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GLOBAL CONTROLLABILITY AND STABILIZATION FOR THE NONLINEAR
SCHRODINGER EQUATION ON AN INTERVAL

CAMILLE LAURENT!

Abstract. We prove global internal controllability in large time for the nonlinear Schrédinger equa-
tion on a bounded interval with periodic, Dirichlet or Neumann conditions. Our strategy combines
stabilization and local controllability near 0. We use Bourgain spaces to prove this result on L. We
also get a regularity result about the control if the data are assumed smoother.

Résumé. On prouve la contrélabilité interne en grand temps pour I'équation de Schrodinger non
linéaire sur un intervalle borné avec conditions au bord périodiques, de Dirichlet ou Neumann. Notre
stratégie combine la stabilisation et la controlabilité locale pres de 0. On utilise les espaces de Bourgain
pour prouver ces résultats sur L2. On obtient aussi un résultat de régularité supplémentaire pour le
controle si les données sont plus régulieres.
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INTRODUCTION

In this article, we study the stabilization and exact controllability for the periodic one-dimensional nonlinear
Schrodinger equation (NLS).

i0u+ 02u = MulPu on [0,4o00[xT! ()
u(0) = wug e L*(T)

with A € R.

The well posedness in such a low regularity was proved by J. Bourgain [3]. The proof uses the so called
Bourgain spaces X to get local well posedness and the conservation of the L? mass for global existence.

The aim of this article is to prove exact internal controllability of system (1) in large time for a control
supported in any small open subset of T!. We also extend these results to ]0, [ with Dirichlet or Neumann
boundary conditions. The strategy follows the one of B. Dehman, P. Gérard and G. Lebeau [8] where exact
controllability in H! is proved for defocusing NLS on compact surfaces. Our result differs from this one because
we obtain a control at a lower regularity. This allows to consider the focusing and defocusing equation and to
use a different stabilization term, which seems more natural. Moreover, if the Cauchy data are smoother, that
is H* with s > 0, the control we build on L? keeps that regularity, without any assumption on the size in H*.
Yet, in this low regularity, Strichartz inequality of [5] does not provide uniform well posedness, and this forces
us to use X*? spaces. These spaces are also used in the prior and independent paper of L. Rosier and B. Y.
Zhang [20] where they obtain results of local controllability near 0 for the same problem.

The strategy is first to prove stabilization and to combine it with local exact controllability near 0 to get
null controllability. Then, we remark that the equation obtained by reversing time fulfills exactly the same
properties and this allows to establish exact controllability.

Let a = a(x) € L>=(T?) real valued, the stabilization system we consider is

i0u + 02u+ia*u = Aul’u on [0,7] x T* (2)
u(0) ug € L(TY).

The well posedness of this system will be proved in Section 2 and we can check that it satisfies the mass decay.

lu()172 — lu(0) 17 = —2/0 lau(r)|72 dr. (3)

Our theorem states that we have an exponential decay.

Theorem 0.1. Assume that a(z)? > n > 0 on some nonempty open set. Then, for every Ry > 0, there exist
C >0 and v > 0 such that inequality

lu(®)ll > < Ce™™ Juoll. >0

holds for every solution u of system (2) with initial data ug such that ||uo| > < Ro.

Then, as a consequence of stabilization and local controllability near 0 established in Section 3, we obtain
the following result.

Theorem 0.2. Let 1/2 < b < 5/8. For any nonempty open set w C T' and Ry > 0, there exist T > 0 and
C > 0 such that for every ug and uy in L?(T') with

[uoll 2 < Ro and  fluaf| 2 < Ro
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there exists a control g € C([0,T], L*) with 9/l pox ((o,77,22) < € supported in [0,T] x w, such that the unique

solution u in X%b to the Cauchy problem

iu+0*u = MNulu+g on [0,T]xT! (4)
u(0) ug € L3(T?)

satisfies w(T) = uq.
Moreover, if ug and uy € H®, with s > 0, one can impose g € C([0,T], H®).

We deduce the same results on L?(]0, [) with the Dirichlet (respectively Neumann) Laplacian. To accomplish
this, we use the identification of D(—Ap) (resp. D(—Ax)) with the closed subspace of H?(R/27Z) of odd (resp.
even) functions. We only have to check along the proof that the control we build on T* = R/277Z remains odd
(resp. even) if ug is so. The propagation of regularity for the control takes the form : if ug € D(—A$%,), then
one can choose g € C([0,T], D(—A%)) (and similarly for Ay).

The continuity in time for g is obtained with time cutoff at each stage : the stabilization term is brought
to 0 and the local control we build is identically zero at initial and final time. For example, if ug and u; are
assumed in C*, it allows to impose u and g in C*°([0,T] x T1).

The independence of C, v and the time of control 7" on the bound Ry are an open problem. Yet, it is an
interesting fact that even if we want a control in H*®, the time of controllability only depends on the size of
the data in L2?. However, it is unknown whether there is really a minimal time of controllability. This is in
strong contrast with the linear case where exact controllability occurs in arbitrary small time and the conditions
are only geometric for the open set w. For example, exact controllability is known to be true when Geometric
Control Condition is realized, see G. Lebeau [15], but also for any open set w of T", see S. Jaffard [13] and V.
Komornik [14]. N. Burq and M. Zworski [6] also proved the equivalence with a resolvent estimate. Moreover,
some recent studies have analysed the explosion of the control cost when T tends to 0 : K.- D. Phung [19]
by reducing to the heat or wave equation, L. Miller [17] with resolvent estimates, G. Tenenbaum and M.
Tucsnak [22] with number theoretic arguments.

Let us now describe briefly the main arguments of the proof of Theorem 0.1 and 0.2. First, the functional
spaces used are the Bourgain spaces which are especially suited for solving dispersive equations. In our problem,
we use some multilinear estimates in X** (see the definition in Section 1). The first step is the following estimate
for b > 3/8, uniformly for T' < 1

[l Lo,y erry < C llull o0 - (5)

This was first proved by J. Bourgain in [3]. A simpler proof, due to N. Tzvetkov, can be found in the book of
T. Tao [21] p 104. This allows to prove multilinear estimates in X*°, as follows.

Lemma 0.3. For every s >0, b,b' > 3/8, there exists Cy independent on T < 1 such that for u and @ € X%’b,
we have

IN

llulull o < Cllullos ull o (6)

A

1D~ 2 ~112 ~
llulPu = (@?al| oo < € (g + 150 ) llu =l g0 (7)

This type of multilinear estimates was introduced in [3], but we refer to [4] p 107 where the estimates we
need are stated during the proof of Theorem 2.1 chapter V. In the Appendix, we recall the proof and precise
some dependence in s of the estimates.

