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LOCAL EXACT CONTROLLABILITY OF
THE 2D-SCHRODINGER-POISSON SYSTEM
BY KARINE BEaucHARD & CAMILLE LLAURENT
Asstracr. — In this article, we investigate the exact controllability of the 2D-Schrodinger-

Poisson system, which couples a Schrédinger equation on a bounded domain of R? with a
Poisson equation for the electrical potential. The control acts on the system through a Neumann
boundary condition on the potential, locally distributed on the boundary of the space domain.
We prove several results, with or without nonlinearity and with different boundary conditions
on the wave function, of Dirichlet type or of Neumann type.

Résumi (Contrélabilité locale exacte du systéme de Schrodinger-Poisson 2D)

Dans cet article, nous étudions la controlabilité exacte du systéme de Schrodinger-Poisson
2D, qui couple une équation de Schrodinger sur un ouvert borné 2D, avec une équation de
Poisson pour le potentiel électrique. Le controle agit sur le systéme via une condition de Neu-
mann sur le potentiel, localement distribuée sur le bord du domaine spatial. Nous démontrons
plusieurs résultats, avec ou sans non-linéarité, avec différents types de conditions de bord sur
la fonction d’onde, de type Dirichlet ou de type Neumann.
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1. INnTRODUCTION

Microelectronics industry has driven transistor sizes to the nanometer scale. This
has led to the possibility of building nanostructures like single electron transistors
or single electron memories, which involve the transport of only a few electrons. In
general, such devices consist in an active region, on which the electrical potential can
be tuned by an electrode (the gate). In many applications, the performance of the
device will depend on the possibility of controlling the electrons by acting on the gate
voltage.

At the nanometer scale, quantum effects become important and a quantum trans-
port model is necessary. In this paper, we analyze the controllability of a simpli-
fied mathematical model, of the quantum transport of electrons trapped in a two-
dimensional device. The model consists in a single Schrodinger equation, on a 2D
bounded domain, coupled to the Poisson equation for the electrical potential. The
control acts on the system through a Neumann boundary condition on the potential,
on a part of the boundary, modeling the gate. Such a model has already been studied
in [24] for controllability purposes.

It would be physically relevant to impose Dirichlet boundary conditions on the wave
function and to take into account the self-consistent potential modeling interactions
between electrons. However, the mathematical analysis of this configuration is quite
complicated, thus we investigate two simpler configurations:

(1) a first configuration, in which Dirichlet boundary conditions are imposed on
the wave function, but we neglect the self-consistent potential,

(2) a second configuration, in which we take into account the self-consistent po-
tential, but Neumann boundary conditions are imposed on the wave function.

This work is a first step towards more realistic models.

1.1. Lingar PDE witn DiricHLET BOUNDARY conpITiONs. — First, we consider the
system

(10 + A (t, z) = v(t, )Y (t, x), (t,z) € (0,T) x Q,

»(t,z) =0, (t,x) € (0,T) x 09,
(1) ¥(0,2) = tho(z) z €,

(=A + Dw(t,z) =0, (t,z) € (0,T) x Q,

oyu(t,z) = g(t,x)1r, (z), (t,x) € (0,T) x 09,

where Q is a bounded open subset of R?, T'. is an open subset of 9Q and 1r, is
its characteristic function. The control is the real valued function g and we want to
control the wave function .

1.1.1. Definitions and notation. — Let  be either a smooth bounded open subset
of R? or the rectangle (0,7) x (0, L) with L > 0.

JEP M., 2017, lome /4
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We denote by (.,.) the complex valued scalar product on L?(, C),

()= | S s
by S the L?(£2, C)-sphere
§:={£€ L*(,0); €l L2 = 1},
by (—Ap) the Laplace operator associated with Dirichlet boundary conditions
D(-Ap):=H?NH;(Q,C), —Ap¢:=-Ag,

by (Ak)ken+ the nondecreasing sequence of its eigenvalues, by (¢x)ren= one associated
orthonormal basis of eigenfunctions,

—App(z) = epr(z), €9,
vr(z) =0, x € 01,
lerllzze) =1,
by H{) () the Sobolev space
H)(Q) = D((—=Ap)*?) = {¢ € H* N H(Q,C); A¢ € H)(Q,C)},
and by Pg, for K € N*, the projection
Px : H'(Q,C) — Adhy-1(q) (Span(ek; k > K))

K—-1
&= Y (& ek, Pk

k=1

where (.,.) g1 g1 is the duality product between H=1(Q) and H(Q2). We also use the
weak observability of the Schrédinger equation, defined below; several configurations
(Q,T,) for which it has been proved are recalled in Section 2.1.

Derinirion 1 (Observability and weak observability of Schrodinger equation)

Let T" be an open subset of 92 and 0 < 71 < 75 < oo. The Schrédinger equation
on § is observable (resp. weakly observable) on (71, 72) x I' if there exists Cy > 0 such
that

ozl m1 ) < Colldu@llL2((ryma) <), Vor € Hy(Q,C)
(resp. (|67l 2 ) < Co(l0vBllL2((ri ra)xry + 107l HH-1(0)), ¥ ér € Hp(€,C)),

where ¢(t) := 22T 1 ie., ¢ is the solution of

<
<

(i0; + A)p(t, ) = 0, (t,z) € (0,T) x Q,
(3) o(t,x) =0, (t,x) € (0,T) x 09,
o(T,x) = ¢r(x), r € Q.

The Schrodinger equation on € is observable (resp. weakly observable) on T if it is
observable (resp. weakly observable) on (71, 72) x I' for some 0 < 71 < 72 < 0.

JE.P.— M., 2017, tome 4



200 K. Beavcnarp & C. LAURENT

In the inequality (2), the last term ||¢7| z-1(q) may be equivalently replaced by
any term of the form ||¢7| s ) with —1 < s <1, by an interpolation argument.

1.1.2. Local exact controllability of high frequencies. — Our first result is the local
exact controllability of high frequencies of the system (1), around any trajectory of
the free system.

Tueorem 1. — Let Q be a bounded open subset of R?, T'. be a non-empty open subset

of 9Q, T >0, 1 € H(30)(Q) NS and et (t) 1= e2Ptahy. We assume that

(H1) either Q is of class C*° and locally on one side of 0; or Q = (0,7) x (0, L)
for some L > 0 and T, does not contain any vertezx of §,

(H2) the Schridinger equation on § is weakly observable on (O,T) x I'. for some
T € (0,T),

(H3) |0,0ret(t, )| = m >0, YV (t,z) € (T',T") x T, for some T',T" € [0,T] such

that T" —T' > T.
Then, there exists K,8 > 0 and a C'-map

T:V— L*(0,T) x T, R),
where V 1= {¢y € IPK[H?O)(Q,(C)] i ly — ]P)K['(/)rcf(T)”‘H?o) < 0}, such that

= Y(Px[¢ret (T)]) = 0,
— for every vy € V, the solution of (1) with control g = Y(¢y) satisfies

Pr[¢(T)] = ¢;-

As a consequence, there exists K' > K and g € L?((0,T)xT,R) such that the solution
of (1) satisfies Pr:[¢p(T')] = 0; in particular, x — (T, x) is a smooth function.

Such a result may be used to prove global exact controllability of the Schrédinger-
Poisson system in H?o) (92, C) with controls g € L%((0,T),R), by following the strategy
of [6]. This will be at the core of future works by the authors.

In particular, Theorem 1 applies, for arbitrary 7" > 0 and ¢y € H (?’O)(Q) NS, when
(see Propositions 1 and 2)

- Q = (0,7) x (0,L) for some L > 0 and I', contains both a horizontal and a
vertical segment,
— Q is a disk and I'.. is arbitrary.

When the Geometric Control Condition is fulfilled for (2,T".), then Theorem 1 applies
for any T' > 0 if 9o € H?O)(Q) NS satisfies (H3) (see Proposition 1).

Assumption (H1) is important for the system (1) to be well-posed in H, (30) (Q) with
control g € L2((0,T) x T, R) (see Section 3.4). When (2 is a rectangle, it is important
to assume that its vertices do not belong to I'., in order to take advantage of the
usual elliptic regularity on the potential v.

JEP M, 2017, lome /4
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1.1.3. Local exact controllability around an eigenstate. Our second result is the local
exact controllability of the system (1) around an eigenstate.

Tueorem 2. Let  be a bounded open subset of R?, T'. be an open subset of OS2,
T >0, Re€N* and ¢ret(t) := or(z)e L. We assume (H1), (H2),

(H3') |0,pr(z)| =2 m >0,Vrel,,
(H4) Agr is a simple eigenvalue of (—Ap) and for any eigenvector ® of (—Ap),
the solution w of

(A +Dw(z) = pp(z)®(z), z€Q,
aVUI(LL') =0, xr e aQ,

does not identically vanish on I'c: wip, # 0.
Then, there exists 6 > 0 and a C'-map
T:V— L*(0,T) x ', R),
where
V= { (Yo, ¥5) € [Hp)(2,C) NS5 w0 — Gret (0|3, + 105 = Yret (T3, < d},
such that Y[trer (0), Yrer (T)] = 0 and, for every (o, ¥y) € V, the solution of (1) with
control g = Y (o, 5) satisfies Y(T') = 1.

Note that, under Assumption (H1), then Assumption (H3’) systematically holds
with R = 1. The assumptions of Theorem 2 could look quite technical, but roughly
speaking the main assumptions are:

— the weak observability (Assumption (HZ2)), that ensures the controllability of
high frequencies, as in Theorem 1,

— the unique continuation property (Assumption (H4)), that ensures the control-
lability of low frequencies, see Proposition 5).

If (H2) holds, but (H4) is not satisfied, then the linearized system around e is
not controllable: it misses a finite number of directions corresponding to the eigen-
functions ® for which (H4) is not satisfied, see Remark 2. It would be interesting to
recover these directions by power series expansions [17, Chap. §].

Theorem 2 applies, in particular, when Q = (0,7) x (0, L) for some L > 0, I, is an
open subset of 0) that contains both a horizontal and a vertical segment and Ag is
a simple eigenvalue of (—Ap) (see Proposition 3).

The validity of Theorem 2 on the disk Q@ = {(z,y) € R?; 2? + y> < 1} is an
open problem: checking Assumption (H4) would require some study on the product
of Bessel functions, which might require lengthy computations.

Following arguments by Méhats, Privat and Sigalotti [24] (relying on methods of
Privat-Sigallotti [33]), it should be possible to prove that (H4) holds generically with
respect to the domain 2. This becomes clearer with some equivalent ways of expressing
Assumption (H4) described in Proposition 4.
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202 K. Beavcnarp & C. LAURENT

Assumption (H4) is quite unusual in control theory. It looks like a classical unique
continuation property for eigenfunctions but it does not seem that we can refer to
some already known results to prove it in great generality. We have indeed chosen to
discuss about it more precisely in Subsection 2.3.

Exact controllability as in Theorem 2 probably holds close to any reference trajec-
tory ¥yer as done in Theorem 1. Yet, Assumption (H4) should be replaced by a unique
continuation assumption complicated to state and depending on time. We have chosen
to state Theorem 2 only close to an eigenfunction because the unique continuation
assumption takes the nice form of (H4).

1 2 CO\ITROLLARILITY OF SCHR(}DINGER EQUATION WITH REAL VALUED CONTROL

For the Schrodinger-Poisson system, the control g corresponds to a potential and
therefore needs to be real valued to have a physical meaning. Therefore, as an inter-
mediary result, we will also get the exact controllability of Schrédinger equation with
real valued controls (instead of complex valued ones in the existing literature), when
the equation is weakly observable. The result that we need for the control of the
Schrédinger-Poisson system will actually be more complicated. Yet, we believed that
it could be useful for other contexts and we give a simpler proof in the simpler context
of the free Schrédinger equation (see for instance Araruna-Cerpa-Mercado-Santos [2]
where related questions are raised).

Tueorem 3. — Let Q be an open subset of R%2, T be an open subset of O
and 0<T < T < . If the Schrodinger equation on 0 is weakly observable on
(O,T) x I then, for every vy € H™'(Q,C), there exists a real valued control
u € L2((0,T) x 0Q,R) such that the solution of

(i8, + A) o = 0, (t,) € (0,T) x
Y(t,x) =u(t,z)lr(z), (t,z) € (0,T) x 99,
¥(0,z) =0, z €,

satisfies Y(T) = y.

The proof will be given in Section 6.

1.3. NonLinear PDE, on A RECTANGLE, wiTH NEUMANN BOUNDARY CONDITIONS

Now, we consider the nonlinear Schrédinger-Poisson system on a rectangle

i0(t,x) = —AY(t,z) + v(t, 2)Y(t,x), (t,x) € (0,T) x Q,

O(t,x) =0, (t,z) € (0,T) x 09,
(4) ¥(0,2) = to(x), z €,

(—A +1)0(t,x) = e|y(t, )%, (t,z) € (0,T) x 9,

0,0(t,x) = g(t,x)1r, (), (t,z) € (0,T) x 09,

JEP M., 2017, lome /4



[LOCAL EXACT CONTROLLABILITY OF THE 2D -SCHRODINGER-PO1SSON SYSTEM 293

where € € R, x = (21,22) € Q := (0,m) x (0,L), L > 0 and T'; is an open subset
of 0. The control is the real valued function g and we want to control the wave
function .
For the nonlinear system (4), our main result is the local exact controllability
around the reference trajectory, constant in space,
e—iat/\/ﬁ
(5) <¢ref(t7x) - \/E

We denote by Apx the Laplace operator associated with Neumann boundary condi-
tions

7:Jref(t7x) = ngref(ta (E) = 0)

D(AN) = H%(9,C) := {p € H*(Q,C); 0, = 0 on 9N}
Anp = Agp.

