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GLOBAL CONTROLLABILITY AND STABILIZATION FOR THE
NONLINEAR SCHRODINGER EQUATION ON SOME COMPACT
MANIFOLDS OF DIMENSION 3*

CAMILLE LAURENTT

Abstract. We prove global internal controllability in large time for the nonlinear Schrédinger
equation on some compact manifolds of dimension 3. The result is proved under some geometrical
assumptions: geometric control and unique continuation. We give some examples where they are
fulfilled on T3, S3, and S2 x S1. We prove this by two different methods, both inherently interesting.
The first one combines stabilization and local controllability near 0. The second one uses successive
controls near some trajectories. We also get a regularity result about the control if the data are
assumed smoother. If the H! norm is bounded, it gives a local control in H' with a smallness
assumption only in L?. We use Bourgain spaces to solve the equation in H'.
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Introduction. In this article, we study the internal stabilization and exact con-
trollability for the defocusing nonlinear Schrédinger equation (NLS) on some compact
manifolds of dimension 3:

i@tu + Au
u(0)

|ul>u on [0, 4o00[x M,

(0.1) uo € HY(M),

where A is the Laplace—Beltrami operator on M. The solution displays two conserved
energies: the L? energy ||u| . and the nonlinear energy, or H' energy,

1 1
E(t) = 5 /M Vul* + 5 /M Jul.

This equation arises in nonlinear optics, where it is obtained as an asymptotic regime
of the Maxwell equations in a nonlinear medium (see, e.g., Sulem and Sulem [42]). In
this context, the metric g can be interpreted as an inhomogeneity of the optical index.
A more physically relevant situation could be to consider this equation on a domain.
However, for the moment, this equation is not known to be globally well posed on an
open set of dimension 3 (see [2], [6] for the two-dimensional case and [1] for the radial
solutions on a ball). A compact manifold makes a good framework to understand the
effect of geometry.

For the study of controllability, some similar results were obtained in dimension
2 in the article of Dehman, Gérard, and Lebeau [16], where exact controllability in
H' is proved for the defocusing NLS on compact surfaces. Yet, the proof is based on
Strichartz estimates which provide uniform well-posedness in dimension 3 only in H*®
for s > 1. In [11], Burq, Gérard, and Tzvetkov managed to prove global existence
and uniqueness in H' but failed to prove uniform well-posedness, which appears to
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be of great importance in control problems. However, for certain specific manifolds,
the strategy of X*° spaces of Bourgain, extended to some other manifolds by Burq,
Gérard, and Tzvetkov, succeeded in proving uniform well-posedness in H* for some
lower regularities. So, to our knowledge, this paper is the first one dealing with global
controllability for the cubic NLS in three dimensions.

For control results, the X*? spaces have already been used in dimension 1 at L?
regularity: first Rosier and Zhang [41] obtained local results, and, independently, we
proved global controllability in large time in [32]. We also quote the recent paper
[40] about the control of the NLS on rectangles but still with local results. The X**
spaces will also be our framework in this paper.

Under some specific assumptions that will be made precise later, we prove global
controllability in large time two different ways, both inherently interesting: by sta-
bilization and control near 0 or by some successive controls near some trajectories.
This will provide global controllability towards 0, and the general result will follow by
reversing time. The first strategy is very classical in control theory and has been used
innumerable times (see, for example, Lee and Markus [34, p. 397] in finite dimension).
The second strategy seems less classical, at least in this framework.

Our assumptions are fulfilled in the following cases (w C M is the support of the
control):

~T3 withw = {z € R¥/(61Z x 62:Z x 63Z) |Fi € {1,2,3},x; €] — €,e[+6;Z } (that
is, a neighborhood of each face of the “cube,” fundamental volume of T?) with 6; € R.
Moreover, we can easily extend this result to a cuboid with Dirichlet or Neumann
boundary conditions; see [32] or [41].

— 83 with w a neighborhood of {4 =0} in $3 C R%.

— 5% x St with w = (w1 x S1) U (5?x]0,¢][), where w; is a neighborhood of the
equator of S2.

THEOREM 0.1. For any open set w C M satisfying Assumptions 1, 2, and 3 (see
below) and Ry > 0, there exist T > 0 and C' > 0 such that for every ug and uy in
HY(M) with

HUOHHl(M) < Ro and ”ul”Hl(M) < RO
there exists a control g € C([0,T], H') with 191l o< (0,77, 11y < C supported in [0,T] <t
such that the unique solution u in lew’b of the Cauchy problem
(0.2) iu+Au = |ulPu+g on [0,T]x M,
' u(0) = wg€ HY (M)

satisfies u(T) = uq.

In the rest of this article, w will be related to a cut-off function a = a(z) € C*°(M)
(whose existence is guaranteed by the Whitney theorem) taking real values and such
that

(0.3) w={x € M:a(x)#0}.

The stabilization system we consider is

(0.4) i0u+ Au—a(z)(1 — A)ta(z)u = (1+|ul*)u on [0,T] x M,
' uw(0) = wug€ HY(M).

The link with the original equation can be made by the change of variable w =
e~ u. A more physically relevant damping term would be ia(x)u, as used in the
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one-dimensional case in [32]. Yet, the damping term in (0.4) is especially fitted to the
H*! energy which is the regularity at which we solve the equation. The well-posedness
of system (0.4) will be proved in section 2.1, and we can check that it satisfies the
energy decay

2
Lz’

(0.5) E(u(t)) — B(u(0)) = _/0

(1- A)*l/%(x)atu‘

Our theorem states that, under some geometrical hypotheses, this yields an exponen-
tial decay.

THEOREM 0.2. Let (M, w) satisfy Assumptions 1, 2, and 3. Let a € C*(M),
as in (0.3). There exists v > 0 such that for every Ry > 0 there is a constant C' > 0
such that inequality

lu@®llg < Ce™ Jluollgn, >0,

holds for every solution u of system (0.4) with initial data ug such that ||uo|| ;1 < Ro.

The independence of C' and of the time of control T" on the bound Ry is an open
problem. The fact that « is independent of the size lies in the fact that it describes
only the behavior near 0. However, it is unknown whether there is really a minimal
time of controllability. This is in strong contrast with the linear case where exact
controllability occurs in arbitrary small time and the conditions are geometric only
for the open set w. Moreover, some recent studies have analyzed the explosion of the
control cost when T tends to 0: Phung [38] by reducing to the heat or wave equation,
Miller [36] with resolvent estimates, and Tenenbaum and Tucsnak [43] with number
theoretic arguments.

Let us now describe our assumptions. The first two deal with classical geometrical
assumptions in control theory.

Assumption 1. Geometric control: There exists Ty > 0 such that every geodesic
of M, travelling with speed 1 and issued at ¢ = 0, enters the set w in a time t < T.

This condition is known to be sufficient for linear controllability; see Lebeau [33].
In section 9, we prove that it is necessary on S* for the nonlinear stabilization. How-
ever, there are some geometrical situations (especially when there are some unstable
geodesics) in which it is not necessary. For example, we have linear controllability for
any open set w of T3; see Jaffard [26] and Komornik and Loreti [28] (see also [14]).
This also holds for M = S? x S! with w = $2x]0,¢[ or w = w; x S, where w; is a
neighborhood of the equator. In that case, our method fails to prove global results
and we can prove only local controllability by perturbation (see Theorem 0.4).

Assumption 2. Unique continuation: For every T' > 0, the only solution in
C>=([0,T] x M) to the system
(0.6) { 10w+ Au~+by(t,x)u +bo(t,x)u =0 on [0,T] x M,

' u=0 on [0,7]xw,

where by (¢, z) and ba(t,z) € C°°(]0,T] x M), is the trivial one u = 0.

We do not know if there exists a link between these two assumptions. In our
three particular cases, this can be proved using Carleman estimates. There are some
existing results about this, such as the one of Isakov [25] (for general anisotropic
PDEs), Baudouin and Puel [4] (for global Carleman estimates), or Mercado, Osses,
and Rosier [35] (in the special case of Schrodinger with flat metric but weaker geo-
metrical assumptions). In the case of a Riemannian manifold with boundary, some



788 CAMILLE LAURENT

Carleman estimates were obtained by Triggiani and Xu [46] (see also an interesting
discussion in section 10 about the existence of convex weights). Note also that these
Carleman estimates can be used to treat some controllability problems directly; see,
for instance, Lasiecka and Triggiani [29], Lasiecka, Triggiani, and Zhang [31], [30],
and Triggiani [45]. For the convenience of the reader, we have chosen to give a proof
of Carleman estimates on a compact manifold. It is given in Appendix B. They are
quite similar to those of [46] but simpler because they are without boundary terms.
We also believe that these estimates are of independent interest if the weight is weakly
convex (as in [35] but with a metric).

The last assumption is a technical assumption that ensures that the Cauchy prob-
lem is well posed in H'. It yields a bilinear loss of sy < 1.

Assumption 3. There exist C > 0 and 0 < sg < 1 such that for any f1, fo € L?(M)
satisfying

fi =Y a=mew, on, (), 7=1,2,

one has the following bilinear estimates:

(0.7) Hu1u2||L2([O,T]><M) < C'min(Ny, Na)* Hf1||L2(M) Hf2||L2(M) ;
uj(t) =" f;, j=1,2.

It is known to be true in the following examples (1/24+ means any s > 1/2):

— T3 with sg = 1/2+; see [7].

— The irrational torus R3/(61Z x 627 x 037) with 6; € R for which an estimate
with sg = 2/34 has recently been obtained in [8]. An easier proof for sy = 3/4+ can
also be found in the beginning of [8] and in [15].

— 83 with s = 1/2+; see [13].

— 82 x S with s = 3/4+; see [13].

It yields some trilinear estimates in Bourgain spaces (see the definition below).
For the control near a trajectory, we still have some particular assumptions that
are again fulfilled in the particular geometries described above. Our result reads as
follows.

THEOREM 0.3. Let T' > 0, and let (M, w) be such that Assumptions 1, 3, 4, and
5 are fulfilled (see below). Let 1 > s > sg, and let w € lew’b be a solution of

09 (s su il = o

w(z,0) = wo(x)

with g € C([0,T], H') supported in [0,T] x @.

Then, there exists € > 0 such that for every ug € H® with ||ug — wol| ;. < € there
exists g1 € C([0,T), H®) supported in [0,T] x @ such that the unique solution u in
X;’b of (0.8) with u(0) = ug and g replaced by g1 fulfills u(T) = w(T).

Moreover, for any ug € H* with |[ug — wo| z. < &, the same conclusion holds with
g€ C([0,T],HY).

An interesting fact is that the smallness assumption concerns only the H*® norm,
even if we want a control in H'. For example, as in [17], if we assume |uo| ;. < Ro,
we can find NV € N large enough such that the smallness assumption concerns only
the N first frequencies (see Corollary 8.3). Of course, this result remains true in a
lower dimension, where it was known only for the trajectory w = 0 (see [16]).

Let us describe the new hypothesis. Assumption 4 is a unique continuation result
at weaker regularity.
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Assumption 4. Unique continuation in H': For every T > 0, the only solution in
C([0,T], H') to the system

iOu+ Au+b(t, 2)u+be(t,z)u =0 on [0,T] x M,
u=0 on [0,7]xw,

where by (¢, z) and ba(t, z) € L>([0,T], L?), is the trivial one u = 0.

We do not know if it is really stronger than Assumption 2, but, for the moment,
there are some examples where we are able to prove Assumption 2 but not Assumption
4 using some weak Carleman estimates (see Appendix B). For instance, on T3, we are
able to prove Assumption 2 for w = {x € R¥/Z? |21 €]0,£[+Z} but not Assumption
4. Yet, for the moment, we do not manage to deduce a controllability result from this
statement.

The other new assumption is technical and yields quadrilinear estimates for a
commutator.

Assumption 5. There exists 0 < s < 1 so that for any ¢ € [0, 1] we can find one
constant C' > 0 such that for any fi, fa, f3, f1 € L?(M) satisfying

(0.9)

fJ = 1ﬂ€[Nj,2Nj[(fj)a .] = 15273547

one has the following quadrilinear estimate:
(0.10) sup

/ / x() e T urug ((—A)E/Zu;;w; — U3(—A)€/QU4) dxdt‘
TER|JRJI M

< O(Ni + N3) (m(N, oo, NO) N fill o ary 12l ooy sl L2y 1 Fall 2y »
uj(t) = e f;, §=1,2,3,4,

where x € C§°(R) is arbitrary and m(Ny, ..., N4) is the product of the smallest two
numbers among Ny, No, N3, Ny.

Moreover, the same result holds with wu; replaced by w; for ¢ in a subset of
{1,2,3,4}.

For the three treated examples, we prove in Appendix A that Assumption 5 holds
true with the same sg as in Assumption 3. We believe that it is the case for any
manifold, but we did not manage to prove it.

As explained before, there are some examples for which we know that a geometric
control assumption is not necessary. For instance, for any pair of manifolds My, M
and w7 C M; such that w; satisfies an observability estimate, wy X My satisfies the
observability estimate for the linear Schrédinger equation. We can then use this
remark and the work of Jaffard [26] and Komornik and Loreti [28] for the linear
equation on T™ to get some local nonlinear results . Since Theorem 0.3 is proved by a
perturbative argument, we can also deduce controllability near 0 from these already
known linear control results.

THEOREM 0.4. If w =0 and (M,w) is either

~(T3,any open set),

(82 x S, wy x SY), where wy is a neighborhood of the equator of S?, or

(8% x S, §%2x]0,¢]),

then the same conclusion as in Theorem 0.3 is true.

Rosier and Zhang [40] simultaneously obtained the same result for T3.

The proof of stabilization and of linear control with potential follows the same
scheme as [16]. In a contradiction argument, we are led to prove the strong con-
vergence to zero in X;’b of some weakly convergent sequence (u,) solution to the
damped NLS or Schrédinger with potential. Since the equation is subcritical, we use
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some linearizability properties of the NLS in H' (see the work of Gérard [22] for the
wave equation).

We first establish the strong convergence by some propagation of compactness.
We adapt the argument of [16] inspired by Bardos and Masrour [3]. We use microlocal
defect measures introduced by Gérard [21]. For a sequence (u,,) weakly convergent to
0 in X3 satisfying

104Uy + Au, — 0 in X:Sbe’*b,
a(z)un, =0 in L2([0,T], H®),
we prove that u, — 0 in L2 ([0,T], H®).

Once we know that the convergence is strong, we infer that the limit u is the
solution to the NLS. We would like to use Assumption 2 or 4 of unique continuation
to prove that it is 0. However, more regularity is needed to apply them. Again, we
adapt the proof for X spaces of propagation results of microlocal regularity coming
from [16].

