A SCATTERING OPERATOR FOR SOME NONLINEAR
ELLIPTIC EQUATIONS

RAPHAEL COTE AND CAMILLE LAURENT

ABsTrRACT. We consider non linear elliptic equations of the form
Au = f(u, Vu).

for suitable analytic nonlinearity f, in the vinicity of infinity in R?, that is
on the complement of a compact set. We show that there is a one-to-one
correspondence between the non linear solution u defined there, and the linear
solution uy, to the Laplace equation, such that, in an adequate space, u—uy —
0 as |x| — 4o00. This is a kind of scattering operator.

Our results apply in particular for the energy critical and supercritical pure
power elliptic equation and for the 2d (energy critical) harmonic maps and the
H-system. Similar results are derived for solutions defined on the neighborhood
of a point in R%.

The proofs are based on a conformal change of variables, and studied as
an evolution equation (with the radial direction playing the role of time) in
spaces with analytic regularity on spheres (the directions orthogonal to the
radial direction).
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1.1. Motivations and setting of the problem. The purpose of this article is
to give a classification of solutions of certain nonlinear elliptic equations, by their

behavior at infinity. We consider equations of the form

(L.1) Au = f(u, Vu),

where the nonlinearity f is analytic, and with an extra emphasis on the elliptic
nonlinear equation with H* critical power nonlinearity, conformal equations in di-
mension 2, and smooth harmonic maps. Roughly speaking, we will construct, in
these considered examples, a scattering operator: we prove that when considering
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the vicinity of (spatial) infinity, there is a one-to-one correspondence between linear
solutions of

(1.2) Aup, =0 on R\ B(0,1), wup|si— = up,

where ug is a given function on S?~! and nonlinear solutions of defined for
sufficiently large x; and furthermore nonlinear solutions behave as a linear one in
an appropriate space.

This space is strong enough to distinguish each linear solution from another one
only from their asymptotic behavior. For instance, since all linear solutions converge
to 0 at infinity, the space we consider should be much finer than L> or H'. The
space we use specifically translates the behaviour of the linear elliptic solutions. In
particular, it implies some analyticity in the angular variable.

Note also that the full classification is obtained in some general examples that are
critical or with additional assumptions. Yet, the construction of nonlinear solutions
from their behavior at infinity (that is one part of the scattering operator) is made
in a great generality, see for instance Theorem

The problem we consider is natural and has its own interest; we believe it will also
prove useful for related evolution problems. Indeed, one extra motivation comes
from the evidence that the asymptotic behavior of non linear object like the well-
known soliton plays a fundamental role in dynamical contexts, as it drives the
interactions: for example, the construction of blow up solutions, the construction of
multi-solitons, the analysis of collision of solitons, the soliton resolution conjecture
etc.

Let us elaborate somehow on this last example, in the case of the energy-critical
wave equation, which was studied by Duyckaerts-Kenig-Merle. They develop in
particular the channel of energy method: in the 3D radial setting [DKM13|, the
authors manage to conclude that some initial datum giving rise to “nonlinear non
radiative solutions” should behave at infinity as the Newtonian potential % and next,
should actually be the ground state W : x + (1 + |x|>/3)~'/2 (up to scaling). This
idea to “catch the ground-state by the tail” has been extended with many more
subtleties to other dimensions and other equations [CKLS15al [CKLS15b] [(C615,
DKM23|.

One of the key roadblocks in generalizing the above results to the non radial setting
is the lack of understanding of the non radial nonlinear objects, such as spectral
properties when linearizing around them, or their asymptotic behavior.

Our work here provides a first description in the non radial context, within a frame-
work that encompass semilinear elliptic equations together with harmonic maps or
the H-system.

We address the question by recasting the elliptic equation in terms of an evolution
equation on the sphere, where time is played by the radial variable. After performing
a conformal change of variable, the equation is obviously (strongly) ill posed, but
is amenable to resolution from infinity, for data without growing modes.

We will now define the functional setting in the next paragraph, so as to state our
results with the following ones.

1.2. The functional setting. The proof will be performed after a conformal

change of coordinates from R? to R x S~! using spherical coordinates. The har-

monical analysis on S?~! will play a crucial role. We begin by a few generalities.

Let d > 2. We denote Aga—:1 the Laplace-Beltrami operator on the sphere S*~!, and

let (¢, m)een,m<n, be an L? orthogonal basis of normalized spherical harmonics, so
2



that ¢g n, is the restriction of a harmonic homogeneous polynomial of degree ¢ € N.
Recall that ¢, are eigenfunctions for —Aga-1

—Agd—mbg,m = E(f +d— 2)(;5[7771,

and so Ny is the dimension of the eigenspace of —Aga-1 for the eigenvalue ¢({+d—2).
Let P, be the orthogonal projection onto this eigenspace: if v is a function defined
on S¢-1,

Ny Ny
(1.3) Pw="Y (fidem)btm: |Pwlizgary= D (s dem)l.
m=1 m=1

We consider the positive elliptic operator on the sphere S?~!

d—2\?
D= \/Agd—1 + (2> s

so that for all £ € N and m < Ny,

d—2
gd)é,m - (é + 2) ¢€,m~

We denote LZ(S?!) = Span(¢sm,? € N,;m < Ny} the space of (finite) linear
combinations of eigenfunctions of ©; all normed spaces below will be meant as
completion of L3 for the underlying norm.

The space H*(S?"1) is the completion of L3(S?!) for the H® norm defined as

—+o0

HU”?qs(sdfl) = Z<€>2S||PEU||%2(S%1)7
£=0

where (¢) = /1 + |¢|? is the japanese bracket (here £ is an integer, but we also use
the notation for a vector or a multi-index). There hold

[0]] 7+ sa-1) = [|(1 = Aga-1)*2v|| p2(ga-1),
and both these norms are equivalent to the usual Sobolev norm considered (thanks
to some partition of unity) in each coordinate charts, [LM72] Section 7.3]. Therefore,
all usual Sobolev embeddings apply.
0

s,m7

We will state our results using the spaces Z7%. and Z; ., made of functions on Sé-1,

and which are the completion of L2(S?~!) for the respective norms:

oo 1/2
a2 s _
ol zee =772 720 o ggasy = <Z<€>2 p2rd 2)||PW||2L2(SM)> ;
=0
+o0 1/2
a—2 _ S,.—
and ol = 2ol o sy = (ZW‘T 2€||Pev||2L2(sd—1)> -
=0

Notice that for 1 < r < 7/, we have the continuous embedding Z35, C 45, C H?
together with [|v]| ;o < vz and similarly for 0 < 7" < r < 1, there hold

28, C 28, C H* and [v] 50 < vz -

For functions defined on R¢\ B(0,7,) or B(0,rq) respectively, we will be interested
in the Z,, regularity on rescaled restrictions u(r-) : (y + u(ry) (defined on the
sphare S?1) (for » < g or 7 > r( respectively: this dependence of the space on
the radius prompt us to the following definitions, which are meaningful due to the
continuous embedding mentioned above.
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We say that u € Z2° if u defined on R?\ B(0,7() and such that, for all r > r,

$,T0
( ) € Zs ,r/ro? (a u)( ) € Zs 1,r/rg?
(pHu( )) Ecg([ ) sr/ro)mcg ([T7+OO)’Z;.SI,7‘/T’0)7
and such that the following norm is finite:
d—2 d—2 Ju
iz, =ro® sup (s, o+ (5204 e ) 0] |
s—1,7/rq

sr if it is defined on B(0,70) so that for all 0 < 7 < 7, u(r-) €
Oru)(r) € Z0_1 1y,

(0> u(p) € €((0,7], 2] ,/,) VE (0,71, Z0_1 11,
and such that the related norm is finite:

d-2 2 ou
fullg,, = o™ s (g, o+ (5P g ) )

0<r<ro

Similarly, ue€ 20

s r/ro’

0
Z3 1 rirg

The exponent co reminds that we will be interested in the behavior for || — 400,
while the exponent 0 denotes a space adapted to the vicinity of 0 (or a point).
The regularity index s appears as a fine tuning parameter: it plays an important
role in the product laws, and so in the multi-linear estimates; one could simply fix
for the rest of the article
d 3

s> 3 + 5"
For some purposes, we stated some intermediary results with more precision on s:
except if a specific weaker bound is precised, all the following results assume s as
above.

u € Z2 implies that u has the same decay as a linear solution of Au; = 0,

that is |u(z)| = O(|z|~(?~?)) (see Lemma . It is actually more precise: when
decomposing in spherical harmonics, each component decays as a linear solution,
that is || Pou(r)|| e ga-1) = Op(r=@=2=) as 1 — +oo.

Note that in several results that we will prove, the functions we consider are vector
valued. In order to keep reasonable notations which are already heavy, we always
mean that every coordinate belongs to the related spaces: for instance, we will write
Z instead of (Z2°)V. This should not lead to any confusion.

Finally, we drop the index r when r = 1, for example Z* := Z29.

Now, we begin to present our main results for specific types of equations. The
constructions of the nonlinear solutions with prescribed behavior at infinity are
always consequence of the two general Theorem and presented in Section [
Theorem is a refinement of Theorem needed in some critical cases where we
have to use some better properties of the first iterate of the Picard iteration. This
improved behavior is observed in the case of conformal equations in dimension 2
where a ‘“null” structure is observed.

1.3. Main results on the semilinear equation. In this section we state those
of our results which are concerned with the case of the (non derivative) nonlinearity

(1.4) Fw) =S ap,
peN
with a positive radius of convergence.
The first statement constructs, for a general nonlinearity, nonlinear solutions having
a prescribed linear behavior at infinity. The second one, restricted to H'-critical
4



analytic nonlinearities, realizes the converse, that is, establishes that a finite energy
solutions behaves as a linear solution at infinity. The combination of both results
leads to a kind of scattering operator identifying linear and nonlinear germs of
solutions.

Theorem 1.1. Let d > 3. Assume that f as in (1.4)) satisfies the supercriticality
assumption

ap #0= (d—2)p—d > vy >0.

Let ug € H(S?71Y), and uy, € Z° given in (1.2)).
Then, there exist ro > 1 and a unique small solution u € ZZ5. of (L.1) on {|z| > ro}
and such that

Moreover, the map ug — u is injective; and if Hu0||Hs(Sd_1) is small enough, we can
take ro = 1.

(Here and below, we say that there is a unique small solution « in a Banach space
Z if there exists € > 0 such that u is the unique solution in the ball centered at 0
and of radius € of Z.)

When we restrict to H' critical exponents with analytic nonlinearities (which ac-
tually leaves the three possibilities mentioned below), we obtain a full classification
of all possible solutions close to infinity.

Theorem 1.2 (Semilinear energy critical equation). We consider the equation
(1.5) Au = kuP.
where k € R, and we assume to be in one of the following situations:
(d,p) € {(3,5),(4,3),(6,2)}.

1) Let uw € H'({|z| > 1}) be a solution of (L.5) in the weak sense (see Definition
8.1). Then, there exist 1o = 1 so that u € Z75  and a unique ug, € 275 = solution
of Aur, =0 on {|z| = 1o} so that

. ) - My <Cr2 )
(16) Jur) ~ug (g <O 0
2) Reciprocally, given ug € H*(S™1), and uy, € Z2° as in ([1.2), there exists ro > 1
and a unique small solution v € 25, of (L3) on {|z| = ro} satisfying (L.6).

To our knowledge, such classification did not appear elsewhere in the literature, for
any elliptic type equation. It gives both a complete rigidity and a fine description
for nonlinear solutions, concerning their behavior at infinity.

In particular, the previous theorem also implies a result of unique continuation at
infinity.

Corollary 1.3. In the situation of the previous Theorem 1), ifue H' ({|z| >
1}) is a solution of (1.5)) so that

Ve e N, rd-2tt [ Pew(r)ll s a1y = 0 as r— oo,

then u = 0 on R\ B(0,1). In particular, if u(z) = O(|x|~?) for any B € R, then
u=0.

The results in this direction we are aware of (see for instance [BKO05, [Dav1d4])
would be obtained considering u? as Vu for some potential V = uP~!. They require
exponential decay without distinction between the spherical harmonics.

For power nonlinearities u?, p > d%‘lQ (p integer), Theoremconstructs a lot of so-
lutions with prescribed asymptotic linear behavior. We can perform a classification
under further decay assumption.



Theorem 1.4 (Semilinear equation with decay). Let d > 3, k € R and p € N*
with p > ﬁ and consider the equation

(1.7) Au = kuP.