We prove the control near 0 by a perturbative argument near the one of E. Zuazua [23]. We use the fixed
point theorem of Picard to deduce our result from the linear control. The propagation of H* regularity from
the state to the control is obtained using this property for the linear control and a local linear behavior. The
idea comes from the work of B. Dehman and G. Lebeau [7] about the wave equation where only some smallness
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on a finite number of harmonics is required. A notable fact in our case is that no assumption of smallness is
made on the H® norm. We only need the L? norm to be small. Yet, to obtain a bound independent on s, we
have to make some estimates with constants independent on s. This will only be possible up to weaker terms,
but this will be enough to conclude.

The proof of stabilization is more intricate. In a contradiction argument, following B. Dehman, G. Lebeau,
E. Zuazua [9] and [8], we are led to prove the strong convergence to zero in Xo:" of some weakly convergent
sequence (u,) of solutions to damped NLS. In [8], the authors use some linearisability property of NLS in H®.
Yet, this is false in the L? case. Moreover, as it was seen by L. Molinet in [18], a weak limit u of solutions of
NLS is in general not necessarily solution of the same equation. So, we have to proceed a little differently.

We first establish the strong convergence by some propagation of compactness. For a sequence (u,) weakly
convergent to 0 in X%b satisfying

Oy + Ouy — 0 in X070
up, — 0 in L2([0,7] x w),
we prove that u,, — 0 in L? ([0,T] x T!). As the geometric control assumption is fulfilled, the propagation of
compactness could be proved using microlocal defect measure introduced by P. Gérard [10], adapting to X*°
spaces the argument of [8] inspired by C. Bardos and T. Masrour [1]. In dimension 1, the microlocal analysis
is much simpler and we have chosen, for the convenience of the reader, to prove it with elementary arguments
(even if the ideas are the same).
Once we know that the convergence is strong, we infer that the limit u is solution to NLS. We use a classical
unique continuation theorem to infer that it is 0.

Proposition 0.4. For every T > 0 and w any nonempty open set of T, the only solution in C>([0,T] x T')
to the system

i0yu + 02u = b(t,z)u on [0,T] x T*
u=0on[0,T] xw

where b(t,x) € C*°([0,T] x T1) is the trivial one u = 0.

This was proved by Isakov [12] (see Corollary 6.1) using Carleman estimates.

Yet, the weak limit a priori belongs to X%b. Therefore, to apply Proposition 0.4, we need v smooth enough.
We prove that a solution of NLS with u € C*°([0, T] x w) is actually smooth. The proof is an adaptation to the
XY spaces of propagation results of microlocal regularity coming from [8]. Again, we present it in such a way
that no knowledge of microlocal analysis is necessary, even if the ideas deeply come from this theory.

Notation Denote D" the operator defined on D’(T!) by

Dru(n) = sgn(n)n["i(n) i n#£0
= ém if n=0. ®)

In this article, b and b" will be two constants, fixed for the rest of the article, such that 1 > b+b', b > 1/2 > ¥/,
and estimates (6) and (7) hold, see Lemma 1.3 below for the justification of these assumptions. Actually, we
can check that for any 1/2 < b < 5/8, we can find a suitable constant " with the needed properties.

C will denote any absolute constant whose value could change along the article. It could actually depend
on s. Yet, when the dependence on s will be needed, this will be announced and we will denote C' if it is
independent on s and Cs otherwise.
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1. SOME PROPERTIES OF Xs’b SPACES
We equip the Sobolev space H*(T!) with the norm

2 s 2 ~ 2 28 |~ 2
ullfe = 1D%ull7> = [@O)* + > [k[* [ak)|*.
k0

The Bourgain space X*? is equipped with the norm

~ 2
Ha(.,o)||i,b(R)+Z/R\k|2s <T+k2>2b‘ﬂ(7,k)‘ dr
k

2
[l o

= lu*|?

= HHb(R,Hs(qu))

where () = \/T+ |2, u = u(t,z), t € R, 2 € T, and u#(t) = e~ u(t). U(r, k) denotes the Fourier transform
of w with respect to the time variable (indice 7) and space variable (indice k). u(¢, k) denotes the Fourier
transform in space variable.

X;’b is the associated restriction space, with the norm

HUHX;" = inf {||@]| v |& = u on [0,7] x T'}.

Let us study the stability of the X*? spaces with respect to some particular operations.

Lemma 1.1. Let ¢ € C(R) and u € X*° then (t)u € X5,
Ifu e X3" then we have (t)u € X5°.

Proof. We write

lulxen = [l 2wty = 10 | o a0y < C 16 ey < C lltll s -

Hb(H*)
We get the second result by applying the first one on any extension of u and taking the infimum. O

We easily get that D" (using notation (8)) maps any X*? into X*~"’. In the case of multiplication by
C>(T') function, we have to deal with a loss in X*®? regularity compared to what we could expect. Some
regularity in the index b is lost, due to the fact that multiplication does not keep the structure in time of the
harmonics. This loss is unavoidable : take u, = (t)e™*e’t (where 1) € Cg°(R) equal to 1 on [—1,1]) which
is uniformly bounded in X%° for every b > 0. Yet, if we consider the operator of multiplication by €', we get
Hei"’”unnxmb ~ nb. We can prove that our example is the worst one.

Lemma 1.2. Let —1 <b<1, s € R and ¢ € C®°(T'). Then, if u € X*® we have p(x)u € X100,
s—|bl,b
T )

Proof. We first deal with the two cases b =0 and b = 1 and we will conclude by interpolation and duality.
For b =0, X*9 = L2(R, H*) and the result is obvious.
For b = 1, we have u € X*! if and only if

u € L*(R, H*) and i0;u + 0%u € L*(R, H®)

with the norm

2 2 . 2
Hu”Xl = ||“||L2(R,HS) + ||Zat“ + 6§UHL2(]R,HS) :
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Then, we have

le@)ulfera = loullfag e + [li0n(ou) + (o) 3 g ey
< C (HU||2Lz(R,HH) + [l (i0pu + ai“)Hiz(R,HH)
S|
< C7(HUH1%RJF—1)+|V3ﬂi*‘3§UH1%RJﬁ—g‘*HUHi%RJ%ﬂ)
< Clull5en -

Here, we have used that [¢,02] = —2(9,9)0, — (02¢) is a differential operator of order 1. To conclude, we
prove that X spaces are in interpolation. For that, we consider X*° as a weighted L?(R x Z, u ® §) spaces,
where p is the Lebesgue measure on R and § is the discret measure on Z. Using the Fourier transform, we can
interpret X as the weighted L? space

L2 (R x Z,wep(r, by @ 0)
where w, (T, k) = |/’<:\225 (t+ k2>2b. Here, we denote
|k|, = || if & # 0 and 1 otherwise. (9)

Then, we use the complex interpolation theorem of Stein-Weiss for weighted LP spaces (see [2] p 114 ) : for
0<o<1

~ L? (R x Z, |k\225(1*9)+25'9 (r+ k2>20 §® 5) ~ X S(1-0)+50.0

(XS,O Xsl,l)

’ [0
Since ¢ maps X*° into X*° and X* ! into X5~ 1!, we conclude that for 0 < b < 1, ¢ maps X% = (XS’O, Xs’l)
into (XS’O, XS*M) ]
Then, by duality, this also implies that for 0 < b < 1, ¢(z) maps X 5*»~b into X =%~ As there is no
assumption on s € R, we also have the result for —1 < b < 0 with a loss —b = |b].