The rest of this article is organized as follows. The first section states and recalls
some properties of the Bourgain spaces that will be used throughout this paper. The
second section proves the well-posedness of the nonlinear equation with source and
damping terms and its associated linearization near trajectories. In section 3, we
prove that the equation is linearizable, namely, that at high frequency the nonlinear
equation behaves as the linear one. Sections 4 and 5 are devoted to the propagation
of regularity and compactness along the bicharacteristics which will be the essential
tools for the proofs of stabilization and controllability. The main results of this article
are proved in the last sections. The stabilization result is proved in section 6. In
section 7, we prove the controllability of the linear equation that is obtained by
linearization of the nonlinear one. This permits us to prove control near trajectories
in section 8. In section 9, we prove that on S3 our geometrical assumption is nearly
optimal. In Appendix A, we prove some commutator estimates used in the proof of
the regularity result of the control constructed in section 7. Appendix B is used to
prove the assumption of unique continuation in our specific geometries thanks to some
Carleman estimates.

In this article, b’ will be a constant such that estimates of Lemma 1.1 hold.
Actually, each of the trilinear estimates (with different s) that will be done will yield
one b’ < 1/2 but remains true if we choose a greater one. So we take ' < 1/2 as the
largest of these constants. This allows us to choose one b > 1/2 with 1 > b+ b'.

In the rest of this paper, C' will denote any constant whose value could change
throughout this article.

1. Some properties of X 8,0 spaces. Since M is compact, A has a compact
resolvent, and thus the spectrum of A is discrete. We choose ej, € L2(M), k € M, as
an orthonormal basis of eigenfunctions of —A associated with eigenvalues A;. Denote
Py, the orthogonal projector on e;. We equip the Sobolev space H*(M) with the norm

(with (z) = /14 |z]?)

[ull3reary = D )" I1Pstel T2y -
k

The Bourgain space X*? is equipped with the norm

ulen = 32 06 [t + 20 Batr)u

2
- L2R.xM) ||u#HHl’(R,HS(M))’
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where u = u(t,z), t € R, x € M, u#(t) = e~ "?u(t), and m(r) denotes the Fourier
transform of Pyu with respect to the time variable.
X5 is the associated restriction space with the norm

[ull 0 = inf {|ll| o0 [& = w on JO, T[x M}

We also write ||ul| y«.» if the infimum is taken on functions @ equalling v on an interval
I

I. The following properties of X:fib spaces are easily verified:
1. X5 and X5" are Hilbert spaces.
2. If 51 < sg, by < by, we have X*2¥2 C X*1:01 with continuous embedding.
3. For every s1 < sg, by < by, and T' > 0, we have XIS?’bQ C X;l’bl with compact
imbedding.
4. For 0 < 0 < 1, the complex interpolation space (Xsl’b1 , XS2’b2) (0] is as follows:
X(1_9)51+052’(1_0)b1+0b2.

Property 4 can be proved with the interpolation theorem of Stein and Weiss for
weighted LP spaces (see [5, p. 114]).

Then, we list some additional trilinear estimates that will be used throughout
this paper.

LEMMA 1.1. If Assumption 3 is fulfilled, for every r > s > sg, there exist
0<b <1/2 and C > 0 such that for any v and @ € X"

2
(1.1) lulPull o < C lulleesr Nl
(1.2) 1l e < C e Nl Nl
~1D~ 2 ~112 ~
(13)  lulPe— 1@ . - < C (s + Nl ) llo = @l e

Moreover, the same estimates hold with z1Z3z3 replaced by any R-trilinear form on
C.

The proof of the previous lemma can be found in [9], [12], or [23]. Yet, in Ap-
pendix A, we prove some slightly different estimates, but the proof gives an idea of
how Lemma 1.1 is established. We also give some variants that will be used in the
linearized version of our equations.

LEMMA 1.2. If Assumption 3 is fulfilled, for every —1 < s <1 and any so <r <
1, there exist 0 < b < 1/2 and C > 0 such that for any u € X and ay,as € X5V

(1.4) lar@zul| oo < Cllarll i llazll o 1l xom

L.5) [laxl*ul| oo < Cllarllxser llallxrer lJull e -

Moreover, the same estimates hold with z1Z3z3 replaced by any R-trilinear form on
C.

Proof. We first prove (1.5). Estimate (1.2) of Lemma 1.1 implies that the operator
of multiplication by |a1|? maps X1* into X»~% with norm [|a1| 1o [la1 xre- By
duality, it maps X 1" into X 1~ with the same norm. We get the same result for
—1 < s <1 by interpolation, which yields (1.5). For (1.4), we observe that estimate

lar@zull x1. v < Cllasllxre ozl xuw [[ull x1e

holds regardless of the position of the conjugate operator, and we get the result
similarly. a
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Let us study the stability of the X*? spaces with respect to some particular
operations.

LEMMA 1.3. Let ¢ € C(R) and u € X*°; then o(t)u € X*t. Ifu € X;’b, then
we have p(t)u € X;’b.

Proof. We write
TR oOu)]| o g

= ||(‘F’u)#HHb(R,HS) =C

lpull a0 = [le

u#HHb(R,Hs) < Cllullxsn -

We get the second result by applying the first one on any extension of v and taking
the infimum. a

In the case of pseudodifferential operators in the space variable, we have to deal
with a loss in X regularity compared to what we could expect. Some regularity in
the index b is lost, due to the fact that a pseudodifferential operator does not keep
the structure in time of the harmonics.

This loss is unavoidable, as we can see, for simplicity, on the torus T': we take
U = (t)em* e’ It (where ) € C§° equal to 1 on [—1, 1]), which is uniformly bounded
in X% for every b > 0. However, if we consider the operator B of order 0 of mul-
tiplication by e**, we get He”unHXo,b ~ n’. Yet, we do not have such a loss for the
operator of the form (—A)" which acts from any X*° to X*~2"b. But if we do not
make any further assumption on the pseudodifferential operator, we can show that
our example is the worst one.

LEMMA 1.4. Let —1 < b <1, and let B be a pseudodifferential operator in the
space variable of order p. For any u € X we have Bu € X5~ I1PL0  Similarly, B

s,b . s—p—|bl,b

maps Xy into Xp .

Proof. We first deal with the two cases b =0 and b = 1, and we will conclude by
interpolation and duality.

For b =0, X*0 = L2(R, H®), and the result is obvious.

For b =1, we have u € X*! if and only if

uwe L*(R,H®) and idyu+ Au € L*(R, H®)
with the norm
2 2 . 2
ullxen = lullz2m, gy + 10 + Aullpag gey -
Then, we have

1Bulxspm1a = ”Bu”i2(R7HS*P*1) + [[i0: Bu + ABUH;(KH%WI)
< C (Jull ooy + 1B (100 + M) g ooy
B, Al -
< C (oo, ros) + 100w+ Sl oy + el 2 1)

2
< Cullxen -

Hence, B maps X*° into X* 70 and X*! into X5~ 1!, Then, we conclude by inter-
polation that B maps X*° = (X5>0,X5>1)[b] into (XS_P’O,XS_p_l’l)[b] = Xsrbb,
which yields the b loss of regularity as announced.

By duality, this also implies that for 0 < b < 1, B* maps X ~5t°T=binto X~ ~°.
As there is no assumption on s € R, we also have the result for —1 < b < 0 with a
loss —b = |b|.
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To get the same result for the restriction spaces X;’b, we write the inequality for
an extension u of u, which yields

1Bullya-o-iore < 1 Bll xomp-ipio < C il xon -

Taking the infimum on all the @, we get the claimed result. O
We will also use the following elementary estimate (see, e.g., [24] or [7]).
LEMMA 1.5. Let (b,b') satisfy

1
(1.6) 0<b’<§<b, b+b <1
If f € H"(R) and we note that F(t) = U (£) fot f@Hdt', we have for T <1

(| 7o () < ottt 11 - ) -

In the future aim of using a bootstrap argument, we will need some continuity in
T of the X:fib norm of a fixed function.
LEMMA 1.6. Let 0 < b < 1 and u € X*°; then the function

f o ]0,T] — R,
ol

is continuous. Moreover, if b > 1/2, there exists Cy, such that
. < '
lim £(2) < Cy [u(0) |-

Proof. By reasoning on each component on the basis, we are led to prove the
result in H°(R). The most difficult case is the limit near 0. It suffices to prove that
if u € H°(R), with b > 1/2, satisfies u(0) = 0, and ¥ € C§°(R) with ¥(0) = 1, then

\Il(i)u—>0 in H°.
T T—0

Such a function u can be written f(f f with f € H*~!. Then, Lemma 1.5 gives the
result we want if u € H¢. Nevertheless, if we have only v € H®, ¥(£)u is uniformly
bounded. We conclude by a density argument. O
The following lemma will be useful to control solutions on large intervals that will
be obtained by piecing together solutions on smaller ones. We state it without proof.
LEMMA 1.7. Let 0 < b < 1. If U]ak, bi[ is a finite covering of [0, 1], then there

exists a constant C' depending only on the covering such that for every u € X
Ul vso < C Ul x5, .
I, <0 luliy

2. Existence of a solution to the NLS with source and damping terms.

2.1. Nonlinear equation. Let a € C*™(M) taking real values fixed. We will
prove the existence of defocusing nonlinearities of degree 3: they will have the form
au + Blul?u, with a, 8 > 0.
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ProOPOSITION 2.1. Let T > 0 and s > 1. Assume that M satisfies Assumption
3. Then, for every g € L*([0,T], H®) and ug € H?, there exists a unique solution u
on [0,T] in X:fib to the Cauchy problem

91 i0u+ Au— au — Blul*u = a(z)(1—A)la(@)du+g on [0,T]x M,
(2.1) w(0) = wg€ H®.

Moreover, the flow map

F : H*(M)x L2([0,T), H*(M)) — X",
(uo,g9) + w

is Lipschitz on every bounded subset.

Proof. Tt is strongly inspired by the one of Bourgain [7] and Dehman, Gérard,
and Lebeau [16] for the stabilization term. The proof is mainly based on estimates of
Lemma 1.1.

First, we establish that the operator .J defined by Jv = (1+ia(z)(1—A) ta(z))v
is an isomorphism of H® and X (seRand -1 <b<1).

J is an isomorphism of L? because of its decomposition in identity plus an antiself-
adjoint part J = 1+ A. It is then an isomorphism of H® with s > 0 by ellipticity and
for every s € R by duality. Using Lemma 1.4, we infer that if —1 < b < 1, A maps
X ¥ into itself. Moreover, J~! (considered, for example, acting on L?([0,T]x M)) is a
pseudodifferential operator of order 0 and satisfies J~! = 1—A.J~!. Then, using again
Lemma 1.4, we get that AJ~! maps X*° into X*~I!I+20 and J is an isomorphism of
X0,

In the remainder of the proof, v will denote Ju. Hence, we can write system (2.1)

as
O —iAv — Rov +iBlul*u = —ig on [0,T]x M,
(2.2) v = Ju,
v(0) = vy =Jug € H?,

where Ry = —iAAJ ™! +iaJ ™! is a pseudodifferential operator of order 0.
First, we notice that if g € L*([0, 7], H®), it also belongs to X;’_b as b’ > 0.
We consider the functional

t
O(v)(t) = e Py + / elt=mA {Rov —iBu)®u— ig} (T)dr.
0

We will apply a fixed point argument on the Banach space X;’b. Let ¢ € C§°(R) be
equal to 1 on [—1,1]. Then by construction (see [24])

||¢(t)€itAU0HXs,b = H"/JHHb(]R) llvoll g -
Thus, for T' < 1 we have

e v0]] sz < Cllvoll e < C ol -

For T < 1, the one-dimensional estimate of Lemma 1.5 implies

<CT"" Y|Pl omw
Xs,b

me / D8 Ry
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and then
t
(2.3) ‘ / elt=mA |:RQU —ifulu— ig} (r)dr
0 X;’b
<crthv HROU—Bi|u|2u—igH y
X7
1—b—b’ 2
< OT' ™ [[Rovll g + |l u[ .,y + gl
—b—b 2
(2.4) < CT Y ol oo (14 olliege ) + gl e
Thus

—b—b 2
25)  [180)lxz0 < C ol + gl g + €T ollzo (14 1olFy)
and, similarly,
~ —b—b' ~ 2 ~112
26)  [12(0) = 9(@) g0 < OT' ™ o=l con (14 ol g0 + 1203z )

These estimates imply that if T is chosen small enough, ® is a contraction on a
suitable ball of X :Sp’b. Moreover, we have uniqueness in the class X, :Sp’b for the Duhamel
equation and therefore for the Schrodinger equation.

We also prove propagation of regularity. If ug € H®, with s > 1, we have an
existence time 7T for the solution in Xilp’b and another time T for the existence in

X%’b. By uniqueness in X 1", the two solutions are the same on [0,7]. Assume

T < T. Then, |lu(t,.)|. explodes as t tends to T whereas |ju(t,.)||: remains
bounded. Using local existence in H' and Lemma 1.7, we get that |[ul| 1. is finite.
T

Applying tame estimate (2.5) on a subinterval [T' — ¢, T], with ¢ small enough such
that Ce' == (1 + [|v]|%10) < 1/2, we obtain
T

[ollxge < CllWT =)l gze + Mgl a0 -

Therefore, u € X%’b, and this contradicts the explosion of ||u(t,.)|| ;. near T.
Next, we use energy estimates to get global existence. First, we will consider the

energy
1 , 1 , 1 y
B0 =3 [ 19u 4 5a [ e oq [l
M M M

The energy is conserved if g = 0 and a = 0. It is nonincreasing if ¢ = 0. In general,
multiplying our equation by 9.4, we have the relation

E(t) — E(0) = — /Ot (1 —A)"2a(x)dpu QL — m/ot /M g0

t 2 t o
= —/ (1 —A)"Y2a(z)dpu —9?/ / (J1*g)0w
0 L2 0 Jm
2

:‘/tﬂ—A>mewL

L2

0
t
- //(J_l*g)iAv+Rov—iﬁ|u|2u—ig.
0o Jm
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If 0 <t < T (for this equation, there is not global existence in negative time) and
B >0, we get

t t
MUSMW+CAHWIM@MHVWB+AHﬂmWM2
t 3 2

+Anwmwmrwmm@mwﬂ

t t

§ﬂ®+CAHﬂﬂmp¢ﬂﬂ+OAHMﬂhﬂEmf“
t

+CAHMﬂmmMﬂW“ww;@ﬂwﬂ

< 50)+C [ o) [+ EO] + ol oy

Therefore

2
s B(7) < B0)+C |14 guax B0 lallosgory ey + 19130 71000

So we have finally
(2.7) B(t) < C (1+ BO)* + 191 0,mn) + 1913 0,070 ) -

This implies that the energy is bounded if g € L?([0,T], H') and yields global exis-

tence in Xilp’b for every T' > 0. The fact that the flow is locally Lipschitz follows from
estimate (2.6). O
REMARK 2.1. If g = 0, the solution of (2.1) satisfies the energy decay

(1—A)"2a(z)dpu ’

Lz’

This is obtained for initial data in H? by multiplying the equation by Oy and can be
extended to initial data in H' by approzimation.

REMARK 2.2. We have also proved that for any uo, g with |[uoll g +l9ll 20,7y, 1)
< A the solution u of (2.1) satisfies

lull s < C(T, A).