Turorem 4. — Let L > 0, Q := (0,7) x (0,L), T be an open subset of O such
that T, does not contain any vertez of Q, T > 0, € € R be such that

(6) £> —%m(m+ 12, where m:=min{l; (r/L)*}.

and et be defined by (5). There exists § > 0 and a Ct-map
T:V— L?((0,T) x 0Q,R),

where

V= {(%o,95) € [HY(Q,C) NS¢0 — trer (0)|[ 2 + 905 — Yret(T) ]|z < 8},
such that Y (et (0), Yret(T)) = 0 and for every (o, v¢) € V, the solution of (4) with
control g = Y (o, 1) satisfies Y(T) = 1.

This part with the nonlinear Schrédinger equation only deals with € a rectan-
gle, where the boundary is flat. Indeed, with the Neumann boundary control, the
smoothing effect, required in our proof, is not well-understood for a general open
set 2. The nonhomogeneous boundary Cauchy problem is then quite complicated.
This was for instance investigated for the wave equation by Tataru [35] and earlier
papers by Lasiecka and Triggiani [21]. The curvature of the boundary has important
consequences in this case.

1.4. BisLioGraPHY

1.4.1. Schrodinger equation with bilinear control. — The Schrédinger equation with
bilinear control has been widely studied in the literature, and is related to the system
under study in this article. This model reads

Y(t,z) =0, (t,z) € (0,T) x 09,
where V, i1 : 2 — R are given functions, the state ¥ lives in S and the control is the real
valued function w : (0,7) — R. When V and u solve an appropriate Poisson equation,
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204 K. Beaucnarp & C. LAureNnT

then the system (7) is a particular case of the Schrodinger-Poisson system (1) (take
u(t,x) = V(z) +u(t)p(z)).

A negative result. — A negative control result was proved by Turinici in [37], as
a consequence of a general result by Ball, Marsden and Slemrod in [3]. It states
that, for V. = 0, for a given function u € C?(2,R), for a given initial condition
Yo € (H*N HY)(Q,C) NS, and by using controls v € L} ((0,00),R) with r > 1,
one may only reach a subset of (H? N H)(Q) NS that has an empty interior in
(H?N H})(Q,C)NS. Recently, Boussaid, Caponigro and Chambrion extended this
negative result to the case of controls in Li _((0,00),R), see [11]. However, this neg-
ative results are actually due to an inappropriate choice of functional setting, as
emphasized in the next paragraph.

Note that this type of negative results is specific to systems with a bilinear control,
which is a function of the time variable ¢ (and not a function of both ¢ and z). Thus,
it does not apply to the Schrédinger-Poisson system (1) studied in this article. See

also Section 5.3 for some comments about this type of control in our context.

Local exact results in 1D. Beauchard proved in [4] the exact controllability of Equa-
tion (7), locally around the ground state in H7, with controls v € H'((0,T),R) in
large time T, in the case N =1, Q = (—1/2,1/2), p(z) = x and V = 0. The proof
of [4] relies on Coron’s return method and Nash-Moser’s theorem.

The reference [5], by the authors of this paper, improves this result and establishes
the exact controllability of Equation (7), locally around the ground state in H3, with
controls u € L2((0,7T),R), in arbitrary time 7" > 0, and with generic functions p
when N =1, Q = (0,1). This result, proved with V = 0 in [5], can be extended to an
arbitrary potential V', as explained in [29]. The proof relies on a smoothing effect, that
allows one to conclude with the inverse mapping theorem (instead of Nash-Moser’s
one).

Then, Morancey and Nersesyan developed this strategy to control a Schrodinger
equation with a polarizability term [28] and a finite number of Schrédinger equations
with one control [27, 29].

The goal of this article is to extend this type of strategy (previously applied in 1D)
to the 2D Schrédinger-Poisson system (1). New difficulties appear at the two levels
of the proof:

— in controlling the linearized system, because a new observability inequality is
required,
— in proving the appropriate smoothing effect or the 2D-system (1).

Global approximate results. Three strategies have been developed to study approx-
imate controllability for Equation (7)

The first strategy is a variational argument introduced by Nersesyan in [30]. It
proves the global controllability to the ground state, approximately in H?3, with
smooth controls u € C°((0,T),R), in large time T, for generic functions (u, V),
in arbitrary dimension N.

JEP M., 2017, lome /4



[LOCAL EXACT CONTROLLABILITY OF THE 2D -SCHRODINGER-PO1SSON SYSTEM ‘l()’:i

Note that this global approximate control result may be coupled to the previous
local exact controllability results to provide global exact controllability, see [31] for
Equation (7), [28] for a Schrodinger equation with a polarizability term, [29] for finite
number of Schréodinger equations with the same control.

A second strategy consists in deducing approximate controllability in regular spaces
(containing H?) from exact controllability results in infinite time by Nersesyan and
Nersisyan [32]

A third strategy, due to Chambrion, Mason, Sigalotti, and Boscain [16], relies on
geometric techniques for the controllability of the Galerkin approximations. It proves
(under appropriate assumptions on V and p) the approximate controllability of (7)
in L?, with piece-wise constant controls. The hypotheses of this result were refined by
Boscain, Caponigro, Chambrion, and Sigalotti in [8]. The approximate controllability
is proved in higher Sobolev norms in [11] for one equation, and in [9] for a finite
number of equations with one control. For more details and more references about
the geometric techniques, we refer the reader to the recent survey [10].

1.4.2. Schrodinger-Poisson system. — In [24], Méhats, Privat and Sigalotti prove
the approximate controllability in L? for a Schrodinger-Poisson system, with mixed
boundary conditions (of Dirichlet or Neumann type, depending on the place where
we are on the boundary). This result holds for generic domains 2 and generic control
supports I'. on the boundary. The proof relies on the general result of [16] and
analyticity arguments to obtain genericity.

1.5. STRUCTURE OF THE ARTICLE. This article is organized in 7 Sections.

Section 2 is a discussion about our assumptions (H2), (H3) and (H4), in particular
when 2 is a rectangle domain or a disk.

Section 3 is dedicated to the well-posedness of the system (1), in appropriate spaces
for our control problem. The starting point is a smoothing effect proved by Puel in [34],
that needs to be recast in our context.

In Section 4, we prove local exact controllability of high frequencies, around any
trajectory of the free system, i.e., Theorem 1.

Section 5 is devoted to the proof of the local exact controllability, around any
eigenstate, i.e., Theorem 2.

The goal of Section 6 it to explain how the strategy of Section 5 can be used to
get controllability for the Schrodinger equation with real-valued boundary controls
(instead of complex valued ones in the literature), i.e., Theorem 3.

Finally, in Section 7, we prove the local exact controllability of the nonlinear
Schrodinger-Poisson system (4) on a rectangle, i.e., Theorem 4.

1.6. Norarion. — Implicitly functions take values in C, otherwise we specify, for
instance L2((0,T) x 9Q,R). The volume element on ) is denoted dz and the surface
element on 9N is denoted do(x). When ¢ € S then Tsp denotes the tangent space to
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the sphere S at point ¢

Tsy = {g € L*(Q,C); R (/Q cp(:n){(ac)d:c) = 0}.

2. COMMENTS ON OUR ASSUMPTIONS

The goal of this section is to prove that our assumptions (H2), (H3) and (H4)
hold for appropriate configurations (2,T'.) and to explain why (H4) is related to the
control of low frequencies.

2.1. WEAK 0BSERVABILITY OF SCHRODINGER EQUATION (H2). — The goal of this section
is to recall known results about Assumption (H2).

Provosirion 1. — Property (H2) holds in the following cases.

(1) Q= (0,7) x (0,L) for some L >0, T >0 and T, is an open subset of OQ that
contains both a horizontal and a vertical segment with non-zero length (necessary and
sufficient condition).

(2) Q is smooth, does not have a contact of infinite order with its tangents and
(Q,T,) satisfies the Geometric Control Condition.

(3) Q= {(x,y); 2?2 +y? < 1} and T is an arbitrary open set of the boundary.

Statement 1 is proved by Tenenbaum and Tucsnak in [36, Th. 1.4]. Precisely, they
prove that the Schrédinger equation is observable on (0, ZN“) x I'. iff T'. contains both
a horizontal and a vertical segment with non-zero length. Thus weak observability
also holds in this configuration. Moreover, the same counter-example as in [36, p. 967]
proves that this condition is necessary: with I'. := (a,b) x {0}, 0 < a < b < 7, m € N*
and ¢r(x,y) := sin(mz) sin(ry/L), we get

Cm < orllgiy  and  [|0u@llLz(a rmyxr,) + |07 H-10) < C7,

for some constants C, C’ > 0 independent of m.

Statement 2 is proved by Lebeau in [22] when 2 is analytic. The result is actually
also true if €2 is smooth (see for instance Burq-Zworski [15]). The assumptions of
contact of finite order is made in order to ensure the uniqueness of the broken geodesic
flow. It is certainly also true if € is only C? using the result by Burq [13] for the wave
equation and transmutation or resolvent methods (see Miller [25, 26] for instance).

Statement 3 is proved by Anatharaman, Léautaud and Macia in [1].

2.2. Stmurrtaneous vaLmrry or (H2) axp (H3). The goal of this section is to prove
the claim written after Theorem 1.

ProrosrTion 2. We assume that

— either Q is a disk and T'. is a non-empty open subset of 9N,
—or Q= (0,7) x (0,L) for some L > 0 and T'. contains both a horizontal and a
vertical segment.
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J/

Let T > 0, ¢ € H?O)(Q,(C) NS and Prer(t) = 2%y, Then Assumptions (H2)
and (H3) are satisfied when T, is replaced by an appropriate non-empty open subset I,

of I'.. As a consequence, the conclusion of Theorem 1 holds.

Proof'of Proposition 2. — Let us assume that €2 is a disk and T'; is a non-empty open
subset of 9). By unique continuation for the Schrédinger equation, we know that
the continuous function 9,1.¢ does not identically vanish on (0,7) x T'.. This is a
consequence of the Holmgren theorem (see Theorem 8.6.5 of [20]) since 9f2 is ana-
lytic here and any hypersurface {® = 0} with V,® # 0 is non-characteristic for the
Schrédinger operator. We can also get this directly as a consequence of the observabil-
ity estimate of [1]. Thus, there exists 0 < 7" < T” < T and an open subset I, of I',
such that |8, Yyt (£, 2)| = m > 0 for every (t,z) € (T",T") x I'.. Let T € (0, 7" —T").
By the previous proposition, the Schrodinger equation on 2 is weakly observable on
(0,T) x T.. Therefore, both (H2) and (H3) hold with ', replaced by I'",. Then, The-
orem 1 provides controls supported in (0,7") x I', that are, a fortiori, also supported
in (0,7) x Te.

Now, let us assume that = (0,7) x (0,L) for some L > 0 and I'. contains
both a horizontal segment I'yy and a vertical segment I'y,. By unique continuation
for the Schrodinger equation (by application of the Holmgren theorem for instance),
we know that 9,1¢ does not identically vanish on (0,7) x I'y. Thus, there exists
0 < T} < Tj < T and an open subset I'y; of I'yy such that |0, ¢yet (¢, )| = mpy > 0 for
every (t,z) € (T}, T4) x I'y;. By unique continuation for the Schrédinger equation,
we know that 9,yer does not identically vanish on (T}, T7;) x I'yv. Thus, there exists
Ty < T' < T" < T} and an open subset I}, of 'y such that |0, e (t, )| = my >0
for every (t,z) € (I",T") x I'{,. Then |0,¥¢re(t, )| > m := min{mpg; my} > 0 for
every (t,z) € (T",7") x I, with I, := I'; UT{,. The conclusion comes as in the
previous case. O

2.3. U~ique continuation assumprion (H4). — The goal of this section is to prove
that (H4) holds on rectangular domains and is related to the controllability of low
frequencies.

2.3.1. The case of a rectangle

Prorosition 3. — Let L > 0, Q := (0,7) x (0,L), ' be a non-empty open subset
of 9, Ry, Ry € N* be such that R2 + (Romr/L)? is a simple eigenvalue of (—Ap) and
vr(z,y) = \/% sin(Ryx) sin (Remy/L). Then (H4) is satisfied.

Proof of Proposition 3. — Without loss of generality, one may assume that I', contains
(a,b) x {0} for some 0 < a <b < 7. Let A € Sp(—Ap), set
T = {(p,n) € (N*)*; p* + (n7/L)* = A},

which is a finite set, and let

o= Z Cp,n Sin(pz) sin (ny /L)
(p,m)eJ
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be an eigenfunction of (—Ap) associated to the eigenvalue . From the relation
2sin(a) sin(b) = cos(a — b) — cos(a + b) we deduce that

or® = Z Z cp’" 12 cos[(p—l—elRl)x] cos [(n + eaRa)my /L]

n)eJei==1,
p ) Ezzil

thus

cpn€1€2 cos[(p + e1Ry)x] cos [(n + eaRo)my /L]
(p%:e, 521 2V7L [(p+e1Fa)? + (0 + &2 Re)m/L) + 1]

eo==+

and in particular

CpnE1€2 cOs[(p + e1.R1 )]
w(z,0) = g z 5 .
(et esi=*1, 2VrL {(P +e1l1)? + ((n +e2Ro)m/L)" + 1}
€=

Let
P := max{p € N*; 3n € N* such that (p,n) € J and ¢, , # 0}.

