to extract a subsequence, that,

u(ty) — w* € H'in H'

k—+oo

We have
/ |Vu(ty)|Pde < 2/ |Vu* |2 da + 2/ |V (u* — u(ty))*de.
Q

ni, Snk

Both terms are going to zero as k goes to infinity and we obtain a contradiction. (I
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APPENDIX B. REPARAMETRIZATION OF THE FLOW

Lemma B.1. Let a < b and X a Hausdorff topological space. Assume that for any s € R, there exists
¢s ¢ [a,b] x X — [a,b] X X so that (s,7,p) € R X [a,b] x X — ¢s(7,p) is continuous and for any ¢ < d, its
restriction to [c,d] x [a,b] x X is proper”. We assume moreover that ¢ leaves the first variable T invariant. Let
1 a Radon measure on [a,b] x X so that ¢Xp = p for any s € R. Let g : [a,b] — R be a continuous function.

Denote (;S(T, p) = Gsg(r)(T,p). Then, ¢ipu = p for any s € R.

Proof. Let m € C2([a,b] x X), sg € R and € > 0. The application [a,b]? x X > (7/,7,p) = m(ds,g(r) (T, p)) €
[a,b] x X is continuous. We claim that it is also compactly supported. Indeed, denote K = supp(m) which
is compact. g([a,b]) is compact, so there exists ¢ < d so that sog([a,b]) C [¢,d]. Denote K’ = f~1(K) where
f is defined from [¢,d] x [a,b] X X to [a,b] x X by f(s,7,p) = ¢s(7,p). So by assumption, K’ is compact in
[e,d] x [a,b] x X. If IIx is the projection on X, continuous from [c,d] X [a,b] x X to X, then K% = IIx(K’)
is compact. In particular, ¢4~ (7,p) € K implies (sog(7’),7,p) € K' C [c,d] x [a,b] x K. The support of
the application [a,b]* x X 3 (7/,7,p) = m(dsye(r(T,p)) € [a,b] x X is therefore compact,proving the claim.
In particular, there exists § > 0 so that |7y — 72| < & implies |m(¢s,g(ry) (T, ) — M(Dsyg(ra) (T, p))| < € for all
(1,p) € [a,b] x X. Let now x; € C([a,b],[0,1]) for ¢ € I, I finite, so that supp(x;) C [1 — /2,7 + /2] for some
7; € [a,b] and Y, xi(7) =1 for 7 € [a,b]. We write

(d1mm) = (mmo ) =3 (1 (m) 0 s, )

el

We define
T (Tv p) = m<¢sog(‘r) (Ta P)) - m(¢sog(ﬁ) (T’ p))7
so that N
() 0 6, | (7.0) = (xim) © byt (7. 2) + 33 ()i ),
where we have used that ¢ leaves 7 invariant so that (x; o 550)(7) = xi(7). Using the invariance of u, we have
{1ty (x67) © Baog(rey (7)) = (s xe72), 50 that after summing up
(Brypm) = (mmh + 3 (s xim)
iel

Moreover, since |7; — 7| < § on the support of x;, we have the estimate

Z |Xiri(7—a p)‘ < Z XI(T) ‘m((bsog(r) (Ta p)) - m(¢509(7i)(7-7 p))’ < EZ Xi = €.

iel iel iel
In addition, with the previous notation, supp(r;) C [a, b] x K which is compact and therefore, u([a, b] x K% ) is

finite and independent on e. In particular, we have |3, ; (i, xi7:)| < ep([a,b] x K%). It gives the result since
€ is arbitrary and the other part is independent on €. O

APPENDIX C. A GEOMETRIC LEMMA

Lemma C.1. There exists ¢ > 0 and D > 0 so that for every 0 < € < €y and (vo,7, R,t) € (R*,Ry,R;,R})
so that r < €|z, R < €|xg|, R < €t, the set

C(zg,m, R, t) := B(zg,7) N {x cR®st. |z| €t — Rt + R]}

satisfies
(C.1) |C (20,7, R, )| < Dt*Re.
Proof. Let x € C(xg,r,t). We have
T T 1 x 1 x
7'70:71'0'704’7(:071'0)'707
lz[ fzol x| wol ] |70
from which
T xH S 1 1| 1
— | > —— x| - ——=T.
lz| Jzol| T t+ R t—R

Therefore, for t € [|xg| — 2, |zo| + 27]

T xg 1 1| r 2r+ R r
—_— x — — — —
lz| Jzol| = Jzol +2r + R Jzo|—2r — R lzo| +r+ R |vo|—2r — R’
and using r < €|zg|, R < €|xo|
TPl 3elzol  elwol S 15
|z |0l [zol  fxol(1 — 3¢)

2that is, f~1(K) is compact for any compact K



NONLINEAR WAVES OUTSIDE WEAKLY TRAPPING OBSTACLES 49

where we have used € < 1/6. Assuming 22, = (1,0,0) by rotation, we have obtained that x € C implies

|zol
2

L > (1-56)2 > 1—10e(1 — ¢/2) > 1 — 11e,

||

for € small enough. Therefore,

t+R ) 1 \/7 5 5 arccos(v/1—1T¢) )
|C] < 47r/ p / 1—s?dsdp =4r [(t+ R)° — (t — R) / sin(y)*dy
t—R s1=v1—11e ! [ ]

0
< Dt? [(1 + %3 -(1- ]:)3] ¢ < DRt%¢

where we have taken 0 < € < ¢y with ¢y > 0 small enough and used that % <e K 1. O
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