REMARK 2.3. If we look carefully at inequality (2.3), we see that we have for
O<e<l—-b-V

t
/ et=m)A |:RQU —ifu)?u— iJg} (r)dr
0

Xl,b+€
< TV | Rov — i lul®> u — iJgH Ly
XL~
—_b—b'— 2
(2.8) <CrittthE 0]l 2.0 (1 + ||U||X71:b) + W9l 20,79, 1)

and we can then conclude that u is bounded in quibﬁ,
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REMARK 2.4. We notice that for a solution of the equation the term of stabiliza-
tion a(x)(1 — A)ta(x)du belongs to L>([0,T), HY(M)) as expected. Actually, for
a solution, this term acts as an operator of order 0. This is more visible using the
equation fulfilled by v = Ju.

Then, in the aim of obtaining controllability near trajectories, we prove an ap-
propriate existence theorem.

PROPOSITION 2.2. Suppose that Assumption 3 is fulfilled. Let T > 0, and let w
be a solution in X%’b of

{i@tw—l—Aw = FwPw+g on [0,T]x M,

(2.9) w(0) = wo € H!

with g1 € L*([0,T), H'). Then, for any s €|so, 1], there exists ¢ > 0 such that for
any ug € H* and g € L*([0, T], H®) with |luo — wol| g + |91 — gll p2(o.7y,m) < € there

exists a unique solution u in X:fib of (2.9). Moreover, for any 1 > r > s there exists
C = C(r,|w| 41, T) > 0 such that, if up € H" and g € L*([0,T],H"), we have
T

u € X;Jb and

(2.10) = wl g < € (o = woll o + lgr = 912027,

REMARK 2.5. In the focusing case, the existence of w is not guaranteed for any
wo, g1, and T, and the result we prove assumes this existence.

REMARK 2.6. Here, we emphasize the fact that the assumption of smallness
concerns only the H® norm and not H". This is a consequence of the subcritical
behavior.

Proof. We want to linearize the equation. If u = w + r and g = ¢1 + g,, then

lw+r?(w+7r) = |[wfw+ 2w r+ w7+ 2|rFw+ 2o+ |r*r
= |w]? w+ 2|w* r + w*F + F(w,r).
We are looking for the r solution of

(2.11) { i+ Ar = 2w/’ r + w?F + F(w,r) + gr,

r(z,0) = ro(z).

We make a proof similar to that of Proposition 2.1. We write only the necessary
estimates. Inequalities (1.1) and (1.2) yield

—0— / 2
||’["||X;,b <C (“TOHHT 4 ||gr||L2([O7T])HT)) L oo ||w||X;~’b ||THX;,Z7
+ CT 7 (Il e Irlcge + Wl Wl )

With 7" such that CT'0=Y |lw||31s < 1/2, it yields
T

17l < € (Wrolae + 190l oo,y
—b—b' 2
(212) + 0T (fuwll o g g + Il g il ) -

First, we apply this with » = s. As we have proved in Lemma 1.6 the continuity
with respect to T" of ||r|| =, we are in position to apply a bootstrap argument: for
T

7ol gz« + lgrll L2(j0, 7, 7+ sSmall enough (depending only on Hw||X;,b), we obtain

HT”X;b < Cllroll g + ”gr”L?([O,TLHS) .
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Repeating the argument on every small interval, using that ||r|| X3 controls L (H?®)
and matching solutions with Lemma 1.7, we get the same result for every large interval,
with a smaller constant ¢, depending only on s, T', and ||w|| xLb

Then, we return to the general case 7 > s and CT 0=V |\w||§{;b < 1/2. For T
small enough (depending only on 7, €, and ||w|| X%,b), estimate (2.12) becomes

17l < C (Wroll e + 9o 2oy am)) -

Again, we obtain the desired result by piecing solutions together. O

2.2. Linear equation with rough potential. The control near trajectories
will be obtained by a perturbation of control of the linear Schrédinger equation with
rough potential. The equations considered are the linearization of nonlinear equations
and its dual version. We establish here the necessary estimates.

PROPOSITION 2.3. Suppose Assumption 3. Let T > 0, s € [-1,1], A > 0, and
w e X%’b with ||wHX%b < A. For every ug € H® and g € X;’_bl there exists a unique

solution u in X:fib of equation

(2.13)

i0u+Au = F2wlPutw?u+g on [0,T] x M,
u(0) = woge€ H®.

Moreover, there exists C = C(s, A,T) > 0 such that
(2.14) [ull gz < C(luoll s + llgllxe-—») -

Proof. We make the same arguments as those above using estimates of Lemma
1.2. O

3. Linearization in H!. The following result shows that any sequence of solu-
tions with Cauchy data weakly convergent to 0 asymptotically behave as solutions of
the linear equation. These types of results were first introduced by Gérard in [22] for
the wave equation and are typical of subcritical situations.

PROPOSITION 3.1. Suppose Assumption 3 is fulfilled. Let (uy) € Xilp’b be a
sequence of solutions of

(3.1) 10y + Aty — up — |up?u, = a(z)(1 - A) ta(z)du, on [0,T]x M,
' un(0) = upo€ H{(M

such that

Then
[ |2, — 0.
XL

Proof. We prove that any subsequence (still denoted u,,) admits another subse-
quence converging to 0. The main point is the tame X:f:b estimate of Lemma 1.1. For
one sg < s < 1 we have

2
(3:2) et Pt 1,0 < C s Mtml s -
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First, using Remark 2.2, we conclude that wu,, is bounded in le:b, and actually by

Remark 2.3, w,, is bounded in quJbJrE for some ¢ > 0. By compact embedding of

X737 into X5* we obtain that u, admits a subsequence converging weakly in X 1"

and strongly in X;’b to a function u € X;’b with 4(0) = 0. u,(0) strongly converges
to 0 in H® and, by continuity of the nonlinear flow in H®, u,, strongly converges to 0
in X", This yields the desired result thanks to (3.2). 0O

4. Propagation of compactness. In this section, we adapt some theorems of
Dehman, Gérard, and Lebeau [16] in the case of X*? spaces. We recall that S*M
denotes the cosphere bundle of the Riemannian manifold M:

S'M ={(@.) e "M : ¢, =1}.
PROPOSITION 4.1. Let r € R. Let u, be a sequence of solutions to
such that for one 0 < b <1 we have
r < r— — r— — .
||un||XT,b < C, HUnHXT 146,-6 — 0, and ”f”HXT 146,56 — 0

Then, there exists a subsequence (un) of (uy) and a positive measure p on 10, T[x S*M
such that for every tangential (that is, without time derivative) pseudodifferential op-
erator A = A(t,x, D) of order 2r and of principal symbol o(A) = as,(t,z,§)

(A(ta Z, Dw)un’a un’)LQ(]O,T[XM) — a2r(t7 x, 5) dy’(tv x, 5)
10,T[xS*M

Moreover, if G5 denotes the geodesic flow on S*M, one has for every s € R

Gs(p) = p.

Proof. Existence of the measure: it is based on the Garding inequality; see [21]
for an introduction.

Propagation. Denote L the operator L = id; + A. Let ¢ = ¢(t) € C§°(]0,T]),
and let B(x, D.) be a pseudodifferential operator of order 1, with principal symbol
bor_1, A(t,z,D,) = o(t)B(x, D,). For € > 0, we denote A, = B, = Ae*> for the
regularization.

As A.u, and Alu, are C°°, we can write

(LumA:un)L2(]07T[><M) = (fmA:un)L2(]O,T[><M)
and

(Actin, Lun)20,7(x M) = (Actin, fn)L200,7[x M)-
We write by a classical way

One = (Lun, A:un)LQ(]O,T[x M) — (Aaun, Lun, )LQ(]O,T[XM)
= ([A67 A]unv un) - i(at(Aa)Um Un)

We will strongly use Lemmas 1.3 and 1.4 without citing them.
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Ot(A) is of order 2r — 1 uniformly in €; then,

sup(0¢(Az )un, Un)L2(]07T[><M) < C”at(As)unnx;“fl—b’b ||un||xg—1+bv—b
g

< C””ﬂ”x;ﬁ ||un||x,;—1+b’—bv

which tends to 0 if n — co.
But we also have

Qn,e = (fry Aftn) 120,73 M) — (Actn, fn)L2(0,7[x M)>

(s AZtn) 2o 71x00) | < nlgz st —ol| AZtn = rb1-0

S ||fn||X;;_1+bv_b ||un||X;,b

Then, sup, ‘(fn7 Azun)quo,T[xM)\ — 0 when n — oo. The same estimate for the
other terms gives sup, ap — 0.
Finally, taking the supremum on ¢ tending to 0, we get

((p[B, A]umun)LQ(]O,T[xM) —0 when n— o0,

which means, in terms of measure,
[ et} dultw€) =0,
10,T[x S* M

This is precisely the propagation along the geodesic flow. d
COROLLARY 4.2. Letr € R. Assume that w C M satisfies Assumption 1 and
a € C®°(M), as in (0.3). Let u, be a sequence bounded in X;’b/ with 0 < b < 1/2,
weakly convergent to 0 and satisfying
(4.1) { 10¢ Uy + Auy, - 0 22'n Xg,l’_b,,
a(x)u, — 0 in  L*([0,T],H").

Then, we have u, — 0 in Xrl=b

Proof. Let (uy,) be any subsequence of (uy). The assumption on b’ and compact
embedding allow us to apply Proposition 4.1. We can attach to (u,,) a microlocal
defect measure in L?([0,T], H") that propagates along the geodesics with infinite
speed. The second assumption of (4.1) gives a(z)u = 0. By Assumption 1 and
the fact that a is elliptic on w, we have . = 0 on |0, T[xS*M; i.e., (up) — 0 in
L2([0,T),H"), and u,, — w in L*([0,T], H").

Then, we can pick tg such that u,(tp) — 0 in H". Using Lemma 1.5 and assump-
tions on o', we get for T < 1

Using the Duhamel formula, we conclude that u,, — 0 in X;Jl*b/.
Then, the hypothesis T' < 1 is easily removed by piecing solutions together as in
Lemma 1.7. d

t
/ ei(t_T)Afn(T)dT
X 1

0

L ZClfall g
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5. Propagation of regularity. We write Proposition 13 of [16] with some X**
assumptions on the second term of the equation.

PROPOSITION 5.1. Let T > 0, let 0 < b < 1, and let u € X73°, v € R, be a
solution of

O+ Au=f € X;’_b.

Given vy = (z0,&0) € T*M \ 0, we assume that there exists a zeroth order pseudo-
differential operator x(x, D), elliptic in vo such that

x(z, Dy)u € L}, (0, T[, H )

loc

for some p < 1T_b. Then, for every v1 € I'y,, the geodesic ray starting at vy, there

exists a pseudodifferential operator V(x, D,), elliptic in y1 such that
U(x,Dy)u € L7,.(]0, T[, H).

COROLLARY 5.2. With the notations of the proposition, if an open set w satisfies
Assumption 1 and a(z)u € L2 _(]0,T[, H™**), with a € C>*(M), as in (0.3), then
we L2 (]0,T[, H™+°(M).

loc

A

Proof of Proposition 5.1. We first regularize u, = ev®u with unll re < C.
T

Set s = r + p. Let B(z,D,) be a pseudodifferential operator of order 2s — 1 =
2r 4+ 2p — 1 that will be chosen later, and let A = A(t,z, D,) = ¢(t)B(z, D), where
o € Cg=(10, TY).

If L =140, + A, we write

(Lttr, A"un) 120,715 M) — (A, Ltin, ) 12 q0,7[x M)
= ([AaA]unaun)L2(]O,T[><M) - (i(PlBunaun)L2(]0,T[><M)7

[(Atins Fa) 20 7| < ([ Atinll oo Fl -

< ||un||xg+2p‘1+b’b”anX;*‘b'
As we have chosen p < 1T_b, we have r 4+ 2p — 1+ b < r and so
[(Atn, fr) L2 qo,7ix )| < C||Un||X;b||fn||X;—b <C.
Similarly
(¢ B, ) 2qo.zan | < Cllunl g lunll o < C.

Then,

T
([A, A]unv un)LQ(]O,T[xM) = /O gO(t)([B, A]un(t)ﬂ un(t))L2(M)dt

is uniformly bounded. Then, we select B by means of symplectic geometry. Take
7 € I'yy; U and V are two small conical neighborhoods, respectively, of 1 and ~o.
For every symbol ¢(z, ), of order s, supported in U, one can find a symbol b(z, &) of
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order 2s — 1 such that

2,0, 0} = e, O + (2 )

with r(z, &) of order 2s and supported in V. We take B a pseudodifferential operator

with principal symbol b so that [B,A] is a pseudodifferential operator of principal
symbol |¢(z,€)|? + r(z,£). Then, if we choose ¢(x, €) elliptic at 1, we conclude that

t
[ e lete. Doyt )t < .
0

This ends the proof of Proposition 5.1.
COROLLARY 5.3. Here dim M <3 and b > 1/2. Let u € X%’b be a solution of

(5.1)

iOu+Au = |ulPu+u on [0,T]x M,
O 0 on ]0,T[xw,

where w satisfies Assumption 1. Then u € C*(]0,T[xM).

Proof. We have u € L>([0,T], H') and so in L>([0,T], L%) by Sobolev embed-
ding. Then, we infer that |u|?u € L>([0,T], L*(M)).

On ]0, T[xw, we have

Au = |u)®u + u.

Therefore, Au € L?([0,T],L*(w)) and v € L*(]0,T[, H*(w)). Since H?(w) is an
algebra, we can go on the same reasoning to conclude that v € C*°(]0, T[xw).
By applying once Corollary 5.2, we get u € L? ([O,T],HH#). Then we can

loc
pick to such that u(ty) € H**3*. We can then solve in X T 5% our NLS equation
1—b

with initial data u(tp). By uniqueness in le:b, we can conclude that u € X;rTJ).

By iteration, we get that u € L?(]0, T'[, H") for every r € R and u € C°°([0,T] x
M). O

COROLLARY 5.4. If, in addition to Corollary 5.3, w satisfies Assumption 2, then
u=0.

Proof. Using Corollary 5.3, we infer that u € C*(]0,T[xM). Taking the time
derivative of (5.1), v = Oyu satisfies

(5.2) Ow+Av+ Lo+ foo = 0,
' v = 0 on ]0,T[xw

for some f1, fa € C°°(]0, T[xM). Assumption 2 gives v = dyu = 0. Multiplying (5.1)
by % and integrating, we get

[oavat+ [+ [ <o,
M M M
and so u = 0. 0

REMARK 5.1. We have the same conclusion for the u € X%’b solution of

(5.3) {i@tu—FAu = u on [0,T]xM,

Ou = 0 on ]0,T[xw.
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6. Stabilization. Theorem 0.2 is a consequence of the following proposition.
PROPOSITION 6.1. Let a € C*°(M), as in (0.3). Under Assumptions 1, 2, and 3,
for every T > 0 and every Ry > 0, there exists a constant C > 0 such that inequality

T 2
B(0) < c/ | =2y 2a@)aul| , a
o L

holds for every solution u of the damped equation

i0u+ Au— (1+u*)u = a(x)(1—-A)"ta(z)d on [0,T] x M,
(6.1) { uw(0) = wug€ H!

and |luol| ;1 < Ro.
Proof of Proposition 6.1 = Theorem 0.2. For any f € H*(M), Sobolev embed-
dings yield

B(f) < C (1715 + 171 )
£l < C (B2

As the energy is decreasing, if |lugl;1 < Ro, we can find another Ry such that
[lu(t)||;7: < Ro for any t > 0. For this range of values, we have

(6.2) CHENY? < |Ifllpm < CES)?

for one C' > 0 depending on Rj.