Let N € N* be the unique integer such that (P, N) € J. Then = — w(z,0) is a finite

sum of cosine functions
P+R;

0) = Z ay, cos(kx)
k=0

and its fastest oscillating term has coefficient

Cp N 1

e 2F<[(P+Rl) F((N + Bayr/L) +1]

1
[P R (V- R0 1] )

If w(z,0) = 0 for every x € (a,b), then a, =0 for k =0,..., P+ Ry and in particular
apir, = 0. This is impossible because cp y # 0 and (N + R2)? # (N — R2)? (note
that N, Ry € N*). O

2.3.2. General comments. First, we prove the equivalence between Assumption
(H4) and the existence of some non-vanishing integral quantities. To this end, we
introduce the following notation: for x € L*(99), V, denotes the unique solution in
H3/2(Q) of

®) {(—A + 1)V (z) =0, zeq,

0,V (z) = x(x), x € 0fd.

Prorosition 4. — Let Q be a smooth bounded open subset of R? and (o1 )ren be an
orthogonal basis of eigenfunctions of (—Ap), R € N*. If the spectrum of (—Ap) is
simple, then the following statements are equivalent.
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(1) For any eigenvector ® of (—Ap), the solution w of

{(A + Dw(z) = pr(z)®(z), z€Q,

9)
dyw(z) =0, x € 09,

does not identically vanish on T'.: wyp, # 0.

(2) There is an open dense set in L*(T.) of functions x such that Jo Vxorer #0
for any k € N*

(3) There is one x € L*(T.) such that [, Viorpr # 0 for any k € N*.

If the spectrum of (—Ap) is not simple, we still have (1) = (2) = (3).

Proof. — We have obviously (2) = (3). The main tool for the other implications will
be the following formula using Equation (9) (the same as in (H4)) satisfied by w

/ Vipr® = / Vi(—A + Dw
Q Q

= / (—A+1)Vyw+ / [0, Vyw — V,, 0,w]
Q o9

= / XW.
o0

In the case of simple eigenvalues, we easily get (3) = (1) by selecting x € L*(T';) such
that [, Vieror = [5o xwr # 0. So, the main task is to prove (1) = (2). For k € N*,
we introduce the set

Gr := {x € L*(T,,R); /QVX@R(HE)%(SC) dx # 0} -

By Assumption (1), for any k, wy is not identically zero on T, so there exists x such
that [, xwr = [, Va@rer # 0. In particular, G, is not empty for every k € N*.
Moreover, if xo € L?(I'c,R) \ G and x € Gy then xo + ex belongs to Gy for every
¢ € R* and converges to xo when & — 0. Thus Gy, is a dense open subset of L?(T', R).

By Baire’s Lemma (), ¢y~ G is a dense subset of L?(I'¢,R). This proves (2). O

With the previous proposition in hands, it should be possible to prove that (H4)
is generic with respect to perturbations of the domain, as done in [24]. Indeed, the
previous proposition proves that (H4) is equivalent to the existence of one x so that
some integral quantities are not zero. It is then often a good starting point to prove
genericity with respect to x and deformation of 2. This would then directly imply
that (H4) is generic with respect to perturbations of the domain.

Note also that with the same proof, x can be chosen in C¥(T..) for some k € N.

2.3.3. Control of low frequencies. — Actually, the condition (H4) is a condition of
controllability of the low frequencies for a control only depending on time. More
precisely, we have the following result.

Prorosition 5. — Assume all the eigenvalues of Ap are simple and (H4) is fulfilled
for one R € N*. Let et(t) := pr(x)e &', Then there is one x € C*(T.) such
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that fQ Viwr®r # 0 for any k € N*. This implies the following local controllability
property for low frequencies.
For any N > 0, there exists § > 0 such that for every

vp €V = {yr € Hipy) (D NS5 by — theet (T s, < 6},

there exists u € L?((0,T),R) such that the solution of
(10 + A)p(t, x) = u()Vy (2)o(t, x),  (tx) €(0,T) x Q,
(10) Y(t,x) =0, (t,z) € (0,T) x 9,
’l/)(O,.’E) = SDR(I')’ T e Q7

satisfies Pan(T) = PJN’(/Jf, where Py, is the orthogonal projection on the N first
etgenfunctions.

Proof'of Proposition 5. — The map
0 : L*((0,T),R) — Px[S]
u— By [y(T)]
is of class C! and
de(0) : L*((0,T),R) — Py[Ty,. (1S
u— By [¥(T))],

where
T

U(T)=—i [ T8 (u(t)Virhrer (1)) dt

i T
ZZ V@R, Ok (/ u(t)ei()‘k_AR)t dt) e_iAkT¢k.
k=1 0

The surjectivity of dO(0) can be formulated in terms of a finite trigonometric moment

N

problem on u. Since (Vi pr, pr) # 0 for every k and the frequencies (A — Ag) are
all different, this moment problem has a solution u € L?((0,T),R). We can therefore
apply the inverse function theorem to ©. We skip the details since it is a simpler
version of arguments used several times in the paper. (|

3. WELL-POSEDNESS OF THE SCHRODINGER- POISSON SYSTEM AND LINEARIZATION

The goal of this section is to prove the well-posedness of the system (1) in functional
spaces that are appropriate for the controllability problem. This proof requires several
preliminary results. The first one concerns Sobolev embeddings, trace theorems and
elliptic estimates; they are recalled in Section 3.1. The second preliminary result con-
cerns smoothing effects of the Schrédinger equation on a bounded domain: a smooth-
ing effect concerning the normal derivative is recalled in Section 3.2, a smoothing
effect concerning the source term is justified in Section 3.3. Finally, in Section 3.4,
we prove the well-posedness of the system (1) in H E”O)(Q) when the control g lives
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in L2((0,T) x T',); the smoothing effects are crucial at this point. In Section 3.5, we
prove the C'-regularity of the end-point map.
3.1. PrELIMINARY

3.1.1. Soboley embeddings. — In the whole section (2 is an open subset of R™ such
that (H1) is satisfied. For s > 0 and p > 1, we use the definitions

WoP(R?) == {f € S'(R”); FH(1+|-)F[] € L"(R*)},
I w2y = | F A+ )F A ooy
WeP(Q) == {flo; f € WHP(R?)},
1 lwemgey = 0 L]y 3 £ € WHP(R?), f = [ on Q).

If p = 2, we use the notation H® instead of W92,
Remark that if s = 1, we also have

WhP(Q) = {f € LP(Q); V.f € LP(Q)"}

with the obvious norm equivalent to the one previously introduced.

The standard Sobolev embeddings
- HY(Q) € L(Q), Vg€ [2,0),
WLP(Q) Cc L™®(Q), Vp>2

(see [12, Cor.IX.14]) and

2 2
WeP(R?*) ¢ W PH(R?) fors— - =8 ——, 1<p<p <-+oo,
p b1

see [7, Th.6.5.1]) yield to

12) H32(Q) ¢ L>®(Q),

13) HY2(Q) c L4(Q),

14) Ve € (0,1/2), Ip € (1,2) such that WIP(Q) ¢ HY?**(Q).

(
(
(
(

If s > 0, we denote
H™*(Q) = (H(Q)',
which is a space of distributions.

3.1.2. Regularity for elliptic boundary value problems on a smooth domain

In this section, we recall classical results used in the article (see [23, Th. 5.4 p. 176,
Th.6.5, Th.6.7 p.192]).

Prorosition 6. Let Q be a bounded open subset of R?, of class C™ and locally on
one side of 0f).

(1) The mapping
C™(Q)) — C=(0%)

fr— flaa
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has a unique continuous extension from D(A, L*()) := {f € L3*(Q); Af € L?(Q)}
into H=1/2(090).
(2) The mapping
H?*(Q) — L*(09Q)
f—o.f
has a unique continuous extension from {f € H3%(Q); Af € L2(Q)} into L?(99).

(3) For every f € L*(Q) and g € L*(09Q), there exists a unique v € H3/?(Q) such
that

(-A+1)v=finQ,
0,v = g on 0N
Moreover, there exists C(€2) > 0 such that

[0l 220y < CllIf 2 + lgll2o0)]-

3.1.3. Regularity and Green formula for elliptic boundary value problems on a rectangle

The goal of this section is to state the following results.

Prorosition 7. — Let Q = (0,7m) x (0,L) for some L > 0, (I'j)1<;<a be its edges,
(vj)1<j<a be its unitary exterior normal vectors, (S;)i1<j<a be its vertices and p > 1.
(1) The mapping u — (ulr,,dy,u), which is well-defined for u € W*P(Q) has a
unique extension as an operator from
D(A,LP(Q)) :={u € LP(Q); Au € LP(Q)}
nto
_ W—l/m?(pj) x Wi=1/pp( ;) when p # 2,
~ H7Y275(T;) x H=3/275(T;), for every ¢ > 0, when p = 2.
(2) Moreover,

/Q ((Auw)v — u(Av)) dz = ;/F] ((0y,u)v — u(8y,v))do;(x)

for every u € D(A, LP(2)) and v € WP () such that
—ov(S;)=0forj=1,...,4 whenp > 2,
—v(S;) =0 and Vu(S;) =0 for j=1,...,4 when p <2,
— v =0 on a neighborhood of S; for j =1,...,4 when p =2.
(3) For every f € L*(Q) and g € L*(9R), there exists a unique v € H3/?(Q) such
that

(15) {(—A +1o=7finQ,

0,v = g on 0N.
Moreover, there exists C(€2) > 0 such that

[0l 220y < ClIIf 2 + lgll2o0)]-

JEP M., 2017, lome /4



[LOCAL EXACT CONTROLLABILITY OF THE 2D -SCHRODINGER-PO1SSON SYSTEM 303

For the first two statements, see [18, Th.1.5.3.4 & Th.1.5.3.6]. The third one is a
consequence of the same one on (R/27Z) x (0, L) after symmetrisation and periodiza-
tion. More precisely, by linearity, one may assume that Supp(g) C [0, 7] x {0}. Then
we extend g as a function g : (R/7Z) x {0} — R such that g(—z1,0) = g(z1,0) for
every z1 € (0,7) and g(z1,0) = g(z1 + 27,0). Perform similar symmetrisation and
periodization for f to produce g well-defined on (R/27Z) x (0, L).

Then, since (R/27Z) x (0, L) is a smooth compact manifold with boundary, there
exists a unique v € H3/2((R/27Z) x (0, L)) such that

(—A+1)7=finQ,
8,v =g on (R/7Z) x {0,1}.
We easily check that the symmetry gives that if f € C§°(Q2) and g € C5°(0, ),

then, 9, v(z1, x2) = 0 for z; € {0,7} and x5 € (0, L). Therefore, v = 9| satisfies (15)
in the weak sense. The uniqueness can be obtained by following the same process.

3.2. SMOOTHING EFFECT ON THE NORMAL DERIVATIVE. — The goal of this section is to
state the following results.

Prorosition 8. LetT > 0 and ) be a bounded open subset of R? which is either C>
or a rectangle. There exists C = C(T,Q) > 0 such that, for every 1o € HZ(Q) and
h € LY((0,T), H} (), the solution ¢ of

(10y + A)Y(t, z) = h(t, x), (t,z) € (0,T) x Q,
(16) P(t,x) =0, (t,z) € (0,T) x 99,
¢(0,1‘) = '(/)O(l‘)v T € Q’

satisfies

T
(17) / /89|auw<t,x>|2|aysol<x>|da<x>dt<c(uwonHé(m+||hHL1(<O,T),H3<m>).

In particular, if T is an open subset of O such that (H1) holds, then the following
linear mapping is continuous

Hy(Q) x LH(0,T), Hy(2)) — L*((0,T) x )
(% ’ <P) ’—>an

When Q is smooth, Puel proves these results in [34, Lem. 3.1]. Precisely, he first
proves the inequality (17) for smooth data (v, h) € C°(2) x C°((0,T) x ), by
applying the multiplier Vi, to Equation (16): under these assumptions 4 is regular,
OY/0v makes perfect sense and integrations by parts are legitimate. Then, the in-
equality (17) holds for (vo,h) € H}(Q) x L*((0,T), H}(2)) by a density argument.
Finally, Puel gets the final result because |0,¢1(x)| = 8 > 0,V € 0Q

When € is a rectangle, Puel’s proof of the inequality (17) is still valid. Then, the
conclusion of Proposition 8 follows because |0,¢1(x)| = 8 > 0,V € T'; this is one of
the reasons why we need to assume that I'. does not touch the vertices of 2.
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3.3. SMOOTHING EFFECT ON THE SOURCE TERM. The goal of this section is to justify
the following result.

Theorem 5. — Let T > 0, Q be an open subset of R? and ', be an open subset of
0Q such that (H1) holds. For every 1o € H{, (Q), m € L*((0,T), H* N Hy(Q)) and

pa € L1((0,7), H(?’O) (Q)) such that

(18) A% =0, Supp (Apl,g) C[0,T)x Ty A € L*((0,T) x T),
the solution of

(iat + A)lﬂ(t,x) = (Ml + /~L2)(t7x)v (t"T) € (OaT) x Qv
Y(t,x) =0, (t,z) € (0,T) x 99,
71)(0@) = 1/)0(@, z €,

satisfies 1 € CO([0,TY, H(?’O)(Q)). Moreover, there exists a constant C > 0 (independent

of ¥, 11, f2) such that

(19) 1 llze(jo,r, 13, ()

< C([lvboll grs

(0)

@ F2mmlr [l 20y T 12llr 0,0, 02, @)

Remark 1. — When  is smooth, the trace Auq|sq is well-defined in the space
L2((0,T), H-Y?(98)) (see Proposition 6), which gives a sense to the last two re-
quirements in (18).

When Q is a rectangle, then the traces along the four sides Apus|r;, 1 < j < 4, are
well-defined in L2((0,T), H~'/275(T;)) (see Proposition 7). The last two requirements
in (18) have to be interpreted in the following sense:

I'; N Supp (A,ul
AV}

|aQ) cr;nr,, Vjed{l,... 4},

|mrj € L*((0,T) xT.NTy), Vjie{l,...,4}.