To get the same result for the restriction spaces X;’b, we write the estimate for an extension @ of u, which yields

(o]
= X*7%% which yields the b loss of regularity as announced.

lpull xamime < Nl omrpre < Cllallxen -

Taking the infimum on all the @, we get the claimed result. 0

We will also use (see [11] or [3])
Lemma 1.3. Let U € C§°(R) and (b,') satisfying

1
O<U<§<ab+H§L
If we note F(t) =¥ (%) f; f)at', we have for T <1
1 g < OT " [ fll oo -

In the futur aim of using a boot-strap argument, we will need some continuity in 7" of the X;’b norm of a
fixed function :
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Lemma 1.4. Let 0 < b < 1 and u in X*° then the function

{f 2 10,7 — R

t — HUHX:,I)
is continuous. Moreover, if b > 1/2, there exists Cp such that
tim £(t) < C u(0)]| .

Proof. By reasoning on each component on the basis, we are led to prove the result in H°(R). The most difficult
case is the limit near 0. It suffices to prove that if u € H*(R), with b > 1/2, satisfies u(0) = 0, and ¥ € C§°(R)
with ¥(0) = 1, then

t
W(T>UT—4>)O in H°.
Such a function u can be written fot f with f € H*='. Then, Lemma 1.3 gives the result we want if u € Hte,

Nevertheless, if we only have u € H?, \I/(%)u is uniformly bounded. We conclude by a density argument. O

The following lemma will be useful to control solutions on large intervals that will be obtained by piecing
together solutions on smaller ones. We state it without proof.

Lemma 1.5. Let 0 < b < 1. If U]ag, bx| is a finite covering of [0, 1], then there exists a constant C' depending
only of the covering such that for every u € X*°

Hu”X[d,bl] <C - Hu”X[aji,bk]

Finally, we have the following Rellich type lemma
Lemma 1.6. For every § >0, 7 >0, s, b€ R and T > 0, we have

s+n,b+9d s,b
Xr C X7

with compact imbedding.

Proof. Using space Fourier transform and working with u? = e’”aiun, we are led to prove the compact
embedding Hb+5([O,T],l<2k>2<s+n)) C Hb([O,T],l?Mzs), where l<2k>25 is the discret 12 space with the weight (k)>*.

This is an easy adaptation of Rellich’s theorem. d

2. EXISTENCE OF A SOLUTION TO NLS WITH SOURCE AND DAMPING TERM

Theorem 2.1. Let T >0, s >0, A € R and a € C*(T'), ¢ € C§°(R) taking real values.
For every g € L*([~T,T), H®) and ug € H*, there exists a unique solution u in Xé}’b to

i0u + 02u+ip(t)%a(r)®>uv = Nul*u+gon [-T,T] x T!
u(0) = wg€ H®.

Moreover the flow map
s s s,b
F : H3(TY) x L*([-T,T),H*(T')) — X[iT’T]
(UJOa g) = u
is Lipschitz on every bounded subset.
The same results occur for s = 0 with the weaker assumption a € L>(T").
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Proof. 1t is strongly inspired by Bourgain’s one (see [3], [4] and [11]). First, we notice that if g € L*([-T,T], H*),
it also belongs to X;’_b/ as b’ > 0. We restrict ourself to positive times. The solution on [T, 0] is obtained
similarly. The distinction on the case s = 0 and s > 0 for the regularity assumption on a will appear along
the proof with the following statement : with the assumptions of the Theorem, multiplication by a maps
X0 = L2([0,T], H?®) into itself.

We consider the functional

¢
O(u)(t) = ey — z/ ei(t=m)% {—ia24p2u + A ul?u+ g| (r)dr.
0

We will apply a fixed point argument on the Banach space X;’b. Let ¢ € C3°(R) be equal to 1 on [—1,1]. Then
by construction, (see [11]) :

. a2
[ ||, = 14071 gy ol

The one dimensional estimate of Lemma 1.3 implies

Therefore, for T' < 1 we have

02
eztam uO‘

< Clluollgs -

s,b —

t
Hw(t/T)/ =M% () dr <CTY Y || F| gorw
0

Xs,b
and then
t 5 9
‘ / ett=7)0; {—ia2g02u+ Alul u—&—g} (r)dr
0 X;’b
< oY H—ia2<p2u+)\|u\2u+gH y
X5~
1-b-0b' 2 2 2
< e gt gy + [l ],y + ol |
< 1—b—b' . ( 2 ) 1—b—b' L
< T full g (14 ullfge ) + CT 77 gl g (11)
Thus
—_b—b' 2
J@(@)lxze < Clluollze + Cllglye, v+ CT " Jull gz (1+ lul3or ) (12)
and similarly,
~ —b—b" ~ 2 ~ 112
@) = (@) 50 < CT* Y flu—all sz (1+ ull iz + 1l ) (13)

These estimates imply that if T" is chosen small enough @ is a contraction on a suitable ball of X;"b.
Moreover, we have uniqueness in the class X ;’b for the Duhamel equation. To get the uniqueness in X;’b for the

Schrédinger equation itself, we prove that every solution u in X;’b of equation (10) in the distributional sense
is also solution of the integral equation. Let us put

2

t
w(t) = ey — Z/ eit=7)0; [—i<p2a2u + Al u+ g| (r)dr.
0
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As u e X3°, we have |ul*u € X3 and since b’ < 1/2, we infer

t

o[ [ 7 [t Al o] (]

0
= ¢ it {—iazgazu + Aul?u+ g} (t)
in the distributional sense which implies that w is solution of
iOyw + 02w + ia®p*u = X ul>u+g.