We apply Proposition 6.1 with this bound and obtain E(t) < Ce~7(Fo)tE(0).
Then, for t > t(Ro), we have |[u(t)| 5 < 1.

We take (1) to be the decay rate corresponding to the bound 1. Therefore, for
t > t(Ro), we get that |[u(t)|| ;1 < Ce YW E=HER)) |ly(t(Ry))| ;2. This yields a decay
rate independent of Ry as announced, while the coefficient C' may strongly depend on
Ry. O

REMARK 6.1. If we make the change of unknown w = e~
the new damped equation

tu, w is the solution of

{ 10w + Aw — [wPw = a(z)(1 - A)"ta(z)(Gw —iw) on [0,T] x M,
w(0) = woe€ H.

This modification is necessary because there is no exponential decay for the damped
equation (6.1) with |u|>u instead of (1+ |u|?)u. We check, for example, that for a =1
the solution u(t) with constant Cauchy data ug is

lug|?
= ———.
|u( )| 1+ |U0|2t

This can be seen by working in polar coordinates u(t) = p(t)e®®®) so that the solution
satisfies p + ipé = ﬁp:’ and %(p%) =1 by taking the real part. Moreover, it also
proves that the solution is global in time only on RT (this restriction remains with the
nonlinearity (1 + |u|?)u).

Proof of Proposition 6.1. We argue by contradiction; we suppose the existence
of a sequence (u,) of solutions of (6.1) such that

[[un (0)[| g2 < Ro
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and

T 2
(6.3) /0 H(l - 8)2a(@)dun |, dt < %E(un(o)).

We note that o,, = E(u,(0))/2. By the Sobolev embedding for the L* norm, we have
an < C(Rp). So, up to extraction, we can suppose that «,, — «. We will distinguish
two cases: a > 0 and o = 0.

First case: a, — « > 0. By decreasing the energy, (u,) is bounded in
L>([0,T], H') and so in X1.”. Then, as X;.* is a separable Hilbert we can extract a
subsequence such that u, — u weakly in Xilp’b ans strongly in X;’b for one u € Xilp’b
and s > sg. Therefore, |u,|?u,, converges to |u|*u in stfb .

Using (6.3) and passing to the limit in the equation verified by w,, we get

i+ Au = |uPut+u on [0,T]x M,
du = 0 on ]0,T[xw.

Using Corollary 5.4, we infer that u = 0. Therefore, we have, up to new extraction,
u,(0) — 0 in H'. Using Proposition 3.1 of linearization, we infer that |u, |*u, — 0

in lew’*b/. Moreover, by (6.3) we have

AL
a(x)(1 — A)  a(x)duy, LQ([(TY“]>7H1)

. . 1,-b'
and the convergence is also in X7~ .

Then, estimate (6.3) also implies a(x)0un, — 0. Using (6.1), we obtain
L2([0,T],H~1)

a(@) [Aup =ty — |un*un — a(2)(1 — A) " a(2)Opun] L2([O?]>H—1)

By Sobolev embedding, u,, tends to 0 in L*°([0,T], L) for any p < 6. Therefore,
|t [2un, converges to 0 in L>°([0, T, L9) for ¢ < 2 and so in L?([0,T], H~'). Thus, we
get
A — Duy,
WA= oy
Therefore, (1—-A)Y2a(x)u, = (1-A)"2a(z)(1-A)u,+(1-A)"2[(1-A), a(z)]u,
converges to 0 in L?([0, T}, L?).
In conclusion, we have

U, =0 in Xilp’b/,
a(x)u, =0 in L*[0,7],H"),
i0un + Aty —up — 0 in Xilp’fb .
Thus, changing u, into e®u,, and using that the multiplication by e® is continuous

on any Xr}’b (see Lemma 1.3), we are in position to apply Corollary 4.2. Hence, as we
have 1 — b > 1/2, it yields

In particular, E(u,(0)) — 0, which is a contradiction to our hypothesis a > 0.
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Second case: ay, — 0. Let us make the change of unknown v, = u,/ay,. v, is
the solution of the system

i0pvp + Avy, — a(2)(1 — A) " La(2)0pw, = vy + A2 |0, vy,

and

2
dt <

L2

S

T

(6.4) / |- a)2aon,
0

For a constant depending on Ry, we still have (6.2). Therefore, we write

i (D)l _ CE(un(t))l/Q

o = B, 077 = CBuny7? =
Therefore
(65) o Ol = s T > € > .

Thus, we have ||v,(0)||;;: & 1 and v, is bounded in L>°([0, T, H').
By the same estimates we made in the proof of Proposition 2.1, we obtain

—b— / 3
[vnll xro < Cllon(0)]| g2 + CTH 7 (||Un|\X;,b +a? |\vn||X;,b) :
Then, if we take CT ==Y < 1/2, independent of v,,, we have
2 3
||U"HX:1F’b <C(l+a, anqu{vb)'

By a bootstrap argument, we conclude that [|v,[| 1. is uniformly bounded. Using
T

Lemma 1.7, we conclude that it is bounded on X:}Jb for some large T', and then
a2 |v, v, tends to 0 in X777
Then, we can extract a subsequence such that v, — v in quJb, where v is the

solution of

iww+Av = v on [0,T]x M,
Ov = 0 on ]0,T[xw.

It implies v = 0 by Remark 5.1. Estimate (6.4) yields that a(z)(1 — A)~la(x)d;v,
converges to 0 in L2([0,T], H') and so in X~

We finish the proof as in the first case to conclude the convergence of v, to 0 in
X}*. This contradicts (6.5). O

7. Controllability of the linear equation.

7.1. Observability estimate.

PROPOSITION 7.1. Assume that (M,w) satisfies Assumptions 1, 3, and 4. Let
a € C®(M), as in (0.3), taking real values. Then, for every —1 <s<1,T >0, and
A > 0, there exists C such that estimate

T
2 2
WMWSCAnw@mmt
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holds for every solution u(t,z) € X:Sp’b of the system

(7.1) {i@tu—i—Au = R2wfutw?u on [0,T]x M,

u(0) = wy € H®

with one w satisfying ||wl| 1, < A.
T
Proof. We treat only the case with 2|w|?u + w?u. The others are similar. We

argue by contradiction. Let u, € X3” be a sequence of solutions to (7.1) with some
associated w,, such that

T
(7.2) (O] = 1. / latin 2. — 0

and

Jwall o < 4.

Proposition 2.3 of existence yields that u, is bounded in X;’b, and we can extract
a subsequence such that u,, converges strongly in stbe’*b to some u € X;’b (b <
1-v <1).

Then, using Lemma 1.2, we infer that 2|wy,|?u, + w2, is bounded in X}’_b,.
We can extract another subsequence such that it converges strongly in X:fbe’*b
(here we use —b < —1/2 < —b') to some ¥ € X}’_b,. Denoting 7, = un, — u
and f, = 2|wy|?u, + w2, — ¥, we can apply Proposition 4.1 of propagation of
compactness. As w satisfies geometric control and aw, — 0 in L?*([0,T], H®), we
obtain that r, — 0in L? ([0,T], H®). 7, is also bounded in X;’b, and we deduce, by

loc
interpolation, that 7, tends to 0 in X;’b/ for every I CC|0,T7.

Now, we want to prove that v = 0 using unique continuation. As w,, is bounded
in Xilp’b, we can extract a subsequence such that it converges weakly to some w € Xilp’b.
We have to prove that u is the solution of a linear Schrédinger equation with potential.
But the fact that |wy,|?u, converges weakly to |w|?u is not guaranteed and actually
uses the fact that the regularity H' is subcritical (see the article of Molinet [37], where
the limit of the product is not the expected one).

We decompose

U |wn > — ulw]® = (un — w)|wy > + u [Jwn, — w|* — w(w = wy,) — Ww — wy)]
=I4+1II41II41IV.

Term 1 converges strongly to 0 in X;’_b/ because u,, — u tends to 0 in X;’b/ and w,,
is bounded in quJb. For term II, we use the tame estimate for £ such that 1 —e > sq:

lawn = || o < lull gz lon = wllgr-car leon = wll o0
By compact embedding, w, —w converges, up to extraction, strongly to 0 in Xilp_s’b/
and term II converges strongly in X;’_b . Terms IIT and IV converge weakly to 0 in

X, 1=t and so in the distributional sense.
Finally, we conclude that the limit of w,|w,|* is u|w|?>. We obtain similarly that
w2W, converges in the distributional sense to w?i. Therefore, u is the solution of

i0u + Au = 2|w|*u + w24,
u=0 on [0,7]xw.
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Using Corollary 5.2, we infer that u € L2 ([0,T], H S+#), and the existence propo-

loc
s+#,b

sition (Proposition 2.3) yields that it actually belongs to X, . By iteration, we
obtain that u € le:b. Then, we can apply Assumption 4 and we in fact have u = 0.

We pick to € [0,7] such that wu,(tp) converges strongly to 0 in H*®. Estimate
(2.14) of the existence proposition (Proposition 2.3) yields strong convergence to 0 of
Up In X;’b. Therefore, |[u,(0)| ;. tends to 0, which contradicts (7.2). O

7.2. Linear control.

PROPOSITION 7.2. Assume that (M,w) satisfies Assumptions 1, 3, and 4. Let
—-1<s<1,T>0, andw € quw’b, For every ug € H®(M) there exists a control
g € C([0,T], H?) supported in [0,T] xw such that the unique solution v in X:Sp’b of the
Cauchy problem

{z’@tu—i—Au = Rwfutw*u+g on [0,T]x M,

(7.3) u(0) ug € H*(M)

satisfies u(T) = 0.
Proof. We treat only the case with 2|w|?*u + w?i. Let a(x) € C°°(M) be real
valued, as in (0.3). We apply the HUM method of Lions. We consider the system

iOu+ Au = 2uwlPu+w*u+g, ge L?([0,T],H?®), u(T)=0,
i+ Av = 2w|*v — w?D, v(0) =vy € H™%.

These equations are well posed in X;’b and X ¥ thanks to Proposition 2.3. The
equation verified by v is the dual of the one of u for the real duality (the equation is
not C linear). Then, multiplying the first system by v, integrating, and taking the
real part, we get (the computation is true for w, g, and vy smooth; we extend it by
approximation)

T
R(uo, vo) 2 = R / (ig,v) adt,
0

where (-,-)z2 is the complex duality on L?(M). We define the continuous map S :
H~® — H? by Svg = ug with the choice

g=Av = —ia(z)(1 — A) *a(x).
This yields

2

L2

R(Svo, vo)r2 = R OT(a<x><1 — A)a(a)v,v) = / ' (1= 2)72a(a)e]
T

= | atapeliy-.

Thus, S is self-adjoint and positive definite thanks to the observability estimate of
Proposition 7.1. It therefore defines an isomorphism from H~° into H®. Moreover,
we notice that the norms of S and S~! are uniformly bounded as w is bounded in
Xpb. O

PROPOSITION 7.3. Assume 0 < s <1, w =0, and (M,w) is either

(T3, any open set),

(82 x SY) (a neighborhood of the equator) x S'),

(5% x S, 8% x (any open set of S1)).

Then, the same conclusion as in Proposition 7.2 holds.
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Proof. By following the proof of Proposition 7.2, we are reduced to proving an
observability estimate:

T
l[uol|3—s < C/ ||a(x)eimu0‘|2_s dt.
0

These results are already known for s = 0:

~For T3, this was first proved by Jaffard [26] in dimension 2 and generalized to
any dimension by Komornik and Loreti [28].

—The others example are of the form (M; x Ms,wq x Ms), where wy satisfies the
observability estimate.

We can extend them to any s, with 0 < s < 1, by writing

ol - = |1 = 2)7*/2uo | |
We conclude using the observability estimate in L? and commutator estimates.

Actually, Proposition 7.4 of the next section proves that controllability in L2
implies controllability in H®, 0 < s < 1, with the HUM operator constructed on L2.
This yields the observability estimate in H~°, and, for that reason, we do not detail
the previous argument. a

7.3. Regularity of the control. This section is strongly inspired by the work of
Dehman and Lebeau [17]. It expresses the fact that the HUM operator constructed on
a space H® propagates some better regularity. We extend this result to the Schrédinger
equation with some rough potentials.

Let T >0, s € [-1,1], and w € le:b. As in the the proof of Proposition 7.2, we
denote S = S 14,6 : H~® — H® the HUM operator of control associated with the
trajectory w by S®g = ug, where

i0,®+A® = 2/uw|?® - w?d,
O(z,0) = Po(x) € H®
and wu is the solution of
i+ Au = 2wl?u+w?u + AP,
u(T) = 0,

where A = —ia(z)(1 — A)"%a(x).

PROPOSITION 7.4. Suppose Assumptions 3 and 5 are fulfilled. Let 0 < sg < s, <
l,e=1-—s, and w € X;lp’b. Denote S = Ss1w,a the operator defined above. We
assume that S is an isomorphism from H~° into H®. Then, S is also an isomorphism
from H~5t¢ into HT = H'.

Proof. First, we show that S maps H*T¢ into H*"®.

Let &y € H €. By the existence proposition (Proposition 2.3), we have ® €
X;S+5’b; then A® € L%([0,T], H*"¢), and the existence proposition (Proposition 2.3)
gives again u € X5 and u(0) = S®, € H*<.

To finish, we have to prove only that S®y = ug € H5"¢ implies &, € H~*¢. As
we already know that ®; € H~*, we need to prove that (—A)¥/2®, € H~*. We use
the fact that S is an isomorphism from H~* into H*. Denote D® = (—A)*/2:

D% 0|y < C[|SD*®y |y, < C[[SD®y — DSy 1. + C | D°SBo]| .
< C|[SD*®¢ — D ul| = + C [Juol| o= -
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Let ¢ be the solution of

O +Ap = 2w|*p - w’P,
p(z,0) = D*®o(x)
and v the solution of
0w+ Av = 2lw]?v +w?v + Ap,
o(T) = 0

so that v(0) = SD*®,. We need to estimate ||v(0) — D°uq|| .. But r = v — D%u is
the solution of

{ i0r + Ar = 2w]?r + w7 = 2[D%, |w|*|u — [Df, w?]u+ A(p — D=®) — [D*, A]®,
r(T) 0.