1) Let uw € H'({|z| > 1}) be a solution of (1.7) in the weak sense (see Definition
so that for some n >0 and C' > 0, we have

Viz| > 1, |u(z)] < Clz| 71",

Then, there exists rq > 1 so that u € Z2°. and there exists a unique uy, € Z;‘;O

S,7T0
solution of Aur, =0 on {|z| = ro} so that
L Vg ()] < Cp(@=2p=d) ,
(19) lur) ~up(r)lzm < Cr 0

2) Reciprocally, given ug € H*(S*™ 1), and up € Z2° as in , there exists rg > 1
and a unique small solution v € 25, of (L7) on {|z| = ro} satisfying (L.8).

In the defocusing case, the decay can be obtained using results of Véron [V&1] for
solutions constructed by Benilan-Brézis-Crandall in [BBCT5).

Corollary 1.5. Letd > 3, p € 2N+ 1 with p > d%'lQ. Let f € LY(R?) be real valued
with compact support. Due to [BBCTH|, there exist a unique real valued solution
u e LT (RY) with Au € L'(RY) of

Au=uP + f.
Then the conclusion of Theorem 1) holds for u.

Here L%>°(R%) are the weak-L? spaces, for 1 < ¢ < 400, and are called spaces of
Marcinkiewicz M?(R?) in the above reference, see [BBCT5, Appendix| or [SWT7I,
Chap V.3|.

In particular, in the defocusing case, the assumption of additional decay in Theorem
is not necessary and can be obtained under reasonable assumptions on the
solution. Yet, this assumption is sometimes necessary with the power z% being

optimal. For instance, for a H L_supercritical nonlinearity p > %, in the focusing
case k < 0, it is known that there exist radial positive solutions that behave like
C |x|7p2f1 at infinity. These solutions have a slower decay than the solutions we
construct in Z° which decay as the linear solutions, that is C|z|~(?=2). We refer
to [KS07, Theorem 5.2] for a nice summary. We refer also to [BVV91l Theorem 3.3]
for a dichotomy result in the case of positive solutions in the defocusing case and
p#HE, p>1

The class of equations covered by our theorems for constructing solutions are quite
general, either for prescribed behavior at infinity (see Theorem below) or pre-
scribed Dirichlet value (see Theorem below). Yet, the regularity results and
uniqueness of the Dirichlet boundary value problem has to be adapted to each
equation. This is the reason why we only treated some examples for the classifica-
tion; we nonetheless believe that the strategy can be applied in many more cases.
Assuming that we are able to construct solution with prescribed behavior at infinity,
the road map for the classification in Theorem and goes as follows:

e prove by scaling and regularity arguments that, for a rescaled version of
the solution, the trace on S ! is small in H*(S?~!) with s large enough.

e construct a solution in the space Z2° with the same Dirichlet data on S¢~1.
By construction, this solution has the correct decay and will “scatter” to a
linear solution.

e prove a uniqueness result for the Dirichlet value problem in some appropri-
ate space containing the original solution and the solution we constructed.
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The full classification as in Theorem is not always true, but we believe that
some modifications of the methods we introduce in this paper might lead to similar
results. It would be natural to try to construct, by a modification of the space Z2°,
other sets of nonlinear solutions with different asymptotic behavior.

1.4. Main results on conformal equations in dimension 2. Let (A, h) be an
analytic compact Riemannian manifold of dimension N. Without loss of generality,
we assume that N is actually embedded in RM (for some large integer M) analyti-
cally and isometrically, see [Nas66} [GI7T, [Jac72]. For Q C R open subset (d = 2 in
this section, but some definitions will also be used for any d > 2), we will consider
maps in the space

Hip (UN) = {u € Hp (URM) 1 u(z) € N for ae. 2 € Q}.

We define similarly the spaces ¢ (2, V) for r > 0. We will say that v = (uy, ..., unr)
is of finite energy on Q if Vu, defined in the distributional sense on €, is in L?(Q),
i.e., the following quantity £(u) is finite:

M d
(1.9) E(u) == / |Vul’dz < +o00, where [Vul> =" |d.u;|*.
Q i=1 a=1
We refer to the lecture notes [Rivl2] for a survey on the subject and appropriate
references. Let w be an analytic 2-form on A/. We denote @ = mx*w the pullback of
w by 7, the orthogonal projection on N, defined in a small tubular neighborhood
of N. For u € €?(2, ), we are studying solutions of

(Conf-E) Au = —A(u)(Vu, Vu) — H(u)(0pu, Oyu)

where A is the second fundamental fornﬂ of the embedding N' € RM and for z € NV,
H(z) is the T,N-valued alternating 2-form on T, defined by

(1.10) VU V,W € TN, dw, (U V,W)=U-H(z)(V,W)

Let (e;)i=1...m be the canonical basis of RM. Denote for y € N, H}k (y) =

dwy (e, ej, ex). Note that we have HJ’k =-H Zk The previous formulations is quite
general and contains the following particular cases:

yeery

e Harmonic maps: Au = —A(u)(Vu, Vu)
o for d = 2 and N' = R? (or T?), the H-system (surfaces with prescribed
mean curvature) : Au = H(uw)ug A uy.
It was proved by Riviére [Riv07] that in dimension d = 2, weak solutions are actually
smooth (see also Hélein [HeI91] for the case H = 0, that is, harmonic maps), so we
won’t distinguish between weak and smooth solutions in in this case. Our
main result on the system is the following.

Theorem 1.6. 1) Let u € H{_(R?\ B(0,1),N) be a finite energy solution of
(Conf-E)). Then, there exists ro > 1 so that u € 25, . Moreover, there exists one
unique uso € N and ug, € ZZ5, solution of Aug, =0 on {|z| > ro} and with value
in T, N so that

(1.11) ||77Tuoo/\/(u(r') — Uso) — uL(7'~)||ZOO <Cr? — 0,

s,r/ro r——+00

where wp, _xr is the orthogonal projection on T, N (and Pyur =0).

2) Reciprocally, for any us € N and uy, € Z2° with value in T, N and solution
of Auz, = 0 on R?\ B(0,1) with Pyur, = 0, there exists 1o > 1 and a unique
small solution u € 235, NE>°(R*\ B(0,70), N) solution of on {|z| = 1o}
satisfying .

Lwe denote A(u)(Vu, Vu) = le A(u) (0, u, Oz, u)
7



It turns out that conformal equations as are critical with respect to the
limit exponents in our general Theorem [5.4} So, we need a refined version, namely
Theorem [5.5] that uses a better behavior of the first iteration of the Picard term.
This improved decay is proved as a consequence of a general "null" condition of the
form

(1.12) VEeC?, (€=0= f(£=0).

We have not seen this condition elsewhere. Since 2 is the symbol of A, this seems
like an elliptic version of the celebrated null condition of Klainerman [Kla86] in
the context of hyperbolic equations. Note that the null condition has to be checked
for complex frequencies while the usual null condition for hyperbolic equations
is checked for real £. We refer to Section [3.2] for more precisions and equivalent
formulations in dimension 2.

1.5. Main results on Harmonic maps in dimension d > 3. For u € €2(Q, N,
we will say that v is solution of the harmonic map equation if it satisfies

(HM-E) Au = —A(u)(Vu, Vu)

where A is the second fundamental form of the embedding of A in R™. This
is exactly the previous equation with H = 0. For u € HL (2, ), the equation
(HM-E) makes sense in the the distributional sense and we will say that it is a
weak solution of the harmonic map when it is the case (see Definition for a
more precise statement).

Theorem 1.7. Let d > 3.
1) Let u € €*(R4\ B(0,1); N) be a finite energy solution of (HM-E]). Then, there

exists Uoo €N andrg = 1 s0 that u—1us € Z;”‘}O. Moreover, there exists one unique

ug, € 255, solution of Aup, =0 on {|x| > ro} and with value in T, N so that
—2(d—2
(1.13) 7 () = o) —ws () 5o < Cr @ — 0
5 ) - <or 7T 0
HTFT“OON(U(T ) UOO)"Z:?T/TO " ’ r~>—+>oo

where mr, A and W%‘u A are the orthogonal projections on T, N and T, N*,
respectively.

2) Reciprocally, for any us, € N and uy, € Z2° solution of Aur, = 0 on R4\ B(0,1)
and with value in T, N, there exists ro > 1 and a unique smallﬂ solution u € ZZ3.
of [ENLE) on {ja] > o} satisfying (L13).

Additionally, we denote ur 1 the first iterate of the Duhamel formula, that is the
only solution of

Aup 1 =T(ur)(Vur,Vur) so that HUL,l(T')HZoo/ _>—+> 0,
s,r/rg T oo

where T' are the Cristoffel symbols in coordinates given by wr, n. Then, we have
the improved decay

(114)  lrr, w((r) = o) = (un(r) + upa ()| g < Cr74@72

Remark 1.8. The regularity €2 is not optimal, but some assumption is necessary
to avoid singular solutions that do not enter in our framework, as the ones con-
structed in [Riv95]. More precisely, in the proof, we needed enough regularity to
apply Theorem [A16]

Yet, it could be replaced by other types of assumption implying some smoothness.
We refer to the book [LWO0S8| on the available regularity results.

2See Theorem for a precise condition.



For instance, it is proved in [BG80] (in the case N' = S¥) that € solutions are
actually analytic. Also, the theory of Schoen-Uhlenbeck [SU82| proves that small
energy minimizing harmonic maps are smooth, which happens in our context for
Ry large enough.

Remark 1.9. The convergence of the orthogonal component seems very bad with
respect to the tangential part. Yet, since the manifold N can be locally written as
a graph of the tangential part, the orthogonal component is completely computable
(without referring to the PDE) once the tangential expansion is performed. So,
with a Taylor expansion of the graph locally defined by N, it might be possible to
obtain the same precision as the formula for the tangential part.

Remark 1.10. The analysis in [ABLV23| computes an expansion of the (locally
energy minimizing) solution of the Harmonic maps in dimension 3 with target S?
at the order r—%. Theoremallows to obtain a similar expansion, see Remark
for further details.

1.6. Main results on semilinear equations close to a point. We also obtain
some result close to 0.

Theorem 1.11. Let f : R — R be an analytic function with positive radius of
convergence and such that f(0) = 0.

1) For any smooth solution u of Au = f(u) on B(0,1), there exist a solution ur, of
Aup, =0 and g analytic on B(0,1q) for some 0 < rg < 1 so that u can be written

(1.15) u=ug + |z*g.

2) Reciprocally, for any uy, bounded solution of Aur, =0 on B(0,1) with ur,(0) =0,
there exist 0 < rg < 1 and a unique small analytic solution u of Au = f(u) on
B(0,79) so that holds for one g analytic on B(0,70).

Moreover, the application uy, — u is injective.

The decomposition is known in the literature as the Fischer decomposition
of the function u (see Section [8.4). This decomposition is already known to hold
for any analytic function, so the first part is not really new. The main part of our
proof is the construction of the nonlinear solution. This result can be seen as a local
solvability result for a semi linear elliptic equations with a prescribed behavior at
a point. It seems that the available results in this context only prescribe the first 2
derivatives at one point, see for instance [Tay97], Section 14.3, Proposition 3.3]. So,
our result constructs much more local solutions, and actually all of them.

In the context of conformal maps in dimension 2, one can adapt in a straightforward
way Theorem[I.6]to derive a statement close to a point in the spirit of Theorem|[T.11
For harmonic maps in dimension at least 3, it seems that a similar result should
hold as well, but one would have to first prove an extra gain (for example due to a

null condition as in ((1.12))).
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2. THE LINEAR FLOW AND DUHAMEL FORMULATION

The starting point of the analysis is the following. If Au = 0 then denoting for
(t,7) € R x S%~1 the conformal change of variable

o(t,y) = e 7 ulely),
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v solves

(21) 3ttv - @2’0 =0.

This equation is not a well behaved evolution equation but can still be amenable
to an analysis.

To make this more precise, we introduce suitable Y, ; spaces, intimately related to
the Z spaces (after a conformal change of variables) in which the results are stated.

