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Abstract. In this paper, we study the indirect stabilization problem for a system of two
coupled semilinear wave equations with internal damping in a bounded domain in R3.
The nonlinearity is assumed to be subcritical, defocusing and analytic. Under geometric
control condition on both coupling and damping regions, we establish the exponential
energy decay rate.

1. Introduction

This paper is devoted to the study of the following semilinear coupled wave system in a
bounded domain of R3 with a smooth boundary Γ = ∂Ω:

∂ttu−∆u+ a(x)∂tu+ b(x)∂tv + f1(u) = 0 in Ω× R∗+,
∂ttv −∆v − b(x)∂tu+ f2(v) = 0 in Ω× R∗+,
u = v = 0 on Γ× R∗+,
u(x, 0) = u0(x) , v(x, 0) = v0(x) in Ω,

∂tu(x, 0) = u1(x) , ∂tv(x, 0) = v1(x) in Ω,

(1.1)

where the damping term a ∈ L∞(Ω) is a non-negative function, the coupling term
b ∈ L∞(Ω) is non-negative and the initial data (u0, v0, u1, v1) is in the energy space

H := (H1
0 (Ω))

2 × (L2(Ω))
2
. We denote by ∆ the Laplace operator on Ω.

The non-linearity fi ∈ C1(R,R), for i = 1, 2, is assumed to be defocusing, energy subcritical
and such that 0 is an equilibrium point. More precisely, we assume that there exists C > 0
such that

fi(0) = 0, sfi(s) ≥ 0, |fi(s)| ≤ C(1 + |s|)p and |f ′i(s)| ≤ C(1 + |s|)p−1, (1.2)

with 1 ≤ p < 5.
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We will check that problem (1.1) is well posed. Then the associated energy Eu,v of a
solution (u, v) at time t is defined by:

Eu,v(t) := E(u, v, ∂tu, ∂tv) =
1

2

∫
Ω

(
|Ou(x, t)|2 + |∂tu(x, t)|2 + |Ov(x, t)|2 + |∂tv(x, t)|2

)
dx

+

∫
Ω

G (u(x, t), v(x, t)) dx, (1.3)

where G(u, v) =

∫ u

0

f1(s)ds+

∫ v

0

f2(s)ds. A straightforward computation shows that this

energy is non-increasing:

E ′u,v(t) = −
∫

Ω

a(x)|∂tu(x, t)|2dx ≤ 0, (1.4)

and system (1.1) is therefore dissipative. Due to assumption (1.2) and the Sobolev embed-
ding H1(Ω) ↪→ L6(Ω), for all E0 ≥ 0 there exists C ≥ 0 such that

(u, v, ũ, ṽ) ∈ H, with E(u, v, ũ, ṽ) ≤ E0 ⇒ 1

C
‖(u, v, ũ, ṽ)‖2

H ≤ E(u, v, ũ, ṽ) ≤ C‖(u, v, ũ, ṽ)‖2
H. (1.5)

The lower bound is a consequence of the positivity of G(u, v) thanks to (1.2). The aim of
this paper is to give sufficient conditions on the non-linearity and on both coupling and
damping regions, ensuring the uniform exponential decay of the energy. More precisely,
for some positive constants a0 and b0, we assume that ωa and ωb are two open subsets of
Ω, so that

• Supp(b) ⊂ ωa ⊂ {a(x) ≥ a0 > 0}
• ωb ⊂ {b(x) ≥ b0 > 0}
• ωb satisfies the geometric control condition 1(see [10]).

Note that the assumptions imply ωb ⊂ ωa, where both particularly satisfy the geometric
control condition. The classical results of Bardos-Lebeau-Rauch (see [10, 35]) imply that for
the scalar equation with damping a∂t, the energy decays exponentially. It should be recalled
that b is assumed nonnegative. Yet, replacing v by −v changes b to −b in equation (1.1).
In particular, our result remains true in case b ≤ 0, assuming that ωb ⊂ {−b(x) ≥ b0 > 0}.
We will stick to the case b ≥ 0 in what follows to avoid confusion. Our main result is the
following:

Theorem 1.1. We assume that the open sets ωa and ωb satisfy the previous assumptions.
If f1 and f2 are real analytic and satisfy (1.2), then for any E0 ≥ 0, there exist C > 0 and
β > 0 such that, for all solutions (u, v) of system (1.1) with Eu,v(0) ≤ E0,

∀t ≥ 0, Eu,v(t) ≤ Ce−βtE0. (1.6)

1 We say that ωb satisfies the geometric control condition if every generalized geodesic (i.e. ray of
geometric optics) traveling at speed one in Ω meets ωb in a uniform time.
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This result means that the damping ”a∂tu”, applied in only one equation for the system,
stabilizes any solution of (1.1) to zero, which is an important property from the dynamical
and control point of view.
The proof of this result is mainly of the type: ”geometric control condition” + ”unique
continuation” implies ”exponential decay”.

Concerning the problem of stabilization of a linear damped wave equation, uniform
exponential decay has been obtained in Bardos-Lebeau-Rauch [10] and Lebeau [35] under
the usual geometric control condition (GCC). Roughly speaking, the assumption is that
every ray of geometric optics enters the damping region in a uniform time. The geometric
control condition is known to be not only sufficient but also necessary for the exponential
decay of the linear damped equation. Note that a large amount of other results have
been obtained in this context for different questions: obtaining different decay rates under
weaker geometric assumptions (see for instance [8, 13] and the references therein) and
studying the phenomenon induced by the infinite domain [6, 12, 31, 32, 15, 4].

The research about linear partially damped wave systems seems more recent, but the
subject has been very active. There has been several results using the functional analytic
method as the one of Alabau [3] and Alabau-Léautaud [4] (see also the survey [2]). We
can also quote Klein [33], who obtained a general result with a matricial condition using
microlocal analysis methods, and Cui-Wang [19] for a more specific problem. In this
article, we will use the linear result of Ayechi-Khenissi [9] where the authors established
the uniform stability when the coupling region is contained in the damping region and
satisfied the geometric control condition. It is worth noting also that the question of the
damping for a system of waves is closely related to the problems of controllability for
systems for which there has been recent progress. We refer for instance to Alabau and
Léautaud [1, 5] using functional analysis or Dehman-Léautaud- Le Rousseau [23] with
microlocal methods. Moreover, in the context of a compact manifold, the general result of
Cui-Laurent-Wang [18] proved the equivalence of observability with a system of ODE along
the rays of geometric optics. It can be applied to prove the expected observability estimate
for the model system of this article, but in the case without boundary. We refer to Remark
3.4 for more precision with the link with a natural ODE system along the bicharacteristic
flow.

The case of a single semi-linear wave equation was studied in [28, 39, 40, 24] for p < 3.
The first result for p ∈ [3, 5) was the one of Dehman, Lebeau and Zuazua [24]. This work
was mainly concerned with the stabilization problem on the Euclidean space R3 with flat
metric and stabilization active outside of a ball. Nevertheless, it settled a general scheme
of proof for the stabilization of a nonlinear subcritical problem of the form: ”propagation
of compactness ” + ”unique continuation” implies ”observability”. However, the problem
of the unique continuation problem under a general geometric control condition has not
been solved in general. This problem was solved in Joly-Laurent [29] under the assumption
of the analyticity of the nonlinearity. We will follow this scheme of proof concerning the
nonlinear part of the proof.