Then, using Proposition 2.3 we obtain

ol < Clill g < € (1107 ol - + 1%, 7]

+ [ A(p = D@ | o o + D%, Al )

x5
Lemma A.3 of Appendix A gives us some estimates about the commutators. For the
last term, we notice that [D¢, A] is a pseudodifferential operator of order e —2s —1 <
—2s:

2 5
Iroll e < € (Iwlgsen Nullyoor + 11AGe = DZ®)| oo + 191 2o 27,00 ) -

We already know that u € X;’bl, (UNS X:SFJ”E’I’,, and ® € X;**. We have only to

estimate [[A(¢ — D*®)| (..o < Clo = D*®|| 2o 7y, gr-+)- But d = ¢ — D® is the
2 ],
solution of

2lw|?d — w?d — 2[D?, |w|?]® + [D*, w?]®,

{ 10:d + Ad
0.

d(x,0)

Thus, using Proposition 2.3, we get
I = D@l gy < Clldll o < C (D7, w1l oo + |[DF, 0?F] ).

The second part of Lemma A.3 allows us to conclude. a

8. Control near a trajectory. Theorems 0.3 and 0.4 are consequences of the
following proposition.

PROPOSITION 8.1. Suppose Assumptions 3 and 5 are fulfilled. Let T > 0, and let
w e lew’b be a controlled trajectory, i.e., a solution of

i0yw + Aw = £|lwf*w+g1 on [0,T] x M
with g1 € L?([0,T), H*(M)), supported in @. Let 1 > s > sg > 0. Assume that the

HUM operator S = Ss 1,0, defined in section 7.3, is an isomorphism from H~° into
Hs.
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There exists € > 0 such that for every ug € H® with |lug — w(0)|| ;. < e there
exists g € C([0,T], H®) supported in [0,T] x @ such that the unique solution u in X;’b

of

iOu+Au = FlulPu+g,
(8.1) { w(z,0) = ug(x)

fulfills w(T) = w(T). Moreover, we can find another ¢ > 0 depending only on T, s, w,
and ||wHX;,b such that for any ug € H' with ||ug — w(0)| . < € the same conclusion
holds with g € C([0,T], H').

Proof. In the demonstration, we denote C' some constants that could actually
depend on T, ||wl| XLt and s. The final € will have the same dependence. We make
the proof for the defocusing case, but since there is no energy estimate, it is the same
in the other situation.

We linearize the equation as in Proposition 2.2. If u = w+r, then r is the solution
of

10+ Ar = 2|w|2r+w2f—|—F(w,r)+g—gl,
r(z,0) = ro(x)

with F(w,r) = 2 |r|* w+ 72w + |r|* r. We seek g under the form g1 + A®, where ® is
the solution of the dual linear equation and A = —ia(z)(1—A) *a(x), as in the linear
control. The purpose is then to choose the adequate ®, and the system is completely
determined.

With ||ro||gs small enough, we are looking for a control such that »(T") = 0. More
precisely, we consider the two systems

i0,®+ AP = 2/uw|?® - w?d,
O(z,0) = Po(x) e H®
and
O+ Ar = 2w’ r +w?F + F(w,r) + A,
r(z,T) = 0.

Let us define the operator

L: H(M) — HM),
by — L@OZT(O)

We split » = v + ¥ with ¥ the solution of

i,V + AV = 2/w?V + w?¥ + A,
U(T) = 0.

This corresponds to the linear control, and so ¥(0) = S®. v is the solution of

(8.2)

0w +Av = 2w]?v+w?v + F(w,r),
o(T) = 0.

Then, r, v, ¥ belong to X;’b and r(0) = v(0) + ¥(0), which we can write as

Loy = K®g + SO,
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where K@y = v(0). L®g = g is equivalent to &g = —S LK ®y+ S~ 1ro. Defining the
operator B: H~® — H™° by

By = —-S1K®y+ S 1r,

the problem L®y = r( is now to find a fixed point of B near the origin of H*. We
will prove that B is contracting on a small ball By-:(0,7) provided that ||ro|| . is
small enough.

We may assume T < 1 and fix it for the rest of the proof (actually the norm of
S~! depends on T and even explodes when T tends to 0; see [36] and [43]). We have

1B®o -+ < C([[K®Poll s + [I7oll =) -

So, we are led to estimate [|[K®q|| ;. = |[|[v(0)]| ge-
If we apply to (8.2) the estimate of Proposition 2.3, we get

[0(O) e < Mlvll 0
< CF(w, )]

s,—b’
XT

2 3
< Cllwllxae I7lxze + 7l -

Then, we use the linear behavior near a trajectory of Proposition 2.2. We conclude
that for ||A®([ 20 7} ey < ||¢||X;s,b < C||®o]| = < Cn (see Proposition 2.3) small
enough, we have

7l g0 < C I19oll - .
This yields
2 3
1B%ollyr-- < € (I@oll7— + @0l + 1ol .

Choosing 7 small enough and ||rol|,. < 7/2C, we obtain ||B®o| ;-. < n and B
reproduces the ball Bg-s(0,n).

If ug € H', we want one g in C([0,T], H'), that is, &g € H'~25. We prove that
B reproduces By-+(0,7) N Bii-2:(0, R) for R large enough.

Proposition 7.4 yields that S is an isomorphism from H'~2¢ into H'. Then, we
have by the same arguments as above:

1B®ol| 120 < C([KPol[ 71 + ol 1),

o)l < Cllvll e
<C ||F(w,r)||X%_b,
< Cwlyao Il s + B Irlcae
and
IPllse < C 1190 1o
Then,

IB®o] g1-20 < C (R + Rip® + |[rol ) -
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Choosing 1 such that C(n+n?) < 1/2 (it is important to notice here that this bound
does not depend on the size of ro in H!) and R large enough, we obtain that B
reproduces By -s(0,n) N Byi-2:(0, R).

Let us prove that it is contracting for the H~° norm. For that, we examine the
systems

i (r —7) + A(r —7) = 2w|?(r —7) 4+ w?(r —7) B
(8.3) + F(w,r) — F(w,7) + A(® — D),
(r—7m)(T) = 0,

{ i0i(v—0)+A(v—0) = 2w*(v—20)+w?*(v—17)+ F(w,r) — F(w,7),
(v=0)(T) = 0.
We obtain

|BR —BEo| < Cllw =8Ol < ClIF(w,r) = Flw,7)]

s,—b’
X7

~ 2 ~112 ~
< C (Il g + Wllsczr + iz + 17150 ) lr = a0

(8.4 <Ot 1) Ir = #ll s < Onllr = 7l o
Considering (8.3), we deduce that

Ir =7l s < CIF@,r) = Fw, )| gov +C |[A@ = B)

L2([0,T],H*®)

< Onllr =g +C @0 - & -
If n is taken small enough, it yields
(8.5) =7l 0 < chpO _‘I’OHH-S'
Combining (8.5) with (8.4) we finally get
HB(I)()—B&)()H SC’I]H@Q—&)()H .
H-s H-s

This yields that B is a contraction on a small ball By -s(0,7), which completes the
proof of Proposition 8.1. d

COROLLARY 8.2. Let T > 0, and let (M,w) be such that Assumptions 1, 3, 4,
and 5 are fulfilled. Then, the set of reachable states is open in H® for so < s < 1.

In the next corollary, f(k) denotes the coordinates of a function f in the basis of
eigenfunction of M.

COROLLARY 8.3. Suppose the same assumptions as in Proposition 8.1. Let Eqy >
lwo| i Then, there exist N and € such that for every ug and uy € H* with

(8.6) luoll g < Eo, uillgn < Eo,
(8.7) > fuok) —wo(k)* <e, Y fui(k) —wr(k)’ <e
|k|<N |[k|<N

we can find a control g € L>([0,T], H') supported in [0,T] x w such that the unique
solution of (8.1) with control g and u(0) = ug satisfies u(T) = uy.
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Proof. We build the control in two steps: the first brings the system from ug to
w(T'/2) and the second from w(T'/2) to u;. Actually, the second step is the same by
reversing time, and we describe only the first one.

Let sg < s < 1. We first check that the first part of the conclusion of Proposition
8.1 is true without Assumption 5. It gives one € > 0 such that if ||ug — wo|| ;. < €, we
have a control to w(T'/2) in time T'/2 with g € C([0,T/2], H'). We check only that
once Ey is chosen we can find N and ¢ such that assumptions (8.6) and (8.7) imply
l[uo — wol| . <& O

We also obtain a first proof of global controllability. The assumptions we make
are stronger than those in Theorem 0.1, which will be proved using stabilization.
However, in the examples we treat, the assumptions are fulfilled.

COROLLARY 8.4. Theorem 0.1 is true under the stronger assumptions (Assump-
tions 1, 3, and 4).

Proof. We will make successive controls near some free nonlinear trajectory so that
the energy decreases. The main argument is that the £ of Theorem 0.3 depends only
on |lw|| Xi and if the trajectory is a free nonlinear trajectory, then the £ depends
only on |Jwol|1. We just have to be careful that each new free trajectory fulfills
HU)”X’;,I) < A for one fixed constant A.

Fix T' > 0. There exists Cy such that

£l <€ (B +VER) v e B ().

Denote A = C1(E(wo) + /E(wp). There exists a constant such that |wo|l ;1 < A
implies H’U}HX’;J) < B for w the solution of

0w+ Aw = |w/*w on [0,T]x M,
w(0) = wo.

Let ¢ be the constant so that Theorem 0.3 is true for any w with ||w|| 10 < B. We
T
choose the arrival point upr = (1 — e/A)wr such that

lur — wrll g = 2/Allwrll g < Cr (Bwr) + VE(wr)) /A =e.

We have a control g supported in [0,7] x @ such that the solution u of

iu+Au = |uPu+g on [0,T]x M,
u(0) = wp

satisfies u(T) = ur. If 1 —e/A € [0,1], we have

0=l L5l = (15 s

Moreover, we still have
1/2
lurll < €1 (Blur) + VE@ur)) "~ < 4

Then, we can reiterate this process with the same €. We construct a sequence of
solutions u,, € X[lng, (nt1)7) and of controls g, € C([nT,(n+ 1)T), H') such that

i0un, + Auy, = |up|?up +9g, on [T, (n+1)T] x M,
up(nT) = up—1(nT)
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and
B(un(nT)) < (1 = /A" B(wo) < C(1 — /A" (Jluoll3p + o)

But, we have

Jun(nT) 2 < Oy (Bua(nT) + VB

Therefore, it can be made arbitrarily small for large n. This allows us to use local
controllability near the trajectory 0. We obtain global controllability making the same
proof in negative time. |

9. Necessity of geometric control assumption on S3. In this section, we
prove that on S® the geometric control is necessary for stabilization to occur. The
argument uses some concentration of eigenfunctions. This concentration was also used
by Burq, Gérard, and Tzvetkov [10] to prove some ill-posedness results.

PROPOSITION 9.1. Let I' be a geodesic of S*, and let a € C°°(S®) such that
Supp(a) NT = @. Then, for every Ry > 0, C, and v > 0 there exist T > 0 and
ug € H'(S3) with |Juol| ;2 < Ro such that

[u(T) g2 > Ce™ T |lull g
for u the solution of equation

i0u+Au— 1+ [uPu = a(@)(l —A)ta(@)du on [0,T]x S3,
(9.1) { uw(0) = woe€ HL.

Proof. Let T be such that Ce=T < 1/2. By changes of coordinates, we can
assume that I' = {z5 = 24 = 0}. We will use the eigenfunctions ®,, = ¢, (x1 + iz2)"
that concentrate on the subset {3 = 24 = 0}. ¢, is chosen such that || @,/ ;1 = Ro,
and so ¢, ~ n'/?~'. We have —A®,, = \,®,, with \, = n(n + 2). Let u, be the
solution of (9.1) with u,(0) = ®,. Let v, = e!*»~D®, be the solution of the linear
equation

i0vy + Avy, —v, = 0 on [0,T]x S3,
v(0) = .
Then, r, = u, — v, is the solution of
{ i0grn + Arp — 1 = a(x)(1 — A)"ta(x)dr, + R, on [0,T] x S3,
rn(0) = 0

with R, = |un|?u, + a(z)(1 — A)~ta(x)dsv,.
Proposition 3.1 about linearization yields that |u,|*u, — 0 in Xilp’fb . For the
other term in R,,, we use the concentration of the ®,,:

la(@)(1 = ) a(@)pwn | 1. < [la@) (1 = B) a(@)don| 20 27,11
< Ha(x)atvnHLz([O?T])Hq) < ()‘n + 1) Ha(x)(I)nHLOO(S?’) )

Let § > 0 such that we have 22 + 22 > § on Supp a. Hence, we have |(z1 + iz2)|” =
i4ai=1-2}—-2i<1-6

A+ 1) a(@) @l e 53y < C(hn + D (1 — 6)"72,
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Since A\, and ¢, are at most polynomial in n, we deduce that R, tends to 0 in
Xilp’fb/. By some arguments similar to the proof of the continuity of the flow map of
Proposition 2.1, we infer that r, tends to 0 in X;:°. Then, [[u,(T)| 4 tends to Ro
and, for n large enough, we have ||un(T)|/ ;1 > Ro/2. O

With a similar proof, we could show the same result on S? x St if Supp(a) N (T x
S1) = () for some geodesic I' of S2. Yet, it does not imply geometric control.

The construction of Ralston [39] proves that, actually, a necessary condition for
stabilization is that the support of a(z) intersects any stable closed geodesic (see also
the work of Thomann [44], where this concentration is used to prove ill-posedness).
In the case of S3, we use the geometric fact that every closed geodesic is stable.

Appendix A. Some commutator estimates. This section is devoted to the
proof of some commutator estimates used in Proposition 7.4. More precisely, we study
the action of [(—A)%/2, ajas] on X% where a; are rough. We first give a simple proof
for T3 (rational or not) and then a general one under Assumption 5. Then, we show
that this assumption is fulfilled for S® and S? x S'. We will need an elementary
lemma.

LEMMA A.1. If0 < e < 1, we have for any norm ||k|® — |ks|¥| < |k — k3|°.

Proof. Using the triangular inequality, we get ||k| — |ks||" < |k — k3|®. Then, we
are reduced to the case of RT*: we prove that for z, t € R we have (z+1)¢ —2¢ < t°,
which is an easy consequence of the Minkowski inequality for 1 < 1/e < +oc. d

A.1. An easier proof for T2.

LEMMA A.2. Let M = R3/(0,Z x 0,Z x 0,7) with (0;,60,,0.) € R®. Denote
so the constant taken from Assumption 3. Let s > sg and 0 < ¢ < 1. Then, there
exists b’ < 1/2 such that us — [AE/Z, uiuz|us maps any XY into XS’_b,, where uius
denotes the operator of multiplication by uyus with u; € Xsteb for i € {1,2}. This
function [AE/Q, ujug] also maps X5 into X570 Moreover, the same result holds
with u; replaced by w; for i in a subset of {1,2,3}.