2.1. The Y, spaces. For a function u defined of S¥~1, let

[l Yo = ||€t®U|\HS(Sd71)7
or equivalently,
I d—2
lull3,, = 02T P20 g1
£=0

As before, the space Yy, is defined as the completion of L3(S~!) for the || - ||y, ,
norm. Note that for 0 < ¢ < ¢/, we have the inclusion Y,y C Y, C H® together
with ||ull . < [[ully, , < llully. - Given a regularity index s > 1 and a “time” ¢ > 0,

we also define the norm Y by

1w, 9y, = sup (lo@lly.., + ()l ,) -

Tt
for (v,?) defined on [t,+00) x S?~!. The purpose of the second variable ¥ is to
take into account the time derivative 0;v for a solution, as is usual for second order
evolution equations.
The space Vs ¢ is defined as the space of functions (v, ©) defined on [t, +00) x S~1,
so that for all 7 > ¢, v yoo) € C([1, +00), Y5 +) and 0[(r 1o0) € €([7, +00), Y 1,7)
and |[(v,?)||ly,, < +oc. This is in the same spirit as was done for the Z,; spaces;
we make use that the Y, ; spaces are decreasing in ¢ (for the inclusion ordering).
We will also sometimes need the following translated version for ¢y > 0:

108y, = 508 (0 + ) )

and we say that (v,9) € VI when for all 7 > ¢, v|(; 400) € €([T,+00), Y; r—¢,) and
V(7 400) € C([7,4+00), Ys_1,7—¢,) and ||(v, 1})”)}3’, < +oo. We will essentially always
consider these spaces for t > tp: in which case it is a weaker space that ), .. More
precisely, there hold

(2.2) Vit =0, v

< ol < olly,, < ol

st

for v = (v,0) € Vs4,- Note that the inequalities between Y norms imply (given
t>0)

suplol)ly, ., =5 ( swp o)y, ..,

T>t t<T \t<7/'<T

= sup (swpllol .-, ) = 500 [l o, -
T Z

t<r! \7/'<T
Similar equality holds for © and we easily get that for t > t; > 0, the spaces zot
are Banach spaces as intersection of Banach spaces.

The spaces Y, are well suited to linear solutions of the Laplace equation, in con-
formal variables, as it is shown in the next paragraphs. In particular, we have
[(ve,Owvr)lly, , = llvollsrs(se-1) where vy is the decaying linear solution with Dirich-
let data vg at t = 0 (see Lemma for a more precise statement).

10



The Z spaces are in fact the Y spaces after conformal transform. More precisely,
for 7 > 0 and s € R and a function « defined on S%~!, then

d—2
and HuHZQ‘T =r:z Hu' Ys, —log(r)*

d—2
(2'3) Hu”Zgor =r?2 ||u‘ Y log(r)

Similarly, for a function defined on R%\ B(0, ) or B(0, () respectively, if we denote
for (t,y) € R x S¢-1

(d-2)
v (t,y) =e = tu(ety) close to infinity and

(d—2)t

VO(ty)=e 2 ule?

Y) close to zero.
one can relate the ) spaces and the Z spaces:

@4) Jullzs, =1, 00 and Jullzg, = 1% 00) s -

lyposcr) s

Finally, as for Z spaces, we drop the index ¢t when ¢t = 0, for example YV, := Vs 0.
Observe that (2.4) also implies that the space Z55, and ZS’TO are Banach spaces
with their defined norm.

2.2. The linear flow. Consider u, defined on R, x S4~!, solution to
8ttu — ©2U =F.

Equivalently, u = (u, d;u) solves

(2.5) S = <®02 (1)) u+ (g)

Notice that the resolvent operator writes

cosh(tD) sinh(tD)
S(t) :=exp (tg2 8) = D
D sinh(t®) cosh(tD)

Although S(t) is well defined on (L3)?, the growing modes prevent it from defining
a semi-group on any reasonable space like H*(S?~1) x H*~1(S?~1). We will however
show that one can construct a wave operator at oo in ), for well chosen final
data with no growing modes.

We therefore consider a linear solution with no growing modes, that is of the form

(2.6) uo = (ug, —Dug)  for some ug € H*(S*1),
so that
S(t)uo = (e P ug, —De P uy).

Observe that for any non zero v € H*~1(S?~1) | ||S(¢)(0,v)|y,, — +ooast — +oo

or it is infinite. Hence, given ug € H*(S"1), S(t)uy is the only bounded solution
(in Ys4) of (2.5) with F' = 0 and initial data ug at time 0. If we denote

(2.7) ur(z) = |z~ % (S(t)uo)(In [z|, z/|a]), for [z] > 1,
then uy, € Z;"il and solves

Aup =0 on R4\ B(0,1), wur|ga—1 = ug.

We first measure our solutions in our norms. The following Lemma explains that
Vs.1 is the natural space for linear solutions with initial datum in H*(S?"!) at t =0
while ﬁ(’t is adapted when the initial datum is given at ¢ = ¢o.

11



Lemma 2.1. Let ug € H*(S%1). Then, for anyty > 0, S(-—to)ug € Vs, together
with the estimates uniform in t > tg,

(238) ool zeeo-1y < ISC ~ toYuollyzo, < To full oo,
(2.9) ISC)uollyr, < Clle™ P ug| e (ga-1) < Ce™ T [|uo|l o (ga-1)
If Pyug = 0 for all £ < £y, then we have also

(2.10) 1S (Yol < Cem (o200 ug gy,

We will often use (2.8) with to = 0.
Proof. From the definitions,

IS = to)uollysg = [SCuolly, , = sup (e uolly, , + D™ Pug|
v : 1] ,

Tt

)/571,7)

= ||u0||Hs(s<H) + HCDUOHHkl(Sd*l)a

and (2.8) follows as £+ 952 < 4(¢) for all £ > 0. For (2.9), we write for ¢ > t,,

15CYatollyz, = sup e~ o]

T>t

= sup [le"TO®ygly, .+ sup [[De” TV,
z>2t—to z2t—to

Yari T SUP 1D Puglly,_, .,
=

< Clle"®ug|| s (sa-1)-

For the second inequality, notice that the first eigenvalue of the operator © is %

Finally, for (2.10): if Pyug = 0 for all £ < £y, then uy € Span(¢p,m, ¢ = lo,m < Ny).
The restriction of ® to this space has first eigenvalue ¢y + %, which gives the
bound. It remains to discuss continuity: for this, fix 7 > ¢y and 71 > 7. Denote

u(r') = e~ ("'t for 7/ € [, +00). Then

ef(‘l‘lft[))@uo _ 67(7-1 7150)@

(") = u()ly, .., = uo|

s, T—t,
0 Yarto

HS
This clearly converges to zero as 7/ — 71, 7/ > 7 (for instance by approximating wug
in L3). The same holds for the derivative. g

2.3. Bounds on the Duhamel term. Given a function u; as in (2.6]), we would
like to construct nonlinear solutions u to

Opu —D%*u = F(u), u(t)~St)uy as t— +oo.

More precisely, on the difference v(t) = u(t) — S(t)u, we are looking for a solution
to the problem

Opv — D% = F(v(t) + S(t)uy)
v(t) >0 ast— 400

(F is a given nonlinear functional). The Duhamel formulation between times ¢t < s
writes, at least formally,

ste=22) =0+ [0 (o) sirpany) o

Letting s — +00, it is reasonable to assume that the left hand side tends to 0, and
we want to solve

(2.11) w(t) = —/:oo S(t—7) (F(U(T) +03(T)u+)> ds.

12



This leads us to consider the map

(2.12) O:F— (t — —/t+oo St—r1) (F(()T)) dT)

Lemma 2.2. Let s > 1 and tg > 0. Let F € €([t, +00),Ys—1,1—1,) for any t > to
and assume

+oo
ifd>3: / IET) o oo dr < 400,
to
—+oo
ifd=2: / Iy, 1o + (7 = to)[PoF () gy ) dr < +o0.
to

Then ®(F) € Vi, and there hold for t >ty > 0:

s;to

dr.

stl,T—tO

+oo
=3 (0Pl S [ 1FG)

+oo
ifd=2: ||‘I>(F)||y;0t S/t (HF(T)|YS_1,7_tO Jr(7’ft)||PoF(’F)||L2(§az—1))dT.

In particular, ||<I>(F)Hytp

Furthermore, v = (v,0) = ®(F) satisfies the equation

— 0 ast — +o0.

Opv—2%w=F, ©=08uw on (to, +00) X sé1,
in the sense of distributions.

Proof. Let us start with a few preliminary estimates. Notice that (uniformly) for
£>21, m< Ny, t>0and 7 € R,

sinh (79)

— t(t+953) (0)* sinh(7 (£ + 43%))
k)

d—2
Ys,t £+ 2

< (0 (6(t+7)(£+‘12;2) + e(tf'r)(ZJr%)) '

¢€,7n

~

If d > 3, this is true also for £ = 0, and we infer

sinh (79) A < H (e@m@ n e(t_ﬂ@) fH .
D v He—1
s,t
sinh (70
If d = 2, then for ¢ = 0, w(bo,m = |7/, and so
&Y Yot
sinh (70
#Pof = |T|||P0fHL2(Sd—1).
Ys,t
Therefore,
sinh (7 . .
%f v., S H (€(t+ ) + e(t )D) (Id —Po)fHHs?l +T||P0f||L2(Sd,—1)
(2.14) s [(ee® s et®Y g rlR e

Similarly, for any d > 2, £ > 0,¢ > 0 and 7 € R,
lcosh (7) emlly. | S (0>~ (e<t+f)<e+%) + e(t—r><e+%>) _

so that

(2.15) leosh (D) flly, ., || (e + e=2)

13
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In the same way, if ¢, are two real functions such that |¢| < ¢ on [0, +0c0), then
for any £, m, {|¢(D)de,m | ze < [|¢(D)dem| s+ and so

16(D) fllgs < V(D) g
for any f such that the right hand side is finite.

We can now proceed with the proof of (2.13)); we will only do the case d = 2 (for
d > 3, the proof is similar but simpler). Denote ®(F) = (v, 0), we first estimate v
using (2.14) (exchanging letters):

o0 sinh ((1 — 0)D)
/T #F(O)da

[[o(7)

Yar—to

Yer—t

< /+°° (He(QT—tofG)@F(O')HH571 + He(”*to)QF(a)H + (o0 — T)||POF(0')||L2) do

Hs—1
“+ o0
S (IF@, ., + @ DIRF©)L:) do
where we have used 27 — 0 < ¢ when o > 7, so that e?7—7~%0)" L elo—t0) op

[0, +00). Similar arguments give that v € € ([7, +0), Y5 r—4,) for any 7 > to.
Using (2.15)), we conclude also that v € € ([, +00), Ys_1,r—¢,) for any 7 > to and

+oo
/ cosh ((1 — 0)®) F(o)do

1) s, = \
stl,uftg

+oo
< / IF@ly, ., do

Summing up, we obtain

+oo
2Py, Sswp [ (17 ()

Yoototg T (0 = T)|PoF(0)]| 2(gi-1)) do

+oo
S Sup/t IE@y.osamsy + (0 =P F (0)ll 1250-1)) do

T>t

+oo
- / (IF@ys rs . + (0 — DI PoF(0) | 12(gi-s)) do
t

which is (2.13]). The convergence to zero is immediate by dominated convergence.
Now observe that

ool o, | - 07

“+o0
- —/ cosh ((t — 7)D) F(r)dr = i(t).
t
To check that v is solution of the equation, let ¢ (t,x) = h(t)pem(x) where h €

6°((to, +00)). Denote Q = (tg, +00) x S¥~1, we easily check (using integration by
part where needed) that

(0 — ©2)v’w>D’(Q),D/(Q) = (v, (Out — 92)@@/(9),@(9)

_ < (h"(t) (o4 dgz) h(t)) ¢e,m<w>>
— _/t:m (h”(t) - <£+ d22>2h(t)>

14
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+°© ginh (th) £+%
. <‘/t ( (£+ (1(52) )) <F(T)7¢Z’m>D’(Sd—1)7D(gd—1)dT) dt

+oo
= / h(t) <F(t), ¢l7m>'D/(Sd—1)7'D/(Sd71) drdt = <F7 "mD’(Q),D(Q) :

to

This gives the result by density of linear combinations of such functions. O

For the uniqueness statements, the problem and the functional are
too demanding. We are led to consider a small variant of it, related to the Dirichlet
boundary condition, and we will obtain similar bound.

The main difference is that we are prescribing some datum at zero and imposing
some decay at +o0o. The model example is the ODE, & — z = f and we can check
that for f sufficiently decaying, there is a unique solution exponentially decaying
so that x(0) = (ﬁ We use a similar fact for our operator, which leads to a kind of
modified Duhamel formula. The first guess would be to consider

(0(t), Bo) = /OtS(t —7) (F?T>> dr

which is well defined and has value (0,0) at t = 0. Yet, this would be to impose the
Dirichlet and Neumann value and this expression might contain some exponentially
growing modes. So, it is more natural to constrain only the Dirichlet value v(0) = 0.
So, this leads us to consider

—+oo
U, the first component of / S(—1) <F?T)> dr and u4 p = (uyr,—Duqr),
0
and the map
(2.16) cI)D:F»—>S(t)u+F—/+OOS(t—T)< 0 )dT
Y F(r)

Observe that this expression is not local: the value close to zero of ®P(F) is influ-
enced by all the value of F everywhere. This was not the case at infinity: ®(F) for
large ¢ only depends on larger times.