Then, r = e~ ito; (u — w) is solution of dyr = 0 and r(0) = 0. Hence, » = 0 and u is solution of the integral
equation. Actually, the above proof also gives that the solution u of the integral equation is also solution in the
distributional sense.
We also prove propagation of regularity.
If up € H®, with s > 0, we have an existence time T for the solution in X%b and another time T for the
existence in X%’b. By uniqueness in X%b, the two solutions are the same on [0,7]. If we assume T < T, we

have the explosion of |ju(t,.)|| 5. as t tends to T whereas [|u(t,.)|| > remains bounded on this interval. Using
local existence in L? and Lemma 1.5, we easily get that [u[ o is finite. Then, using tame estimate (12) on a
T

subinterval [T — ¢, T], with ¢ small enough such that Cel=0=?' (1 + Hu||§(o~,b i ) < 1/2, we obtain
[T—e,T]

el < Cll(T = &)l + IIQIIXFL—bQ :

T—e,T)

We conclude that u € X%’b, which contradicts the explosion of |[u(t,.)||. near T. Therefore, the time of
existence is the same for every s > 0.

Next, we use L? energy estimates to get global existence in X%b and so in X;’b. By multiplying equation (10)
by w, taking imaginary part and integrating, we get

. ¢
||U(t)||i2 _ ||u(0)||i2 — —2/0 ||a<p(7')u(T)||iz dT—|—2%/O /1rl qu

N

t t
2 2 2
lu@llz> < [lw(O)L2 + C/O [u()lIz> dr +/0 [u(m)ll L2 ()l L2 dr
t
2 2 2
< Jlu(0)liz: + C/O ()2 d7 + Cllgllz2 (- 7ry.22) -
Then, by Gronwall inequality, we have

lu®l7: < € (lu(O)7 + 9721725 ) €. (14)

This ensures that the L? norm remains bounded and the solution u is global in time.
For the continuity of the flow, we use a slight modification of estimate (13) for two solutions v and @

lu—allxz0 < Cllu(0) = a(0)l| o +Cllg = gll -

1—b=b" |, =~ 2 -2
+COT lu = i (1+||u||X;,b+||u|\X;,b).
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Then, for T small enough (depending on the size of ug, ug, g and §), we get

lu = all s 0 < Cllu(0) = @(0)]| o + Cllg = gll oo -

:
Then, we just have to piece solutions together on small intervals. Using the control of the X;,’lb norm on
L*>([0,T], H?) and Lemma 1.5, we get that F' is Lipschitz on bounded sets for arbitrary 7. O

After this point and until the end of the proof of local controllability, we will express the dependence on s of
the constants by writing them Cs or C(.) if some other dependence is considered. b, b, A\, a and ¢ being fixed,
we will not write the dependence of constants in these variables.

The following Propositions establish a linear behavior on bounded sets of L2.

Proposition 2.2. For every T > 0, n > 0 and s > 0, there exists C(T,n,s) such that for every u € X;’b
solution of (10) with |uol| 2 + |9/l p2(j0,7y,22) < 1. we have the following estimate

[ull x50 < C(T, 7, 8) (HuOHHs + HgHL2([O,T],H5)> :
Proof. Assume T < 1. Using (12), we obtain that u satisfies
—b—b 2
lulleze < € (Nuolze + gl oo,z ey ) + CT = Nl o (14 llullio ) -
With T such that C,T=0=%" < 1/2, it yields
—b—b 2
ull ;> < C (IIUoHHs + ||gHL2([0,T],HS)) + O s flullyon -

First we use it with s = 0. As we have proved in Lemma 1.4 the continuity with respect to T" of ||ul| yo.» we are
T
1
2Co (luoll 2 +l9ll L2 o.77.2.2))

in position to apply a boot-strap argument : for 7100 < >, we obtain :

[ullxor < C <||u0||L2 + HgHLz([o,T],LZ)) : (15)
The mass estimate (14) gives |[u(t)| ;> < Cne€l!l < C(n). Then, we have a constant (1) such that (15) holds
for every interval of length smaller than (7). Repeating the argument on every small interval, using that X%b
controls L>°(L?) and matching solutions with Lemma 1.5, we get the same result for some large interval [0, 7],
with T < 1, with a constant C' dependent on 7. It expresses a local linear behavior.
Then, returning to the case s > 0 and C, T 0~% < 1/2, we have the estimate

—_b—b 2 NN
T ull o < CTH P72 C ).

Then, for T < &(s,7n), this can be bounded by 1/2 and we have

lull s < € (ol ge + gl 220,010 ) - (16)

Again, piecing solutions together, we get the same result for large 7' < 1 with C depending on s and 7. The
assumption 7" < 1 is removed similarly with a final constant C(s,n,T). O
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A notable consequence of this result is that NLS has a linear behavior in any H* on any bounded set of L2.

Yet, in the last estimate, the constants strongly depend on s. We will use the more precise estimates of the
Appendix to eliminate this dependence in s, up to some weaker terms.

Proposition 2.3. For everyT > 0, n > 0, there exists C(T,n) such that for every s > 1, we can find C(T,n,s)
such that for every u € X;’b solution of (10) with |[uoll L2 + |9/l 2((0,9,22) < 1, we have

lllze < €. T) (uoll e + o oz, )
+C(s,m,T) [l amro Nl g ull o + s, ) [l oro (17)

Proof. First, we assume T' < 1. Lemma 1.3 gives a constant C' independant on s such that

lullze < € (ol e + lgll oy o))

+oT Y (HCLQS"%HLZ([O,TLHS) + H|“2uH)<;"") '

Estimate (46) of Proposition A.4 and Corollary A.2 of the Appendix gives some constant C' and C; such that

lullze < € (luollge + lgllzaqorry e
1-b—b
T (C full g + Ol g0 )

. 2
+TV 0 (C ullfeon Ml + Co llull ez lullao Nl o0 )

From the previous Proposition, we have

lull oo < C.T) (Jluoll g + llgll o go.11,05) ) < Cn. T

Actually, C(n,T) can be bounded by C(n) = C(n,1) if T < 1.
Again, for T small enough (depending only on 7 and not on s), we have

lullge <€ (ol + Nollqoryme))
+Cy lull oo Nz 1wl oo+ C al v

Then, piecing solutions together, we finally obtain the result on a large interval [0, 7. d

Remark 2.4. If g = 0, the solution u € X%b of (10) actually satisfies

()2 — u(0)]2: = —2 / lag(r)u(r) |22 dr.

Remark 2.5. If a is even and u € X%b solution of (10) with source term g, then tu(t,—z) is solution with
source term +g(t, —x). As a conclusion, by uniqueness in X%b, we infer that if up and g are odd (resp. even),
then w is also odd (resp. even). This gives an existence and uniqueness theorem for Dirichlet and Neumann
conditions if a € C§°(]0, 7[) (by identification it will become a € C*°(T!) even).
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3. CONTROLLABILITY NEAR 0

We know (see [8], [15] or [16]) that any nonempty open set w satisfies an observability estimate in L? in
arbitrary small time 7' > 0. Namely, for any a(z) € C°°(T') and ¢(t) € C§°(]0, T[) real valued such that a = 1
onw and ¢ = 1 on [T/3,27T/3] (we add the cutoff in time to impose that the control g is zero at 0 and T'), there
exists C' > 0 such that

T . 2
[l <0 [ a@gtoe |, a (18)

L2

for every ¥y € L2,

As a consequence, using the HUM method of J-L. Lions, this implies exact controllability in L? for the linear
equation. More precisely, we can follow [8] to construct an isomorphism of control S from L? to L?. For every
data ¥ in L2, there exists &g = S~ ¥, g = SPq such that if ¢ is solution of the dual equation

Il
=

i8t<I>+8§<I>
{ 2(@,0) = B(a) (19)
and ¥ solution of
i,V + 020 = a?(z)p*(t)®
{ ¥(T) = 0 (20)

we have ¥(0) = U,
Lemma 3.1. S is an isomorphism of H® for every s > 0.