Proof. We choose the norm |k| = /(6:kz)? + (0yk,)? + (0.k.)? so that

“Auk) = |k|2alk).

By duality, it is equivalent to prove

/ [(=A)2 wruzlu @ < Cllun| xorewr w2l yorew [[ull o [0 x—cw -
Rx M

Using the Parseval theorem and denoting k = k1 + ks + k3, 7 =11 + 72 + 73,
/ (A2 uyus)u ©
Rx M

2/ > ik, m)ua(ka, ) (JKIF — |ks|*)ii(ks, 2)0(k, 7)
TUT2T3 |y ko ks

= D SN Y
T172,T3 o)

yka,ks3
Lemma A.1 and k — k3 = k1 + ko yield

/R XM[(_A)E/Q, uru]u T

< C/ > (k] + lk2l) (w1 (ky, )| [@3(ke, 72) [ ks, 7)] [B(k, 7)) .
T1,72,T3 k17k127k13

Wy (ky, 1)U (K2, 72)0 (s, 73)0 (K, 7)| -
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Denoting u; the function with Fourier transform [uy(k1,71)| we obtain

<C s (A5/2u1) UsU 64—/RXMu1 (A6/2U2) U

< Clluallxorewn l[uallxorew fullxoer [0l x-o0 -

/ [(—A)6/2,U1U2]u v
Rx M

Here, we have finished the proof using the trilinear Bourgain estimate because s > sg.
If we estimate this integral using the trilinear estimate at the negative level H~?%, we
obtain the second result. d

A.2. General proof under Assumption 5.

LEMMA A.3. Denote sg the constant taken from Assumption 5. Let s > sg and
0 < e < 1. Then, there exists b < 1/2 such that uz +— [(—A)*/2 uyusjusz maps
any XY into XS’_bl, where uyug denotes the operator of multiplication by uius with
w; € Xsteb fori e {1,2}. This function [AE/Q,uluQ] also maps X5 into X5V
Moreover, the same result holds with u; replaced by w; for i in a subset of {1,2,3}.

Proof. The proof follows the techniques of Bourgain and Burq, Gérard, and
Tzvetkov. Here, we were inspired more precisely by [23]. We recall the notations
u? = e *Ay(t), uN = 1 =ae[n2n[W where N is a dyadic number and u(7) is the
Fourier transform of u with respect to the time variable. First, with some dyadic
integers IV; fixed, we estimate the integral

I(Nl,...,N4):/ uM oyl [((—A)6/2U§V3)U—4N—U§V3 (—A)E/Zu_ﬂ] dtdz
Rx M

/ //// ez t(T1+72+73— 'r) itA N1#( )eitAuéVz#(Tz)
27T Ry X My

T1,T2,7T3,T4

x [<< A)F 28 DR ()it D H (7 >—e“AzZVEva)(—Af/QeMzZ@(T)]'

By near orthogonality in H” and partition of unity, u; = >, o, @(t — n/2)u;(t), we
are led to the special case where the u; are supported in time in the interval ]0, 1[.
Select x € C§°(R) such that x =1 on [0, 1]. Thus, estimates (0.10), applied with 7;
fixed, and the Cauchy—Schwarz inequality in (71, 72, 73, 74) give for any b > 1/2

4 —
[I(Ny,...,Ny)| < C(NT + N§) (m(Ny,..., N))™ H/ u * (1)
j=1"Ti L2 (M)
4
Al < C(N? + N%) (m(Ny, ..., N)™ ‘ i .
(A1) < C(Nf + N3) (m(Ny 1)) H %57 | xongxan

This estimate is very satisfactory for the space regularity. Yet, for the regularity in
time, it requires b > 1/2, which is too much for our purpose. We will interpolate with
some crude estimates in space but better in time.

For the case where Ny is large, we estimate |I(Ny, ..., N)| using Sobolev embed-
dings HY4(R) ¢ L*(R):

4
. < g ¢ 3/2 H N .
(A2 M) £ COG 48D 0% N T

In another case where the frequency N3 is large, we will use an argument close to the
one in [18]. In that case, we cannot afford a loss in the frequency N3. We use the fact
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that [ul'ul?, A®/?] is a pseudodifferential operator of order less than 0 (if ¢ < 1).
Then,

II(Ny,...,Ny)| =

N1 N2 6/2 N3 N4
/ [u tug s A% Jug ™ uy
RxM

< [l uatey, ac?

122 ||u3(t)||L2(M) ||u4(t)||L2(M) dt

< / S 10 urua ()l e any Ol s apy s )l o, dt
a=0

4
(A.3) < Cmax (N1, Nao)* [[ H”jv
j=1

XO0.1/4(Rx M)

where p depends on the dimension and on e.
Let us now begin the summation of the harmonics. As in [23], we decompose each
function

u = E ur, ur = lg<@o,+a)<2i(U),
K

where K denotes the sequence of dyadic integers. Notice that
2 b 2 2
[ull o = ZKQ ||UK||L2(]R><M) ~ Z w50, -
K K

Then, we decompose the integral in the sum of the following elementary integrals:

I(N1,...,Ny, Ky, .., Ky)

_ / aivl,Klaév2,K2 |:((_A€/2)UN37K3)6N,K _ uN37K3(_Aa/2)EN7K} dtdee.

Rx M

Estimate (A.1) leads to (for every b > 1/2)
\I(Ny,..., Ny, K1,...,Ky)|

4
< (NF + N m(Ny, o Na)™ (K Ko K K T || -
j=1
We will interpolate this estimate with different inequalities. We distinguish three
cases: Ny < C(Ny 4+ No + N3) with N3 < max(Ny, Na) or max(Ny, Na) < N3, and
Ny > C(N1 4+ Na + N3) with C large enough. Without loss of generality, we can
assume N7 > Ns.
First case: N3 < max(Ny, N2) = N7 and Ny < C(N; + Ny + N3). Estimate (A.2)
gives

|I(N17"'7N47K17'~'7K4)| < (Ng +Ni)m(N17"'7N4)3/2

4
X (K1K2K3K4)1/4 H Hu;—vj’Kj 12 .
j=1

Then, for every 6 € [0,1]
I(Ny,...,Na,K1,...,K))| < C(N + NYONE + NoY m(Ny, ..., Ny)(I-0)sot30/2
1 2 3 4

4
N (e
j=1
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We denote s(0) = (1 — 0)sg + 30/2 and b(0) = b(1 — 0) + 6/4:

[I(Ny,...,N,Ky,...)| < C(N§ + N5 (N5 + NO)Pm(Ny, ..., Ng)*®

4
x (K1 Ky K3Ky)" O~ H Hujvj o
j=1

By choosing some appropriate § and b < 1/2 < b, we can make the series in K
convergent if b(8) — b’ < 0. This yields

4
I(N1,..., Ny)| < C(NF + N5) (N5 + N5)’m(Ny,..., No)*O I Huj.vf o
j=1

2
—0)e—s— 0)—s— 0)+0c—
< CNl(l Ye—s ENZ+96N25( )—s 5N§( )+0e sH ||uj||Xs+s,b’ ||u3||Xs,b’ ||U4||X—s,b/
j=1

N\ ) () +0e—s T-

— 85— + —

< () WO N T gl ol ll o
j=1

The series is convergent thanks to Ny < C'N; and after choosing 6 small enough such
that s(6) + 0 — s < 0 with () — b" < 0.

Second case: N1 = max(N71, Na) < N3, and so Ny < CN3. This time, N3 is a
large frequency and we cannot have any loss N§¢ from the interpolation. We proceed
with the same interpolation procedure but between (A.1) and (A.3). After summation
in K and a good choice of b < 1/2 < b,

[I(N1,..., N4
2
< ON{OGotHon—s=c s (1=0)s0—s—2 s H il xorenr llusll oo [Juallx—co
j=1

Na\° (-0 Ou—s— O)so—s—c T
< <F3> N =)o)+ 0u—s—e \ (1=0)s0=s T el e el s Nt e -

Jj=1

We choose 6 small enough such that (1 —0)(so +¢)+0p—s—e <sop+0u—s<0
and b(8) — b’ < 0. And we conclude by the same summation as in the first case.

Last case: Ny > C(N7 + Na + N3). This case is trivial in the particular case of
T3, §3, or S? x S! since this integral is zero for C large enough. In the general case,
we apply the following lemma, which is a variant of Lemma 2.6 in [9].

LEMMA A.4. There exists C' > 0 such that if, for any j = 1,2,3, Cug; < pig,,
then for every p > 0 there exists C, > 0 such that for every w; € L*(M), j = 1,2,3,4,

4
/ Mg, wi gy ws [(—A) gy ws Wi ws — Migws (—A) 2 ws | < Cop? T lwsll 2
M .
j=1

where Il denotes the orthogonal projection on the eigenfunction e associated with
the eigenvalue pi.

This ends the proof of the fist statement of Lemma A.3. The second one is
obtained by duality. a
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A.3. S% and S? x S! fulfill Assumption 5.

LEMMA A.5. Assumption 5 holds true with any so > 1/2 on S® and any so > 3/4
on S? x S*.

Proof. We first treat the case of S and follow the scheme of Proposition 3 of [23].

We write
b-XH,

where H,(fj) are spherical harmonics of degree n;, and where the sum on n; bears on
the domain

(A4) Nj < 1+nj(nj+2) <2Nj.
Then, the solution u; is given by
. _itA B —itnj (nj+2) ()
uj(t) =" f; —Ze Hnjj
and we have to estimate

Q(fla ) f4a T) = / / X(t)eitTU1uz {(—A)E/QU3U_4 — ug(_A)s/Zu—4 dxdt
R JS3

4
= > (D emitm+2)—7 | I(HY, ..., HY),
M1,y M4 j=1
with €; = —1 or 1 depending on the position of conjugates and

4
IHD, .. H®) = (Vng(ns +2) — V/na(na + 2) )/S HOEO ST da
We notice that anlHnQHan4 # 0 implies ngy < ni+ns+nz and ng < ni+nqo+ny,
that is, |ng — n3| < ny + ne. Then, using Lemma A.1 and, the fundamental theorem
of calculus, we have

‘\/na(n3 +2) — /na(ng +2) ‘ < ‘\/na(n3 +2) — /na(ng +2)r

Moreover, bilinear eigenfunction estimates (see Theorem 2 of [13] or Theorem 2.5 of
[12]) yield

1D, HE)| < O(NF + N5)

1 2 3)77(4)
/S ) HVHPHPH, do

4
< C(N; + N)m(N, ..., N2 T || )
=1

Using the fast decay of X at infinity, we infer that

Q(f1 -, fau7)] < C(N§ + N§)m(Ny, ... N2t >+ 1)~

1€z A([r]+1) j=1

< C(Nf + N3)m(Ny,...,N. 1ﬂ*‘sule_[H

keZ
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where A(k) denotes the set of (nq,...,n4) satisfying (A.4) for j = 1,2,3,4 and

Zgjnj(nj + 2) = k.
J=1

Now, we write

{1,2,3,4} = {a, 8,7, 0}

with m(N1, ..., N4) = NoNg and we split the sum on A(k) as

Q(f1,- -, f1,7)] < C(NT + N§)m(Ny,...,No)'*F sup » ~ S(a)S'(k — a),

keZ ac?

where

)

)

L2

=2 [,

o SE0= 3

I'(a) = ¢ (na,ny) : (A4) holds for j = a, 7, Z ginj(n; +2)=a

Jj=oyy

I(a") =< (ng,ns) : (A.4) holds for j = 3,6, Z ginj(nj+2)=d
Jj=B,6
Then, we use a number theoretic result involving the ring of Gauss integers (see
Lemma 3.2 of [9]).

LEMMA A.6. Let o € {£1}. For every n > 0, there exists C,, such that, given
M € 7Z and a positive integer N,

#{(k1,k2) € N*: N < ky <2N, ki +0ki =M} <C,N".

Noticing that nj(n; +2) = (n; + 1)* — 1, we get

sup #I'(a) < C,NJ, sup#I'(d') < C, N,

and, consequently, by the Cauchy—Schwarz inequality and the orthogonality of the
HY)

S S(@)S'(k — a) < Cy(NaNs)"
a€Z
1/2 1/2

I DO I L

H(v)

Ty

(S e

L2 L2

< Cy(NaNg)"? H I £ill 2 -

Jj=1

This completes the proof for S3.
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For S? x S', we adapt this argument with some slight modifications. First, the
formulae should be changed to

u](t)(m y — eltAfJ Z e—ztn] (nj+1)— ZthH(J) (x)eipjy,

5P
nj,Pj

where Hflézpj are spherical harmonics on S? of degree n;. Estimate (A.5) becomes

ralna 40458~ fualoa+2) 453

€

< '\/n3(n3+1)+p§ - \/n4(n4—|— 1) +p3

e/2

2
< ‘ [\/HS(TLB +1) — /na(ng + 1)} + (p3 — pa)?
< |C(ns — na)? + (ps — pa)?|"?
<C |(n1 +n2)% + (p1 +p2)2|6/2 < CO(NY + N3),

where we have used |ng — ng| < |n1 + no| and |ps — pa| < |p1| + |p2| for the integral
to be nonzero. Bilinear eigenfunction estimates for S? yield

‘ 1(HW JHW

ni,p1? "t N4,pPa

< C(Nf + N§)m(Ny, ..., N WHHw

nj,Pj

We finish the proof similarly, replacing the formula for I'(a) by

F(a’) :{ (noupaan’yap’y) : NJ S \/1+TLJ(TL] +2)+p] < 2N j =a,,

and Z sj[nj(nj +2)+p?] =a } .

Jj=a,y

In that case, the same number theoretic arguments yield sup, #I'(a) < C, N1 and,
finally, after the Cauchy—Schwarz inequality, we obtain

4
Q(fr, -+ fa,7)| < C(NT + N§)m(Ny, ..., N)VHOD 2T .. O
j=1

Appendix B. Unique continuation.

B.1. Carleman estimates. This section is only a variant in the Riemannian
setting of some results of Mercado, Osses, and Rosier [35]. We follow their proof very
closely, sometimes line by line.

For the sake of simplicity, we will assume that u is supported in a fixed compact
K of a Riemannian manifold 2. Yet, the same reasoning as in [35] would allow us to
handle the case of Dirichlet boundary conditions for u. We have changed the notation
of the manifold from M to €2 because the Carleman estimates will not be used on the
whole compact manifold M but only on some open set 2.

D denotes the Levi—Civita connection associated with the metric g. Then, it is
torsion-free and the Hessians of the functions are symmetrics.
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, | |, V, and A denote the scalar product, the norm, the gradient, and the
Laplacian with respect to the metric g. Moreover, the scalar product will be the real
one: if X =a+ibandY =c+id, then X.Y =a-¢c—b-d+i(b-c+ a-d) and
IX?=X-X.

vy denotes the Riemannian volume form, and all the integrals are defined with
this (even if it will often be omitted).