The expression giving ®P(F) is well defined if uy p € H*(S?"1), and a condition
for this is the purpose of the following lemma.

Lemma 2.3. Let s > 1. Assuming that the right-hand side in the estimates below
is finite, ®P(F) € Vs and there hold:

—+oo
217)fd=3: || @P(F)ly, 5/0 IE (v, - d.

+oo
%54 (IF ()]

Furthermore, v = ®P(F) satisfies the equation
Opv — D% =F, in RY x sé-1
v(0) = 0, in 471,

ifd=2: [2°(F)

Yor, + TIBF (7| L2(ga-1)) dr.

cosht sinh ¢

3More precisely, if R(t) = <_ sinht — cosht

) is the resolvent, and if et f(t) € L' then

+oo
F = / R(—s) (f?s)) ds is convergent, and the sought for solution is
0

(z,&) = R(t)(Xo + F) — /t+oo R(t—s) (f&)) ds,

where Xo = (0, 1) is defined by z1 + fo + f1 = 0 with (fo, f1) = F being the coordinates of F'.
15



where the first equation is meant in the sense of distributions.
Moreover, uy r is the unique initial datum in H® x H*~1(S~1) so that

[v = S()uy pl

Proof. (2.14) with ¢ = 0 gives when integrated in 7

v.. >0 as t— +oo.

+ o0
s pll e ga-1y S /0 (™2 F@)| s + [|™ FE) | s + TIRF(7)|12) d

<[ (iFo

Now, due to (2.8) in Lemma (with ¢t = tg = 0), we conclude that (2.17) holds
for the first term S(-)uy r of ®P(F). The second term is ®(F), which satisfies

similar estimates as seen in Lemma [2.13] The last statement is direct due to the
convergence || ®(F)|y,, — 0 given in Lemma The uniqueness is also direct in

view of (12.8). O

3. SOME PROPERTIES OF Y, ; AND Z; SPACES

yior + TR F(D)l|sz ) dr

We start by recalling the following result by Sogge for eigenfunctions of the Laplace-
Beltrami operator on a compact manifold, see for instance [Sog93| Corollary 5.1.2].

Lemma 3.1 (Sogge). Let M be a compact Riemannian manifold without boundary
of dimension n. Then, there exists C' > 0 so that we have

121z (ary < CAZ 116l 22 ary
for any ¢x € L*(M) satisfying —Agdx = AN2¢x.

For n = d — 1, this proves in particular that for all £ € N, and u € L*(S?7!), as Pou
is an eigenfunction for —Aga-1 with eigenvalue ¢(¢ + d — 2):

d_
(3.1) 1Pl Lo (ga-1y < C(0)F ™" || Pout]| 2 ga-y.

3.1. Product law in the Y, ; spaces. Our goal in this paragraph is to prove the
following result regarding the product of two functions in Yy ;.

Proposition 3.2. Letd > 2 and s > g + % There exists C' > 0 so that

(3.2) YVt >0, Yu,v € Ysu, |uv]

_d—2
Y.t < Ce Tt ||’LL| Y.t ||’U‘ Yot °

We will actually prove a slightly more general version of Proposition [3.:2] Recall
Py is the projector defined in . One important property will be the following
result on product of spherical harmonics. Similar statements have been used in the
context of nonlinear Schrédinger equations on S¢ (see [BGT05]).

Lemma 3.3. Let {1 and {3 € N and Yy, be two spherical harmonics of degree ;.
The product ¢g, e, can be written as a sum of spherical harmonics of degree £ with
|6 — €o] < €< by + 4o Equivalently, if £ < |6y — l3] or if £ > {1 + {5, then

Py(pe, ¢0,) = 0.

Proof. We refer for instance to [GHL04, Lemma 4.50, Section 4.E.3] for the upper
bound on ¢. For the second part, we assume

/ bty by beadic 4 0.
weSa—1

Without loss of generality, we can furthermore assume ¢ > ¢;. We apply the first
part of the Lemma to ¢; and £3 to get fo < ¢1+{3, thatis 5 > lo—{0; = [la—¥¢1]. O
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Definition 3.4. A sequence 8 = (Be)een such that S, > 0 is said to be an easing
sequence with factor k > 0, if

Given such a sequence, we define the norm for functions defined on S,
2s
[0y = 3 (0% B2 Pevla.
£eN

Lemma 3.5. Let 3 be an easing sequence with factor x, and s > %—!— % If u,v have
finite N(s, 8) norm, then so does uv and there hold

[wllns,p) < Ckllullne,gllvlines)-
for some constant C' depending only on s and d (not on 3 or k).

Proof. Throughout this proof, the implicit constant in < is allowed to depend on
d and s only. We assume u,v € L3 and conclude by density.
Denote u; = P;u and v; = Pjv so that u = ),y ui, v = ZjeN vj. Due to Lemma
we know that Py(u;u;) = 0 unless |j —i| < ¢ < i+ j, and so:
Py(uwv) = ZPg(uivj) = Z Py(uivy).
1,5 i,
li—j|<e<i+j

We can split this sum depending on i < j or j < 4, and using that P, is an L2-
orthogonal projection, we bound

| Pe(uv)|L2 < Z | Pe(uiv;)|lr2 < Se(u,v) + Se(v,u), where
|i*j|2z<i+j
Se(w,v) = > ;] e
i, g1
Now, by Lemma (3.1
il e -1y < C (02 il o gy
so that if £ < i+ 7,

||uivj||L2(Sd71) < ||Ui||Loo(Sd—1) ||’UjHL2(Sd71)

Ad_1
_ i)
~ "BiB; Bi Hui”m(sdﬂ) Bj ||vj||L2(sd—1)

(et
i
Sk 3, Bi lluill L2 ga-1) Bj l1vjll p2ga-1y -

Also observe that if [¢ — j| < i < j, then £ < 2j. Together with the above estimate,
we can bound

— Wd_1—s A\ S
Selu,v) SR ST ETIT (@ By luell ge-1))B; sl o oy

i<

[e—jl<i
— Wd_1—s WS
SEBE Y Billvillpagasy D @2 (D Biluill pagga-ry)
Jj=t/2 i, [0—jI<i<g
1/2 1/2
— \d—2—2s \ 25 2
S ’iﬁe ' Z Bj ||,Uj||L2(Sd—1) Z <7’> (Z <z> BE ”uiHL?(Sdl))
Jj=t/2 [6—jl<i i

17



. @—s
S Hﬂ[1IIUIIN(S,@ Z (¢—j) > B; ||Uj||L2(gd—1)~

>t/

We used the Cauchy-Schwarz inequality and the fact that d — 2 — 2s < —1. When
j=1/2, (0)° < ()7, so that

(0)° BeSe(u,0) S kllullns,g Y (- DTGB 0 ll L2 (ga-1))-

J
We recognize a convolution: as s > 4 + 1, (<j>%7s)j € ¢ and
1C5)° Bj 10l p2gsa-1))illee = [0l (s,p)
we get
140)° BeSe(u, v)llez < Ellullvs,s) [0l N s )-
The same equality hold when replacing S;(u,v) by || Pe(u,v)| 12, and so
luvlins,g) = 107 Bell Pe(uv) | z2llee S Ellullves,p)lvllvgs,p)- U
Proof of Proposition[3.2 The main observation is the folllowing:

Claim 3.6. Given ¢,fy € R and t > 0, the sequence defined by 3, = elctmax(t:to))t
is easing with factor kK = e~“.

Proof. Let k < i+ j, then max(k,£y) < max(i,4y) + max(j,£p): indeed, k < i+ j
so that k < max(z, ly) + max(j, o), and obviously, £y < max(i,{y) + max(j,ﬁo).
(Equality holds for 4,5 > £o)

Hence, Bk e(c—i—max(z Lo)+max(j,00))t < e_Ctﬁ 5 O

We apply this claim to £y = 0 and ¢ = 42, for which || - v =y, O

Propositionyields that the space Y ; is a Banach algebra (up to a multiplication
of the norm by a constant). So, we easily get the following corollary.

Corollary 3.7. Let d > 2 and s > %—F % Let f be an analytic function of C of
positive radius p > 0 with f(0) = 0. Then, there exists € > 0 and C > 0 so that
for any to = 0 and u function on (tg,+00) x St with [(w, Q)| yro < €, then

s,to
(f(uw),0:(f(u))) € Vo %~ Moreover, if f can be written f(z) = 2"g(z) with n € N*
and g analytic, then we have additionally, for any t > tg

F@lly,,, ., < Ce™ T M=) [y

Ys,t—tq Yst—tg *

Proof. We write g(z) = LOS) a;2" with |a;| < Cp~* (up to changing p by a smaller

one). For ¢ > tg, We have, by definition, [lully. ,, < e for ¢ > to. By the algebra
s,t—=tg

property of Proposition we get for t > tg

—+o0
n+i— —d=2 n+i— n+1e
1@y, <O agle T Ut i
=0
—+oo
< Crem T yn S (Ce/p)
=0

This is convergent if € is small enough and gives the last announced result. Writing
O¢(f(u)) = (Opu) f'(u), we get similar result and prove the rest of the Corollary. O
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3.2. The elliptic null condition in dimension 2. Here we focus on the dimen-
sion d = 2. In that case, the rate in the exponential in is zero, and there is a
priori no extra decay on non linear terms. However, if u and v are linear solutions
of

Bttu — ©2U =0
and when the product satisfies a special “null condition”, extra cancellations occur
and one derives improved estimates. This is particularly relevant for critical cases,
as are conformal equations, which we detail in Section [8:2]
We work in radial coordinates: let z = (¢,0) € R x R/27Z ~ R x S! be the running
point: observe that

|0p = D.
We will denote & = (£;,&p) the coordinates of a vector ¢ € C2.

Definition 3.8. Let A be a C-valued bilinear form on C?, which we represent by

a 2 X 2 matrix
A= (att aw) (S %Q(C),
Aot Qgo

so that for &, € C2, A(¢,n) = ¢ An.
We say that A satisfies the elliptic null condition if
vEE T, (p(§) =0= A(£,6) =0),

where p(£) := — (&2 + &%) is the symbol of the Laplace operator, defined on C2.

If A:V — Bilg(C?,C), 2 — A(z) is a map defined on a neighborhood V of 0 € R?,
with values in C-bilinear forms on C?, we say that A satisfies the elliptic null
condition near 0 if for all z € V, A(z) satisfies the elliptic null condition.

Lemma 3.9. Let A € .#>(C), we denote A> = (:1 _ZZ) A (;1 :1)

We have the equivalence:

(1) A® has null diagonal terms.

(2) For all j,k € Z such that jk > 0, A(((j),¢(k)) = 0, where we denoted
(k) = (K, ik) € C2.

(3) A satisfies the elliptic null condition.

Proof. Notice that the entries of A” are (for 4,5 € {1,2})
(A)i; = A=D1 (=1 Y
By homogeneity, we see that
(3-3) Vp,q € R, A(C(p), C(9)) = Ipllal A(C(sgnp), C(sgnq)),

so that (1) and are equivalent.
Second, (3) implies : it suffices to test with ((£1), for which we have

PCED) = —1- i =0.
Last, for the converse, we notice that p(§) = 0 is equivalent to & = +i&;. So, in
particular, § = (&, &) = (&, +i&) = —& (=1, Fi) = —&C(F1) and
A(€,9) = AKFD.C(F1) =0

by assumption. O

Remark 3.10. Two important examples of matrices satisfying the null conditions

will be the matrices A = Iy and J = (_01 (1) ,
form Vv - Vu and V4o - Vu = {v,u} = Owdpu — Dyvdsu respectively. We compute
19
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the corresponding matrices (I)° = <(2) g) and J* = <—O22 201> that have null

diagonal indeed.

Proposition 3.11. Let s > 3/2, there exists C > 0 so that the following holds.
For ug,vg € H*(SY), denote u(t) and v(t) the associated linear solutions to
with data (ug, —Dug) and (vo, —Duvg) att =0 (with no growing modes); denote also
Vu = (Opu, pu) and similarly Vo = (Oyu, Ogu).

Lett >0 and A : St — #>(C) such that A(0) satisfies the elliptic null condition
of Deﬁnitionfor all 0 € St.