Other stabilization results for the nonlinear wave equation can be found in Aloui-
Ibrahim-Nakanishi [7] with a stronger geometric condition, but a large class of nonlinearity.
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We also refer to Cavalcanti-Cavalcanti-Fukuoka-Pampu-Astudillo [16] and the references
therein for some related equations with nonlinear damping. Some works have been done
in the difficult critical case p = 5; we can refer to [21, 34].

We begin this paper by proving the global existence and uniqueness results in section 2.
In section 3, under geometric control condition on both damping and coupling terms, we
first prove a compactness result and then a unique continuation result which ultimately
will prove the exponential stabilization for the linear coupled system and the uniform
stabilization result.

In the following, the norm on L2(Ω) is written ‖.‖ and we write 〈.〉 for the scalar product
on L2(Ω). Furthermore, C will denote some constant (that could depend on the fixed
parameters of the problem: Ω, a, b, f) with a value that can change from one line to
another.

2. Global existence and uniqueness

In this section, we prove the existence and uniqueness result of the semilinear coupled
wave system (1.1) in the energy space. Then we reduce system (1.1) to a Cauchy problem:{

U ′(t) = AU(t) + F(U),

U(0) = U0 ∈ H,
(2.1)

where U = (u, v, ∂tu, ∂tv)T , U0 = (u0, v0, u1, v1)T , F(U) = (0, 0,−f1(u),−f2(v))T and the
operator A is given by

A =


0 0 I 0
0 0 0 I
∆ 0 −a(x) −b(x)
0 ∆ b(x) 0


with domain D(A) = (H1

0 (Ω) ∩H2(Ω))
2 × (H1

0 (Ω))
2
.

It is clear that A is a maximal dissipative operator on the Hilbert space H ([9]). Thus, by
the Lummer-Philips theorem (see [37]), it generates a C0 semigroup of contraction (S(t))t≥0

on the Hilbert space H. In the following, we note:

‖u‖LqTLr :=

[∫ T

0

‖u(t, .)‖qLr(Ω)dt

] 1
q

, for T > 0, q, r ∈ [1,+∞] .

In this section, we will prove the following result:

Theorem 2.1. Cauchy problem
For any U0 ∈ H there exists a unique solution (u, v) ∈ (C(R+, H

1
0 (Ω)) ∩ C1(R+, L

2(Ω)))
2

of the semilinear coupled wave system (1.1). Moreover, this solution satisfies the following
Strichartz estimate: for every finite T > 0 and (q, r) where

1

q
+

3

r
=

1

2
, q ∈

[
7

2
,+∞

]
(2.2)
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there exists a constant C = C(‖U0‖H) > 0 such that :

‖(u, v)‖(Lq([0,T ],Lr(Ω)))2 ≤ C(‖U0‖H). (2.3)

Moreover, the solution is unique in (C(R+, H
1
0 (Ω)) ∩ C1(R+, L

2(Ω)) ∩ LqTLr)
2

with suitable
q and r as in (2.2).

The couple (q, r) will be chosen according to the nonlinearity, see for instance (2.9) for
the explicit choice. In this theorem and in all the article, the solutions of (1.1) are meant
to be as the usual Duhamel formulation, see below. It implies to be a solution in the
distributional sense.

We prove this theorem by the fixed point method with a result of the Strichartz estimate
for the linear coupled wave system. This result is given by the following theorem.

Theorem 2.2. Strichartz estimate
Let T > 0 and (q, r) satisfy (2.2). There exists C = C(T, q) > 0 such that for every
G1, G2 ∈ L1 ([0, T ] , L2(Ω)) and every (u0, v0, u1, v1) ∈ H, the solution (u, v) of the follow-
ing linear coupled wave system:

∂ttu(x, t)−∆u(x, t) + a(x)∂tu(x, t) + b(x)∂tv(x, t) = G1(t) in Ω× R∗+,
∂ttv(x, t)−∆v(x, t)− b(x)∂tu(x, t) = G2(t) in Ω× R∗+,
u(x, t) = v(x, t) = 0 on Γ× R∗+,
u(x, 0) = u0(x) , ∂tu(x, 0) = u1(x) in Ω,

v(x, 0) = v0(x) , ∂tv(x, 0) = v1(x) in Ω,

(2.4)

satisfies the estimate

‖(u, v)‖(Lq([0,T ],Lr(Ω)))2 ≤ C
(
‖U0‖H + ‖(G1, G2)‖(L1([0,T ],L2(Ω)))2

)
. (2.5)

The central argument to prove the previous theorem is the use of the Strichartz estimate
for a non-homogeneous damped wave equation given in [11, Corollary 1.2]. The last result
was proved by Burq, Lebeau and Planchon (see [14]) for q ∈ [5,+∞] and extended to a
larger range by Blair, Smith and Sogge in [11]. We note that the Strichartz estimate was
first established in the Euclidean space R3 by Strichartz [38] and Ginibre and Velo ([25],
[26]) with q ∈ [2,+∞].

We note that the associated energy E of a solution (u, v) of system (2.4) at time t is
defined by:

E(t) =
1

2

∫
Ω

(
|Ou(x, t)|2 + |∂tu(x, t)|2 + |Ov(x, t)|2 + |∂tv(x, t)|2

)
dx.

In order to prove the previous theorem, we need the following energy estimate.

Lemma 2.3. There exists C > 0 such that for every T > 0, G1, G2 ∈ L1 ([0, T ] , L2(Ω))
and every U0 = (u0, v0, u1, v1) ∈ H, the energy E of the solution (u, v) of system (2.4)
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satisfies √
E(t) ≤ C

(
‖U0‖H + ‖(G1, G2)‖(L1([0,T ],L2(Ω)))2

)
for t ∈ [0, T ] . (2.6)

Proof. We note G = (0, 0, G1, G2) and U = (u, v, ∂tu, ∂tv) such that (u, v) is the solution
of the system (2.4). Then, for all t ∈ [0, T ] we have, from the Duhamel formula,

U(t) = S(t)U0 +W(t), (2.7)

where W(t) =

∫ t

0

S(t − s)G(s)ds. Since (S(t))t≥0 is a semi group of contractions, then

using (1.5), we conclude

‖U(t)‖H ≤ ‖S(t)U0‖H + ‖W(t)‖H,
≤ ‖U0‖H + ‖G‖L1

T (H).

�

Proof of Theorem 2.2. For all (q, r) satisfying (2.2) and using the Strichartz estimate for
non-homogeneous damped wave equation given in [29, Theorem 2.1] (see also [11, Corollary
1.2]), we get‖u‖LqTLr ≤ C

(
‖u0‖H1 + ‖u1‖L2 + ‖b∂tv‖L1

TL
2 + ‖G1‖L1

TL
2

)
,

‖v‖LqTLr ≤ C
(
‖v0‖H1 + ‖v1‖L2 + ‖b∂tu‖L1

TL
2 + ‖G2‖L1

TL
2

)
.

Now, using Lemma 2.3 and the fact that b ∈ L∞(Ω), there exists C = C(T ) > 0 such that

‖b∂tu‖L1
TL

2 =

∫ T

0

‖b∂tu(t)‖L2(Ω)dt ≤ C

∫ T

0

√
E(t)dt ≤ C

(
‖U0‖H + ‖(G1, G2)‖(L1

TL
2)2

)
.