First, we list a few formulae that will be used throughout the proof. For any
functions f, h € C*°(£2) with h compactly supported and any vector fields X, Y, and
Z, we have

Dz(X-Y)=DzX) Y+ X -(DzY),
vf = DZf7
(DY) Y = Hess(f)(X, V),

/(Af)h dvy = —/ Vf-Vh d,,
Q Q
V(fh) = (Vf)h+ f(Vh),
div(fX) = fdiv(X) + X - V.

For brevity, [[ will denote the integral over | =T, T[xQ and [[ the integral over
] = T, T[Xw, where w is an open subset of .
Let U € C*(Q) real valued . We assume that ¥ satisfies the following properties:

(B.1) VU #£ 0 in O\ w,
(B.2) U(z) = 2/3 ]9 e -

Inequality (B.2) is technical and is easily fulfilled by replacing ¥ by ¥+ C with C' large
enough. We distinguish two cases: strong pseudoconvexity and weak pseudoconvexity.

The case of strong pseudoconvexity can be found in Isakov [25] but with local in
time estimates; it reads as

(B.3) Hess(¥(2))(€,€) + V() - £ >0 V(z,§) € TO\ Tw,

which implies since the support is compact that

(B.4) Hess(U(x))(£,€) + |[VU(z)- £ > Cle)? V(z,&) e TO\ Tw, z€K.
Weak pseudoconvexity is defined by

(B.5) Hess(¥(2))(€,€) + V() - £ >0 V(z,§) € TO\ Tw.

Set Cy = 2| V|| q) and

e)\\ll(r)

(T —t)(T+1t)

ACo AU (2)

o= T 0T+

p(t,x) == Y(t,x) € — T, T[xS.

Denote by L(q) = 10:q + Aq the linear Schrédinger operator.
PRrROPOSITION B.1. LetT > 0. Let 2 be a Riemannian manifold and K a compact

subset of Q. Assume that there exists a function ¥ € C*(Q) such that (B.1), (B.2),
and (B.4) hold for some open set w C Q. Then, there exist constants Ao, So, and C
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such that for all X\ > o, all s > so, and ¢ € L*(] — T,T[, H(Q)), supported in K,
with L(q) € L*(] = T, T[xQ) we have

(B.6) // [5?’/\493|q|2 + sA\0 |Vq|2} e 28

< O//|L(q)|2e_m+c// [33A403|q|2+sw|vq|2] e 259,

ProPOSITION B.2. If in Proposition B.1 we replace assumption (B.4) by (B.5),
we obtain the same result with

(B.7) // [53A493|q|2 + sA20 |V - vqﬂ e 25

< O//|L(q)|2e_m+c// [33A403|q|2+sw|vq|2] g

Proof. Using regularization in a standard way, we are reduced to considering
qg € C®°( —T,T[xQ). Denote u = e %¥q and w = e ¢ L(q) = e *?L(e’?u). We
notice that u and all its time derivatives vanish at t = —7T and ¢ = T. Thus, all the
integrations by parts in time do not create any boundary term. We compute

w = Pu = iug +ispiu+ Au+ 25V - Vu + s(Ap)u + 52| V| *u.
We decompose P = P; + P, with
Pyiu = ispu + 25V - Vu + s(Ap)u,
Pou = iuy + Au + % V|?u,
w22 gm0y = [|Pru+ Poul® = |[Pru|® + || Poul|* + 2R(Pyu, Pou).
As usual in Carleman estimates, we use only

2
2R(Pru, Pou) < [|wll72_r7rixq) -

We also decompose 2R(Piu, Pou) = I + Iz + I3 with
A //(2sw Y+ s(AQ)u) (=il + AT+ 52|V ip|20),
I == 2R // ispuu(—iuy + An),
I3 :=2R // ispou(s?|Vola) = 0.
We first deal with I;:
L =2% //(28Vgp - Vu + 5(Ap)u) (AT + s%|V|*T)

—2R //i(2ngp -Vu + s(Ap)u)uy
=1 +I}.
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Set J = [[(Ve-Vu)AT = — [[ VT -V (Ve - Vu). We have

Vu-V(Ve-Vu) = Dya(Ve - Vu) = (DyaVy) - Vu+ Ve - (DygVu)
= Hess(p)(Vu, Vu) + Hess(u)(VT, V).

Actually

V- V|Vu|? = Dyy,(Vu - V@) = (Dy,Vu) - Vi + Vu - (Dy, V)
=2R(Dv,Vu) - Vu = 2RHess(u)(Vp, V).

Therefore,
2RJ = —2/ Hess(p)(Vu, Va) + / Ap |Vul.
Expanding I}, we obtain
Il = 23‘%{2&]—# // s(Ap)ulAT + // 253(Vep - Vu)|ch|2ﬂ+/ 53(Acp)|u|2|V<p|2}
=4sRJ — 2sR // (VAp)u + ApVu) - Vu
+ [[ 219690 i 2 [ [ Sapul vl
where we have used V|u|> = 2R(uVu). Then, we remark that
—28?]‘%//(VA<p)u -Vu = —8/ (VAp) - V|u|?
IR
2 [[ QoL =25 [[ Vo (TelTIal? + 7|Vl
We simplify to

Il = —459‘%// Hess(p)(Vu, Vu) + 28/ Ap|Vul’

b [[ @l ~2s [[ agvap — 25 [[1uPve- v
— _as //Hess(go)(Vu,Vﬂ)+s//(A2<p)|u|2 —253/ (Ve - VIVl)ul.

Expanding 2Ra = a + @ for I? and performing integration by parts in ¢ for the first
term, we get

e / / 125V - Vu + s(A)u)T, — i / / 25V - VT + s(Ag)T)uy

= // —i 258V - Vu + 25V - Vuy, + s(Agy)u + s(Ap)uy] T

—z// 25(Ve - Vi)uy — Z/ s(Ap)Tuy.
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Integration by parts in x yields

—i // 25(Ve - Va)uy = 2is //(Ag@)ﬂut + 2is //(V(p - Vug ).

As a consequence,

~I} = // —12s(Voy - Vu)u — is //(Agot)|u|2
= // —125(Vyy - Vu)u + zs/ Vi - Viul?

= z// sV - (uVa —uVu) = 25%@'/ Vi - (uVa).

Finally,
I = —458‘%// Hess(p)(Vu, VT) + 8//(A2<p)|u|2

— 283 // V- V|Ve|*|ul® - 28?]%/ Vo - (uVa).
On the other hand, we have
Vi - VIVel|> = Dyy(Ve - Vi) = 2Dy, Ve - Vi = 2Hess () (Vip, Vo).

We now turn to the other term Is:

I, = 2%// ispuu(—iuy + Au) = s// cpt8t|u|2 + 25N // PuATY
= —s// Oue|u|* — 25Ri //(Vgptu + ¢:Vu) - Vu
= —s// Oue|ul® — 253%//i(Vg0t - Va)u.

Consequently, our final result is

(B.8) 2R(Myu, Mou) = // [—483Hess(<p)(Vg0,Vg0) — Sy + S(AQ@)} |u|2
(B.9) —48?]?// Hess(¢)(Vu, V)
(B.10) —4sR // iV - V.

Equations (B.8) and (B.9) are the main parts in |u|? and |Vu|?, respectively. Equation
(B.10) is a remainder term that will be estimated from above.

In what follows, ¢ > 0 denotes small constants (used in estimates from below)
and C' large ones (used for estimates from above). We observe the following identities,
which will be used throughout the proof:

Vi = —\OVU,

Hess(p)(X,Y) = (DxVe) Y
= -ADx(6V7) -
= —MHess(V)(X,Y) = A\20(VV¥ - X) (VT -Y)

Y = -M(DxVU)-Y — AdO(X)VT - Y
— —OA[Hess()(X,Y) + AV - X) (VT -Y)].
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First, we estimate term (B.10):

I(B.10)| <Cs//|V<pt V[l <cs// 2|v\11 Vul[ul
T/\ 2 )\\IJ
<Cs// e VU - Vul|? + Cs // 3| ul?
(B.11) SCS//6‘|V\IJ-VU| +COsA™! //|Vg0| |u|? —|—Cs// N203|ul)?.

Then, we estimate term (B.8) using assumptions (B.1) and (B.5) (or (B.4)). On
(Q\w) N K, we have

—453Hess(o)(V, Vo) = 45>\ {Hess(\P)(ch, V) + VT - Vgpﬂ
> 4NN — 1) |V - Vo|* > $*M6° V[ > es®) | V|

Assumption (B.2) gives ¥U(x) < Cyg < 3¥(z), and then we have on (Q\w) N K

|s |<CSL <OSL()<CS|V 2.
R (V) R (( RN 4

Moreover, on (2\w) N K we have
|sA%p| < CshA* < CsA V| .

Finally, for A and s large enough
J[[ astHess@)(To.Ve) =~ spu s3] il = [[ - estA 19l ol
QN\w QN\w

For the domain w, we have the estimate

‘//w [—4s*Hess()(Vp, V) — sou + s(A%p)] |uf®

< 0// $3N403 |u?.
The final estimate for (B.8) is

(B.12) (B.8) // e A [Vl uf?2 — c// SN2,

Now, let us estimate (B.9). We begin with the integral on w:
—4sR // Hess(p)(Vu, Vu) = 4sR // O [Hess(\ll)(Vu, Vi) + A |V - Vul|?

> —CS)\//6‘|VU|2+4S/ ON2 [V - Vu)?

> —Cs)\/ 0|Vul®.

Now, for the integral on Q\w, we distinguish the two cases described above.
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Strong pseudoconvexity: End of the proof of Proposition B.1. Using
assumption (B.4), we can estimate the part of (B.9) on Q\w by

—458‘%/ Hess(p)(Vu, Vu) = 4sR // O\ |Hess(¥)(Vu,Vu) + A VT - Vuﬂ
QN\w QN\w

> esA // 0|Vul®.
QN\w
The final estimate for (B.9) is

(B.13) (B.9) Zss/\// 9|Vu|2—C's/\// 0 Vul? .
QN\w w
Putting together (B.11), (B.12), and (B.13), we get for s, A large enough
(B.8) + (B.9) + (B.10) >a// SVl [uf2 — c// SN uf? — csA//mw
QN\w
—I—ES)\// 0|Vul? —C’s/ 6|VU - Vul|?
QN\w
—Cs\t // Vol [ul® — Cs // MN203 |ul?
> a//53A493|u|2+53A//0|vu|2
(B.14) —0// 53)\403|u|2—05/\// 0|Vul?,

where we have used the decomposition [ fﬂ\w = [[—[J, for the second inequal-
ity. Replacing u by e *?q and computing Vq = €% [Vu — sAQuV¥], we have, after

absorption,

// {53)\46‘3|q|2 + s\ |Vq|2} e 2

= C// [$2 X103 ul? + sA0|Vul? + s> A30°| Va2 [u]?]
(B.15) < C// [s*AY0° |ul? + sA60| Vul?] ,

// 83/\403|u|2—|—8)\// 0 |Vul?

< C’// {19?’/\403|q|2 + s\ |Vg|* + P X303 V) ?|q|? | e 25
(B.16) < C’// {19?’/\403|q|2 + sA\0 |Vq|2} e 5%,

Combining (B.14), (B.15), and (B.16), we get the expected result:

// [33/\493|q|2 + s\0 |Vq|2} e 25

< C// |idhq + Aq|” e3¢ + c// [53A493|q|2 Y |vq|2} e 2%,
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Weak pseudoconvexity: End of the proof of Proposition B.2. Assumption
(B.5) yields that for A large enough

—458‘%/ Hess(p)(Vu,Va) > es // ON? |V - Vul®.
QN\w QN\w

We finish the proof similarly to get

(B.8) + (B.9) + (B.10) > //Q\ 533A|ch|3|u|2—0// 53/\403|u|2—05/\//0|Vu|2
+€8//Q\ 9/\2|V\I/~Vu|2—08/ 0|V - Vul?
—Cs\™! //|Vg0|3 ul® —Cs// A263|u?
> 8//83)\46‘3|u|2+68)\2/ 0|V - Vul®
—0// 53)\403|u|2—05/\// 0 |Vul?
and then

// [83A49BIQI2 + 5\ |V - Vtﬂ e25¢
= C// |i0hq + Ag|? €72 + C// {SBXLWIQIQ + 5\ IVqlz} P

B.2. Carleman estimates with potential L>°([—T,T], L3). The following
result proves that the strong pseudoconvexity allows one to absorb some potential
terms in L>([—T,T],L3). This is in contrast with the weak pseudoconvexity, which
absorbs only terms in L ([-T,T] x ).

PROPOSITION B.3. Assume dim(Q) < 3. Let Vi, Vo € L=([-T,T], L3). Then,
Proposition B.1 holds with L replaced by L(q) = i0iq + Aq + Vig + Vaq.

Proof. We use the notation of Proposition B.1. We write

// [0k + Aq|” €27 < 4 ||e_wL(q)H2L2([o,T]7L2) +4 HE_S@(MQ)Hi?([QT],L?)
+4 HE‘”(V@||§2<[07T],L2> :
But, by the Holder inequality and Sobolev embedding, we have for s > 1
||67890V1qu2([0,T],L2) <C ||V1Hi°°(L3) ||67wq||i2(m)
<O ([l all3a o + [V 200
<C (He_quQH(Lz) + ||€_WV‘IH2L2(L2)

+ s2\2 Ha(w)ewqﬂiz(m)

<c <// [2226°1gf? + 0|Vq/’] 6_25“’) ,

where we have used § > C. We get the desired result using estimate (B.6) of Propo-
sition B.1 for s large enough. d



CONTROL OF NLS ON 3D MANIFOLDS 829

REMARK B.1. The uniqueness results we will obtain from the former proposition
are not optimal with respect to the reqularity of the potential. Indeed, some recent
papers (see the work of Koch and Tataru [27] or Dos Santos Ferreira [19]) establish
Carleman-type estimates in LP which are much better than what we get. They are
more complicated and not required for our purpose. Yet, they would become necessary
if we considered nonlinearities |u|“u with o > 2.

B.3. Application to uniqueness.

PropPoOSITION B.4. Let Q,T,w, ¥V fulfill the same assumptions as in Proposition
B.1. Let g € L*([-T,T], HY(Q)) be a compactly supported solution of id;q + Aq +
Vig+ Vaq = 0 with V; € L*([-T,T],L3). Let D be an open subset of Q such that
m=infyep {¥(x)} > sup,c, {¥(z)} =m. Then, ¢g=0 on ] —T,T[xD.

REMARK B.2. By considering the mazimum of W, we see that the assumptions of
Proposition B.4 cannot be fulfilled on a compact manifold. Therefore, we will apply this
result only on an open set Q of M, and the compact support of u becomes important.

Since the previous Carleman estimates hold for every time interval (with constants
depending on its length), we are reduced to the following lemma.

LemMA B.5. Under the assumptions of Proposition B.4, there exists one n > 0
such that ¢ =0 on ] —n,n[xD.

Proof. Fix A > Ao > 1 (the next constants could depend on A but not on s). Let
T > n > 0 be chosen later. Denote A\ = eACv — A and Ay 4 & = 2O — M with
A1 > 0 and € > 0. By definition of m and m, we have for s > 0

+
3% < o FTE (t 1) €] - T, Txw,

A
e BTE < 2% Y(t,xz) €] —n,n[xD.