Then, we have

BAJAC)(Vult), Vo)) ly,

Proof. Due to the choice of the initial data for u(t), v(t), they can be decomposed:

Za e0elilt, v(t,0) = Zﬂkeikoeflklt.

JEZL kezZ

<Ce 2 A

Yeo1a Yuor . 1000l -1 (s1) 1000l o1 (s1)-

for some complex coefficients «;, 8;. Then
Vu(t,o) Za e *‘JltC ()
JEL

and similarly for Vv, so that

A(Vu, Vv)( ZajﬁkA C(), C(k))ettR0 =il +IkDE,

Denoting R = {(j, k) € Z* : jk < 0}, condition (2]) writes that for all (j, k) € Z?\R,
A(0)(¢(5),¢(k)) =0, so

A(g)(vu(t79)avv(t79)) = Z agﬂk|]||k|A( )sgn j)’Sgn(k)61(]+k)06_(‘j‘+|k|)t
(4,k)ER

S Y Y lilaslk|Bao el TR0l kLD

oce{x1}2 (j,k)ER, LEL

where R, = {(j, k) € R : (sgn(j),sgn(k)) = o} and we decomposed the component
A(6)" of the matrix A(#)” (introduced in Lemma recall (3.3) in Fourier modes

in6:
9)?7 = E %’[ezzaeqat.
=

left

The choice of the renormalization factor e™!“!* is consistent with the equality

_ Z<€>25—2) |aa,é|2-
bt ez

(3.5) HA

Therefore, for m € N*,
[P (AC) (Vu(t), Vo(t))l[72 sy

D>

ec{t}

2

Z Z |jaj||k5k‘|%’£|e—(ljl+\k\+lfl)t

oe{£1}2 j+k+l=em
(4,k)ER.

(and the corresponding equation for m = 0, without the € sum). Now, the key
property that we use is the following statement:

Claim: if (j,k) € R, then |j + k| < |7] + || — 2.

Let us prove the claim. Let (j, k) € R, then j, k # 0 and have opposite signs. In the

case |k| > |jl and k > 0, j <0, we have |j+k| = [k[—|j] = |j|+|k|—2[j] < [j]+|k|-
20



The case |k| > |j] and k£ < 0, j > 0 gives the same result and the claim is proved
by symmetry.

Now that the claim is proved, we can get back to the proof of the Proposition and
get

V(j, k) € R, e~ (gl+1kD? < o2t litklt
Hence, if j + k + £ = em and (j, k) € R, then m < |¢| + |em — €| = |¢] + |j + k| and

jl+1k[+]€])t —2t
[G1HRIHEDE < o

6_( e—'mt.

We obtained the bound

[P (A(Vu, V) (£,0) | 2gsp) < e 2e™ > liaylkBrllasl.
oce{£1}? jH+k+l=tm

Asj+k+L=em,
(m)* = k0TSO R O
and we get for m € N,
e (m)* | P (A(V, Vo) (£,0)) | L2 (s

<e 21 ST > G oyl lkBkl .

oe{£1}2 j+k+l=Etm

+ symmetric terms

Squaring and summing over m € N, we recognize a trilinear convolution: due to
Young’s inequality, the continuous embedding £2 x ¢* x ¢* — £2 holds. This gives

L S DG oy (Zws/m) (Dag,@)
e,

JEZ ke

|A(Vu, Vo) (t)

+ symmetric terms.

We now recall (3.5)) and that
190u0 ] Fro-1 g1y = Y L (* 7%, 100v0llFremsiery = Y kBl (B)**72.
JEL kezZ

By Cauchy-Schwarz inequality, we infer

1/2
> lkaw| S l|guol o1 s (Z <k>225> < [|Bguol| ro-1 sty

kEZ keZ

because 2 — 2s < —1. The same gives

> kBl S 10avoll -1y and > lagel S IAY v, -

kEZ LEL

This allows us to conclude to

|A(Vu, Vo) (t)

Yoore S € 2M|0puol| mre—1.s1y | Oovol| mre—1 sy | A" |y 11

and from there, to (3.4). O
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3.3. Polynomials in Y ; spaces. Product with monomials appear naturally when
performing the conformal transform. We first recall the following classical Lemma
that will be used several times in the article:

Lemma 3.12 ([GHL04, Lemma 4.50, Section 4.E.3]). Let Py, denote the space of
homogeneous polynomials of degree k and I;Tk the space of harmonic polynomials of
degree k on R®. Denote P, and Hj, the spaces obtained by restricting these polyno-
mials to S*=1. Then, we have

LCI. [k/2]
Pk = @ rzsz_Qi and Pk = @ Hk—2i~
i=0 1=0

Lemma 3.13. Let s > 0. Then, there exists C = C(d,s) > 0 so that for any
a € N? multi index and t > 0, we have

(3.6) (7

In particular, ||z*|| 7o < C <04>S+2-

v, < Cellalt 559 (g) s+
s,t N

Here, we have written y® for the restriction to S¥~! of the function defined on R?
by 2 + 2 while we have written x® for the function defined on B(0,1) C R9.
Combining (3.6) and (3.2)), we get that for s > % + % and any o € N? u € Y, 4,

(3.7) Ve 0, [lyully., < C{a) " ellfully, ,.

d _a; - L .
o k3
Proof. x® =T[;_; 7" is a homogeneous polynomial, it decomposes into
o 29
T = E || Jhla\—2j7
i<lal/2

where h|q|_9; is a harmonic polynomial of degree |a| — 2j. When restricted to the

sphere, we get
y = D iz
islal/2

Now hjq|—2; is an eigenfunction of © with eigenvalue [a| — 25 + %, so that

D, o _ %) _ al—2j+ 42y
Pyt = Y Phygpgy= Y TRy

islal/2 i<lel/2
Also, the decomposition is orthogonal so that
2 2
||ya||HS(Sd—1) = Z ||h\oz|*2j||HS(Sd—1)a
i<lal/2

and therefore

_9ipd=2
Iy 115, , = 1™y 1Zrega-ry = Y I T By o513 gary
J

a2 d-2
< 2ot )tZ||h\a|—2j||%1s(sdfl) = *ol+ %3 )t”ya”%{s(sd%y

J

To conclude, it suffices to finally notice that

1y e sa-1) < Ny®lsgrar @a-ry < N2llegramuony = D 10°2 | s (m_u0my)
181<]
S ()" < ()"t

~
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Concerning the second part, since for u(z) = 2%, u(ry) = rl®ly®, while for w =
=2y + ’r'%f, w(ry) = rlel (452 + |af) y so we estimate

d—2
Yo togm T <2 * a') oiup rE HalHy

X

%] 2o = Sup T ey )y,

X

Yo~ log(r)

< C{a) sup r 7 Flolp= 52 —lal < 0 (a)+2. O
0<1<1

3.4. Embeddings in usual spaces. In this section, we first describe the notations
concerning usual spaces and then describe their link to our spaces Z.
In all what follows, H!(R?) denotes the completion of €>°(R¢) for the norm || Vu/| L2(R4)-

For d > 3, this is isomorphic to the functions u € L with Vu € L? with 2* = 24

the critical Sobolev exponent for the Sobolev embedding L2 ¢ H!. We will some-
times use a localized version

(3.8) ull o ((ziz13) < CallVullpzqps1)

valid for any u € H'({|z| > 1}). Here, we denoted H'({|z| > 1}) the restriction of
such functions to {|z| > 1}. H} ({|z| > 1}) denotes the completion of € ({|x| > 1})
for the norm ||Vu||L2({m>1}). This is isomorphic to the functions in H({|z| > 1})

with trace zero on S%!. We will avoid the use of H' in unbounded domains of
dimension 2 since the definition contains subtleties that are not necessary here.
We have the following embedding of the Z spaces into the usual homogeneous
Sobolev space H.

Lemma 3.14. 1) Letd > 3, s > 1 and u € Z°. Then u € H'(jz| > 1). If
furthermore s > (d —1)/2, then u € LP(|z| > 1) for any p > +%.

2) Letd=2,s>1 and u € Z° such that for some v > 0,
0
supr” <||u(7‘)||zoo + r—u(r-) > < 4o00.
o o g,

r>1

Then, Vu € L*(|z| > 1).

Proof. We decompose

0= X (i (;') .

V(£ (al)g(w/I2])) = £'(2])g (| |) L Heobg,, g (x)

|| ||

we infer, using y - Vga—19(y) = 0 for any g : S¥~! — R and y € S?~!, the orthogo-
nality of (¢em)e,m and [|Vei— dpml|72amr) = €€+ d —2),

||vu||2 - C Z oo |f/ ( 2 ‘ff,m(r)|2€€ d—2 d—ld
L2(|z|z1) = Cd ) 2m(T)|° + 2 £+ )T r
lm

+oo
<C / ST (1 fm () + O3 fom(r)2) r2=2ar.
Lm

On the other hand, for r» > 1,
H“( ”ZOC — d QZIme 2sr2l+d—2 > T2d_42|fé,m(r)|2<£>25~

lm
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Similarly, for s > 1,

[(F g )

2 2

<€>2(s—1)

d—2
> 2d—4 m /
T T ) + ()
s—1,r l,m

2

_ d—2
P4 S 2 ) + 1)
l,m

Finally notice that

2
i Fm )P < |22 fon () + 1 () +<d 2) ()P

From these computations, if d > 3, then

Feo d—2 ou
IVl S [ (U(T')||2Zg;+H( Zut gt ()

o0
< Julle / r1=dr < |
1

d+2

2

> pd—3—(2d—4) j.
230,

Moreover, for 2* =

and s > 1 and r > 1, we have by Sobolev embedding

90l 2 ga-1y S gllgr(ga-1y S 7 ~@=2) g|, = Where we have used © > > 42 in the

sense of operators of H*(S4~1). In parmcular

2% +Ood1 2% +Ood12*d2 2%
||uHL2*(|x|>1)§/1 - ||u(r-)||L2*(Sd,1)dr§/l A1 D () |5 dr

* o0 *
Shule [0 S ul
<, s
so that u € H'(Jz] > 1). If s > (d — 1)/2, we similarly have
||9HLp(Sd S S gl (S4-1) S ||9HHS(§H) S rm(@72) HQHZg?T,

and the same argument gives for any p > ﬁ,

+oo
1l Zo i1y S / P D) () 1 dr S e

If d = 2, under the extra assumption we bound similarly

0 Foo
Y ) / r V7 ldr < 4+00.
1

V"E(T")
O

Lemma 3.15. 1) Letu € Z0. If s > 4 — 1 thenu € L>(B(0,1)). If s > 4 + 1
then u € W,o>°(B(0,1) \ {0}) and more precisely, provided the right hand side is

loc
finite, there hold
2) Letu€ 2. If s> 4% — L thenue L>(|z| > 1) with the decay
lu(z)| < |z~ lull oo 1Pe(ulr)ll oo a1y Se p—(d=2-0) o] 2

If s> %+ 1 thenue W (|z| > 1) and more precisely, there hold

ou
) S llullze
230,

2 < —v
Ul S supr u\r-: o T
” ||H1(‘z|>1) r}lil) <|| ( )||Zs,7‘

oo
Zsfl,r

il e o1y S SUD (u Mz, + H
0<r<1

1 1
BN ullyroo(zy>1) < SUP <M||U(7“')||ng>r Tt
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Functions in Z?0 are actually not well defined at 0 as there can be oscillations:
sin(In [z]) € (,5( Z¢, but is not continuous at 0. So, the above Lemma should be
understood as the existence of an extension to B(0, r¢) with the expected properties.
For Z°, there is actually a 1/r?~! gain, which we will not really exploit.

To study smoothness issues of function with an emphasis on spherical regularity, it
is convenient to define the following differential operator: for u defined on B(0, R)
or on its complement in R?

(3.10)

Au(z) := (Vga-1u)y) (@) where u, is defined on S~ by u,(y) = u(ry).

In particular, it allows to express

(3.11) Vu(z) = %(w) ® 4 iAu(nc)

= ||

Proof. a) First let us observe that if f € Z2, then for r < 1,

+oo
(312) [Ifl%e, =D r >0 IIPef 2@
£=0

+oo
> (O Pef 17 2ga-1) = 1 F e a1y
=0
Similarly, if g € Z2°, then for r > 1,
+oo
(313)  lglZe, = Y r IR0 Pogl T2 a1y = 722 gl e s
£=0
b) Let s > ¢ — 1 and u € Z?. The Sobolev embedding L>(S4~') c H*(S*!)

writes, for some C independent of r > 0,

l[u(r)l| Loo a-1) < Cllulr)llgs(ga-1).-
Hence taking the supremum in r < 1, we get

lellz o) = sup flu(r)llze @) < Cllullzs.