Finally, we get

‖(u, v)‖(LqT ,L
r))2 ≤ C

(
‖U0‖H + ‖(G1, G2)‖(L1

TL
2)2

)
.

�

Now, we use Theorem 2.2 to deduce the global existence, the uniqueness and the
Strichartz estimate for the solution of the semi-linear coupled wave system (1.1). The
proof of this result proceeds in two steps:

2.1. Local existence and uniqueness. Note that assumptions (1.2) remain true if we
replace p by another larger exponent as long as it remains smaller than 5. Therefore, we
can assume without loss of generality that 3 < p < 5.

The aim of this paragraph is to prove the following result:

Theorem 2.4. Let R0 > 0. Then, there exists T > 0 so that for any U0 ∈ H, with
‖U0‖H ≤ R0, system (2.1) has a unique solution

U ∈ C([0, T ],H) ∩
(

(LqTL
r)2 × C

(
[0, T ], L2(Ω)

)2
)

for (q, r) =

(
2p

p− 3
, 2p

)
.
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Moreover, there exists C > 0 so that for any U0,V0 ∈ H with ‖U0‖H + ‖V0‖H ≤ R0, and
U , V the associated solutions, then we have ‖U − V‖C([0,T ],H) ≤ C‖U0 − V0‖H.

The proof of this result is based on the fixed point theorem. First, we search a suitable
Banach space. Second, thanks to Duhamel’s formula, we search a fixed point for the map
φ defined by:

φ(U)(t) = S(t)U0 +

∫ t

0

S(t− s)F(U)(s)ds. (2.8)

All the difficulty is to find a complete space on which φ is defined and strictly contracting.
The choice of the resolution space will be guided by the Strichartz estimates which give a
gain in integrability compared to the Sobolev embeddings.

Let T > 0, and for the admissible couple

(q, r) =

(
2p

p− 3
, 2p

)
, (2.9)

we define the following Banach space:

ET = C([0, T ], H1
0 (Ω)) ∩ Lq([0, T ], Lr(Ω)),

with norm:

‖.‖ET := max
(
‖.‖LqTLr , ‖.‖L∞T H1

0

)
,

then we introduce space XT = E2
T × C([0, T ], L2(Ω))2, with norm

‖Y ‖XT := ‖Y1‖E2
T

+ ‖Y2‖(L∞T L
2)2 ; for Y = (Y1, Y2) ∈ XT .

We need the following lemmas:

Lemma 2.5. Let U0 ∈ H. Then, for all U ∈ XT we have

‖φ(U)‖XT . ‖U0‖H + ‖F(U)‖
(L1

TL
2)

4 . (2.10)

Moreover, for U ,V ∈ XT we have

‖φ(U)− φ(V)‖XT . ‖F(U)−F(V)‖
(L1

TL
2)

4 . (2.11)

Proof. Let U0 = (u0, v0, u1, v1) ∈ H and let U ∈ XT . For all t ≥ 0 we have from (2.8)

φ(U)(t) = S(t)U0 +W(t), (2.12)

where W(t) =

∫ t

0

S(t− s)F(U)(s)ds, then we have

‖φ(U)‖XT ≤ ‖S(.)U0‖XT + ‖W‖XT . (2.13)

For all t ∈ [0, T ], we note ψ(t) = S(t)U0 = (ϕ, ϕ1, ∂tϕ, ∂tϕ1). Since (S(t))t≥0 is a semi
group of contractions, then we have

∀t ≥ 0, ‖S(t)U0‖H ≤ ‖U0‖H,
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so we get

‖ψ‖L∞T (H) = ‖S(.)U0‖L∞T (H) ≤ ‖U0‖H. (2.14)

Furthermore, using the Strichartz estimate for the damped wave equation given in
[29, Theorem 2.1], we get:{

‖ϕ‖LqTLr . ‖u0‖H1 + ‖u1‖L2 + ‖b∂tϕ1‖L1
TL

2 ,

‖ϕ1‖LqTLr . ‖v0‖H1 + ‖v1‖L2 + ‖b∂tϕ‖L1
TL

2 ,

then

‖ψ‖(LqTL
r)2×(L∞T L

2)2 = ‖ϕ‖LqTLr + ‖ϕ1‖LqTLr + ‖∂tϕ‖L∞T L2 + ‖∂tϕ1‖L∞T L2 ,

. ‖U0‖H + ‖∂tϕ‖L∞T L2 + ‖∂tϕ1‖L∞T L2 + ‖b∂tϕ‖L1
TL

2 + ‖b∂tϕ1‖L1
TL

2 .

Using the fact that b ∈ L∞(Ω), we obtain{
‖b∂tϕ‖L1

TL
2 . T‖∂tϕ‖L∞T L2 ,

‖b∂tϕ1‖L1
TL

2 . T‖∂tϕ1‖L∞T L2 ,

thus

‖ψ‖(LqTL
r)2×(L∞T L

2)2 . ‖U0‖H + ‖ψ‖L∞T (H). (2.15)

Finally, from (2.14) and (2.15) we obtain

‖S(.)U0‖XT = ‖ψ‖XT . ‖U0‖H. (2.16)

Recalling the definition of W in (2.12), we denote W = (w,w1, ∂tw, ∂tw1). On the other
hand, due to Duhamel’s formula, (w,w1) is the solution of problem

∂ttw −∆w + a∂tw + b∂tw1 + f1(u) = 0 in Ω× R∗+,
∂ttw1 −∆w1 − b∂tw + f2(v) = 0 in Ω× R∗+,
w = w1 = 0 on Γ× R∗+,
(w,w1, ∂tw, ∂tw1)(0) = 0 in Ω.

We denote U = (u, v, ũ, ṽ) ∈ XT , where (u, v) are the first components of U . Then, we
have

‖W‖XT = ‖(w,w1)‖(L∞T H
1
0 )2 + ‖(w,w1)‖(LqTL

r)2 + ‖(∂tw, ∂tw1)‖(L∞T L
2)2 .

Using the Strichartz estimate given in Theorem 2.2, we get

‖(w,w1)‖(LqTL
r)2 . ‖F(U)‖(L1

TL
2)4 ,

then we obtain

‖W‖XT . ‖(w,w1)‖(L∞T H
1
0 )2 + ‖(∂tw, ∂tw1)‖(L∞T L

2)2 + ‖F(U)‖(L1
TL

2)4 ,

. ‖W‖L∞T (H) + ‖F(U)‖(L1
TL

2)4 . (2.17)

From Lemma 2.3, we have for all t ≥ 0

‖W(t, .)‖H . ‖F(U)‖(L1
TL

2)4 ,
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so

‖W‖L∞T (H) . ‖F(U)‖(L1
TL

2)4 . (2.18)

Consequently, injecting (2.18) in (2.17) we get

‖W‖XT . ‖F(U)‖(L1
TL

2)4 . (2.19)

Substituting (2.16) and (2.19) in (2.13), we get the estimate (2.10). Indeed, (2.11) is
obtained similarly. �

Lemma 2.6. Let U ∈ XT , then we have the following estimate:

‖F(U)‖
(L1

TL
2)

4 . ‖U‖XT (T + T θ‖U‖p−1
XT

), (2.20)

where θ =
5− p

2
> 0. Similar to the proof of (2.20) we can show that for every

U , V ∈ XT we have

‖F(U)−F(V)‖
(L1

TL
2)