Theorem 5 emphasizes a regularizing effect, concerning the source term, because 11
is not assumed to belong to L'((0,7), H{p)(2)). When Q is a regular domain and
I'. = 09, Puel proves this result in [34, Th. 2.1]. His proof, by transposition, relies on
the smoothing effect of Proposition 8.

Puel does not treat the case of a rectangle domain, but his proof would probably
lead to Theorem 5 in this case too. For the sake of completeness, we propose below

an alternative argument.

Proof'of Theorem 5 on a rectangle. — Let L > 0, Q := (0,7) x (0,L), I'. be an open
subset of 90, ¥ € H(?’O)(Q)7 p € L2((0,T), HXNH} () and pg € L1((0,T), H(?’O) (Q))
be such that (18) holds. By linearity, we may assume that I'. C (a,b) x {0} with
0<a<b<m Let m € N* be such that (m — 1)2L?/m < T < Ty := 2mL?/m and

te (0,7).
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By the Duhamel formula, we have

t
0lt) = 0ty i [ AP0 () 4 pa(r)) .

0

The first and third terms in the right-hand side belong to C°([0, 77, H(3 )(§2)) because

H(?’o) () is stable by e?AP*. Thus, we focus on the second one. We will make the proof
in two steps: the first one when p; is regular enough to perform integration by parts
and the second one to get to the first case with a suitable regularization.

Step 1: py regular enough. — We assume moreover that Au; € L2((0,7T), LP(Q)),
with p > 2, in this step.
Using the equality —Ap, = Appr and integrations by part, that are licit because

p € L2((0,T), H? N HE(Q)), we get
3/2/ /,ul 7, 2) k(T dxeM”dT
Q

t
/ em(t*T)m(T)dT
0
Apy (1, 2) App(x) deet " dr
Q

e

=
Hf’O)(Q k=1

2

3

We can apply Green’s formula (see Proposmon 7) because Ay (7,.) € D(A, LP(2))
for almost every 7 € (0,7) and ¢ € H?(2) vanishes on the vertices of €. Using
AQ;“ = 0, this leads to

2
S = Apy (7, 2)0, o (x)do (z) e dr
o0
A (7, 2) Dy () do ()7 dr
) __nr/L topmw - ) ,
/ / AIL’LI(T7$17O) Sin(pxl)e_l(il’ +(nm/L) )7' d,ﬂfld’?’
pnGN* m 0
2
s¢ Z Z / Lo,y (7 / App (7, 21,0) sin(pzy) deie” i(p*+(nm/L)?)7 g
pEN* neN*
T B )
<C Z/ 1[o,t](7)/ Ap (7, 21,0) sin(pay) dere P 7| dr
pEN* 0
Sm(pxl)diﬂl dT
pEN*

<C / 1A (7, )22 0,0y

To go from the first line to the second one, we have used: Supp(Apui|sq) C [0,T] x T,
g = 0 on I'.. To go from the fourth line to the fifth line, we have used Bessel-
Parseval’s inequality.

JE.P.— M., 2017, tome 4



306 K. Beavcnarp & C. LAURENT

Note that Ap; can be computed explicitly in terms of Au1|r‘, thanks to the
rectangular form of the domain. This explicit expression shows the existence of a
constant C'= C'(2) > 0 such that
2

ALz (0,6 x ) < C’HAM rollz2 (0.6 xr.) vVt e [0,T].
Thus, we get
! iA(t—T) ’ 2
/0 ‘ plrr Hipy (9) < Cllamle [l nxr.y

This proves that the map t € [0,T] — fot e A=) 14y (7)dr takes values in H{) (Q) and
is continuous at ¢ = 0. The same argument proves the continuity at any ¢ € [0, T.

Step 2: regularization. — We have to be a bit careful with the regularization to keep
the required conditions. Let f. € C§°((0,T) x I';) converging strongly to A,u1|F in
L?((0,T) x T.). Denote

Age(t,z) =0, (t,z) € (0,T) x Q,
ge(t,x) = fo(t,z), (t,x) € (0,T) x 99,
By elliptic regularity (similar to Proposition 7), g. converges strongly to Aps in
L2((0,7), H/2(Q)).
Now, denote p1, the solution of

Apre(t2) = go(ta),  (bo) € (0.T) x O,
1 e(t,z) =0, (t,z) € (0,T) x 00.

By elliptic regularity, p1 - converges to uy in L2((0,T), H*NH{ (£2)). The estimate (19)
(that is proven for 4 . regular enough thanks to Step 1) allows us to prove that the
related 1. make a Cauchy sequence in LOO([O,T],HEO)(Q)). The limit can only be
the expected 1 by uniqueness of the solution and convergence of 1. to p;. The

estimate (19) follows in this case. ]

3.4. WELL-POSEDNESS OF THE LINEAR SCHRODINGER-Poissox system. — The goal of
this section is the proof of the following result, thanks to Theorem 5.

Turorem 6. Let T > 0, Q be an open subset of R? and T, be an open subset of O

such that (H1) holds. For every vy € H(Bo)(Q) and g € L*((0,T) x 9, R), there exists
a unique solution ¢ € CO([O,T],H?O)(Q)) of the system (1).

To this end, we will need the following preliminary result.

Prorosition 9. — Let T > 0 and ¢ € CO([O,T],H(:”O)(Q)). For every function g €
L2((0,T) x 0, R), the solution of
{(—A + Do(t,z) =0, (t,z) € (0,T) x Q,

(20)
oyv(t,x) = g(t,x)1r, (), (t,z) € (0,T) x 09,
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/

satisfies v € L2((0,T), H3>2(2)), vy € L2((0,T), H> N HY () and A%[vy)] belongs to
L2((0,T), H=Y(Q)). Moreover, the operator

L*((0,T) x 09, R) — L*((0,T), H*(Q))
g — A% (v).
s continuous.

Proof'of Proposition 9

Step 1. — We prove that vip € L2((0,T), H* N H}(£2)). By Proposition 6 and 7, we
know that v € L2((0,T), H3/?(Q)). Thus vy € L*((0,T), H3/?(Q) N H}(Q)) because
H3/2(Q) ¢ L™ is an algebra. To end Step 1, it is sufficient to prove that A(vy) €
L2((0,T), L*(Q)). Using Av = in (0,T) x €2, we get
A(vy) = v(¥ + AY) +2Vv - V.
— The Sobolev embedding (12) justifies that
H32(Q) « H} (Q) € L=(Q) x L*(Q) = L*(Q)

(where * stands for the multiplication of scalar valued functions). Thus v(y + AY) €
L*((0,7), L*()).

— The Sobolev embedding (12) justifies that

HY2(Q) « H2(Q) € L*(Q) * L®(Q) = L*(Q).
Thus Vv - Ve € L2((0,T), L*(Q)).
Step 2. — We prove that A2[vy)] € L2((0,T), H=(Q)). Using Av = v, we get
(21)  A[uy] = v(Y + 289 + A*Y) + 4V - V(¢ + Ay) + ATr[D?v - D).

— The Sobolev embeddings (12) and (13) justify that H3/2(Q) x H}(Q) C HA(Q).
Thus, by duality, H/2(Q)* H=*(Q) ¢ H~'(Q). This proves that v(¢+2A¢ +A%)) €
12((0,T), H(2).

— The Sobolev embedding (13) justifies that

HY2(Q) « H(Q) € LY(Q) « LA(Q) c L*(Q).
Thus, by duality, H'/2(Q) * L?(Q) ¢ H~*(Q). This proves that Vv - V() + A¢) €
L*((0,7), H1()).
— The Sobolev embedding (11) and then (14) justify that
HYQ) + HE(Q) ¢ HY/?H(Q).

Thus, by duality, H'(Q) * H~/27¢(Q) ¢ H~*(Q). This proves that Tr[D?v - D?*y] €
L*((0,T), H (%)) O
Proofof Theorem 6. — Let T > 0, o € H3,(Q), g € L?((0,T) x 9Q,R) and v be the

(0)
solution of (20) We apply the fixed point theorem to the map

E CO([OvT]vH?O)(Q)) — CO([OvTLH(P’O)(Q))
Y=g,
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where £ = F(v) is the solution of

(10 + A)E(t, z) = v(t, 2)Y(t, x), (t,z) € (0,T) x Q,
£(t,z) =0, (t,z) € (0,T) x 99,
£(0,2) = tho(x), z e

Step 1.~ We prove that F' takes values in C°([0, 7], H{;) (2)).

Let v € C°([0,T), H3, (). We introduce the solution pa of

(0)
22) {A%(t, v) = Avyl(t,z),  (ta) e (0,T)xQ,
pa(t,x) = Aps(t,z) =0, (t,xz) € (0,T) x 092,

and the function 11 := v —pa. To prove that & = F(2)) belongs to C°([0, T, H(SO)(Q)),
it suffices to prove that p; and pg satisfy the assumptions of Theorem 5.
By Proposition 9, A%[v1)] belongs to L?((0,T), H~*(£2)) thus, by elliptic regularity,

pz € L*((0,7), H;)(Q)). Then, uy belongs to L*((0,T), H? N Hy(12)), by Proposi-

tion 9. Moreover, A%y = 0 by (22) and Apuy|pa = 290, 1r,.

Step 2. We prove that F' is a contraction when ¢ is small enough. Let 1/),1; €
c°([o,T), H?O)(Q)). From (19) and elliptic regularity, we get
| F () — F(¢)||cﬂ([o,T],H§0)(Q))
< C(I1A = m)llzzomyxro) + 2 = Ball o), 13, @)

< gl 2o,y 10 — 1/)||CO([0,T],H(30)(Q))-
for some constant C’ independent of 1) and 7; Thus F is a contraction when
C'lgll 20,1y xr.) < 1. Otherwise, one may subdivide the interval (0,7’) into a finite

number of intervals on which this assumption is satisfied and iterate the previous
result. ]

3.5. Cl-REGULARITY OF THE END-POINT MAP

Prorosition 10. Let T > 0, Q be an open subset of R? and ', be an open subset
of O such that (H1) holds. Consider the end-point map

O: [H(?’O)(Q) NS] x L*(0,T) x T,R) — H(?’O)(Q) ns
(flpO ) g) — QZ)(T),
where 1 is the solution of (1). Then, © is C* and for every 1 € [H?O)(Q) NS,

dO (10, 0) : [H, () N Tistho] x LE((0,T) x T, R) — H () N Tsthrer (T)
(\IIO 3 G) — \IJ(T)7
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where et (t) 1= e2Ptahg and U is the solution of the linearized system

(10 + A)U (¢, z) = V(t, 2) et (¢, T), (t,xz) € (0,T) x Q,
Y(t,z) =0, (t,x) € (0,T) x 09,
(23) U(0,z) = Uy(z), x € Q,
(“A+1)V(t,z) =0, (t,z) € (0,T) x Q,
0, V(t,x) =G(t,z)lr, (z), (t,z) € (0,T) x 00

This result is a consequence of estimate (19). Its proof is classical and follows the
same steps as in [5, Proof of Prop. 3, pp. 531-532].

—/L LOCAL EXACT CONTROL OF HIGH FREQUENCIES

The goal of this section is the proof of Theorem 1, via a perturbation argument.
In Section 4.1, we prove the controllability of the linearized system at high frequency,
thanks to the weak observability inequality of the adjoint system and the Hilbert
Uniqueness Method. In Section 4.2, we prove Theorem 1 by applying the inverse
mapping theorem.

4.1. CONTROL OF HIGH FREQUENCIES FOR THE LINEARIZED SYSTEM. — The goal of this
section is to prove the following result.

Prorosition 11. — Let T > 0, 9g € H(?’O) (NS and et (t) = 2Py, We assume
that (H1), (H2) and (H3) hold. Then, there exists K € N* and a continuous linear
map

L : Px[Hp, (Q)] — L*((0,T) x T, R)
such that, for every U, € PK[H(“O’O)(Q)], the solution of (23) with o = 0 and control
G = L(¥y) satisfies P [¥(T)] = ¥y.

The following proposition will allow us to work on r := A2¥ instead of W.

Prorosition 12. LetT >0, ¢ € H(BO)(Q)OS, et (t) := 2P0y, G € L?((0,T) x

I',R) and ¥ € CO([O,T],H(?’O)(Q)) be the solution of the system (23) with ¥y = 0.

Then, the function v := A%(V) belongs to C°([0,T], H=1(Q)) and is the solution by
transposition of

(10 + A)r(t,x) = K(G) (¢, z), (t,x) € (0,T) x Q,
(24) T(t,$) = 2G6V¢ref11"c7 (t,Jf) S (O,T) X 897

r(0,2) =0, x €,

m

where

K : L*((0,T) x ., R) — L2((0,T), H*(Q))
(25) ) (~A+ 1V =01in (0,T) x Q,
Gr— A (Vwref)7 where {auv — Gch on (O)T) x O0f).
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This means that, for every ¢r € HE(Q) and ¢ € LY((0,T), H}(Q)) the following
equality holds

T T . -
@) [0 Z 0yt = [ KGO FD) -1,y = ()57

T
2 G(t, 2)0yhret (t, 2) Dy d(t, 2)do (z) dt,
w2 [ [ 6 a0t 1360 2o
where ¢ € C°([0,T], HE (2)) is the solution of

(10 + D)o(t, z) = @(t, ), (t,z) € (0,T) x Q,
o(t,z) =0, (t,x) € (0,T) x 90
o(T,x) = dr(x), x €.
Note that there is no ambiguity in this definition of a solution by transposition
of (24). Indeed, for every ¢r € H(Q2) and p € L1((0,T), H}(Q)), then 8,¢ belongs

to L2((0,T) x T.) by Proposition 8, thus, the last integral in (26) is well-defined.
Moreover, A%(Veg) € L2((0,T), H~1()) thanks to Proposition 9.