<rg

(We used (3.12)) on the last inequality).
d) Let now u € Z° with s > ¢ — 1. As in ¢),

lull oo (2> 1) < Sul? Td_2\|u(7")||Loc(sd—1) < Ollul| zz-.
rz

(We used (3.13]) on the last inequality). This gives the first part of 2). For the second
part, using (3.1

_ 2 d—2 — 2
p2ird=2) [ Pe(u(r )| 7o ga-1y < C(£) rAtrd=2) 1P (u(r )2 ga-1)

)

+oo
—2—2s — m a-2 S
SO N 7 20T ()2 P (u(r)) | 2 s,y
m=0

< OO u(r) |7, < COT* 7 lullZ.

e) Now assume that s > g + % and let f be defined on S%'. We have Vga—1 f =
Vsa-1 Ps- f where Pt = Id — P, is the projection orthogonal to the constants on
S9!, Then, the Sobolev embedding W1 (S4=1) c H*(S?1), writes

“+ o0

1/2
HdeflfHLOO(Sd*l) S HPOLfHHs(Sdfg 5 <Z<€>28||P€f”%2(gd—1)> .

{=1
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f) Let s > 4 + 1 and u € Z2. We recall (3.11):

ou x 1
orfal " Tal
In view of the first equality in yfor 0<r <1

Vu(z) =

— Au(x).

lu(r)llZe > _22 V2N Pe(u(r)) 72 (s0-1);

and so, using e),
[Aul|poe (rga-1) = [ Vsa-rtir|| poega-1) S 7llu(r)]|zo -
Hence

@
or

1
+ ||AU|L<>c(rsd—1)>
Lo (rSd—1) r

H s 1r>

The statement regarding W, (B(0,1)\{0}) is similar, working on B(0, 1)\ B(0, 7o)
for any 7o > 0. This gives 1).
g) Similarly let u € Z° with s > ¢ + 1. Then for r > 1,

+oo

= 302 P ey > “d”XIQwP )y,
£=0

Vul| Lo (B(0,1)) < sup ('

0<r<1

< sup (IIu

0<r<1

()17

and so from e)

1A oo rga-1y = [[(Vga-10) (1) | poe g1y S 77 [Ju(r)]

VA

s,T

Hence

||VU||L00(‘1|>1) Sup <Har

1
; ||AU||Loo(rsd1))

) Sllullzee. O
230

Lemma 3.16. Assume d = 2, and define u(z) = u (|a:2> Then ||| zoo = ||uf z0-
x s s

L‘x’(’!‘Sd 1)

1

ou
5 sSup | —[|ulr-)|| ze + ——
r>1 <'l"d || ( )” s, d—2

E(T')

Proof. By definition, for r > 0, we have the equality for functions defined on the

sphere S¢-1
u(r) = u(-/r).
Hence, as d — 2 =0,
()l zss, = lul-/r)llzzs, = llr®ul/r) e ga-1y = lul-/T)liz0 .

Similarly, as

(@ﬂ<>mww>£=w(;g(;—ﬁﬁ)x
1 T 1 T x/|xz|? ou T
= TREY <|) TV <||) ' 1//'|J| - (a) (|) |

As before, we infer that
ou
(5] e

(%)

oo
230,

oo
Z571,1/7~
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and the conclusion follows from taking the supremum in r > 1. O

3.5. Action of some operators. In the case of nonlinearities with derivatives,
we will need to understand the effect of several operators on the spaces Y;; and
Ys.+. One of the problems will come from the fact that some functions are defined
on the manifold S¥~! and the gradient is therefore in 7’S?~!, while we will need to
consider power series.

We will see S*~! as embedded in R? so that we can consider TySd*1 C R¢ for
y € S1. For any i € [1,d], one natural operator that we will use, is the following
operator, defined for v function on S,

(3.14) Djv=¢; - Vgi-10.

where - is the usual scalar product in R4 and (€:)i=1,....a is the canonical basis of R4,
D; comes naturally when we want to consider the operator d; on R?, written in polar
coordinates. It turns out that for some nonlinearities that have some structure, we
will need to decompose D; with a “main order term” —y; (CD — d%Q) That is why,
or any i € [[1,d], we define the operator

d—2
Riv=D;v+y; (’}3—2) V.

Lemma 3.17. Let s € R. There exists Cs q so that for any v € Y, there hold, for
alli € [1,d],
(315 >0, [Dully. ,, +e Dy,  +e |Reully

s—1,t g Cs’d ||u||Ys,t :

Finally, if d =2 and S' ~ R/277Z is parameterized by 0, then we have
[|0gul

We emphasize, in (3.15)), the loss for D; and the gain for $R; of an exponential factor
t
et

voor, S Cslully, , -

Proof. The part about Du is direct from the definitions. Decompose u =}, -\ Pru,
so that
PyDju = Z PyD;Pyu.
keN
If k=0, D;Pyu = 0. Otherwise, Pyu is the restriction to S*~! of a homogeneous
harmonic polynomial in R? of degree k > 1, say Hj,. We have for x in R?,

8Hk 1 xT 3Hk
Ox; (z) =e 4§ |a:|e k(@) +e |x| or (z)
When restricted to S*~!, we get by homogeneity of Hy, for all y € S¢~1,
0Hj, d—2
San) = (Difs)0) + ) = (DiPe)) + i (2 - 252 ) Praty)
Now H, E—1 = %I;If is a harmonic polynomial of degree k — 1, so that its restriction

to S is an eigenfunction of Aga—:. On S¢~!, using the decomposition of u, we
have

Diu(y) = —y: (53 - d;Q) u(y)+ Y Hioa(y) = —ys (33 - d;2> u(y)+Riu(y).

keN*

H;, andeI k are homogeneous harmonic polynomials of degree k. Multiply the equa-
tion AH), = 0 by Hy and integrate by parts on B(0, 1), we get

o, 0, = / IV 2.
§a-1 B(0,1)
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Also, by homogeneity, 0, Hy, = kH},. So, we obtain for any k € N*,
~ 1~
| Hlga1 H%?(Sd—l) = %”VHk”%?(B(O,l))'

Since Hy, = %, by elliptic regularity and uniqueness for the Dirichlet boundary
value problem AHj 1 =0 on B(0,1) (see for instance [LM72, Chapter 2, Theorem

8.3]), we have

C”HkJrl ||%IZ(B(O,1)) < C”HkJrl |Sd*1 ||?{3/2(Sd—1))
C<k>3||Hk+1|Sd*1 H%?(sd—l)y

”VHk“%?(B(O,l)) <
<

Hence, uniformly in & € N,
||ﬁk|§d—1 ||L2(§d—1) < C<k‘> ||Hk+1 |Sd—1 ||L2(Sd—1)).

We have ng[k,l =0if £ # k — 1 so that, for £ € N, PR;u = ﬁg. Therefore, we
can estimate, uniformly in ¢ € N,

[PeRiul| p2sa-1) < CON(Hev1)iga-1 (|2 ga-1) = (O Pesrullp2sa-1y,

and we can bound

“+o00
2 o d=2,
Vi :Z<€>2( 1)62(e+ 3 )fHPL]miuHQLQ(Sd_l)
£=0
= 2s 2(e+452)t 2
<CY (0T Pyl gasy
=0

|Riu

—+oo
<Y (-1 Pl gy
(=1

— 2
<Ce ful?, .

Finally, thanks to (3.7), we get

[ (o-%5%)

The last statement in dimension 2 is immediate taking the orthonormal basis
(e"*9).cz and seeing that P, is the orthogonal projection on Span(e??, e=#%). O

< Ce'llul
Ys—1,t

Yo ¢+

Remark 3.18. It might be instructive to see with one example the effect of the
operator D; and the operator %;, for instance in dimension 2 where S! ~ R/27Z.
Take u = sin(nf) with n € N*. Since (at least for small §), § = arctan(y/x) where
the typical variable is (z,y) € S' C R? with (x,y) = (cos(f),sin(f)), we have
Vsiu = (—0zu, Oyu) = ncos(nd)(—sin(f), cos()). In particular,

Dyu = —ncos(nd)sin(f) = —nsin(nb) cos(d) + nsin((n — 1)0) = —aDu + Ryu.
Then
1Reully, ,, =n(l+ (n—1)*)E V2D et o e lully,

as expected. The simplifications coming from some structure of the nonlinearity will
for instance be consequences of identities like 22+ = 1, that is cos?() +sin?(§) =
1. This allows to obtain,from a trigonometric polynomial of order 2, a trigonometric
polynomial of order 0, and so, improves the estimates in the norms Y ;.
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4. SCATTERING IN CONFORMAL VARIABLES

4.1. A first general result. Let g be the nonlinearity after performing the con-
formal transform, that is

f(u(x), VU(I)) = g(tv Y, U(t, y)a atv(tv y)v Vy’U(t, y))7

x
where e’ = |z| and y = Tl € st
x
We state our result for system of equations on the unknowns v = (vy,...,vy), for

ulterior purposes, in particular when studying harmonic maps. However to present
the proofs, we try to limit notational inconvenience and we will assume N = 1; the
scalar case contains already the essence of the result. We separate the time variable
t (corresponding to the radial variable) because we will exploit the fact that it is
better behaved.

So, we are interested in solving the system on v = (v1,...,vy), given by

(4.1) v — D% = g(t,y,v, 0w, Vyv)
where © acts component by component, that is,
VZ S [LNH» atif'Ui - ©2'Ui - gi(tvyvvvatvvvyv)»

for a smooth function g = (g1, ...,gn) wheret € R,v € RN, dpv = (Osv1, ..., OoN),
Vv = Vga1v = (Vyv1,...,Vyon) and for ¢ € [1,N], div; € R and (y, Vyv;) €
TS 1,

As f will be analytic (see Section , we assume that for ¢ € [1, N, the functions
g; are, in variable (¢,y,v,w, z), of the form of a series indexed by the parameters
o€ Nd, ﬂ,’}/ S NN, d € %N,d(N):

(4.2) 9i(t,y,v,w, z) = Z bio, .6 ()y 0P w20
a,B,7,6

In the above sum, we use the standard convention for multi-index powers of a

vector:
N

N N d
vﬂznvfi, w”sz;’i, z‘s:HHzf;j.
i=1 i=1 i=1j=1
The w and z variable of g; are meant for the derivatives of v: w; will have the place
of Oyv; and z;; that of D;v; so that (z;;)1<j<a describes V,v; € T,S471 C R (recall

the definition of D; in (3.14])).

In the various sums below, we use latin letters for index for which the sum is on
finite sets and greek letters where the sum might be infinite.
For technical purpose, we will assume that each b; o g.~,6 can be written

bisor, 5,6 (t) = Z bi,o(t),
teN

where, to simplify notations, we gather the parameters into one index

9= (o, 3,7,0,0) € © := N x NV x NV x M a(R) x N,
and for any ¥ € O, there exists By > 0 and ky € R so that we have
(4.3) Vi€ [1,N], Vt =0, |b;g(t)] < Bye "'

This assumption will naturally fit f being analytic, as it will be clear from paragraph
Bl In many cases, it will be enough to consider that only the terms with ¢ = 0 are
not zero; we will drop the index ¢ in this case. We will use the same convention if
we have always o = 0.
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We denote

d—2 d—4
(1.4) vo = g —lal + (18] + b - )52 + 515
(see Remark [4.1] E 1| for explanatlons) and define the series
(45)  R(o,p,¢) =Y Ba{a)* T (18] + |l + [8])ol I+ DI+0I=1 gro cro,
J€O
hi(o) :==h(o,1,1) = > By (@ V(18] + |y] + |8]) o BlHIIHI8I=1,

veEO

We can assume without loss of generality (due to the (]3| + |y| + |d|) factor) that

(4.6) By #0 = Bl + |y +16| > 1

and we will always assume that for sufficiently small o, the series defining h; is
convergent.

Denote

(4.7 vo = inf{vy : 9 € ©, By # 0}.

We will always assume
(4.8) vy = 0.

Remark 4.1. The definition of the exponent vy in might seem a bit mysterious
at first, but it just reflects the exponential decay given by any term by (t)y*v°w? 2°
which corresponds (in the scalar case) to by(t)y®v(t)?(9sv)Y (Dsv)%
e Ky is the exponential decay of the constant (in y) by.
e |a| comes from the loss described by in Lemma[3.13]
e |§| comes from the loss of ¢! for the action of D; due to in Lemma
B.I17

e We have a multiplication of || + || 4 |d| functions in Y,_1 4, so, it creates
an exponential gain of factor (|| + |y| + 6] — 1)%52 due to (3-2) in Lemma
0.2

Adding all the above yield the rate vy in (4.4]). These exponents will be crucial in
Lemma (.6 below.