Moreover, once \; and ¢ are fixed, there exists some constant C' such that y3e 2\ 1+)y
< Qe N+e/2)y for y > 0. Therefore, for every (¢,2) €] —T, T[xQ with € Supp ¢ =

K, we have

3
\1+e A1+e/2 A1+e/2
2 1 S —92 _9gllTE/Z _ 1
(89)36 ST2 37 < C (72 t2> e ST2 t2 < (Ce STT 2 < (Ce 2502 .

Here, the constant C' does not depend on s. Then, using the Carleman estimate and
0 >C >0, we get

_ A A+e/2
// §lgPe T < C// {Iq|2+|Vq|2} e BT
|=n,n[xD |-T,T[xw

Therefore,
_og_ 21 _
836 2ST27772 // |q|2 S 06*25 1
]=nn[xD

) -

Then, to finish the proof, we just have to choose n such that — T2 = > 2)‘1;2‘5/2,
that is, n? < AT_fE//Z, and let s tend to +oo. a

B.4. Geometrical examples. We give some geometrical examples where Propo-
sition B.4 applies. Denote ¢ € L ([T, T], H(Q2)) a solution of i0;q+Aq+V1q+Vag =
0 with V; € L>°([-T,T], L3). In these following cases, Assumptions 2 and 4 are ful-
filled. For the convenience of the reader, we recall the problem.
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PROPOSITION B.6. Let (M,©) be either
— (T3, {z € R¥/(01Z x 027 x 03Z) |Fi € {1,2,3},2; €] —€,e[+0:,Z }),
~ (83,0), where @ is a neighborhood of S N {xy =0} in S3 C R4,
, (8% x 81, (w1 x ST U (S?2x]0,€[)), where wy is a neighborhood of the equator of
S2.
For every T > 0, the only solution in C([0,T], H) to the system

(B.17)

i0:q + Aq+ b1(t,x)qg + ba(t,2)g=0 on [0,T] x M,
¢g=0 on [0,T]xw,

where by (t,x) and ba(t,z) € L°°([0,T], L), is the trivial one q = 0.

B.4.1. M = T3. We assume ¢ = 0 on @ = {z € R3/(01Z x 057 x 057)|3i €
{1,2,3},x; €] —€,e[+0;Z}. We define ¢ on R? by ¢(x) = q(z) if z € [0,64] x [0, 2] x
[0,05] and g(z) = 0 otherwise. ¢ satisfies the same Schrédinger equation on R3
with compact support K. By translation, we can assume that 0 is the center of the
rectangle.

We use the function ¥ = ||(z,y, z)||* + C. C is chosen large enough so that (B.2)
is fulfilled on K. Let ¢ > 0 small. Outside of w = B(0,4), ¥ is stricly convex (that
is, strongly pseudoconvex for the flat metric inherited from R?®) and V¥ # 0. Then,
assumptions (B.1) and (B.4) are fulfilled.

We can apply Proposition B.4 with Q = R?, w = B(0,6), and D = B(0,2)¢. As
0 is arbitrary, we get ¢ = 0 everywhere and so ¢ = 0.

B.4.2. M = S3.

LEMMA B.7. Let S* C R"! be the unit sphere. Then, the function h :
(T1,...,Tnt1) — Tpy1 restricted to S™ N {xn41 < 0} has a strictly positive Hessian
for the metric induced by R"*1.

Proof. h defined on R™*! is linear. Then, using Exercise 2.65(b) of [20], we get
Hess(h) = —hg, where g is the bilinear form of the Riemannian structure. Then,
Hess(h) is positive definite if and only if A < 0. O

We assume g = 0 on a neighborhood of x4 = 0. Let § > 0 be small. We choose
Q={ze 832y <0},D={z € 83y €]-1+26,0[},and w = S*N{z4 € [-1, —1+4[}.
We use the function ¥ = x4 + C. C' is chosen large enough so that (B.2) is fulfilled
on the support of ¢. On Q\ w, ¥ is stricly convex thanks to Lemma B.7 and VW = 0.
Therefore, assumptions (B.1) and (B.4) are fulfilled. As the support of ¢ is compact
in Q, Proposition B.4 applies and we get ¢ = 0 on D. Since ¢ is arbitrary, we get
q=0on S3N{zy <0}. The symmetry of the problem gives ¢ = 0 on S3.

B.4.3. M = S% x S*.

Let wy C S? be a neighborhood of the equator {x3 = 0} and ¢ > 0. We assume
g=0on (w1 x S*)J(52x] —¢,¢]).

The geometric situation is quite similar to the case of T3: this is a product of
manifolds, and the weight function ¥ will be the sum of two pseudoconvex weights in
each coordinate.

The current point = of S? will be denoted by its coordinates in R? and the current
point y of St = T! = R/Z by its coordinates in R. Then, we can define ¢ on the open
set QO = {z € S?|r3 < 0} x R by ¢(z,y) = q(x,y) if y € [0,1] and 0 otherwise. ¢ is
then compactly supported and is the solution of the same Schrédinger equation.

We choose V¥ (z,y) = x3 + y? + C with C large enough. ¥ is positive definite
everywhere and nonsingular everywhere outside of any w = {(z,y) € S? x R|zz €
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—1+ 6] and y? < 4} for § > 0. Then, choosing

D ={(z,y) € S> xR|z3 €] —1+35,0[ or y* > 35}

and applying Proposition B.4 we get ¢ = 0 on D. Therefore, ¢ = 0 on S% x S*.

Acknowledgments. The author deeply thanks his adviser Patrick Gérard for

attracting his attention to this problem and for helpful discussions and encourage-
ment. He also thanks Belhassen Dehman for some explanations about his article [17]
and David Dos Santos Ferreira for enlightenment about unique continuation in low

regularity.
REFERENCES
[1] R. ANTON, Cubic nonlinear Schrodinger equation on three dimensional balls with radial data,
Comm. Partial Differential Equations, 33 (2008), pp. 1862-1889.
[2] R. ANTON, Strichartz inequalities for Lipschitz metrics on manifolds and nonlinear Schrodinger
equation on domains, Bull. Soc. Math. France, 136 (2008), pp. 27-65.
[3] C. BARDOS AND T. MASROUR, Mesures de défaut: observation et contrdle de plaques, C. R.
Acad. Sci. Paris Sér. 1. Math., 323 (1996), pp. 621-626.
[4] L. BAUDOUIN AND J. P. PUEL, Uniqueness and stability in an inverse problem for the
Schrédinger equation, Inverse Problems, 18 (2002), pp. 1537-1554.
[5] J. BERGH AND J. LOFSTROM, Interpolation Spaces, An Introduction, Springer-Verlag, Berlin,
New York, 1976.
[6] M. D. BLAIR, H. F. SmiTH, AND C. D. SOGGE, On Strichartz estimates for Schrédinger opera-
tors in compact manifolds with boundary, Proc. Amer. Math. Soc., 136 (2008), pp. 247-256.
[7] J. BOURGAIN, Fourier transform restriction phenomena for certain lattice subsets and applica-
tions to nonlinear evolution equations, Part I, Geom. Funct. Anal., 3 (1993), pp. 107-156.
[8] J. BOURGAIN, On Strichartz’s inequalities and the nonlinear Schrédinger equation on irrational
tori, in Mathematical Aspects of Nonlinear Dispersive Equations, Ann. of Math. Stud. 163,
Princeton University Press, Princeton, NJ, 2007, pp. 1-20.
[9] N. BUrQ, P. GERARD, AND N. TZVETKOV, Bilinear eigenfunction estimates and the nonlinear
Schrédinger equation on surfaces, Invent. Math., 159 (2005), pp. 187-223.
[10] N. BURQ, P. GERARD, AND N. TZVETKOV, An instability property of the nonlinear Schrédinger
equation on S¢, Math. Res. Lett., 9 (2002), pp. 323-335.
[11] N. BURQ, P. GERARD, AND N. TZVETKOV, Strichartz inequalities and the nonlinear Schrédinger
equation on compact manifolds, Amer. J. Math., 126 (2004), pp. 569-605.
[12] N. BUrQ, P. GERARD, AND N. TzVETKOV, The Cauchy problem for the nonlinear Schrédinger
equation on compact manifolds, in Phase Space Analysis of Partial Differential Equations,
Vol. 1, F. Colombini and L. Pernazza, eds., Pubbl. Cent. Ric. Mat. Ennio Giorgi, Scuola
Normale Superiore di Pisa, Pisa, Italy, 2004, pp. 21-52.
[13] N. BURQ, P. GERARD, AND N. TzZVETKOV, Multilinear eigenfunction estimates and global ex-
istence for the three dimensional nonlinear Schrédinger equations, Ann. Sci. Ecole Norm.
Sup. (4), 38 (2005), pp. 255-301.
[14] N. BURQ AND M. ZWORSKI, Geometric control in the presence of a black boz, J. Amer. Math.
Soc., 17 (2004), pp. 443-471.
[15] F. CaTOIRE AND W. M. WANG, Bounds on Sobolev Norms for the Nonlinear Schrédinger
Equation on General Tori, http://arxiv.org/abs/0809.4633 (2008).
[16] B. DEHMAN, P. GERARD, AND G. LEBEAU, Stabilization and control for the nonlinear
Schrédinger equation on a compact surface, Math. Z., 254 (2006), pp. 729-749.
[17] B. DEHMAN AND G. LEBEAU, Analysis of the HUM control operator and exact controllability
for semilinear waves in uniform time, SIAM J. Control Optim., 48 (2009), pp. 521-550.
(18] J. M. DELORT AND J. SZEFTEL, Long-time existence for semi-linear Klein-Gordon equations
with small Cauchy data on Zoll manifolds, Amer. J. Math., 128 (2006), pp. 1187-1218.
[19] D. Dos SANTOS FERREIRA, Sharp LP Carleman estimates and unique continuation, Duke Math.
J., 129 (2005), pp. 503-550.
[20] S. GALLOT, D. HULIN, AND J. LAFONTAINE, Riemannian Geometry, Springer-Verlag, Berlin,
2004.
[21] P. GERARD, Microlocal defect measures, Comm. Partial Differential Equations, 16 (1991),

pp. 1762-1794.



832

T

(=1

wn

H
A%

I.
I

I.

C
G
E
A

ju

ju

K

(-

CAMILLE LAURENT

. GERARD, Oscillations and concentration effects in semilinear dispersive wave equations, J.
Funct. Anal., 141 (1996), pp. 60-98.

. GERARD AND V. PIERFELICE, Nonlinear Schrédinger Equation on Four-Dimensional Com-
pact Manifolds, preprint, 2008.

. GINIBRE, Le probleme de Cauchy pour des EDP semi-linéaires périodiques en variables

d’espace, Astérisque, no. 237 (1996), pp. 163-187.
. Isakov, Carleman type estimates in an anisotropic case and applications, J. Differential
Equations, 105 (1993), pp. 217-238.

. JAFFARD, Contréle interne exacte des vibrations d’une plaque rectangulaire, Portugal. Math.,

47 (1990), pp. 423-429.

. KocH AND D. TATARU, Dispersive estimates for principally normal pseudodifferential oper-
ators, Comm. Pure Appl. Math., 58 (2005), pp. 217-284.

. KOMORNIK AND P. LORETI, Fourier Series in Control Theory, Springer-Verlag, New York,
2005.

LASIECKA AND R. TRIGGIANI, Well-posedness and sharp uniform decay rates at the L?(S)-
level of the Schrodinger equation with nonlinear boundary dissipation, J. Evol. Equ., 6
(2006), pp. 485-537.

LASIECKA, R. TRIGGIANI, AND X. ZHANG, Global uniqueness, observability and stabilization
of nonconservative Schrédinger equations via pointwise Carleman estimates. 11. L?(Q)-
estimates, J. Inverse Ill-Posed Probl., 12 (2004), pp. 183-231.

LASIECKA, R. TRIGGIANI, AND X. ZHANG, Global uniqueness, observability and stabilization
of nonconservative Schrédinger equations via pointwise Carleman estimates. 1. H(Q)-
estimates, J. Inverse Ill-Posed Probl., 12 (2004), pp. 43-123.

. LAURENT, Global controllability and stabilization for the nonlinear Schrodinger equation on
an interval, ESAIM Control Optim. Calc. Var., to appear.

. LEBEAU, Contréle de léquation de Schrédinger, J. Math. Pures Appl. (9), 71 (1992),
pp. 267-291.

. B. LEE AND L. MARKUS, Foundations of Optimal Control Theory, Wiley, New York, 1967.

. MERCADO, A. Ossgs, AND L. ROSIER, Inverse problems for the Schrédinger equation via
Carleman inequalities with degenerate weights, Inverse Problems, 24 (2008), 015017.

. MILLER, Controllability cost of conservative systems: Resolvent condition and transmuta-

tion, J. Funct. Anal., 218 (2005), pp. 425—444.

. MOLINET, On ill-posedness for the one-dimensional periodic cubic Schréodinger equation,

Math. Res. Lett., 16 (2009), pp. 111-120.
-D. PHUNG, Observability and control of Schrédinger equations, SIAM J. Control Optim.,
40 (2001), pp. 211-230.

. V. RALSTON, Approzimate eigenfunctions of the Laplacian, J. Differential Geom., 12 (1977),

pp. 87-100.

. ROSIER AND B.-Y. ZHANG, Control and Stabilization of the Nonlinear Schrodinger Equation

on Rectangles, http://arxiv.org/abs/1002.1126v1 (2010).

. ROSIER AND B.-Y. ZHANG, Local exact controllability and stabilizability of the nonlinear

Schrédinger equation on a bounded interval, SIAM J. Control Optim., 48 (2009), pp. 972—
992.

. SULEM AND P. L. SULEM, The Nonlinear Schrodinger Equation, Springer-Verlag, New York,
1999.

. TENENBAUM AND M. TUCSNAK, Fast and strongly localized observation for the Schréidinger
equation, Trans. Amer. Math. Soc., 361 (2009), pp. 951-977.

. THOMANN, The WKB method and geometric instability for nonlinear Schrédinger equations

on surfaces, Bull. Soc. Math. France., 136 (2008), pp. 167-193.

. TRIGGIANI, Ezact controllability in L?(Q) of the Schrédinger equation in a Riemannian
manifold with L?(31)-Neumann boundary control, in Functional Analysis and Evolution
Equations, H. Amann, W. Arendt, J. von Below, M. Hieber, F. Neubrander, and S. Nicaise,
eds., Birkhauser Verlag, Basel, 2008, pp. 613-636.

. TRIGGIANI AND X. XU, Pointwise Carleman estimates, global uniqueness, observability, and
stabilization for Schrédinger equations on Riemannian manifolds at the H'(Q)-level, in
Control Methods in PDE-Dynamical Systems, Contemp. Math. 426, AMS, Providence, RI,
2007, pp. 339-404.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