4 . ‖U − V‖XT
(
T + T θ(‖U‖p−1

XT
+ ‖V‖p−1

XT
)
)
. (2.21)

Proof. Let U = (u, v, u1, v1) ∈ XT . We have

‖F(U)‖
(L1

TL
2)

4 = ‖f1(u)‖L1
TL

2 + ‖f2(v)‖L1
TL

2 . (2.22)

Using the fact that fi(0) = 0, for i = 1, 2, we have for all s ∈ R,

|fi(s)| = |fi(s)− fi(0)| . |s| sup
t∈[0,1]

|f ′i(ts)| . |s| sup
t∈[0,1]

(1 + |ts|)p−1 ,

. |s| (1 + |s|)p−1 . |s|
(
1 + |s|p−1

)
. (2.23)

Then, we get

‖f1(u)‖L1
TL

2 . ‖u(1 + |u|p−1)‖L1
TL

2 ≤ ‖u‖L1
TL

2 + ‖u|u|p−1‖L1
TL

2 ,

. T‖u‖L∞T L2 + ‖u|u|p−1‖L1
TL

2 . (2.24)

We have for all t ∈ [0, T ]

‖u|u|p−1‖L1
TL

2 =

∫ T

0

‖u|u|p−1‖L2ds =

∫ T

0

‖u‖pL2pds = ‖u‖p
LpTL

2p .

Since 3 < p < 5, we use the fact that p−3
2

+ 5−p
2

= 1; and applying the Hölder inequality

for the couple
(

2
p−3

, 2
5−p

)
, we get

‖u‖LpTL2p =

(∫ T

0

1 .‖u(t, .)‖pL2pdt

) 1
p

,

.

(∫ T

0

1
2

5−pdt

) 5−p
2p
(∫ T

0

‖u(t, .)‖
2p
p−3

L2p dt

) p−3
2p

,

. T
θ
p‖u‖

L
2p
p−3
T L2p

, (2.25)
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where θ = 5−p
2
> 0. Then, from (2.24) we obtain

‖f1(u)‖L1
TL

2 . T‖u‖L∞T L2 + T θ‖u‖p
L

2p
p−3
T L2p

,

. T‖U‖XT + T θ‖U‖pXT ,

. ‖U‖XT
(
T + T θ‖U‖p−1

XT

)
. (2.26)

In addition,

‖f2(v)‖L1
TL

2 . ‖U‖XT
(
T + T θ‖U‖p−1

XT

)
. (2.27)

Finally, injecting (2.26) and (2.27) in (2.22), we get estimate (2.20).
Let U = (u, v, u1, v1), V = (w, y, w1, y1) in XT . We have

‖F(U)−F(V)‖
(L1

TL
2)

4 = ‖f1(w)− f1(u)‖L1
TL

2 + ‖f2(y)− f2(v)‖L1
TL

2 . (2.28)

For i = 1, 2, we have for all s1, s2 ∈ R

|fi(s1)− fi(s2)| .
∫ 1

0

|f ′i(ts1 + (1− t)s2)||s1 − s2|dt,

.
∫ 1

0

(1 + |ts1 + (1− t)s2)|)p−1 |s1 − s2|dt,

. |s1 − s2|
(
1 + |s1|p−1 + |s2|p−1

)
.

Then, using similar computation as before and Hölder estimates, we get

‖f1(y)− f1(v)‖L1
TL

2 . ‖y − v‖L1
TL

2 + T θ‖y − v‖
L

2p
p−3
T L2p

(
‖y‖p−1

L
2p
p−3
T L2p

+ ‖v‖p−1

L
2p
p−3
T L2p

)
,

. ‖U − V‖XT
(
T + T θ(‖U‖p−1

XT
+ ‖V‖p−1

XT
)
)
. (2.29)

Furthermore,

‖f2(w)− f2(u)‖L1
TL

2 . ‖U − V‖XT
(
T + T θ(‖U‖p−1

XT
+ ‖V‖p−1

XT
)
)
. (2.30)

Finally, injecting (2.29) and (2.30) in (2.28), we get estimate (2.21). �

Proof of Theorem 2.4. Let U0 ∈ H, T > 0 and U = (u, v, u1, v1), V = (w, y, w1, y1) in XT .
We assume U and V in BXT (0, R) with R to be chosen large.

We have for all t ∈ [0, T ]

φ(U)(t)− φ(V)(t) =

∫ t

0

S(t− s) (F(U)−F(V)) (s)ds.

Using (2.11) then

‖φ(U)− φ(V)‖XT . ‖F(U)−F(V)‖(L1
TL

2)4 .

Now, using Lemma 2.6, we conclude that there exists C > 0 such that

‖φ(U)− φ(V)‖XT ≤ C‖V − U‖XT
(
T + T θ(‖U‖p−1

XT
+ ‖V‖p−1

XT
)
)
,

≤ C‖V − U‖XT
(
T + T θ2Rp−1

)
. (2.31)
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By Lemma 2.5 and (2.20), we obtain

‖φ(U)‖XT ≤ C‖U0‖H + CR
(
T + T θ2Rp−1

)
. (2.32)

We choose R > 2C‖U0‖H and T such that

T + 2T θRp−1 <
1

2C
. (2.33)

We deduce that φ : BXT (0, R) ⊂ XT −→ BXT (0, R) and φ is a contraction. Then by the
fixed point theorem there is a unique U ∈ BXT (0, R) ⊂ XT such that φ(U) = U , where U
is a solution of system (1.1), Which completes the proof of Theorem 2.4.

Uniqueness. We prove now the uniqueness of the solution. Let U and V be two solutions
of (2.1) in XT . We note M = max (‖U‖XT , ‖V‖XT ).
Using the Duhamel formula, we have U = φ(U) et V = φ(V). Moreover for all T0 ∈ [0, T ],
using (2.31) we have

‖U − V‖XT = ‖φ(U)− φ(V)‖XT ,
≤ C‖U − V‖XT

(
T0 + T θ0

(
‖U‖p−1

XT
+ ‖V‖p−1

XT

))
,

≤ C‖U − V‖XT
(
T0 + T θ0 2Mp−1

)
.

If T0 ≤ T and T0 + T θ0 2Mp−1 ≤ 1

2C
, then ‖U − V‖XT ≤ 1

2
‖U − V‖XT . Thus, U = V on

[0, T0] . We iterate the same process on [T0, 2T0], and we obtain U = V on [T0, 2T0] .
By iteration we can show that U = V on [0, T ] . Finally, we deduce that system (2.1) has
a unique solution in XT .

Strichartz estimate. Let U = (u, v, u′, v′) be the solution of system (2.1). Then lemma
2.6 assures that F(U) ∈ L1

TL
2. Furthermore, using the classical energy estimate (1.5) and

(2.20), we obtain

‖F(U)‖L1
TL

2 . T‖U‖XT + T θ‖U‖pXT ,
. TEu,v(t) + T θEu,v(t)

p,

. TE0 + T θEp
0 ,

≤ C(T,E0).