Proof of Proposition 12. — When G € C°((0,T) xT;), ¢ € C°((0,T) x Q) and ¢r €
C° (), then, formula (26) can be proved with integrations by part. The conclusion
follows thanks to the continuity of the maps K (see Proposition 9) and the continuity
of the following linear mappings

L3((0,T) x T.) — CO([O,T],H(?‘O)(Q)) — C°([0,T), H~X(Q))

G — v — r = A%(W)
LY(0,T), Hy () x Hg(€) — L*((0,T) x )
(4107 ¢T) — al/¢
stated in Theorem 5 and Proposition 8. O

From now on, we denote by K* the adjoint operator of IC,
K+ L*((0,7), Hy () — L*((0,T) x I, R),

ie.,

(27) a%( /O T(IC(G),@Hﬂ’Hé dt) . /0 ' /F 0K (€)do(r) e

for every &€ € L?((0,T), H} () and G € L*((0,T) x T, R).
Thus Proposition 11 is a consequence of the following result.

Prorosition 13. — Let T > 0, 9pg € H(?’O) () NS and hret(t) = 2Py, We assume
that (H1), (H2) and (H3) hold. Then, there exists K € N* and a continuous linear
map

L:Px[H Q)] — L*((0,T) x I',,R)
such that, for every r; € Px[H™Y(Q)], the solution of (24) with control G = L(ry)
satisfies P [r(T)] = ry.
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The controllability result of Proposition 13 is a consequence of the following weak
observability result.

Prorosition 14. — Let T > 0, 9o € H?O)(Q) NS and et (t) := e'2Plypg. We assume
that (H1), (H2) and (H3) hold. There exists C; > 0 such that, for every ¢r €
HY(Q,C) the solution of

(10 + A)o(t,x) =0, (t,z) € (0,T) x Q,
(28) o(t,x) =0, (t,x) € (0,T) x 09,
o(T,x) = ¢r, z €,
satisfies

(29) o7l i) <Ci (112S(0ptret 00 @) + K* (i) || L2((0,1)x1.) + 10T | HH-1(0)) -

Proof'of Proposition 13, assuming Proposition 14. — By [12, Th.11.10 & II.19], the
existence of a continuous right inverse to the continuous operator

Fg : L*((0,T) x T, R) — Pr[H ()]
G +— Pk [r(T)]
is equivalent to the existence of Cy > 0 such that
(30) o7l < Cal Fic(or)lL2(0.m)xr)s YV ér € Pr[Hg ()],

where F : Pr[H(Q)] — L2((0,T) x T, R) is the adjoint operator associated to Fi.
For G € L*((0,T) x ', R) and ¢ € Px[HL(Q)], we have (note that K is R-linear)

§R(<FK(G)7¢7T>H*1,H5) = %(<T(T)7¢7T>H*1,H&) because ¢ € PK[H(}(Q)]

T
_ m( i /O /F 260,117, (x)
T
i [ . dmdt) by (26)

T
- / / G (230, eesDy ) + K (i6))dor(a) dt by (27).

0 c

Thus Fj; has the following explicit expression
Fj :Pr[HL(Q)] — L?((0,T) x T, R)
¢T — QS(al/’l/}rcfﬂ) + ]C*(Z¢)
Let C; be as in Proposition 14. There exists K € N* such that
1
Cillorlla-1(0) < §||¢T||H3(Q), Vér € Px[Hy ()]

and then (30) follows from (29) with Cs := 2C;. O

Proof of Proposition 14. — Let T be as in (H2) and T, T" be as in (H3). Let ¢ :=
(T" =T —T)/2 and p € C°(R,R) be such that p=1on (T +¢, 7" +e+T) and
Supp(p) C (1, 1").
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Step 1. We prove the existence of C; > 0 such that, for every ¢ € H}(Q), the
solution of (28) satisfies

(31) o7l i) < C1 (12308, Yret v D)l L2(m 1) + 107 HH-1(02)) -
Let ¢ € H}(Q). By (H2), we have

T +e+T
forlige <263 [ [ 10uote.0Pdota)de+ for ]

T +e
< 22 { /R /F 003,35, )| do(x) dt + ||¢T||%1]

because p = 1 on (T"+¢, T’ +e+T). Then, taking into account that Supp(p) C (T7,T”)
and |0y Yret(t, )| = m > 0 for every (¢,x) € (T",T") x I, i.e (H3), we obtain

3C2 —
|I¢T|\ig(gz)<m—§AA (1) Duheei (£, ) B, b(t, 7) | dor () dt

=5 [ [ 10te) ot ) do ) dt + 25 hor

Moreover,
2 [ [ lowadiof dode= [ [ (Il + 1005 000]" )dods
RJT,. RJI

= /R /F (‘2%(1081/1/%&@”2 + 2%((paywrefm)2)) do di.

Note here that in the end of the proof, we will prove that the second term is compact. It
will be crucial for that to notice that it is R[(pd, et 9,¢)?] and not |§R[p8uwmf 0,9] |2.
Thus

3c2

2
o330 < 5,2

] (1253060080 + 20160015 0,8 o

e / / 10,2 do di +2C2 b %
R JT.

In order to get (31), it suffices to prove the existence of C' > 0 such that

L 2
62 [ [ RO o< [ [ lpoof dodt+ Clorla
rJT, 3 JrJr,
Let R € N* that will be chosen later on,

(33) gf (t) = ]PR W]rcf(t)] and ’l/}rlét = wrcf - wgf
Then

/ / R1(p Dytrer Ty )] dor dt
R JI.

— [ [ #0000 + (08,07 820,00k + 0,08k ) o .
RJT.
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In order to get (32), it is sufficient to prove that, for R large enough

(34) / / R((p 0,1 3y 3))do dt < Cllr |,

2
(35) / / (0308)? B, (20,0k + 0,081 | dordt < " / / 1p0,0|? do dt.
rRJT, 2 JrJr,

Note that ¢, — 01in C°([0, T7, H?O)(Q)) when R — 400 because 1)y € H?O)(Q). Thus,
ol p, = 0in L>((0,T) x I'c) when R — 400, because of the Sobolev embeddings
0y [Hipy ()] C H3/2(T,) ¢ L(T.). As a consequence, there exists Ry such that for
any R > Ry, we have

m2

10,0k (20, s + Oubiie) | e (0,1 xT) < -5

This implies (35). Until the end of Step 2, R is fixed. The function p is C°(R) thus,
for every N € N*, there exists C'y > 0 such that

Ty L _ _ CN
¢ 262[)\]+)\J A=Akt dt‘ <47
/R o(t) Qg + AN
We have

\ [ %[(pawaefwﬂdodt\
RJT.

R-1 oo
Z Z ¢2¢9{M </ p(t)Qei[)‘J"‘/\J—)\k—)\K]tdt)
k,K=1j,J=1 R

: (/ 8V<Pk 61/()01( aV(P] au(de0> ’
e

Vi, JeN* kKe{l,...,R—1}.

R—

=

- C [e e [ NeY
< Z Z |¢2¢?{¢?¢3|ﬁ/\k %AGAG  for some o > 0
k,K=1j,J=1 3T
00 2
< C(o, R, N)(ZA?—N|¢2|)
j

< C' (Yo, R, N)H(bTH%{—l(Q) for N large enough.

Here, we have used Weyl law to get that for another N large enough, E;o /\;N < 4o00.
Inequality (34) is proved, which ends Step 1.

Step 2. — We prove the existence of Cy > 0 such that, for every ¢r € H}(Q), the
solution of (28) satisfies

(36)  llorllmie) < Co (123000 tretBrd) + K* (i) L2(0.1)x10) + 0T lH-1(02)) -
From (31), we deduce that

[L2ZRF7Raee)
< C1 (1129(p0y tret 0y @) + K*(i0)| L2 xr.) + IK* (id) | 2Ry + |67l H-1(02)) -
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In order to prove (36), it suffices to prove the existence of C' > 0 such that,
(37) 1K (id)| L2 0,17y xT.) < ﬁH(bTHHg(Q) +Cllorllg-1, Voér € Hy(Q).

Let R € N* that will be chosen later on and YpH. be defined as in (33) but with R

ref

replaced by R. From (25) and the expansion (21), we see that K = Ky + K, where
Ky : L*((0,T) x T'e, R) — L*((0,T), H*(2))
Gr— A (Vi)
and
Ka: L*((0,T) x Te,R) — L*((0,T), H™'/?75(Q))
G A (Viygy)

is continuous. We denote by ||K1| and ||Kz| their operator norm in this functional

frame.
Note that ¥, — 0 in C’O([O,T],H(?’O)(Q)) when R — +00 because 1y € H?O)(Q).
Thus, there exists R € N* such that
1
Kil| € ——.
Il < 5o

From now on R is fixed. Then, for every ¢p € HL(Q),

1K= (@) 20,7y xTe) < IIKT(E0)|lL2(0,1)x10) + 15 (1) L2((0,7)x )

1
< m”d’”m((omﬂg(n)) + (1218l 20,1y, 11242 (02))

1
< ﬁll(bTHH[}(Q) + VT |Kalll|pr ]l r1/2+< (5)-
This implies (37) after interpolation, which ends Step 2. O

4.2. CONTROL OF HIGH FREQUENCIES FOR THE NONLINEAR sYSTEM. — The goal of this
section is the proof of Theorem 1. Thus, in the whole section, T' > 0, 1) € H(30)(Q) NS,
Vret(t) 1= APty are fixed and (H1), (H2), (H3) are assumed to hold. We consider
the end-point map

Ok : L*((0,T) x T, R) — P [H{p ()]

g — Px[Y(T)],
where 9 solves (1). By Proposition 10, Ok is of class C! and
Ok (0) : L*((0,T) x Te, R) — Pc[Hy ()]
G — Pr[U(T))],

where U solves (23) with ¥y = 0. By Proposition 11, there exists K € N* such that
dO K (0) has a continuous right inverse. By the inverse mapping theorem, Ok is a local

Cl-diffeomgrphism on a neighborhood of 0. The first statement of Theorem 1 holds
with T := @;(1 which is locally well-defined.
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There exists K’ > K such that
[ret (T) = Prer [Yeet (T)] | 113, < 0.

Then, ¢y := (Px — Px/)[¢ret(T)]] belongs to V thus g := Y(¢f) is well-defined in
L2((0,T) x I'c,R) and the associated solution of (1) satisfies P [t)(T)] = 1); thus
Pr[#(T)] = 0. As a consequence ¥(T) is a finite sum of eigenfunctions of (—Ap) so
it is a smooth function. O

5 LLOCAL EXACT CONTROL AROUND EIGENFUNCTIONS

The goal of this section is to prove Theorem 2, by following essentially the same
strategy as in the previous section. In Section 5.1, we prove the observability of the
adjoint of the linearized system. In Section 5.2, we prove Theorem 2.

5.1. OBservaBILITY RESULTS. — The goal of this section is to prove the following
observability inequality.

Prorosition 15. — LetT > 0, R € N*. We assume that (H1), (H2), (H3') and (H4)
hold. There exists Co > 0 such that, for every ¢r € HE () NTspr the solution of

(i0; + A+ Ar)d(t, ) = 0, (t,z) € (0,T) x Q,

(38) ¢(t, ) =0, (t,z) € (0,T) x OQ,
¢(T7 JU) = ¢Ta T € Q,

satisfies

(39) o7l 1 0y < Call2S(B00rD,0) + K*(i6) | L2 (0,1 x 1)

where

K : L*(T.,R) — L*(Q,C)

(40) G— A*(Vor), where { (=A+ DV =0, inQ,

0,V = Glr, on 0.
The proof of Proposition 15 relies on two key ingredients: the weak observability of

the Schrodinger equation (H2) and a unique continuation result given by the following
statement.

Prorosition 16. — LetT > 0, R € N*. We assume that (H1), (H2), (H3') and (H4)
hold. Then for every non-zero ¢r € HY(Q) N Tsyer, the function 23(0,¢r0,¢) +
K*(ip) is not identically zero on (0,T) x T, where ¢(t) := e?2rE=T) .

Proof of Proposition 16. — Let T’ € (T, T)), where T is as in (H2). By Proposition 14
(with T replaced by T") and the change of phase ¢(t,x) < ¢(t, z)e**#t, we know that
there exists C; > 0 such that, for every ¢ € H}(Q), the solution of (38) satisfies

(41) o7l 110y < C1 (112300 pRD,0) + K* (i)l 20,7y <10 + lérllr-1(0))-

We introduce

Nr = {60 € HY(©) N Tson: 23(0sprdsd) + K*(i6) = 0 in L2(0,T) x To) }
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where ¢(t) := e (ArTAR! G, .= S(t)¢g. Ny is a R-vector subspace of HE (). We want
to prove that Np = {0}.

Step 1. — We prove that Np contains eigenfunctions of —Ap. Let ¢ € Np. Since
¢o € H}(Q), then ¢. = (S(g)po — ¢o)/c is bounded in H~1(Q) uniformly when
e — 0. Moreover, for ¢ < T — T, ¢. belongs to Nr.. Applying (41) to ¢, with
e < T -1, we get [[¢c]lni) < Cill¢ellm-1. Thus ¢ is bounded in H}(2) when
€ — 0. Therefore ¢g € H?O)(Q). Indeed, by Fatou’s lemma,

z)\ka -1 ‘2

||¢o||%1§0) =) X% (o, 1) thlnf ‘\F (0, pr)
k=1

Mks -1 ‘2

gt S VA

< liminf ||ge|| g2 < o0.
e—0 0

For T"” < T, the map
Jro s HY(Q) — L*((0,T") x T,.)
b0 — 290, 0RO, ) + K* (i9)

is continuous (see Propositions 8 and 9, which imply the continuity of K : L?(T'.,R) —
L?(Q) and thus of K* : L?(Q) ~ L*T.,R)). Moreover, Jr~(¢.) = 0 for every
e<T—T" and ¢. — i(Ap + Ar)¢o in H&(Q) thus Jr[i(Ap + Ar)¢o] = 0. This
holds for every T” € (0,T), thus ¢(Ap + Ag)¢o € Nr.