Proof. We easily see that S maps H® into itself. So we just have to prove that S®y € H® implies &5 € H®, i.e.
D*®q € L* (with notation (8) of the end of the Introduction). We use the formula
T 92 2 2 itd?
SPy = z/ e 1% p202e"% P dt.
0

Then, using that S~! is continuous from L? into itself and Lemma A.1 of the Appendix, we get

D@2 < ClSD Pl <C

T
02 02
/ 67m9z a2<p26”61 DS@()
0

L2
T
< C Ds/ e—it6§a2@26it8§ dy
0 12
T . 62 : 82
+C / e~ 1% [aQ,Ds] 2% @
0 12
< CISPolly- + Cs [|Poll o -

This yields the desired result for s € [0,1]. We obtain it for every s > 0 by iteration.
Moreover, if we track the dependence of each constant, especially their dependence in s, we get for s > 1

157 ol < Cla, o, T) [ %ol e + Cla @, 5, T) (ol o - (21)

d
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Theorem 3.2. Let w be any nonempty open subset of T* and T > 0. Then there exist € > 0 and n > 0 such that
for every ug € L? with |Jug| ;= < €, there exists g € C([0,T],L?), with 91l o< 0, 77,22) < M, compactly supported

in 0, T[xw such that the unique solution u in X%b of
iOu+02u = MNulPu+g (22)
u(z,0) = wup(x)

satisfies u(T) = 0.
Moreover, if ug € H®, with s > 0, eventually with a large H® norm, we can impose g € C([0,T], H®).

Proof. We first choose a(z) € C§°(w) and ¢(t) € C°(]0,T) different from zero, so that, observability estimate
(18) occurs. We seek g under the form ¢?(t)a?(x)® where ® is solution of system (19), as in linear control
theory. The purpose is then to choose the adequate ®¢ and the system is completely determined.

Actually, we consider the two systems

10D + (9%‘1’ =0
U0 2 b (@)
and
iOu+ 02u = Aul*u+ a?p?® (24)
u(z, T) = 0.
Let us define the operator
L: L*TY) — L*TY
(I)[) — L@O = Uy = U(O)
We split © = v + ¥ with ¥ solution of
iV + 020 = a?(2)p*(t)® (25)
v(T) = 0.
This corresponds to the linear control, and therefore, ¥(0) = S®;. As for function v, it is solution of
i0v + 0% = Aul*u
{ o(T) = 0. (26)

Then, u, v, ¥ belong to X%b and u(0) = v(0) + ¥(0), which we can write
Ldy = K&y + SPg

where K ®y = v(0).
L®y = ug is equivalent to &g = —S ' K®y + S~ 'ug. Defining the operator B : L? — L? by

Bdy = —S 1K ®y + S uy,

the problem L®y = ug is now to find a fixed point of B. We will prove that if [|ugl|,. is small enough, B is a
contraction (for the L? norm) and reproduces the closed set F' = By:(0,1) ) (ﬂi@fl By (0, RZ)) N Bu-(0, R)

for 1 small enough and for some large R;.
We may assume 7' < 1, and fix it (actually the norm of S~! as an operator acting on L? or H® depends on T
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and even explode when T tends to 0, see [19], [17] and [22]). In the rest of the proof, as we want a bound for
7 independent on s, we will denote C' any constant depending only on a, ¢, b, b’ and T that are fixed. We will
write Cy if a dependence on s is allowed.
Since S is an isomorphism of H®, we have

1B®ol 7. < Cs (1K ®o . + ol 72 - (27)
So, we are led to estimate |K®q|| . = [|[v(0)]| ze-

Then, if we apply to equation (26) the same X;’b estimates (Lemma 1.3 and estimate (6) of Lemma 0.3) we
used in the existence Theorem 2.1, we get

[oO)ge < Cllvllxse
< cori H|U‘2’UHX;,7L/
< C H|u\2u||X;ﬁb,
< Gl lulge- 29

Let us first consider the L? norm and use the local linear behavior of u (see Proposition 2.2). We obtain that

for H‘PQGQ‘I’HLz([QT]’Lg) < C||®ol| ;2 < Cn < 1, we have

lull o < C @0l 2.
Finally, applying (27) and (28) with s = 0, this yields
3
1B®oll 2 < € (I2oll3: + luoll 2 -

Choosing n small enough and |jug||;. < 7/2C, we obtain || B®¢||;. <7 and B reproduces the ball B, of L?.
For the H® norm, we distinguish two cases : s <1 and s > 1.

For s <1, we return to (28) with the new estimate in X%b.

[0 e < Con® Jull o0

1801570 < Co (% lull s+ lluoll . )

Then, using Proposition 2.2 we have a linear behavior in H® norm when we have only a bounded L? norm.
More precisely, for H@QC‘Q(I)HL?([O 702y < C||Poll 2 < Cn <1 we get
l[ull x=0 < Cs [[Poll = (29)

and
[1B®o|| - < Cs (0 [|®oll e + lluoll ) -
Then, for Csn?* < 1/2, B reproduces any ball in H® of radius greater than 2C; [Jug|| ..

As a conclusion, we have proved that if < Cs, |Juo|| ;> < C(n) and R > C(|jug]| ), then B reproduces F.
Moreover, we can check that all the estimates are uniform for s < 1 and so the bound on 7 is uniform.

If s > 1, we choose the R; by induction. Rj is chosen as for the case s < 1 so that B reproduces Bg1(0, Ry).
The crucial point will be to make some asumptions of smallness on 77 that will be independent on ¢ and s. This
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will be possible using some estimates uniform in s, up to some smoother terms (that could be very large). First,
we use estimate (21) about S~1.

[1BRoll i < C K Doll i + Ci 1K Pol| gyims + Ci [|uol| 2
The same analysis we made for the case s < 1 yields
| K ®oll -1 < Cim1m® || Pol| gos < Cimim® Ry

Then, using the more precise multilinear estimate (46) of Proposition A.4 of the Appendix, we get

IN

lv(0)|| g4 C'|||u|2u||X;fb,

IN

2
Ol lull s + i lull gimss el o oo

For the term with maximal derivative, we use the refinement (17) of Proposition 2.3 and Corollary A.2 of the
Appendix

IN

lllgsr < ClPa@ agozy ey + Cillullsoro lull ol xou + C llul iv
< Cl®oll g + Ci [ Boll s + Ci lull s [l o oo

+CZ ||’LLHX;‘:1,b .