Therefore, since we know now that equation (2.1) is satisfied, we get from Theorem 2.2
that for all (q, r) satisfying (2.2) we have

‖(u, v)‖(Lq([0,T ],Lr(Ω)))2 ≤ C
(
‖U0‖H + ‖F(U)‖L1

TL
2

)
,

≤ C(T,E0, ‖U0‖H). (2.34)
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Stability estimates. To get the stability, we write again the Duhamel formula for the
difference of the solutions to get as in (2.31)

‖U − V‖XT ≤ C‖U0 − V0‖H + C‖V − U‖XT
(
T + T θ(‖U‖p−1

XT
+ ‖V‖p−1

XT
)
)
,

≤ C‖U0 − V0‖H + C‖V − U‖XT
(
T + T θ2Rp−1

)
. (2.35)

It gives the expected estimate when T is small enough.
�

2.2. Global existence. The proof of the global existence is mainly of the type:
” energy decay ” + ”explosion criterion” implies ”global existence”. The local wellposed-
ness theory obtained in Theorem 2.4 classically implies the existence of a unique maximal
solution with a prescribed initial condition. Hence, to get a global solution, we need the
following lemma

Lemma 2.7. (explosion criterion) Let U0 ∈ H. We denote by T ∗ the supremum of all
T > 0 for which there exists a solution U ∈ C([0, T ∗[ ,H) of (2.1). Then we have:

T ∗ < +∞ =⇒ lim
t→T ∗

‖U(t)‖H = +∞. (2.36)

Proof. Let U ∈ C([0, T ∗[ ,H) be a maximal solution of system (2.1) such that T ∗ <∞. We
argue by contradiction and assume that ‖U(t)‖H does not converge to +∞ as t→ T ∗. In
particular, there exists M > 0 and a sequence of time (tn)n∈N ⊂ [0, T ∗[, converging to T ∗

such that for all n ∈ N, we have

‖U(tn)‖H ≤M. (2.37)

Let T0 = min(D,D1/θ) with D = 1
C1(1+2Mp−1)

, C1 > C and C be the constant given in

(2.31), which is the condition that ensures the well posed in time T in Theorem 2.4. We
choose tN , for some N in N, such that tN + T0 > T ∗.

We will study the following problem :{
∂tV(t) = AV(t) + F(V),

V(0) = U(tN),
(2.38)

where V(t) = U(t+ tN).
With the previous choice of T0 and M , Theorem 2.4 ( precisely (2.34) in the proof of

Theorem 2.4) allows to build a solution of system (2.38) on a time interval of length T0

because

T0 + 2T θ0 ‖U(t0)‖p−1
H ≤ D + 2D‖U(t0)‖p−1

H =
1

C1

<
1

C
.

We consider the function W defined by

W(t) =

{
U(t) on [0, tN [ ,

V(t− tN) on [tN , tN + t0[ .
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W is well defined and indeed constitutes a solution of system (2.1) on [0, tN + t0[, which
contradicts the maximality of U . Then (2.37) is false and we have

‖U(tn)‖H −−−−→
n→+∞

+∞.

�

Corollary 2.8. Let U0 ∈ H. Then, the system (2.1) has a unique solution U on [0,+∞).
Moreover, for any T > 0, we have

U ∈ C([0, T ],H) ∩
(

(LqTL
r)2 × C

(
[0, T ], L2(Ω)

)2
)

for (q, r) =

(
2p

p− 3
, 2p

)
.

Proof. As before, let T ∗ ∈ (0,+∞] be the maximal time existence. Using the fact that
the energy is a decreasing function in time and estimate (1.5), for all t ∈ [0, T ∗) we get
‖U(t)‖H ≤ CE(U(t)) ≤ E(U0). In particular, the explosion criteria of Lemma 2.7 gives
T ∗ = +∞ and then the unique solution given by Theorem 2.4 is a global solution. �

3. Stabilization

This section is addressed to prove the uniform stability given in Theorem 1.1. Due to
[29, Proposition 2.5], this proof follows from the well-known criterion for exponential decay.
Our estimate is the following.

Theorem 3.1. Let fi ∈ C1(R,R), for i = 1, 2, satisfy (1.2) and let E0 > 0. We assume
that fi is analytic, ωb satisfies the geometric control condition and supp(b) ⊂ ωa, then there
exist T > 0 and C > 0 such that for (u, v) solution of (1.1) where Eu,v(0) ≤ E0, satisfies

Eu,v(0) ≤ C

∫ T

0

∫
Ω

a(x)|∂tu(x, t)|2dxdt. (3.1)

In order to prove the previous result, we will strongly use the exponential decay for the
linear semigroup.

3.1. Exponential decay of linear semigroup. In this paper, we will use the exponential
decay for the linear semigroup (S(t))t≥0 when the coupling region satisfies the geometric
control condition and is contained in the damping region given in [9] (see also [18]).

Theorem 3.2. We assume that ωb satisfies the geometric control condition and
supp(b) ⊂ ωa. Then, there exists C > 0 so that for all initial data U0 ∈ H we have

‖S(t)U0‖H ≤ Ce−βt‖U0‖H, (3.2)

for all t ≥ 0, where β is a positive constant.

For ε ∈ [0, 1], we note Hε = D
(

(−∆D)
1+ε
2

)2

×D
(

(−∆D)
ε
2

)2

where ∆D is the Dirichlet

Laplacian. We notice that for ε ∈ [0, 1] \ {1/2}, which will always be the case in later
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use, we have Hε = (H1+ε(Ω) ∩H1
0 (Ω))

2 × (Hε
0(Ω))22, see for instance [27]. Noticing that

D((−∆D)θ) = [D(−∆D), L2(Ω)]θ for θ ∈ [0, 1], that is are interpolation spaces.

Corollary 3.3. We assume that ωb satisfies the geometric control condition and
supp(b) ⊂ ωa. For all initial data U0 ∈ Hε we have

∀t ≥ 0, ‖S(t)U0‖Hε ≤ Ce−βt‖U0‖Hε , (3.3)

where β is a positive constant, and ε ∈ [0, 1].

The corollary can be proved for ε = 1 by noticing that H1 = D(A) with equivalent norm
as long as a and b are in L∞ and the fact that A commutes with S(t). An interpolation
argument allows us to conclude for ε ∈ [0, 1]. We refer for instance to [29, Proposition 2.3]
for a similar proof in the scalar case.

Remark 3.4. Note that following the results of [18] in the case of a manifold without
boundary, the weak observability (that is the observability up to a weaker norm, corre-
sponding to high frequency, see Definition 1.2 in [18]) of our system is equivalent to the
observability of the ODE systems

ẋ(s) + 1
2
a(γρ0(s))x(s) + 1

2
b(γρ0(s))y(s) = 0,

ẏ(s)− 1
2
b(γρ0(s))x(s) = 0,

(x(0), y(0)) = (x0, y0),

(3.4)

where s 7→ γρ0(s) is the geodesic flow starting at point ρ0 ∈ T ∗M . The observation is made

by 1
4

∫ T
0
|a(γρ0(s))x(s)|2 ds. It is well known that it is equivalent to the observation of the

undamped system 
ẋ(s) + 1

2
b(γρ0(s))y(s) = 0,

ẏ(s)− 1
2
b(γρ0(s))x(s) = 0,

(x(0), y(0)) = (x0, y0).

(3.5)

With X(s) = (x(s), y(s)) and b(s) = b(γρ0(s)) for simplicity, it can be written

Ẋ(s) = −1

2
b(s)MX(s) with M =

(
0 1
−1 0

)
. The solution is then X(s) = e−B(s)MX0 with

B(s) =
1

2

∫ s

0

b(τ)dτ . It is easy to solve and we can prove (see Section 5.2 of the arXiv

preprint arXiv:1810.00512 which is an expanded version of [18]) that the observability is
equivalent to the following assumption.