We have proved that Ny is stable by i(Ap—+Ar) and only contains smooth functions
in D[(—Ap)?], Vs € N*. Applying again the estimate (41) to i(Ap + Ag)¢o, we get

[(Ap + Ar)%ollmi (o) < Cill(Ap + Ar)¢ollm-1(0)-

This shows that the unit ball of Ny is compact (for the Hg(£2)-topology), thus Np
has finite dimension (Rellich’s theorem).

Then the finite dimensional space N is stable by the real symmetric operator
—(Ap +Ag)? = [i(Ap + Ar)]?, thus —(Ap + Ag)? has an eigenfunction in Nr. This
candidate is also an eigenfunction of (—Ap).

Step 2. — We prove that
(42) /E*(zgpk) = %(z)()\iwk —20,0R 81’90’“)\1“6’ VzeC,keN,

where wy, is defined in (H4). Let z € C and k € N*. For every G € L?(T'.,R), we have

/ GK* (21 )do( (/IC zgokdx> :%(z)/Q/E(G)SOkd;v,

thus K* (z¢r) = R(2)K* ().
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If G € C((0,T) x I',R), then the potential V defined in (40) belongs to
C*>((0,T) x 2,R) thus the following integrations by part are legitimate:

/ K(G)pp do = / A?(Vpr)prdr  with V as in (40)
Q Q
- / (O, AVor)or — AVr) dypr)do(x) + / A(Vepr)Agy da
o0 Q
- / Goyor dvpr do(z) — Ay / A(Veor)or de,
I, Q

/A(VSOR)QOK dxr = —)\k/ Vorer dv
Q Q
:—)\k/ V(—A—Fl)wk dx
Q

= —/\k/ Gwido (z).
e
This proves that

/ K(G)pp dz = / G (Nwy — 20,05 01 do
Q e
for every G € C((0,T) x I';,R). The same equality holds by density for every

G € L?((0,T) x T's,R). Therefore, K* (1) = ANwg, — 20,9R 0, pk.

Step 3. — We prove that Np = {0}. Working by contradiction, we assume that
Nr # {0}. By Step 1, there exists z € C \ {0} and k& € N* such that z¢, € Np.
Moreover, by Step 2,

23 (0, RO [zt AR —A0)1]) + K* (izppe’ ARty — R(i2e! M= 0 N2y,
Thus R(ize! A7 =), vanishes on (0,T) x .. By Assumption (H4), we deduce that
(43) R(ize! 2= )ty =0 on (0,T).

First case: k = R. Then z € iR because zy, € Tspgr. From (43), we deduce that
0 = R(iz) = iz, which is impossible because z # 0.

Second case: k # R. Then A\, # Ag because Ag is a simple eigenvalue (see (H4)).
From (43), we deduce that z = 0, which is a contradiction. O

Remark 2. — Note that Assumption (H4) is necessary for the controllability of the
linearized system 23 (with ¥y = 0) around (¢ref(t) = pre ™Rt gyt = 0). Indeed, for
any eigenfunction ® of (—Ap) associated with the eigenvalue Ay, we have

T
(U(T),®) = <z/0 e AT (V (#)hres (1)) dt,<I>>
_ i —iraT g —i(Ar—Aa)t
= ie / e (V(t), or®) dt
0

T
:ie_Mq)T/ e_i(AR_)\q>)t<G(t)7w>L2(Fc)dtv
0
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where w is as in (H4) (apply the Green formula, as in the proof of Proposition 2). In
particular, if (H4) is not fulfilled, we are in one of the following situation

— if A is a multiple eigenvalue, then, for any eigenfunction ® associated to the
eigenvalue A¢p = A and linearly independent of ¢g, one cannot control the complex
component i(¥(T), ®)e?**T because it only takes real values

T
i(U(T), ®)ereT = /0 (G(t),w) dt € R,

— if there exists an eigenfunction ® for which w = 0 on I';, then, one cannot control
the component (¥ (7'), ®). Indeed, whatever the control G is, the final state satisfies

T
(U(T), ®) = je~ T / e ARTAING(1), w) 2,y dt = 0.
0

Proof of Proposition 15. Working by contradiction, we assume that, for every
n € N*, there exists ¢% € H{ () such that

(44) L= [6% 3 (2) > n123(0,9Ru&™) + K7 (i0™)l| L2 (0,1 <10 -

Up to a subsequence, one may assume that ¢% — ¢5° weakly in H}(Q). The strong
continuity of the operator

Hy(Q) — L*((0,T) x T'c)
b1 +— 23(0,pR0,0) + K (i¢)
implies its continuity for the weak topology [12, Th.III.9]. Thus
230, prD,¢7) + K (i¢") = 23(9,pr0,6) + K*(i¢™) in L*((0,T) x T.).

n

From (44), we deduce that
25(0, R0, 0®) + K*(i¢>) = 0 on (0,T) x L.

By Proposition 16, ¢ = 0. Thus, up to a subsequence, |[¢7| -1y — 0 when
n — co. We deduce from (41) that

n 1 n
L= 163 @) < G (5 + 1671 n10)) =20,
which is a contradiction. O

5.2. Proor or Turorem 2. — Let T > 0, R € N* and 9,et(t) := pr(z)e P2t We
assume that (H1), (H2), (H3’) and (H4) hold. By Proposition 10, the end-point map

O:[H}

8 (Q) N S] x L2((0,T) x T, R) — [HY (2) N SP?

(©
(%o » 9) — (1o, Y(T)erT)
is of class C! and

dO(¢r,0) : [Hy) () N Tspr] x L*((0,T) x T, R) — [H) (2) N Tspr]®
(o , G) — (W0, ¥(T)),
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where
(10 + A+ Ag) U (t,x) = V(t,2)pR, (t,z) € (0,T) x Q,
U(t,x) =0, (t,xz) € (0,T) x 09,
(45) U(0,z) = ¥y(z), x € Q,
(A +1)V(t,z) =0, (t,z) € (0,T) x Q,
A, V(t,x) = G(t,z)1r, (), (t,z) € (0,T) x ON.

The same arguments as in the previous section prove that dé(gp r,0) has a continuous
right inverse thanks to Proposition 15. The inverse mapping theorem proves that ©
is a local C'-diffeomorphism. O

5.3. SOME COMMENTS ABOUT CONTROL ONLY DEPENDING ON TIME. — In this subsection,
we comment on the information given by our previous study for a control that would
be of the form

(10 + A)(t, x) = v(t, )Y (t, x), (t,z) € (0,T) x Q,

P(t,z) =0, (t,z) € (0,T) x 09,
(46) ¥(0,2) = tho(z) z €9,

(A + Do(t,z) =0, (t,z) € (0,T) x £,

du(t,z) = g(t)u(@)lr, (z) (t,z) € (0,T) x 99,

where the control g € L?(0,T) only depends on time and pu € L°°(99) is fixed.

This is very close to the configuration studied in several papers described in the
introduction (except that we impose that the potential v = g(t)V,, is harmonic).

If we followed the framework described in the previous section, we would obtain
that the observability estimate necessary to obtain the controllability of the linearized
system, would be of the form

T
@ orlye < [

instead of the classical observability estimate (39), where K would be another (but

2
/8 2(u(@)0pnD,8) + K (i0)do(w)|

similar) compact operator.

Then, it becomes quite clear that (47) is really not likely to be true in general.
Indeed, to contradict (47), it suffices to find a sequence of solutions with H} norm
equals to 1 but whose Neumann trace on the boundary weakly converges to zero. This
can be easily done for instance

— on the square (0, 7)?: with the normalized initial data ¢,,(z,y) = ¢, sin(nz) sin(ny)

— on the disk: with some initial data ¢, (r,6) = ¢"?g,,(r), where g,, are appropriate
normalized Bessel functions.

Also, this analysis can also help to identify some class of initial data that could be
observable. It is necessary that there is no oscillation of the trace on the boundary.
This could be true for instance

— on the square: with some initial data that would depend only on z or y.
— on the disk: with some radial initial data.
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Also, from a microlocal point of view, we can see that (47) can only be true for se-
quences of solutions whose trace do not weakly converge to zero. That means some
data whose Neumann trace on the boundary is concentrated in the frequency & = 0.
Yet, the theorems of propagation of microlocal defect measure (described for exam-
ple for the wave equation in [14]) could suggest that it implies that the data are
concentrated close to some rays that intersect the boundary orthogonally.

6. SCHRODINGER EQUATION WITH REAL-VALUED BOUNDARY CONTROLS

The goal of this section is to prove Theorem 3. The arguments have already been
developed in the Step 1 of the proof of Proposition 14 but here, we give a simpler
proof in this simpler case.

Prorosirion 17. — Let Q be an open subset of R?, T' be an open subset of OQ and
0<T <T < oo. If the Schridinger equation on ) is weakly observable on (0,T) x T’
then, there exists Cy > 0 such that

(48)  lldollmi(e) < Cr(lIS(ud) 20y xr) + ol -1(), Vo € Hy(2,C),
where ¢(t) 1= AP gy.

Proof. — Let T',T" € (0,T) and p € C>°(R,R") be such that 7" —T" > T, p = 1
on (T, T") and Supp(p) C (0,7). The assumption and conservation of the norm give

(49)  llgollz (@) < CollpdudllLs @, wry + Idollz-1(0)), Vo € Hy(2,C)

Since [3(8,0)|* = [8,6[2/2 + R ((8,9)?) /2, it is enough to prove

/Rt/FpQ(auaﬁ)2

This inequality is obviously false if (9,¢)? is replaced by |9,¢|%. It is actually true
because (9,¢)? is the product of two terms that oscillate in the same direction, which
is false for |0, ¢|?.

More precisely, write ¢g = Y ., @rPo,k, Where (¢r)ren- is an orthonormal basis of
eigenfunctions for Ap with eigenvalues —\;. We have ¢ =3, e~k ©rbo.k

/Rt /sz(am)z _ %l:%,zébo,k (/Rt e—i(/\k+>\z)tp2> (/F(al/@k)(au@l)) .

The boundary term can be bounded for instance by trace estimates (actually, finer

< CllgollF-1 (-

estimates would give a better exponent )\i/ 2)

/F|(5u<,0k)(8u<ﬂl)| < 0@kl L2y 190 @ill L2 (ry < Cllekll g2y il g2
<O\ < C()\k + )\1)2.
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[LOCAL EXACT CONTROLLABILITY OF THE 2D -SCHRODINGER-PO1SSON SYSTEM 391

The function p is C°(R) thus, for every N € N*, there exists Cy > 0 (whose value
may change) such that
Cn Cn

t 2 —i[A+XN]t dt| < < ,
/]Rp( ) € ()\k+>\l)N ()\Ic/\l)N/Q

So, choosing N large enough (and replacing N/2 — 2 by N), we obtain the bound

/]R / v o)? Z|¢oz¢0k|()\ N < (Z |do, k|) CHQSOH%I—l(Q)

when N is chosen large enough so that A k/ N g summable, which is always possible
(for instance using Weyl law). O

Vk,leN*

The following result can be proved thanks to the arguments developed in the proof
of Proposition 16 (in a simpler way, because K* does not appear anymore), together
with Proposition 17 and the time-oscillation of 9, ¢.

Prorosition 18. — Let Q2 be an open subset of R?, T' be an open subset of OQ and
0<T <T < oo. If the Schridinger equation on ) is weakly observable on (0,T) x T’
then, for every non-zero ¢o € HE(Q) N Tspr,

S(0vp) #0  on (0,T) x I,
where ¢(t) 1= AP gy.

Proof. — Since the method is classical and was already performed in a more compli-
cated case, we only detail the difference with Proposition 16. We define similarly

Nrp = {(1)0 € H&(Q), 3(0v¢) =0 in L2(<0’T) X FC)} )

where ¢(t) := e"APtgy.

Following Step 1, we obtain that if Ny # {0}, Np only contains one eigenfunction.
Assume ¢ € Np ~ {0} is an eigenfunction of Ap. Then, e2Pp = e~ . Note that
the Dirichlet boundary condition implies A # 0 and therefore ¢ € Ny implies d, = 0
on I'.. By unique continuation for eigenfunctions, we get ¢ = 0, a contradiction. [

Remark 3. — This result would be false if we considered Neumann boundary con-
ditions. The real constants solutions ®(¢) = ¢ with ¢ € R create a zero observation.
The system is therefore not controllable with a real control. Yet, the space of non-
controllable data is only one dimensional.

Then, arguing by contradiction as in the proof of Proposition 15, we obtain the
following observability Proposition which directly implies Theorem 3 by the HUM
method (a variant with R-linear vector space).