The purpose of the following two results is to construct solutions of (4.1 defined
for large times and with a prescribed linear behavior

v (t) = S(t)(vo, —Dvo) = (S(t)(vi,0, —Dvi0))1<i<N,

as t — +oo (which is non growing in the Y, ; norms), where vg = (v1,0,...,v1,n5) IS
given. The idea is to perform a fixed point argument in v = (v,0) € Y, (that is,
each component of v lies in ), ;) on the map

(4.9) Vv O(g(t,y, 0,9, V,0)), with @:=v+wvp

where the map ® is defined on (2.12) and acts component by component.
Here is our first result.

Theorem 4.2 (Conformal variables). Let s > %—i—%, We assume a stronger version
of (4.8), namely that vy > 0. Then, there exists C > 0 and n > 0 so that the
following holds. Let

vo = (vi,0)1<i<N € H (S, v = 8()(vo, —Dvp),
and to > t1 > 0 such that
(4.10) h(Cllvpllyn e M) ey <.
5.t
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Then there exists a unique (with v — vy, small) solution v = (vy,...,vN) € Vily
(defined for times t > tg) to the integral formulation of the system (4.1), with final
condition

(4.11) lv—vily,, Se ™ =0 as t— +oo.

~

We emphasize that (4.10) assumes implicitly that the quantity
W(Cllopllyn et eh)
s,tg
is finite, which is not always the case. To discuss this, given A,e, D € R, we consider
the following property on h:
(4.12) V9 €O with By #0, kg = (—A+¢e)(|B|+ ]y +16|—1)—D.

This is convenient because it allows to relate h and hy, and in particular ensure
convergence of the former.

Claim 4.3. Assume that h satisfies (4.12)) with A,e > 0 and D € R. Then there
holds

Vo >0, Vp, A € (0,1], h(Ma,p,A) < A Pp0h (Xo).
Proof. We have

WMo, p,0) <Y B (@)™ (18] + 7| + [8])o ! AIHDIHOIE pro yomo
YeO

where
my =Ky + A(|B] + 7]+ 16| = 1) > e (I8] + |7[ + 6] = 1) — D.

(We used the assumption (4.12)) for the inequality). Now, vy > v and as 0 < p, A <
1, we infer

)\Aa 0y A Z By §+1 (18] + 7] + [6]) (ANa )|3\+HI+|5| 1 PN D
JeO
<A Pp"hi(Xo). 0

We are now in a position to give some conditions under which Theorem [£:2] applies
(proven after its proof).

Lemma 4.4. Under the reinforced condition vy > 0, the assumption (4.10) holds
if one of the following assumptions is satisfied
(1) h1(0) = 0 and we have to = t; =0 and |[vo| = ge-1) is small enough.
(2) t1 =0 and to is large enough (depending on vg), and there exist € > 0 and
D € R and so that, for all ¥ € © such that By # 0,

(4.13) vo > e(18]+ Iyl + 18] — 1) = D.
(8) there exists £y E N such that Pyvg = 0 for all £ < £y, and h satisfies (4
with A = by + 92, ¢ >0 and D € R; and ty and to — t1 are large enough

(depending on Uo)

Remark 4.5. Assumptions and (for any n) are obvious if By # 0
only for a finite number of ¥: this corresponds to a polynomial nonlinearity in the
original variable. They are mainly made to ensure the convergence of the series.
The condition 3) is actually used only for ¢, = 0 or 1.

The proof of Theorem [£.2] follows from the following technical but crucial estimates.
As mentioned above, we will assume for the purpose of the proofs that we are in
the scalar case N = 1.
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Lemma 4. 6 Let s > & —|— 3 There exists a universal constant C > 0 so that for

everyt >t 20, v, w e yb ., and denoting
(414) M(1) = max (ol ]y ozl )
then we have
[9(0) = T(w)lly, D e By (@) (18] + 7] + [8))(CM (1)) PP HoI=
YeO

—+o0
X / [v—wllyn (147 —t)e ™ (T~t)gr,
¢ 8, T
Similarly,

1)y, S D e By ()" (18] + byl +[3))(CM (1) P10
JeO

+o0
X / (”va;lT + H’ULHyflT)(l +7 - t)e—Vﬁ(T—tl)dT.
t ’ s,

Proof. We do the difference estimate only, as the other one follows in a similar
fashion. First, note that due to (3.14)),
(Vyv(7))ij = €j - Vyvi(r) = Djvi(7).

From Proposition and Lemma ass—1> g + %, for any 8,7 € N, § € N¢
(recall we do the proof for N = 1), and time 7 > t > t1, denoting

v=v+4+wv;,, w=w-+vr,

there hold

[9(r)70 ()Y (Vy0(7))° = @ (7) w(r)? (Vi (7))°|

Yoo1,7—t,

sl-1_— 1422 gy (r—
§(|m+h|+|5|)q\)ﬁ\+|7|+|| L= ((IBI+71+8]-1) 452 —|8]) (r—t1)

X ([lly + l[wllyen + ozl )P o — a0,
(4.15)
< (18] + ||+ |6|)(CM(t))‘ﬁ|+|7|+‘6‘7167((|B‘+|7|71)(12;2‘H6‘%)(T*tl)||zv _ w||yt1 )

(We denoted Cp the maximum of the constants appearing in estimates (3.15)) and
(3-2), and one can pick C' = 3Cy. We also used |v[|y, < M(t) for 7 > ¢ and the

same for v and vy.)
Assume first d > 3. Using the above inequality together with the Duhamel bound

(2.13), the product law (3.7]) and the decay , we get
[ (v) = C(w)lyn,
<X [ Iolls® (60507 (9,00

9€O
~w(r)?w (1) (Vyi(7))°) vy iy dT

S Y Bo @)™ (Bl + [l + 18] (CM ()R
V€O

+oo d—2 d 4
X/ e=ro7elol (=) =(UBHI=D SIS =t |y _ |, dr
t
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<37 By ()T e (18] + ] + [8])(CM (1)) P+
V€O

+oo
X / e (Tt ||y — w||yn dr.
\ ot

(In the last inequality, we have used e #?7 = e~*9t1e=%o(7—%1) and the definition
of vy.) This gives the expected estimates in this case.

If d = 2, we rely on estimate . So, we need to bound the term with Py, which
we can estimate as before (because s —1 > 1 =d/2): for any 7 > 1,

[Povllzzsty < 1Povllms—1sty < [vllvevroys
and so

+oo
/ (1 = OIIPF (7)o @ydr S Y By (@)™ e (18] + 4] + |0])
t 9€O

x (CM(t))BI+hi+ol=1
+oo
/ (r = )e= =) o — ][, dE
) L

Proof of Theorem[].23 We consider
v ={wedl, : fwly, <oy |

Observe that for t > t1, and v > vg > 0,
+oo —+oo
/ (1+7-— t)e*”(T*tl)dT = V(t—t1) / 1+7-— t)e*”(T*t)dT
t t

(4.16) < Cp eVt
Let v,w € Y and t > to. We have [[vf,n < [[vflyn < [[vrflyn  and similarly
s,t s,tg s,tg
||v||y;1t < ||’ULHy;1tO. In particular,
<
M) < llvcllys,
where M (t) was defined in (4.14). Hence, using Lemma we get for v,w € Y
and t >t >t >0,

(4.17) [[¥(v) = T(w)[ly

S 3 By ()™ e (18] + 1l + 8)(Clo e, )PP
veO

+oo
X / lo — wll e (147 —t)e ™ ~Dar
t s,T

S Z By (a)* e ot (18] + 4] + |6|)(C||vL||y;}t0)‘ﬂ‘+|7|+‘6‘_1
JeO

_ 7U19(t7t1)
X ||v w||y:}te

S W(Cllvz

g}&m’e*(ptl)’ eftl)H,U . w”y;}t'

And similarly, there holds

(418)  [0@)lye, S AClozlyn, e e ) (ol + oy ).

Denote C7 the maximum of the implicit constants appearing in and ,

and choose 7 = 1/(2C). The above computations, applied with ¢ = tg, prove

that ¥ maps the closed Y into itself and is contracting in the Banach space ;1,50.
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Therefore, ¥ admits a unique fixed point 7 = (r,7) in Y. Then from definition (4.9)
and Lemma [2.2] we have 7 = d;r and

attr - @27’ = (I)(g(ta Y, r + vL, at(T + UL)7 Vy(r + UL)))-

In particular, vy, + r is the desired solution. For (4.11)), we combine (4.18) with the
bound h(o, p1p2,<) < p{°h(o, p2,<) for p1 <1 and ¢ > 0, so that

M(CoLly, e, e7) RO oLy, e e ) ot

= Vs g

< nefl/o(t*to)_
Finally, the uniqueness of solutions with v — vy, small in :,lto is a consequence of
the uniqueness of the fixed point. O

Proof of Lemma[{.} For (1), recall that from Lemma lvclly, S llvollmssi—1)
is small, and actually can be made smaller that the radius of convergence of hq; as

h1 — 0 at 0, h(C||vrlly.,1,1) = h(C|lvr|ly.) can be made small.
For (2), we observe that the hypothesis together with 1 > 0 implies that there
exist n > 0 such that

14
vo 2 20(6] + | +10] = 1) + 3.

1 _ evg
4 |D|+vo

For example, n = fits using

(ID+wo)vs = |Dlvo + voe(|8] + V| + 18] = 1) =D = woe(|B] + [y| + |0] = 1).

Then we decompose
vy ) vy o Vy
Z—+—+—2= o —1 - T
v 2 2+ 2 Y 8]+ b+ 18] - 1) + 4 A
which leads to
h(o,e™,1) <3~ By (@) (18] + 1] + 18])
9
% e—Voto/Q(Ue—nto)|5\+|"/|+|5|—1e—”ﬂt0/4

< e*Voto/Qh(O-e*nto’ e*t0/4’ 1).

Since by Lemma [2.1} we have [[vr|lyo, < Cllvo| gs(ga-1) uniformly on to > 0,
2t

9 eitoa ]-) g
,to
e~/ 2h(Cl|vg|| g (ga-1ye ", e*0/4 1), As h(-,-,1) is defined and bounded on a
neighbourhood of (0,0), this last expression is finite and arbitrary small for large
to.
For (3), recall the estimate (2.10)) of Lemma [2.1] which is uniform for ¢y > ¢; > 0:

applying the previous estimate with o = Cllvplyo  gives h(C|lvL|[yo
210 :

d—2
lozllys, < Ce (O =) ug)l ooy,

Since hi has a positive radius of convergence, we can fix ¢; > 0 large enough so
that 2y (e™" ||vo|| g (ge-1y) is finite.

Using Claim [£.3] for ¢; as above and any ¢, > ¢, and as all coefficients are positive,
there hold

W(Cllwrly et e) < h(Ce_(EU"'%)tleLHytl e~ (to=t) o=t
s,tg s,tg
< eDtle_UO(tO_tl)hl(Ce_stl ||'U0||Hs(§d71)).

In the current case, vy > 0: hence it suffice to choose ty — t; so large that the
e~vo(to—t1) factor absorbs the eP* factor and make the right-hand side small. [
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There are some limit situations where the assumptions of the previous theorem are
not fulfilled, but we can still build a solution. This is the case for example if the first
iterate of the Duhamel formula (that is ¥(0)) is better than expected and decays
in time: a convenient space is given by the norm

_ V(t—tl)
(4.19) 1Vl e, = sup e ol

given v > 0 and tg > t; > 0. We also simply denote le?to =X, 4- X,f}to defines also

a Banach space (as we done for the other space times spaces like Z2° etc.). Here is
our result.

Theorem 4.7 (Conformal variables 2). Let s > % + 2 and v > 0. Then, there
exists C > 0 and n > 0 so that the following holds.