For any γ0 ∈ T ∗M , there exists 0 < t1 < t2 < T , such that

a(γρ0(t1)) 6= 0, a(γρ0(t2)) 6= 0,

∫ t2

t1

b(γρ0(τ))dτ 6∈ 2πZ.

2We denote by Hs
0 the completion of C∞

c (Ω) for the norm of Hs(Ω). Hs
0 = Hs(Ω) is the usual Sobolev

space for s ∈ [0, 1/2) and Hs
0 = {u ∈ Hs, u = 0 on Γ} for s ∈ (1/2, 1].
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Our assumption trivially implies this fact. Note that in the case of a domain with bound-
ary, the geodesic flow should be replaced by the generalized broken bicharacteristic flow of
Melrose-Sjöstrand, see [36].

3.2. Exponential decay of semilinear coupled wave system. In this section, we need
the following results. It is written this way in [29, Corollary 4.2], but it is a straightforward
corollary of [24, Theorem 8].

Lemma 3.5. Let R > 0 and T > 0. Let s ∈ [0, 1[ and let ε = min(1− s, (5− p)/2, (17−
3p)/14) > 0. There exist (q, r) satisfying (2.2) and C > 0 such that the following prop-
erty holds. If v ∈ L∞([0, T ] , H1+s(Ω)

⋂
H1

0 (Ω)) is a function with finite Strichartz norms
‖v‖LqTLr ≤ R, then for i = 1, 2, fi(v) ∈ L1([0, T ] , Hs+ε

0 (Ω)) and moreover

‖fi(v)‖L1
TH

s+ε
0 (Ω) ≤ C‖v‖L∞T H1+s(Ω)

⋂
H1

0 (Ω). (3.6)

The constant C depends only on Ω, (q, r), R and the constant in estimate (1.5).

Proposition 3.6. (asymptotic compactness property [29])
Let fi ∈ C1(R,R), for i = 1, 2, satisfy (1.2), let (Un,0)n≥0 be a sequence of initial data which
is bounded in H and let (Un)n≥0 be the corresponding solutions of the semilinear coupled
wave system (1.1). Let (tn) ∈ R+ be a sequence of times such that tn −→ +∞ when n goes
to +∞.

Then there exist subsequences (Uφ(n)) and (tφ(n)) and a global solution U∞ of (1.1) such
that

Uφ(n)(tφ(n) + .) −→ U∞(.) in C0([0, T [,H) for all T > 0.

Proof. Due to the equivalence between the norm of H and the energy given in (1.5) and
since the energy is decreasing in time, we know that Un(t) is bounded in H uniformly with
respect to n and t ≥ 0. In particular, the sequence (Un(tn))n∈N is a bounded sequence with
value in the Hilbert space H from which we can extract a subsequence, so we can assume
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that it weakly converges to a limit called U∞,0 ∈ H. Using the Duhamel formula, we have

Un(tn) = S(tn)Un(0) +

∫ tn

0

S(s)F(Un)(tn − s)ds,

= S(tn)Un(0) +

∫ btnc
0

S(s)F(Un)(tn − s)ds+

∫ tn

btnc
S(s)F(Un)(tn − s)ds,

= S(tn)Un(0) +

btnc−1∑
k=0

∫ k+1

k

S(s)F(Un)(tn − s)ds+

∫ tn

bTnc
S(s)F(Un)(tn − s)ds,

= S(tn)Un(0) +

btnc−1∑
k=0

S(k)

∫ 1

0

S(s)F(Un)(tn − s− k)ds+

∫ tn

btnc
S(s)F(Un)(tn − s)ds,

= S(tn)Un(0) +

btnc−1∑
k=0

S(k)In,k + In. (3.7)

Let ε ∈ (0,min(1− s, (5− p)/2, (17− 3p)/14, 1/2)). Since (S(t))t≥0 is a semi-group in Hε,
then there exists C > 0 such that

‖In‖Hε =

∥∥∥∥∫ tn

btnc
S(s)F(Un)(tn − s)ds

∥∥∥∥
Hε
,

≤
∫ tn

btnc
‖S(s)F(Un)(tn − s)‖Hεds,

≤ C

∫ tn

btnc
‖F(Un)(tn − s)‖Hεds,

≤ C

∫ tn

btnc

(
‖f1(un)(tn − s)‖Hε

0
+ ‖f2(vn)(tn − s)‖Hε

0

)
ds. (3.8)

We can obtain similar bounds for In,k with different sets of integration. Using Lemma
3.5, and since the energy of Un is uniformly bounded, then terms In, as well as In,k, are
bounded by the same constant M in Hε uniformly in n and k. Moreover, we have

‖Un(tn)− S(tn)Un(0)‖Hε ≤

∥∥∥∥∥∥
btnc−1∑
k=0

S(k)In,k + In

∥∥∥∥∥∥
Hε

,

≤
btnc−1∑
k=0

‖S(k)In,k‖Hε + ‖In‖Hε .
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Using Corollary 3.3, we get

‖Un(tn)− S(tn)Un(0)‖Hε ≤
btnc−1∑
k=0

e−βkM +M,

≤ M

btnc−1∑
k=0

e−βk + 1

 ,

≤ M

(
1 +

1

1− e−β

)
.

In particular, denotingRn = Un(tn)−S(tn)Un(0) ∈ H, we prove that supn∈N ‖Rn‖Hε < +∞.
Using the Rellich theorem, we can extract a subsequence so that Rϕ(n) −→

n→+∞
R∞ in H for

some R∞ ∈ H. Moreover, since (Un,0)n≥0 is bounded in H and tn → +∞, Theorem
3.2 shows that S(tn)Un(0) −→

n→+∞
0 in H. In particular, Uϕ(n)(tϕ(n)) −→

n→+∞
R∞ in H and

R∞ = U∞,0 by uniqueness of the weak limit.
U∞ is defined as the solution of (1.1) on [0,+∞) with an initial datum U∞(0) = U∞,0

while Uφ(n)(tφ(n) + .) is the unique solution of (1.1) on [0,+∞) with an initial datum
Uφ(n)(tφ(n)). Then, since Uφ(n)(tφ(n)) → U∞(0) in H, the local uniform continuity of the
flow map gives that for all T > 0, we have Uφ(n)(tφ(n) + .) −→ U∞(.) in C0([0, T [,H). It is
worth mentioning that the local uniform continuity of the flow map is proved in Theorem
2.4 for small T depending on the norm in H, but it is easy to iterate it on any interval
[0, T ] since we have a priori bounds on the energy.

�

Note that it could seem surprising in the previous proof that the Duhamel term is more
regular, that is in Hε. It is a consequence of the fact that the nonlinearity is subcritical
which was crucial in Lemma 3.5.