Prorosirion 19. — Let Q be an open subset of R?, T' be an open subset of OQ and
0<T <T < oo. If the Schridinger equation on ) is weakly observable on (0,T) x T’
then, there exists C; > 0 such that

(50) b0l 0y < CLlIS(8u) |2 0.1y xT): Vo € Hg(2,C),
where ¢(t) 1= A0 gy.
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7. NONLINEAR EQUATION ON A RECTANGLE

The goal of this section is to prove Theorem 4. Note that the system (4) may be
written

0 = =AY + (Ax + 1) Hel[P) + vy, (t2) € (0,T) x Q,
Ou(t,x) =0, (t,xz) € (0,T) x 09,
(51) (0, z) = Yo (), z €14,
(-A+1wv=0, (t,x) € (0,T) x Q,
dyv(t,x) = g(t,z)1r, (), (t,z) € (0,T) x O

In Section 7.1, we prove a smoothing effect. In Section 7.2, we prove the well-posedness
of the system (51) in functional spaces appropriate for the controllability problem. In
Section 7.3, we prove the C'-regularity of the end-point map. In Section 7.4, we prove
the controllability of the linearized system. In Section 7.4.5, we prove Theorem 4 by
applying the inverse mapping theorem.

7.1. SMOOTHING EFFECT ON THE SOURCE TERM. — We introduce the operator A de-

fined by

D(A) = H{(9,0),  Ap=-Dp+ >

(—Ax + 1) 7 (R(9))-
On HZ%(2,C), we use the norm
1/2
el = -8+ Dplzaie = (3 167+ (um/ 2P + Do)
p,neN
where (.,.) is the usual L?(Q2)-scalar product and
(52) Epn(@1, w2) = (p(@1) Pn(2)
o) = 1/ymif p=0, o) = 1/VLifn=0,
PR \/2/m cos(pxy) if p € N*, m V2/Lcos (nmxo/L) if n # 0.

The goal of this section is the proof of the following result.

Tueorem 7. — Let T > 0, L > 0, Q = (0,7) x (0,L) and T, be an open sub-
set of OQ such that T does not contain any vertex of 2. For every vy € H%(Q),
p1 € L2((0,T), H32(Q)) and ps € L*((0,T), H3,(Q)) such that

(53) (—A+ 1) =0, dym € L*((0,T) x 0Q), Supp(d,p1) C T,
the solution of
(10— Ap(t,2) = (j + ) (1,2),  (E2) € (0,T) x 2,
A(t,z) =0, (t,x) € (0,T) x 909,
’l/)(O,SC) = q/}O(JC)a T € Q7
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[LOCAL EXACT CONTROLLABILITY OF THE 2D -SCHRODINGER-PO1SSON SYSTEM 393

satisfies 1 € C°([0,T], H% (). Moreover, there exists a constant C > 0 (independent
of bo, 11, 12) such that

(54) M9l oro,11,12 (2) < C (%ol 2 () + 10w 1]l L2 0.7y w00y + 2]l L1 0,1y, 122, (2)) -

Remark 4. — By Proposition 7, 8, u1r, is well-defined in L?((0,T), H3/275(T;)),
for j = 1,...,4. This gives a sense to the second assumption in (53) i.e., d,p1|r; €
L*((0,T) x ;) for j =1,...,4.

To prove Theorem 7, we need the following preliminary result.
Prorostrion 20. —  Under the assumptions of the previous statement, the map
H:it— /t e TN (5) ds
0
belongs to C°([0,T], H% () and

(55) 1Ml o< (0.1, 72,(2)) < CllOvriallL2(0,7)xT.)

for some constant C = C(T') > 0 independent of 1.

Proof of Proposition 20. — The proof is quite close to that of Theorem 5 on the rectan-
gle. We only perform Step 1, since the step 2 of regularization is very similar. Actually,
following similar arguments as Step 2, we can first assume J, u1)9q € C5°((0,7) x T';)
which gives by elliptic regularity pq € C*°((0,T) x ). The inequality (55) that we
obtain for smooth functions will then allow us to get the same result under the above
regularity assumptions.

So, up to now, we assume that u; is regular enough. By linearity, we may assume
that T'. C (a,b) x {0} with 0 < a < b < 7. We have

t 2
—i(p?*+(nw 2)s
= IHOWz )= > |@*+ (nr/D)* +1) / (111(5), Epn)e~ PHOT/IT)s g
p,nEN 0
" 2
. 2 2
= 3 | [ ). (-85 D) 0T g
p,neN
We can apply the Green formula because p1 and &, ,, are smooth. This leads to
oo t ) ) 2
S = Z / e~ i(P*+(nm/L) )‘5/ O (s, )y n(x)do(x) ds
p,n=0 0 Le
. 2
<C Z Z / _iPQS / Or, 11 (8, 21,0) cos(pzy) dy einm/L)%s g
p=0n=0 0
2
C’Z/ Lot (s / Oz, p1(8,21,0) cos(pry) dxy| ds
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thanks to the Bessel-Parseval inequality in L?(0,Tp) with Ty > T of the form 2mL?/m
with m € N*. Thus, we have

2
ds

$2ﬂ1(83 zy, 0) COS(pl‘l) dxy

2
ds

o 01 (8, 21, 0) cos(pxy ) day

p=0 0
t
< C/ Z
(s
t
<C / 11 (5, )22 .y s

thanks to the orthogonality of the functions (cos(pz1))pen in L?(0, ).

Note that p1 can be computed explicitly in terms of 0, 11| thanks to the rectan-

I,
gular form of the domain €. This explicit expression shows the existence of a constant

C = C(2) > 0 such that
122000, 81 () < CllOutnall Lz oty xor,)s Yt € (0,T).
Therefore,
11O F2 @) < CONOvmllz2(0,xory, Yt € (0,T).
This inequality proves that the map H takes values in H% () on [0,7] and that
H :[0,T] — H%(Q) is continuous at ¢t = 0. The same proof shows that H is continuous

at any t € (0,7). O
Proof of Theorem 7. — By the Duhamel formula, we have

(50 B0 = 2t i [ O () 4 () s,

where i

~ 2e -
pa(t) = pa(t) = —(=An +1) H(Ry).
In particular, fio € L*((0,T), H%(Q)) and

2eT
(57) A2z 0.y, 13, ) < lp2llpro.my, 13, 0 + 7 1W< (0,7),22(0))-

For every 7 € R, the operator e*N7 is an isometry of HN () thus, the first two terms
in the right-hand side of (56) belong to C°([0,T], HZ,(2)). The third term also does,
by Proposition 20, thus ¢ € C°([0,T], HZ(12)).

Step 1. — Proof of (54) when T is small enough so that
25T 1
L §

We deduce from (56) that, for every ¢ € (0,7")

t
0300 < el + [ a6z s+ | [ e a6y

Using (57), Proposition 20 and (58) we obtain

(58)

HIQ\, () .

191l Lo 0,1y, 12, (2)) < 2([1%0ll 12, () + 12l L1 (0,152 () + CllOwpall L2 0.1y xr.) ) -
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Step 2. Proof of (54) when T is arbitrary. Let 0 =T; < T < --- < T,, =T be a
subdivision of [0, T| such that 2e(Ty+1 — T)/nL < 1/2for k =1,...,m—1. Applying
Step 1 on each subinterval (T, Tk+1) we obtain (54). O

7.2. WELL-POSEDNESS OF THE NONLINEAR SCHRODINGER-Porsson system. — The goal of
this section is the proof of the following result.

Prorosition 21. Let T > 0. There exists p,§ > 0 such that, for every 1y € H% (),
g9 € L*((0,T) x 9) with [|og — thret (0) || 2, < p and ||gllL2((0.1)x00) < 8, there exists
a unique solution ¢ € C°([0,T], H3,(Q)) of (51). Moreover |[v(t)||r2(0) = Yol r2(o)
for every t € [0,T).

We search v in the form
—iet/mL

- (1+<(t2,y)),

Y(t,x,y) =

where ( is the solution of

(i0y — A)C=2() +v(1+(), (t,z) € (0,T) x Q,
d,((t,z) =0, (t,z) € (0,T) x 09,

(59) ((0,7) = o), reQ
(—A+1)u(t,z) =0, (t,x) € (0,T) x Q,
Ayv(t,x) = g(t,z)1r(x), (t,x) € (0,T) x 09,

and

(60)  B(0) = 2o Ay + 1) (RQ)C+ 7 (A +1)7 (K7) (140,

Proposition 21 is a consequence of the following result.

Prorosirion 22. Let T > 0. There exists p,d > 0 such that, for every (o € H% (),
g € L%((0,T) x 09, R) with [Collzrz, < p and ||gllz2(0,m)x00) < 8, there exists a unique
weak solution ¢ € C°([0,T], H3(2)) of (59).

Proof of Proposition 22. — Let T > 0.

Step 1. We prove the existence of Cp > 0 such that, for every ¢ € H%(Q2) and
v € H3?(Q) satisfying (—A + 1)v = 0 in Q, then (—A +v)(v¢) € L*(Q) and
[(=A +v)(vO)lr2(0) < Collvllas/2@) ¢l a2 @)
We have
(—A+1)[v¢] = —2Vv - V(¢ — vA(.

— We have A¢ € L?(Q2) and v € L*(Q), by the Sobolev embedding (12), thus
vA¢ € L*(Q).

— We have Vv € H'/2(Q) and V¢ € H'(2). From the Sobolev embedding (13), we
deduce that Vv and V( belong to L*(Q). Thus Vv - V¢ € L3(Q).
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Step 2. Choice of R, 4, p. Let C > 0 be as in Proposition 20 and C’ > 0 be the
constant of the third statement of Proposition 7. Let C1,Cs,C3 > 0 be such that
12Ol z,0) < CullClFrz () V¢ € HX(Q) such that [I¢] 2 0) <1,
¢ pee @y < CallCllmz @), VCE HZ (9),
<

[®(¢) — ( HH;{,(Q) CBHC_CHHZ%,(Q)maX{HCHH}(,(Q)?Ha|H12\,(Q)}7

V¢, ¢ € H(Q) such that [[C]l g2 (. 1] m2 () < 1,

where ®(() is defined in (60). Let

3 . 1 . 1 .7R
R'mm{l’élClT’ZLC;),T}’ pi=

(61) . R 1
0= min { 4[C(1+ Cs) + CoC'VT) " 4(CCy + CoC'T) } ’

and (o € H%(Q) be such that Gollzr2, () < p
We consider the map

F: ?R[CO([O7 TL HJQV(Q))] — E[CO([Ov T]? HJQV(Q))]
(— &,
where £ := F(() is the solution of
(10, = A)E = () +v(1+¢), (t,z,y) € (0,T) x Q,

0,&(t, z,y) =0, (t,x,y) € (0,T) x 99,
E(O’x’y) = Co(xvy)a (x,y) c Q.

The end of the proof consists in applying the Banach fixed point theorem to the
map F.

Step 3. — We prove that F takes values in Bg[C°([0,T], H%)].
Let ¢ € Br[C°([0,T], H%)]. We introduce the solution p3 of

(*A + 1)#3(t7x17x2) = (*A + 1)(”C)(t7x17x2)7 (tvxbe) € (OaT) x Q,
Oy p3(t,z1,22) =0, (t,z1,22) € (0,T) x OQ
and the functions
pr=v+0C =3, p2 = pg 4+ Q).
By Step 1, (—A + 1)(v¢) € L*((0,T) x Q) and thus uz € L2((0,T), H%()). There-
fore p1 and pg satisfy the assumptions of Theorem 7 and &:=F(¢) € CY([0, T, H%(R)).
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By Proposition 20 and (61)

€L 0,7),2) < €0l + CllOw || L2(0,7) %10
T
+ / (s ()l a2, + 191z, ) s

R
szt Cllg(X + Ollz2 0,1y xr.)
+VT|[(-A+ 1) (vQ) |l 20, 7)) + TC1R?
4081+ Co) + VT CoC'sR

NN
=

Step 4. — We prove that F is a contraction. Let ¢, € Bg[C°([0,T], HZ)]. By Propo-
sition 20 and (61),

€~ g”LOO((O,T),HIQ\,) < C|l0y (1 — )l z2((0,7) <)
T ~
+/O (I3 = 113) (8) | 122, + [1@(C(s)) — @(C(5) ] 2, ) ds

< Cllg(¢ = Ollzzo.r)xre) + VT I(=A + D¢ = Olllz2(0,1)x0)
+TC5R|IC = ¢l (o), 12
< (COCs + CoC"6 + TC5R)|I¢ — Cll oo (0,7, 12,

%HC C||Loo((o T),H2)- U
7.3. C'-REGULARITY OF THE END-POINT MAP. The end-point map is defined by
(62) Or : [SNHZ(Q,C)] x L*((0,T) x 0Q,R) — [SN H%(Q,C))?
(o » 9) — (¥(0),%(T)),

where 1 is the solution of (51). The goal of this section is to state the following result,
which is a consequence of the estimate (54).

Prorosirion 23. — Let T > 0 and p,0 > 0 be as in Proposition 21. The end-point
map O defined by (62) is C* on

{(Wo,9) € HY x L*((0,T) x 99); ||tbo — et (0)|| 2, < p and [|g]lL2((0,7)x00) < 6}
and o—ieT/VrL

dOT (Yrer (0),0) - (Yo, G) = (\IIOa W‘I’(T))»
where ¥ is the solution of
(10 — A)¥ =V, (t,z) € (0,T) x Q,
0,V (t,z) =0, (t,z) € (0,T) x 09,
(63) (0, 2,) = Vo), req,
(—A+1)V =0, (t,z) € (0,T) x Q,
O, V(t,x) =G(t,xz)lp (), (t,z)€ (0,T) x N
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74 CONTROLLABILITY OF THE LINEARIZED SYSTEM. Let

Ts := {ga € L*(Q,C); R (/Q o(z,y) d:z:dy) = o} .

The goal of this section is the proof of the following result.

Prorosition 24. Let T > 0. There exists a continuous map
L: (Ts N H%(Q,C))* — L*((0,T) x 0Q)
(¥o,Vf) — G

such that, for every (¥o,Vy) € (Ts N 1[[12\[(97((3))2 the solution of (63) satisfies
W(T) = 0.