A

For the terms with lower derivative, we only need estimate (29), which yields

[0(O)] g7

IN

Cn? HUHX;IJ +C;Ri—1Rin
0772 H(I)OHHi + 0772 (CiRi—1 + CiRi—1R1m) + C;R;i_1 Rim.

A

Finally, we obtain
1B®o|l e < Cn* ol + C(iyn, Ru, Rizx, Jluoll )

If we choose Cn? < 1/2 independant on s and R; = 2C(i,n, R1, R;_1, |[uo|| ;7:), we obtain that B reproduces
Bpgi(0, R;). The same arguments work for By:(0, R) if s > 1.

Let us prove that B is contracting for L? norm. For that, we examine the systems

M|ul?u — |a]?a@) + a??(® — :13)

i0(u—u) + 02 (u — u)
{ (w—a)(T) = 0 (30
(v =)+ 02w—10) = A(ulu— |aa)
(v=o)(T) = 0.
We obtain
|Boo - BE|| , < Clw-DO),:

< O |JulPu — |af2al| o,
< O (Ilulkoo + llon ) lu— il oo
< O llu—llxou (31)
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Considering equation (30), we deduce

~ 1-b—b' 2 ~12~ 2 2 &
lo—llxge = €T ful*u ~1af*al| vg - +CH@ “ (q)_q))‘ L2([0.7),12)
2 ~ 112 ~ =
< (Il + kg ) llu =l oo +C @0 = @ | |
< O llu—illyos +C H% - <1>0HL2

If 7 is taken small enough (independent on s) it yields
u— @l o < CH%—%Hm. (32)
Combining (32) with (31) we finally get
~ ) —
o0 =53], < cntflen -,

Therefore, for 1 small enough (independent on s), B is a contraction of a closed set F' of L? and has a fixed
point that by construction belongs to H®. This completes the proof of Theorem 3.2. g

Remark 3.3. To get control for Dirichlet or Neumann condition, we have to check that if ug is odd (resp
even), then the control we built is so. Suppose that a € C"X’(Tl) is even on T' and ug is odd (resp even)
Then @(x) = —u(—z) is solution of (24) with ® replaced by ®(z) = —®(—x). We have uy = 1ip = L®P; and
therefore, B®y = ®y. Since $y has the same norm as P, and by uniqueness of the fixed point in the closed set
F, we obtain ®y = &, and @ is odd. Therefore, the control a2x*® and u are odd. The same argument works
similarly for ug even.

4. PROPAGATION OF COMPACTNESS

In this section, we adapt some theorems of Dehman-Gérard-Lebeau [8] in the case of X* spaces.

Theorem 4.1. Let u, be a sequence of solutions of
such that for some 0 < b <1, we have

||un||X%b S C’7 ||Un||X;1+b,—b — 0 and ||fn||X;1+b,—b — 0.

Moreover, we assume that there is a nonempty open set w such that u, — 0 strongly in L*([0,T], L?(w)).
Then u, — 0 strongly in L7, ([0,T], L*(T")).

Proof. Let p € C°(T!) and ¥ € C§°(]0, T']) taking real values, that will be chosen later. Set Bu = ¢(x)D~! and
A = U(t)B where D~! is the operator defined at the end of the Introduction in (8). We have A* = W(t)D~1p(x).
Denote L the Schrédinger operator L = id; + 02. For ¢ > 0, we denote A. = Aefd: = U(t)B. for the
regularization. We write by a classical way

One = (Lun,A*Un)H(]o,T[le) - (AaUmLUm )L?(]O,T[le)
= ([Ac, 0 un, un) — i(V' () Bty uy,).

But we have also

Une = (fn, Alun)r2q0,71x1) — (Actin, fn)L2(q0,7[xT)-
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Using Lemma 1.2, we obtain

IN

’(fna A:un)L?‘(]O,T[x'JI‘l) ’ ||fn||X;1+b1—b HA:unHX;:b,b

IN

an”)(;l*'bv—bHun”)(%b' (33)

Then, sup, ‘(fn, A;un)Lz(]o,T[XM)} — 0 when n — oo. The same estimate for the other terms gives sup, o, — 0
and likewise for the term (U/(¢)Beunp, uy,).
Finally, taking the supremum on ¢ tending to 0, we get

([A, 02Jtn, un) 2o, r(xT1) — O When n — oo.
Then, as D~! commutes with 92, we have
[A,02] = —29(1)(0p) 0. D™ — W (1)(32¢) D"
Making the same estimates as in (33), we get
(W () (83¢) D™ i, un) 20,7111y — O

Moreover, —id, D! is actually the orthogonal projection on the subspace of functions with %(0) = 0. Using
weak convergence, we easily obtain that w,(0)(t) tends to 0 in L2([0,7]) and so,

(W () (0240)tn (0)(), un) L2(j0,7(xT1) = 0
Our final result is that for any ¢ € C*°(T!) and ¥ € C§°(]0,T7)
(U () (Or)Uns Un) L2 (0, T[xT1) — 0.
Now, we remark that the functions that can be written 0, are actually all the functions ¢ that fulfill le ¢ =0.
For example, for any x € C§°(w) and any zg € T!, ¢(z) = x(z) — x(z — x) can be written ¢ = d,¢.
The strong convergence in L2([0,T], L?(w)) implies
(W(t)XUn,un)L2(0,7[xT?) — 0.

Then for any zg € T!

(‘I’(t)x(. - ,@())un7 un)Lz(]O’T[Xr]p) — 0.
We close the proof by constructing a partition of unity of T! with some functions y;(. — x§) with x; € C§°(w)
and zj) € T O

5. PROPAGATION OF REGULARITY

We write Proposition 13 of [8] with some X** assumptions on the second term of the equation.
Theorem 5.1. Let T >0,0<b<1andu € X}’b, r € R solution of
iOu+ 2u=feXp "
Moreover, we assume that there exists a monempty open set w such that u € L? (]0,T[, H"TP(w)) for some

loc
—b
PS5 2 1
Then w e L7 (]0,T[, H™"*(T")).
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Proof. We first regularize : u, = en%u = Z,u and f, = Z,,f with un|l xro < C and || foll xr—v < C. Set
s=r—+p. ’ "

We will make a proof near the one we did for propagation of compactness.