Proposition 3.7. (Unique continuation)
Let fi ∈ C1(R,R), for i = 1, 2, satisfy (1.2). We assume that fi is analytic, ωb sat-
isfies the geometric control condition and supp(b) ⊂ ωa. The unique solution (u, v) in
C(R+, (H

1
0 (Ω))2) ∩ C1(R+, (L

2(Ω))2) for the system

∂ttu−∆u+ b(x)∂tv + f1(u) = 0 in Ω× R∗+,
∂ttv −∆v − b(x)∂tu+ f2(v) = 0 in Ω× R∗+,
u = v = 0 on Γ× R∗+,
a(x)∂tu = 0 in Ω× R∗+,
(u0, v0, u1, v1) ∈ H,

(3.9)

is the trivial one (u, v) = (0, 0).
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Proof. The fourth equation of (3.9) gives a(x)∂tu = 0 a.e in Ω×R∗+. Then ∂tu = 0 a.e. in
ωa × R∗+.

u(x, t) = u(x) a.e. for (x, t) ∈ ωa × R∗+. (3.10)

We derive in the sense of distributions the first equation of the system (3.9) relative to the
variable time, and we get

∂tttu−∆∂tu+ b(x)∂ttv + ∂tuf
′
1(u) = 0.

Thus, we have b(x)∂ttv = ∂tt(bv) = 0 a.e. in ωa × R∗+ in the distributional sense. Conse-
quently, there exists g and h ∈ L2(ωa) so that

bv(x, t) = g(x)t+ h(x) a.e. for (x, t) ∈ ωa × R∗+.

Using (1.5), Poincaré inequality and the boundedness of b, we obtain for all t ≥ 0∫ t+1

t

Eu,v(τ)dτ ≥ C‖(u, v, u′, v′)‖2
L2
[t,t+1]

H ≥ C‖∇v‖2
L2
[t,t+1]

L2(Ω) ≥ C‖v‖2
L2
[t,t+1]

L2(Ω) ≥ C‖bv‖2
L2
[t,t+1]

L2(ωa)

≥ C

∫ t+1

t

∫
ωa

|g(x)τ + h(x)|2dxdτ ≥ Ct2‖g‖2
L2(ωa) − C‖h‖2

L2(ωa). (3.11)

Since
∫ t+1

t
Eu,v(τ)dτ is bounded uniformly for t > 0, we get g = 0. In particular, we have

in the sense of distribution in ωa

b∂tv(x, t) = 0, ∀(x, t) ∈ ωa × R∗+.

Since supp(b) ⊂ ωa, we get the same result on Ω.
Finally, we get the two following non coupled systems

∂ttu−∆u+ f1(u) = 0 in Ω× R∗+,
∂tu = 0 in ωa × R∗+,
u = 0 on Γ× R∗+,
(u0, u1) ∈ (H1

0 (Ω)× L2(Ω)) ,

(3.12)

and 
∂ttv −∆v + f2(v) = 0 in Ω× R∗+,
∂tv = 0 in ωb × R∗+,
v = 0 on Γ× R∗+,
(v0, v1) ∈ H1

0 (Ω)× L2(Ω).

(3.13)

Using the result of unique continuation given in [29, Corollary 6.2] (with suitable translation
in time) and the fact that both ωa and ωb satisfy the geometric control condition, (3.12)
gives that u = 0 and (3.13) gives that v = 0. Consequently, we have (u, v) = (0, 0). �
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Proof of Theorem 3.1. We argue by contradiction. We suppose that inequality (3.1) is false
for all T > 0. Then, there exists Un = (un, vn, ∂tun, ∂tvn) which represents a sequence of
solution of (1.1) and a sequence of time, where Tn −→

n→∞
∞ such that

Eun,vn(0) ≤ E0,∫ Tn

0

∫
Ω

a(x)|∂tun|2dxdt ≤
1

n
Eun,vn(0).

(3.14)

We note αn = (Eun,vn(0))
1
2 . Since αn ∈ [0,

√
E0], for all n ∈ N, then we can extract a

subsequence that will also be noted by αn, which converges. We note its limit α, then we
have α ∈ [0,

√
E0].

Here, we distinguish two cases:

(1) Case α 6= 0
Using (1.5), we obtain for all t > 0

‖Un(t)‖2
H ≤ CEun,vn(t) . E0. (3.15)

Then, sequence (‖Un(t)‖H)n∈N is uniformly bounded for t > 0.
We set (wn,1, wn,2)(.) = (un, vn)(Tn/2 + .). Proposition 3.6 ensures the existence
of a subsequence of (wn,1, wn,2)n≥0, which will be denoted also (wn,1, wn,2), and a
global solution (w1, w2) on [0,+∞) of system (1.1) such that for all T > 0 we have

Wn = (wn,1, wn,2, ∂twn,1, ∂twn,2) −→
n→+∞

(w1, w2, ∂tw1, ∂tw2) =W in C0([0, T ],H).

We have

Ewn,1,wn,2(0) = Eun,vn(Tn/2) ≤ Eun,vn(0), (3.16)

and

Eun,vn(Tn/2) = Eun,vn(0)−
∫ Tn/2

0

∫
Ω

a(x)|∂tun(x, t)|2dxdt,

≥ Eun,vn(0)− 1

n
Eun,vn(0),

≥ (1− 1

n
)Eun,vn(0). (3.17)

We pass to the limit in equations (3.16) and (3.17), we obtain EW = α2 > 0.
On the other hand, (3.14) ensures that a∂twn,1 converges to 0 in L2

([
−Tn

2
, Tn

2

]
, L2(Ω)

)
and therefore on each L2 ([0, T ] , L2(Ω)). This implies that a∂tw1 ≡ 0 on [0, T ]×Ω
for any T > 0 and thus W is a global solution of system (3.9). Consequently,
from Proposition 3.7, we obtain W ≡ 0, and then Ew1,w2(0) = 0, which contradicts
Ew1,w2(0) = α2 > 0.

(2) Case α = 0
The assumptions on fi, for i = 1, 2, allow to write fi(s) = f ′i(0)s+Ri(s) with

|Ri(s)| ≤ C(|s|2 + |s|p) and |R′i(s)| ≤ C(|s|+ |s|p−1). (3.18)
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We pose (wn,1, wn,2) = (un/αn, vn/αn). Then (wn,1, wn,2) is the solution of system
∂ttwn,1 −∆wn,1 + a(x)∂twn,1 + b(x)∂twn,2 + f ′1(0)wn,1 +

1

αn
R1(αnwn,1) = 0 in Ω× R∗+,

∂ttwn,2 −∆wn,2 − b(x)∂twn,1 + f ′2(0)wn,1 +
1

αn
R2(αnwn,2) = 0 in Ω× R∗+,

(3.19)

we also have∫ Tn

0

∫
Ω

a(x)|∂twn,1(x, t)|2dxdt ≤ C

α2
nn
Eun,vn(0) ≤ C

n
. (3.20)

Then (1.5) ensures that the sequence (Wn(t) = (wn,1, wn,2, ∂twn,1, ∂twn,2)(t))n∈N is
bounded uniformly in H. More precisely, we have for all n ∈ N and t ∈ [0, Tn]

‖Wn(t)‖2
H =

‖Un(t)‖2
H

α2
n

≤ C
Eun,vn(t)

α2
n

≤ C
Eun,vn(0)

α2
n

= C, (3.21)

and the lower bounds,

‖Wn(t)‖2
H =

‖Un(t)‖2
H

α2
n

≥ Eun,vn(t)

Cα2
n

≥ Eun,vn(Tn)

Cα2
n

,

≥ 1

Cα2
n

(
Eun,vn(0)−

∫ Tn

0

∫
Ω

a(x)|∂tun(x, s)|2dxds
)
,

≥ 1

Cα2
n

(
Eun,vn(0)− 1

n
Eun,vn(0)

)
,

≥ 1

Cα2
n

(
1− 1

n

)
Eun,vn(0) =

1

C

(
1− 1

n

)
.