7.4.1. Hilbert Uniqueness Method. The proof of Proposition 24 requires the follow-

ing observability result, where B is defined by
2e
= (~an 1)),

™

D(B) := H%(Q,0), Bg:=—-A¢p+i

Prorosition 25. — Let T > 0. There exists C > 0 such that, for every ¢ € L*(),
the solution of

(iat - B)¢ =0, (tvx) € (OvT) x Q,
(64) 0,¢(t, x) =0, (t,z) € (0,T) x 09,
&(T,x) = ¢r(z), x€Q,
satisfies
(65) l¢rllz2) < CIS(@)|lL2(0,1)xT.)-

Note that the solution of (64) can be computed explicitly (as in the case € = 0)
because B preserves C¢, ,. The boundary condition in (64) has to be understood in
the sense of the semi-group. The proof of Proposition 25 relies on two intermediate
results:

— the weak observability of (64), proved in Section 7.4.2 below,
— a unique continuation property, proved in Section 7.4.3.

Note that the trace J(¢)|aq is well-defined in L?((0,T) x ) (see Lemma 1 below).

Proof'of Proposition 24, assuming Proposition 25. — We want to prove the existence of
a continuous right inverse for the continuous operator

F:L*(0,T) xTo,R) — Ts
G — (—A+ 1)¥(T),

where U is the solution of (63) with ¥y = 0. By [12, Th. I1.10 & I1.19], it is equivalent
to prove the existence of a constant C > 0 such that

lorllree) < CINE*(o7)ll2((0,1)xr.), VT € Ts.
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Thus, to deduce Proposition 24 from Proposition 25, it is sufficient to prove that

F*(¢r) = =S(P)r., Vor €Ts,

where ¢ is associated to ¢r by (64). The trace I(¢)r, is defined as an extension,
thus, it is sufficient to prove that

(66) F*(¢r) = =S(9)r., Vor € Ts N CZ(Q).

Let ¢p € Ts N C=(Q). Then ¢ € C([0,T], H () for every s > 0, thus ¢ =
(A +1)p € C([0,T], H3 (22)) for every s > 0 and

(id, + B)¢ = 0, (t,x) € (0,T) x Q,
d,0(t,z) =0, (t,z) € (0,T) x 99,
g(T’x) = (_A + 1>¢T($>7 x €,

because B and (—A + 1) commute. The functions ¥ and 5 are solutions in the sense
of the semi-group, thus
x) dx dt)

%<\IJ(T = J(/ /V (t,x)
:%</O /QV(t,x)(—A—i-l)ﬂt,w)dmdt).

Therefore,
RF(G), ¢r) = R((—A + 1)‘I’(T) o)
= R(U(T), (—A + 1))  because U(T), pr € Ha ()
= (/ /Vtx (—A+1)o(t, x)dwdt)
7/0 /F G(t,z)S(P(t, x))do(x) di.
This proves (66). O

Lemva 1. — Let T > 0. There exists C = C(T) > 0 such that, for every ¢o € L*(£2),
the solution ¢ € C°([0,T], L?(Q)) of (64) satisfies

T
/ / 16(t,2)Pdo () dt < Cllo] 2
0 o0

Step 1. — Proof when e = 0. The following equality holds in C°([0, T, L*(Q))

Proofof Lemma 1

oo

¢(t7$1,$2) = Z <¢Ov£p,n> _Z[p /L) ] fp n($17$2)

p,n=0
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Using (52) and the orthogonality of ({,)pen in L?(0,7), we get

T pm T pm | ©©
/ |6(t, 21,0)[* dey dt = // >
p=0
/ > (00l e~ lp /1]
p=0"'n=
/ 2
p=0"0

dt
<D Cuug Y [0, &p.n) * = Ciuglldoll7 26
p=0 n=0

o0

(S0 gume e g

2
d{El dt

2
dt

Z<¢07 é-p’n>e—i(n7r/L)2t

where Crng(T) > 0 is the Ingham constant associated to the family (e‘i(””/L)2t)
in L2(0,T) (see [19]).

neN

Step 2. — Proof when e # 0. The following equality holds in L*(2).

B(t) = e BN By + 22/0 e TN (AN +1)7H(S((s))) ds, Vite[0,T).

By Step 1, the trace on 99 of e *A~t¢y has an L?((0,T) x d9Q)-norm bounded by
v/Crng |90l £2(02)- The second term of the right-hand side belongs to C°([0, T, Hx (£2))
and its L>°((0,T), HJQV(Q))—norm is bounded by

25 2eT
||¢( M2 = I |90l z2(0)-

Thus, this term as a trace on 89 with an L2((0,T) x 9Q)-norm that satisfies a similar
estimate. ]

7.4.2. Weak observability. — The goal of this section is the proof of the following
result.

Provosirion 26. — Let T > 0. There exists C' = C'(T) > 0 such that, for every
o7 € L*3(Q), the solution of (64) satisfies

(67) o720y < C([S9(D) | 220, <1 + |07l H-2(02) ) -

Proof'of Proposition 26. — We recall Tenenbaum and Tucsnak’s result [36, Th.1.1]:
for every T' > 0 and every non-empty open subset I' of 982, there exists Co =Co(T,T") >0
such that, for every ¢ € L?(2), the solution ¢ of

(i0, + A)p(t,z) =0,  (t,z) € (0,T) x €,

(68) B,3(t,2) =0, (t.2) € (0,T) x O,
3T, x) = or(), zeqQ,

satisfies

(69) lé7 ]l 2() < Coll@llz2((0,1) ) -
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Step 1. We prove that, for every T' > 0, there exists C; = C1(T") > 0 such that for
every ¢r € L?(€2), the solution ¢ of (68) satisfies

(70) o7 L2y < CL(IS@)l| L2 (0,ryxre) + o7l H-1(02))-

Let T > 0 and p € C°(R,R") be such that p = 1 on (7T/3,27/3) and Supp(p) C
(0,T). Let ¢ € L?(Q2). We have

2T/3
67720y < Co/ / |6(t, ) [Pdo(x)dt  with Co = Co(T/3) by (69)

co//|p 3(t, 2)|2do () dt
<4 / / |p<t>§5<t,x>|2+|p<t>$<t,x>|2)do<w>dt

<G / / (oOS@(t, )2 + 2R(p(t)28(t, 2)%)) do () dt.

In order to get (70), it suffices to prove the existence of C' > 0 such that

/ / Rlp(t)?3(t, 2)%)do(x) dt < Cllérls 1 0.

The function p? belongs to C2°(R, R), thus, for every N € N*, there exists Cy > 0

such that

_ Cn
D2e gt < —2— Yw > 0.
frere ] < g v

We have

[ [ st sriseal
=| X rgns ([owre ) ([ oot ) |

7,JEN*
Cn
Z o7, T TN CA?A? for some C, a0 > 0
j,JEN* (1 + >\J + AJ)
)\oz 2
CCN( Z |¢T,]|( ) )
jEN* J

EXIY AL+ )\
CON( 2 Ty P e wera
JjEN* 1+)\-7 jEN* (1+)\J)
< Cllgrll3r-1(q) for N large enough.

Step 2. — Conclusion. Working by contradiction, we assume the existence of a se-
quence (¢%),en- such that the associated solutions ¢™ of (64) satisfy
(71) L= (6%l c20) > n(IS@™) 20,1 <t + 107 5-2())-
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We introduce the solutions ¢™ of (68) associated to final condition ¢"(T') = ¢n.. Then
"= @™ — @™ solves

2¢e

(iat + A)fn = Z.7_‘_7[1(_AN + 1)71$(¢n)’ (t,.’t) € (OvT) X Qa
9,£"(t,x) =0, (t,z) € (0,T) x 99,
f”(T,;E):O IEGQ,

From (71), we deduce that

o — 0 in H™2(Q).

n—oo

Moreover this sequence is bounded in L?(), thus, by interpolation

¢ — 0 in H Q).
n—oQ

Therefore,
(AN +1)7S(¢") — 0 in L((0,T), H' ()
and € — 0in L*>((0,T), H'(Q)).

n—oo
As a consequence (§™)r, — 0in L*((0,T) x I'). Moreover, $(¢")r, — 0in
n—oo n—oo

L%((0,T) x T,) by (71), thus $(¢")p. — 01in L2((0,T) x T,). From Step 1, we get
T n—00

1= l¢%llr2) < CL(IS(@™) 20,1y xr0) + 0% H-1(0)) 20,

which is a contradiction. g
7.4.3. Unique continuation. — The goal of this section is to prove the following result.
Provosirion 27. — We assume that € satisfies (6). Let T > 0, I'.. be an open subset of

0 and ¢ € Ts~{0} and ¢ be the solution of (64). Then I(¢)r, does not identically
vanish on (0,T) x T..

Proof of Proposition 27. — To simplify, we assume that I'r = (a,b) x {0}, where
0 < a < b< 1. We introduce

Nr:={¢o € Ts; 3(¢) =0 on (0,T) x I} ,

where ¢(t) := S(t)¢o solves (64) with initial condition at t = 0: ¢(0) = ¢g. Nr is an
R-vector subspace of L?(Q). Working by contradiction, we assume that Ny # {0}.

Step 1. — We prove that Ny is stable by (—i) and has finite dimension. Let ¢g € Nrp.
Since ¢o € L?(Q), then ¢. := (S(e)¢o — ¢o) /¢ is bounded in Hx?(Q) when [ — 0].
Moreover, for ¢ < T/2, ¢. € Ny /5. Applying (67) to ¢, we get

6cll 2y < C(T/2) 92l g2y Ve € (0,T/2).
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Thus ¢. is bounded in L?(Q) when [¢ — 0]. Therefore ¢g € H% (). Indeed, by Fatou’s
lemma,

) > P | 2
b2, @) = > ko, n)]? thlnf‘ ¢07<Pk>’
k=1
—z)\ke -1 2
< hminfz |0, 01

e—0
< lim inf ||¢s||L2(Q) < o0.
Let 77 € (0,T). The map
Jr : L2(Q) — L*((0,T") x T.)

$o —> S(@’pc

is continuous (see Lemma 1). Moreover, Jr/(¢:) = 0 for every ¢ € (0,7 — T') and
¢e— — iB¢o in L2(Q) when [¢ — 0] thus Jr/(—iBg¢o) = 0. This holds for every

"€ (0,T), therefore —iBpg € Nr. We have proved that Ny is stable by —iB8 and only
contains smooth functions in D [B*], Vs € N*. Applying estimate (67) to (—iB¢o),
we get

1BollL20) < C'[[Beollr-2(0)-
This shows that the unit ball of N7 is compact (for the L?()-topology), thus Nt
has finite dimension, by the Riesz theorem.

Step 2. — We prove that Nt contains a finite sum of functions &, ,,. The finite dimen-
sional R-vector space Ny is stable by the operator —il3, thus there exists «, 3 € R
such that

Ker[P(—iB)] N Nr # {0}, where P(X) = X? +aX + 3.
Let ¢9 € Ker[P(—iB)] N Np. Let apn, by € R be such that
<¢0a Ep,n> = Gpn T ibp;m Vp,n €N,

Note that ap o = 0 because ¢g € Ts. Explicit computations show that the relation
P(—iB)¢o = 0 reads

o0

> (Pl=idpnlapn +iP| = i(Apn + M(Ajiﬂ))} bpn )pn

p,n=0

where \,,, == p? + (nm/L)*. Thus

Pl=idpalapn = P = i( A + Wﬂbw =0, VpneN

The polynomial P has at most two roots and the two quantities
Apn and Ay, +2e/mL(Apn +1)

diverge when ||(n,p)|| — oo, thus only a finite number of coefficients (¢, §p,n) can be
different from zero.
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Step 3. Conclusion. Let N € N be such that ¢o = Y0 (00, Epin)np-

Step 3.1. — Assumption (6) implies that A, , + 2¢/mL(A\p, +1) > 0 for every
n,p € N. Explicit computations show that
N

Sle(t,21,0)] = Z (bp,n coS(wp,nt) = Vpnlp,n sin(wp,nt)))) Gp(@1),

p,n=0

where

2¢e
n = A n<)\ n 7)7 v ) N7
“p, \/ AN Py p.m e

o )\"'L7P
T A N + 26/ 7L O + 1)

The continuous function (t,z) — S[H(t, 21,0)] vanishes on (0,7) x (a,b) because
¢o € Nr. In particular, for every t € [0,T], the function z; — S[¢p(t, x1,0)] vanishes
on (a,b). But the functions (x1 — cos(pz1))ogp<n are linearly independent on (a,b),
thus

Z (bp,n cos(Wp.nt) — Yp.nlp.n Sin(wp’nt)) =0, Vte(0,7),1<p<N.

n=0

We notice that Assumption (6) on € imply
wi,n + wiﬁm, Vp,n,m € N such that n # m and (p,n), (p,m) # (0,0),

where 9e
2 .= 2 L 2 2 L 2 v N.
Who = (4 om /L)) (9 (/1) 4 s ) Ve

Under Assumption (6), the map f(s) := s (s + 2¢/nL(s + 1)) is strictly increasing on
[m, 00) and thus the above property holds.

So, the frequencies {wp n; 0 < n < N} are all different for every p € N. Thus, the
previous relations imply that b,, = a,, = 0 for every 0 < p,n < N, ie., ¢9 =0,
which is a contradiction. (]

7.4.4. Observability. Proposition 25 follows from Propositions 26 and 27, by work-
ing as in the proof of Proposition 15.

7.4.5. Controllability of the nonlinear PDF. — The proof of Theorem 4 consists in
applying the inverse mapping theorem to the end-point map © defined in (62), as in
Section 4.2.
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