Let ¢ € C°(T!) and ¥ € C§°(]0,T) taking real values. Set Bu = D?**~1p(x) and A = ¥(t)B (with notation
(8) of the Introduction). If L = id; + 92, we write

(Lttn, A"un) 120, 7<) — (Atns Ltin, ) £2(j0,7[xT1)
= ([Av8£]un7un)L2(]O,T[><Tl) - Z(\I}I(t)Bunvun)

IN

|(Aun, f”)Lz(]O,T[XTlﬂ HA“TLHX%”’ annx;*b

IN

ot s |l

As we have chosen p < %, we have r +2p — 1 + b < r. Therefore, we obtain
|(Aun, fn)r2qorixt)l < CHunHX;,bIIanX;,_h <C.

The same estimates for the other terms imply that ([A4, 2]y, uy,) £2(0,7[xT) is uniformly bounded. Yet, we
have
[4,02] = =20 (t) D>~ (9,0) 8y — V(1) D> (D2p)

while
(@D @2, ) cxorixr] < Clunll oo < €.
Finally we can control
(U (6)D** = (82p) Dt )| < C. (34)
If f € C§°(w) then

(U(t)D* ! 20,15, uy)
= (U()D* L fOptun, fDuy) + (V) [D*™L, £ fOutin, Duy)
(P(t)
(

U(t)D* " fOptin, D® fuy) + (¥ () D* " fOptun, [D*, flun)
+(U(t) D5, flfOptin, D).

Our asumption gives fu € L2 ([0,T], H®) and fd,u € L? ([0,T], H*~'). Therefore, fu, = Z,fu+ [f,Z.]u

loc loc
is uniformly bounded in L? ([0,77], H®) thanks to Lemma A.3 of Appendix and s < r + 1. Making the same
reasoning for fd,u,, we obtain
(T (t) D! fOpun, D® fuy,)| < C.
Lemma A.1 of the Appendix and u € L?([0,T], H") yields (and likewise for the other term of commutator)

’(\Ij(t)Ds_lfaxum [Dsa f}un)’

IN

D" Ot | 2 g2y ID7ID*, lunl 212y

||Un||L2(Hr) ||un||L2(HS,1+,)) <C.

IN

And finally,
‘(\I'(t)DQS_lfQ(?wun, un)’ <C.



TITLE WILL BE SET BY THE PUBLISHER 19
Then, writing 9, = f?(z) — f?(x — x¢) and using (34), we obtain

[(W(t) D f2(. — 20)Optin, up)| < C.
Finishing the proof as in Theorem 4.1 with a partition of unity, we obtain

|(W(t)D* 1 0,u,u)| < C

T
| S vk d<c
0 k2o
which achieves the proof. O

Corollary 5.2. Here b > 1/2 and w is any nonempty open set of TL. Let u € X%b solution of

i0yu + 02u = A|u|?u on [0,T] x T!
u € C*(]0, T[xw).

Then u € C>=(]0,T[xT").

Proof. We have |u/?u € X2 ™" by multilinear estimates.
By applying once Theorem 5.1, we get u € L? ([O,T],HH%). Then we can choose to such that u(tg) €

loc
HY'2" We can then solve in X'T2"* our nonlinear Schrédinger equation with initial data wu(fo). By

. . 3 0,b 1+1520
uniqueness in X;~, we conclude that v € X, .

By iteration of this process, we get that u € L2(]0,T[, H") for every r € R and u € C*°([0,T], T'). O

Corollary 5.3. Let w be any nonempty open set of T' and u € X%b solution of

i0u+ 02u = Aul*uon [0,T] x T!
u = 0on]0,T[xw.

Then u =20

Proof. Using Corollary 5.2, we infer that « € C*°(]0, T[xT%).
Proposition 0.4 of unique continuation implies u = 0. g

Remark 5.4. We have the same conclusion for v € X%b solution of

i0u+0*u = 0on [0,7] x T
u = 0on]0,T[xw
6. STABILIZATION
Theorem 0.1 is a direct consequence of the following Proposition.

Proposition 6.1. Let a € L>®(T?!) taking real values such that a®(x) > 1 on a nonempty open set w of T, for
some constant n > 0.
For every T > 0 and every Ry > 0, there exists a constant C' > 0 such that inequality

T
nmw@SCAuwﬁmt
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holds for every solution u € X%b of the damped equation
i0yu + 02u +ia*u = Alu*uon [0,T] x T* (35)
uw(0) = wup€ L?

and ||uol|| 2 < Ro.

Proof. We argue by contradiction, we suppose the existence of a sequence (u,,) of solutions of (35) such that
[un(0)]| L2 < Ro

and
g 2 1 2
| et < ol (30)
0 n

Denote a,, = ||u0’nHL2 < Ry. Up to extraction, we can suppose that a,, — «.

We will distinguich two cases : a > 0 and a = 0.

First case : a, — a >0

By decreasing of the L? norm, (u,) is bounded in L°([0,T], L?) and therefore in X%b. Then, as X%b is a
separable Hilbert we can extract a subsequence such that u, — u weakly in X%b for some u € X%b.

By compact embedding, as we have b < 1 and —b < 0, we can also extract a subsequence such that we have
strong convergence in X;Hb’_b.

At this stage, we have to be careful because as it was seen by L. Molinet in [18], the weak limit u is not

’

necessarily solution to NLS. See Remark 6.2 below. Thus, A|u,|?u, is bounded in X%fb . We can extract a

1+b,—b (

subsequence such that it converges weakly in X%_b/ to some f and strongly in X, here, we use b > ¥/).

Using (36) and passing to the limit in the equation verified by u,,, we get

i0u+02u = fonl0,T]xT! (37)
u = 0onl[0,7T]xw.
Denote 7, = u, —u and f,, = —ia?u, + Mu,|*u, — f, we have

105y + 0%rp = fn

Moreover, because of (36) we have

a(x)u —
(@)t L2([0,T],L?)
and so, f, converges strongly to 0 in X;Hb’_b.
It also implies that w,, — 0 and the same for r,,.

L2([0,T],L?(w))
We are then in position to apply Theorem 4.1. We infer

n —_—
L7,.([0,1],L2)

Then, we can pick one ty € [0,7] such that r,(¢o) tends to 0 strongly in L? and therefore u,, (to) — u(to) in L.
Denote v the solution of

(38)

{ i0w+ 02v = Av|?von [0,T] x T*
’U(to) = U(to)
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The main problem is, at this point, we still do not know whether u = v.
Yet, we have seen in the existence Theorem 2.1 that the flow (even backward) is Lipschitz on bounded sets.
Then, as we have u,,(to) — v(to) and ia?u, — 0 in L2([0,T], L?), we get u, — v in X%". Therefore, u = v and
u is solution of (38). Corollary 5.3 implies u = 0.
In particular, we have ||u,(0)||;= — 0 which is a contradiction to our hypothesis a > 0.