Then for large n and all t ∈ [0, Tn], we obtain

‖Wn(t)‖2
H ≥ 1

2C
> 0. (3.22)

On the other hand, we have (wn,1, wn,2) is the solution of system (3.19) with a
nonlinearity satisfying∣∣∣∣ 1

αn
Ri(αns)

∣∣∣∣ ≤ C(αn|s|2 + αp−1
n |s|p) (3.23)
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thanks to (3.18). In particular, combined with (2.25), this gives, recalling 3 < p < 5∥∥∥∥ 1

αn
R1(αnwn,1)

∥∥∥∥
L1((k,k+1),L2)

≤
∫ k+1

k

∥∥∥∥ 1

αn
R1(αnwn,i)

∥∥∥∥
L2

ds

≤ C

∫ k+1

k

(
αn‖wn,1‖2

L4 + αp−1
n ‖wn,1‖

p
L2p

)
ds

≤ C

∫ k+1

k

(
αn‖wn,1‖pL2p + αp−1

n ‖wn,1‖
p
L2p

)
ds (p > 2)

≤ Cαn ‖wn,1‖
L

2p
p−3 ((k,k+1),L2p)

+ Cαp−1
n ‖wn,1‖p

L
2p
p−3 ((k,k+1),L2p)

Since wn is a solution of (3.19) and applying the Strichartz estimate (still valid
with the additional linear term), we get for t ∈ [k, k+ 1], uniformly in k, with n so
that Tn ≥ k,

‖wn‖
L

2p
p−3 ((k,t),L2p)

≤ ‖Wn(k)‖H + Cαn ‖wn‖2

L
2p
p−3 ((k,t),L2p)

+ Cαp−1
n ‖wn‖p

L
2p
p−3 ((k,k+1),L2p)

≤ C + Cαn ‖wn‖2

L
2p
p−3 ((k,t),L2p)

+ Cαp−1
n ‖wn‖p

L
2p
p−3 ((k,t),L2p)

, (3.24)

where (3.21) is used and ‖wn‖Lq((k,t),Lr) is conventionally the sum of the norms of
wn,1 and wn,2. A bootstrap argument states that for αn that is small enough,
‖wn‖

L
2p
p−3 ((k,k+1),L2p)

≤ C, with n large enough and uniformly in k ≤ Tn − 1. Ap-

plying again Strichartz estimates (estimate (2.3)), we obtain

‖wn,1‖Lq((k,k+1),Lr) + ‖wn,2‖Lq((k,k+1),Lr) ≤ C,

for any admissible couple (q, r). Thus, we have

1

αn

(
‖un‖Lq((k,k+1),Lr) + ‖vn‖Lq((k,k+1),Lr)

)
≤ C.

Consequently, ‖un‖Lq((k,k+1),Lr) + ‖vn‖Lq((k,k+1),Lr) ≤ Cαn uniformly for n, k ∈ N.
Getting back to (3.24), and using our bound, we have now for n that is large enough
and k ≤ Tn∥∥∥∥ 1

αn
R1(αnwn,1)

∥∥∥∥
L1((k,k+1),L2)

≤ Cαn + Cαp−1
n ≤ 2Cαn.

and the same holds for wn,2 and R2.

Furthermore, using the Duhamel formula, we get for all t > 0

Wn(t) = S̃(t)Wn(0) +

∫ t

0

S(t− s)G(Wn)(s)ds,

where G(Wn) =

(
0, 0,− 1

αn
R1(αnwn,1),− 1

αn
R2(αnwn,2)

)
and (S̃(t))t≥0 is the semigroup

generated by the operator Ã given by
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Ã =


0 0 I 0
0 0 0 I

∆− f1(0) 0 −a(x) −b(x)
0 ∆− f2(0) b(x) 0

 .

We can argue as in Proposition 3.6 and write

Wn(Tn) = S̃(Tn)Wn(0) +

∫ Tn

0

S̃(Tn − s)G(Wn)(s)ds,

= S̃(Tn)Wn(0) +

bTnc−1∑
k=0

S̃(Tn − k)

∫ 1

0

S̃(−y)G(Wn)(y + k)dy,

+S̃(Tn − bTnc)
∫ Tn−bTnc

0

S̃(−y)G(Wn)(y + bTnc)ds.

Since Ω is a bounded domain, f ′i(0) ≥ 0, for i = 1, 2, and due to the exponential sta-
bility of the semi-group (S(t))t≥0, the semi-group (S̃(t))t≥0 is also exponentially stable.
Furthermore, we get

‖Wn(Tn)‖H ≤ Ce−βt + Cαn.

Finally, we obtain

‖Wn(Tn)‖H −→ 0,

which is in contradiction with (3.22).
This concludes the proof of Theorem 3.1 and therefore of Theorem 1.1. �
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june 2018. Radhia Ayechi gratefully acknowledges the financial support from Erasmus +
during this visit.

References

[1] Fatiha Alabau-Boussouira. A two-level energy method for indirect boundary observability and con-
trollability of weakly coupled hyperbolic systems. SIAM J. Control Optim., 42(3):871–906, 2003.

[2] Fatiha Alabau-Boussouira. On some recent advances on stabilization for hyperbolic equations. In
Control of partial differential equations, volume 2048 of Lecture Notes in Math., pages 1–100. Springer,
Heidelberg, 2012.

[3] Fatiha Alabau-Boussouira. On the influence of the coupling on the dynamics of single-observed cascade
systems of PDE’s. Math. Control Relat. Fields, 5(1):1–30, 2015.

[4] Fatiha Alabau-Boussouira and Matthieu Léautaud. Indirect stabilization of locally coupled wave-type
systems. ESAIM: Control, Optimisation and Calculus of Variations, 18(2):548–582, 2012.
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[15] Marcelo Cavalcanti, Valéria Cavalcanti, Ryuichi Fukuoka, and Juan Soriano. Uniform stabilization of
the wave equation on compact surfaces and locally distributed damping. Methods and Applications of
Analysis, 15(4):405–426, 2008.
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semilinear wave equation. Ann. Sci. École Norm. Sup. (4), 36(4):525–551, 2003.
[25] Jean Ginibre and Giorgio Velo. The global Cauchy problem for the non linear Klein-Gordon equation.

Mathematische Zeitschrift, 189(4):487–505, 1985.
[26] Jean Ginibre and Giorgio Velo. The global Cauchy problem for the non linear Klein-Gordon equation-

ii. Annales de l’IHP Analyse non linéaire, 6(1):15–35, 1989.
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[27] Pierre Grisvard. Caractérisation de quelques espaces d’interpolation. Arch. Rational Mech. Anal.,
25:40–63, 1967.

[28] Alain Haraux. Stabilization of trajectories for some weakly damped hyperbolic equations. Journal of
differential equations, 59(2):145–154, 1985.

[29] Romain Joly and Camille Laurent. Stabilization for the semilinear wave equation with geometric
control condition. Analysis & PDE, 6(5):1089–1119, 2013.

[30] Romain Joly and Camille Laurent. Decay of semilinear damped wave equations: cases without geo-
metric control condition. Ann. H. Lebesgue, 3:1241–1289, 2020.

[31] Romain Joly and Julien Royer. Energy decay and diffusion phenomenon for the asymptotically periodic
damped wave equation. Journal of the Mathematical Society of Japan, 70(4):1375–1418, 2018.
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