Second case : a,, — 0
Let us make the change of unknown v, = u,/ay,. v, is solution of the system

100y, + (ﬁvn +ia%v, = )\ozfl\vn|2vn

and

T 9 1
| vl de < (39)
0

g.
Thus, we have
[vn(0)][ 2 =1 (40)

and v, is bounded in L®°([0,T], L?) as the L? norm of u,, decreases.
By Duhamel formula and multilinear estimates, we obtain

—b—b 3
lonll o < Clon ()2 + CT = (Ifonllxos + 0 [oaliyss) -

Then, if we take CT' 0~ < 1/2, independant of v,,, we have
3
[vnll o0 < €+ Cagh [[oallos -

Lemma 1.4 states that ||v,|| vo. is continuous in 7'. Since it is bounded near t = 0 and o, — 0, a classical boot
T

strap argument gives that v, is bounded on X%b. Using Lemma 1.5, we conclude that it is bounded in X%b

’
. — . —14b,—
even for large T. Therefore, a2 |v,|?v, tends to 0 in X:(,)J ¥ and so in Xr o=t

: 0,b . —14b,—b - .
Then, we can extract a subsequence such that v,, — v in X77” and strongly in X, 0= 4 is solution of

{iatv+8§v = Oon[0,7] x T (41)

v = 0on]0,T[xw

which implies v = 0 by Remark 5.4 of unique continuation.
Estimate (39) implies
. 2Un N
L2([0,7],L2)

and so in X;Hb’_b.

Then, we can apply Theorem 4.1 as in the first case, to get that v,, converges to 0 in L%OC([O7 T), L?). Take tg
such that v, (tg) strongly converges to 0 in L? and solve with initial data vn(to), we obtain that v, converges
to 0 in X3*. This contradicts (40). O

Remark 6.2. We could have used a variant of Theorem 1 of [18] to get directly that the weak limit can only
be zero.
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APPENDIX A

In this Appendix, we recall some basic microlocal analysis estimates that can be easily proved in dimension
1, without using any general theory. We also give the proof of some multilinear Bourgain estimates.

Following notation (8) of the Introduction, we have

Lemma A.1. Let f denote the operator of multiplication by f € C°°(T?).
Then, [D", f] maps any H® into H5~"T1.

Proof. We denote | |, the modification (9) of | | introduced in Lemma 1.2. We also write sgn(0) = 1.
We have

DT(FL)( ) = sgu(n) [n|, Zf n—k

(fDru) an— sgn(k) |k} a(k).
And then
(D, fu(n) = > Tl )sntm) Inf] = sgn(d) (8
1Dy, flutm)| < % B)l = kl(Iny " = [kl k) -

Using |n|22p <Cln-— k|22|p‘ |k\12p for any p € R, we get

0 Sl < Bl (g\ﬂn—kxn—k)\m(kn)g
+ ;<§|n—k| Fln—k)(n—k ‘|u |>2
< Z(Zln Fin = k)= B)| k) |)2 (12)
+ ;(gln— Fn—k)(n—k ‘|u |>2. (43)

We estimate (42) using Cauchy-Schwarz inequality, and it is the same for (43).

(42) < Z(Zm kI F(n— k)(n — >|>x
(Z In — k| F(n = k) (n — k)| k] a<k>|2>
k
2
(Z K|} |kf(k>|> (Z k|7 a(k)ﬁ)

k k

IN

IN

2
Cr Nl -
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Corollary A.2. If f € C®(T?), there exists some constant C' such that for every s € R, there exists Cy such
that the following estimate holds

[full e < Cllull e + Cs llull gras -
Proof. We just write D*(fu) = fD%u+ [D?, flu. O

Lemma A.3. Let f € C*(T!) and p. = e 0% with 0 < e < 1.
Then, [pe, f] is uniformly bounded as an operator from H® into H*!.

Proof. 1t is exactly the same as for Lemma A.1 using

2 2

oc ()

We give the proof of multilinear Bourgain estimates. We also get some information about the dependence
on s of the estimates.

because

<Cc{™
O

Proposition A.4. For every s > 0, we have uniformly on T <1

20| o375 < C3° ||u)? :
[lul?ull o575 < O3° [[ull jos l[ull yousrs (44)

2 12~ 2 _ -
(|l — |l uHX;,fg/g < C3° (||u||X;,a/s + ||UHX;=3/8) llu— UHX;»S/8 . (45)
Moreover, there exists C' > 0 such that for every s > 1, we can find Cs > 0 such that for every T <1

[lal®ul| gz s < C||u||§(%3/s lall 5

+CS ||’LL||X;:1,3/8 ||U‘|X;,3/8 ||'LLHX;,3/8 . (46)
Proof. We follow closely [4] p 107. For estimates (44) and (45), it is enough to prove
lwzus| xo-srs < C ([l xoass [luzll xo.s/s [[uall xos/s

+ ||U1HX0,3/8 ||U2||Xs,3/8 ||U3HXD,3/8 + ||u1||xo,3/s ||u2HX073/8 ||U3||Xs,s/s)-

Denote w = u1Tizus. We argue by duality. Let v € X —53/8,
We write U(A, k) instead of ¥(\, k) the Fourier transform in time and space variable. | [, still denotes the

modification (9) of | | defined in the proof of Lemma 1.2.

//TIW—Z/ (A k)O(A, k) /|k|ﬁAk ) |K TN K) (47)

Z / k| ay (A1, k1)@ (N2, k2)uz (A3, ka) k[, (N k)
A

K1, ko, ks 1,A2,A3
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where k = k1 — ko + k3 and A\ = Ay — Ay + As3.

Observe that |k|; < 3° max(|ki[;,|k2]), |ks],). We assume |k|; < 3% |k1];, and the other possibilities will produce
the other terms of the right hand side of the estimate we want (we do not write them any more, each inequality
is true if we add the same term with us and ug).

@n <3 > / (k1 ly [ax (A, k)l [az(Aa, ko)l [us (s, ks)| K] [0(A, )

kka kg Y ALA2AS

Denote u} the function with Fourier transform equal to [a3(), k)|. Then, using dispersive estimate (5)

47 < 3° / / (D*uyuSul D0t
R JT!
§ § § -
< oo o], ] ] 1o
s s, 8 § § —s,.8
= O3 DulHXO,s/s U2HXO,3/8 u?’on,is/s H v HXO'3/8
< C¥ ||u1||xs,3/s ||U2||X0,3/8 ||UJ3||X0,3/8 ||U||X—s,3/8 .

Estimate (46) is obtained similarly using the following inequality, if for example |ki| = max(|k1|, |k2], |ks]),
ey = ko + Ky < el + G lal; ™ (Ikal, + IR, )

This is a consequence of the fundamental theorem of calculus applied to the function (1 + = + y)*. O
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