Let vg = (vio)1<i<n € H¥(S¥Y) and vy, = S(-)(vo, —Dwg). Recall that we assumed
(4.8); also assume that for ty > 0,

(4.20) T(0) € X,y

(¥ is defined in (4.9); v may depend on vy). We finally assume to > t; = 0 are
such that

(4.21) h(CN,e_(t"_tl), e Yy <n, where
N := max (e*V(fO*f1>||\1/(0)||Xt1 vellyn ) :
v,to s,to

Then, there exists a solution v € yﬁ}to (defined for times t > tg) to the integral

formulation of the system (4.1), with final condition
(4.22) v —vrflyn eV' =0 as t— +oo.
s,t

Furthermore, one has the more precise convergence

(4.23) v — v, — ¥(0) < e~ (o)t

”y:lt
Uniqueness holds for v — vy — U(0) small in Xut,lto-

As before, ([#.21]) assumes implicitly that the quantity h(C'N,e~(*o—%) ¢=t) has a
finite value. For instance, it happens in the following situations.

Lemma 4.8. Here, we assume hy(0) = 0 and vy > 0. The assumption 15
satisfied for instance if either
(1) |Jvoll gs(sa-1y and [[¥(0)||x, , are small enough, and ty =t; = 0.
(2) ¥(0) € X, 0, and there exists £y € N such that Ppvg = 0 for £ < £y € N and
h satisfies with A = ¢y + %, e>0and D =0; and t; and tg — t1
are large enough (depending on v).

Proof. Let {9 > t1 > 0 as in the assumption. The idea is to perform a fixed point
argument on the map ¥ defined by

(4.24) U (v) = ¥(¥(0) +v) — ¥(0),
in a ball of Xﬁ}to. We apply Lemma and we get, for ¢ > to and denoting
M (t) = max ([[o + W(0) [y , [or ]y, ):

19 (), = [¥(L(0) +v) = (O)]|yr,
S D By (@) e (18] + Iy ] + [8]) (CM (1)) 1A
veO

+o0
X / || (0) —&—'u||y;1 (147 —t)e v (=t gr
t T
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S B () e (18] + |y] + [6]) (CM (2)) FIH DT
YeO

+oo
X H\IJ(O) + /U||X1i,lt /t (1 + 7= t)e—(Vﬂ-HJ)(T—tl)dT

< ST By ()T e (18] + ] + [8])(CM (1)) P+
JeEO

o e~ (o ty)(t—t1)
X [[W(0) + il ey 0 .

We use used (4.16]), with an implicit constant dependent on v > 0. This yields,
when applied to t = tg,

19 (v Ol <D By () (18] + |y] + [8])e ot em o (o=t (O M (1)) 1P+ DS
vEO

< (ol + €O, )
S MCM(to),e™ @™, e ([[oll g+ [O)]]ye, ) -
v,tg v,tg

This useful for the fixed point argument. For the more precise convergence, we go
back to the next to last bound, and derive the sharper bound (recall vy > 1y), for
all t > tg,

19 (v Ol LS 37 Ba (@) (18] + Iyl + 8t (O () DR
O]

% (Ioll s, + 120)]1 1)
(4.25) SROME,Le™) ([ollyn, +1EO, )-
We now turn to the difference estimate: using again Lemma and denoting
N (1) = mae (9(0) + vll s, [(0) + ]y ozl )
there hold:
1P (v) = W (w)[lyn, = [T(L(0) +v) = T(L(0) +w)],n,

Z By <a>s+1 e (18] + || + |6|)(CN(t))|5|+M+|5|—1
JeO

A

“+o0
X / v —w|lyn (147 —t)e ?T=t)dr,
t =T
As before, we infer
||\i'(v) — \ij(w)HXIf,lto 5 h(CN(to), e*(t07t1)7 6*t1)||1; — wHth,lto .
Consider
Y= {we &l s fwly, <max(0O)] g ozl )}
If v €Y, then, since v > 0 and ¢y > t1, we have
||’U||$SJO < eiv(toftl) ||’UHX;1tO < e*l/(toftl) maX(H\IJ(O) Hle,ltg s ||UL Hyzlfo)
< max(e*u(toftl)||\I/(O)||X;1t0, \|’I?L||yst}t0).
Therefore, given v, w € Y, there hold
M (to), N (to) < [[W(0)lys + max(e™ = D W(0)] yor , vrfyn )
s,to v,to s,to

< 2max(e~ "0 ~1)||w(0) [vLllyn ) =2N.
s,tg

|| t1
Xy,to
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Therefore h(CM (tg),e~(to=t) e=t) h(CN(tg),e”(to—1) e=t) < . If 5 is small
enough, as vy > 0, the previous estimates show that U is a contraction in the
complete space Y and so has a (unique) fixed point = there: hence v := v +¥(0)+r
has the required properties. Indeed, from definition , m := ¥(0) + r satisfies

m = U(0) + U(r) = U(V(0) +r) = ¥(m).

The same arguments as in the end of the proof of Theorem [£.2] allow to conclude
that v satisfies the integral formulation of (4.1)).

It remains to check the decay estimates. From (4.25), v —vp — ¥(0) =r = ¥(r) €
leﬁr,,o)to, which yields estimate (4.23)). Since vy > 0, the combination of (4.20]) and
(4.23) give (4.22)). Uniqueness follows from uniqueness of the fixed point. O
Proof of Lemma[{.8 Notice that, due to the assumptions, hq(r) = O(r) as r — 0.
Case (1) is straightforward as [[vp|lyo =< ||voll g (sa-1)-

For case (2): Now recall (2.10))

(=2
||’UL||y:1t1 < Ce (Lo+%5 )t1||v0||HS(Sd71).

Fix ¢, so large that hy (ce—(m%)tl ||v0||Hs(Sd71)) < 1. Now, from the definition
(4.19) and (2.2)), any w € X, 0,

w0l azs, = sup = oy, < sup et fally,, < e supe sl
>

0 =Zto S

(t—t1 —vty

<e"wlla,,
so that for w = ¥(0),

e 01w (0) <e " (0)], -

lx
X ko

Therefore, we can fix ty so large that
e " 2(0) |0 < [lvllye -
s,tq
For this choice of ty > t1, Therefore,
d—2
N < opllyn < Ce T g 4 o).
sty

In the series defining h, the coefficients and and the exponents vy > vy > 0 are
non-negative: hence h is non-decreasing in its first two variables. Therefore,

W(CN, e~ o= o=ty < B(Ce™ (0 T2t g | o gamry, 1,e7 1)),
Finally, using Claim with A = fg + %, € >0 and D = 0, we can conclude
h(CN, 6_(t0_t1), e_tl) < hl(Ce_Etl ||’U()||Hs(§d71)) < n. O

We saw in Section [3.5] and Lemma, that the operator D; can be written D; =
—Y; (’D — %) + R; where R; has a better behavior. In particular, we will see in
Lemmal [5.1] below, that after performing the conformal transform, we can also write
the nonlinearity as

T

f(u(as), Vu(x)) = gm(t,y, v(t,y), (at_i))v(tvy)v mv(tvy))7 where €' = |SC‘, Y= m

and we have written for short Rov(t,y) = (R,v; (L, y), ..., Rav(t, ¥))ici<d1<<n (e
it acts component by component like D). So, we are interested in solving the system
on v = (vy,...,un), given by
(4.26) v — D% = gn(t,y,v, (9 — D)v, Rv)
or equivalently,
Vi S [[la N]]a attvi - ©2Ui = g%,i(tv Y,v, (at - @)’U, mv)v
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for a smooth function gx = (gn,1,.-.,9n,n), andt € Rjv € RN, 00 = (Oyv1, - - ., o),
R = (D‘ivl, ‘e ,D%N).

We make similar definitions for gg; as in the previous section. The only difference
will be that w and z are meant for different derivatives of v: w; will have the place

of (0; —®D)v; and z;; that of R;v; so that (z;5)1<;j<a Will correspond to Rw;.

We assume that gs; admits an expansion as in with coeflicients b; «,8,y,5,9%
which satisfies the decay for some rates Ky m € R.

We denote the new exponent vy, that will play the same role as vy in this new
context

(427) vom = ko —lal + (81 + b~ D252 + 1815,

Remark 4.9. As we explained before in Remark the definition of the exponent
vy m reflects the exponential decay rate given by any term by (t)y*vPw 2% which
now corresponds (in the scalar case) to by (t)y®u(t)? (9, — Du)7 (Riu)?.

In parallel to this new exponent can be explained by the following contributions:

e Ky is the exponential decay of the constant (in y )by.
The loss |a| comes from the Lemma
A gain || comes from the gain of e~ for the action of R; described in
Lemma (it is the main difference with the previous case of vy.

e We have a multiplication of 8| + || 4 |d| functions in Y,_1 4, so, it creates

an exponential gain of factor (|8] + |y| + 6] — 1)452 due to Lemma

Adding all the above yield the rate (4.27)). These exponents will be crucial in Lemma
below.

We emphasize that, due to their better behavior, we gain a factor 2|6| when using
the operators RR; instead of the operators D;.

Denote
Vm = inf{Vﬁﬁg €0, By # 0}

We finally define mutatis mutandis the series hg; as in with vy and kg replaced by
vy m and kg m respectively. We will always assume that for sufficiently small o, p
and ¢ = 1, the series defining hg is convergent, in particular

I/()’g»l 2 0

Theorem 4.10 (Conformal variables, refined). For equation (4.26), the same re-
sults as Theorem and [{.7] holds with vy, vy and h replaced by vy s, vom and
hex.

Proof. The proof is exactly the same except in Lemmal[4.6|where we have to estimate
instead the following term

[5(r)° (5(7)) — Di(7))) " (R (7))° — ()" ((r) — D (7)) (Rb(7))° Iy, , o,
< (18] + 7] + [8) CRPHIIFRI=T =8I+ I+181-1) 252 +18) (r—t2)

\B|+|7|+\5\—1HU —

X (”’U”y:g + ”'w”y;lT + (oLl yﬁ}f) 'wHyle

< (18] + v + |5|)(CM(t))\ﬁl+|7l+\5\*16*((|5\+|7|*1)dz;2+\5\%)(T*tl)Hv — w||y;,1T.

where we have used similarly the product estimate of Lemmal[3.2]but we used instead
the refined estimates for R; in Lemma that provide the gain e~ instead of the
loss et for D;.

Once again, the key point is the rate in the e~(7~*1) factor, with the |§|d/2 exponent,
instead of |6](d — 4)/2 in (£.15). O
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5. SCATTERING CLOSE TO INFINITY
Let 79 > 0 and
D(0,10) = {(u, @) € RN x My a(R) : |ul, |o| < 1m0}
be a small polydisc centered at 0 in RY x .#y 4(R). We consider
f=(f,....fn) : D(0,m0) = RN
an analytic function on D(0,79): each of its component can be decomposed
(5.1) filu,w) = Z a; pqufww?
(p,@) ENN xXNN4\(0,0)

For simplicity, we assume convergence up to the boundary, that is

(5.2) Vi€ [LN], > Jaipglnd ™ < oo,

Py
We consider the system on u = (u1,...,uy) (defined on subsets of R?), given by
(5.3) Au = f(u, Vzu)

that is, for all ¢ € [1, N] by

Au; = fi(u, Vyu).
Given ug € H*(S?™1), recall that from (2.7), there exist a unique solution uy € 2
of

(5.4) Aup =0 on R4\ B(0,1) and wug|ga—1 = ug.

The goal in this paragraph is now to relate uy, to a solution of the nonlinear system
. For this, we will recast this question via the conformal transform and rely on
the abstract result of the previous Section [4]

We start by relating both equations, in the original variables and in conformal
variables, recalling the definitions in Section [3.5

Lemma 5.1 (Conformal change of variable close to infinity). Let d > 2, R > 0,
and f as in (5.1)). We define the analytic functions g and go by

2

ot gy vy, 2) = 55 (e—dftv,e—g%— VB Y+ wB Y+ z))

d+2t d—2

gonltyyv,w,2) = T (7 F o e Hw ey + 2))

where t > 0, y € R, v € RNV, w € RN, 2 € Mna(R) (we will actually only
evaluate g for y € ST1; w and z correspond to the time and space components of
the gradient, respectively).

For u € €*(R4\ B(0,R),RYN) with [l e ra\ B0, Ry < min(p,o), we have the
equivalence

e u solves the equation

(5.5) Au = f(u,Vu), z€R?\ B(0,R).

e The map v defined on [log(R), +00) x ST by v(t,y) = e u(ely), solves
the equation
dev — D% = g(t,y,v, 00, Vyv), (t,y) € [log(R),+o0) x S,

d—2)t

e The map v defined on [log(R), +00) x ST by v(t,y) = e u(ely), solves
the equation
attv - QQU = gm(ta Y, v, (af - Q)U7 %IU)’ (ta y) € [10g(R)7 +OO) X Sdil'
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Moreover, any other function g so that
9(t,y,0,w,2) = §(t,y,v,w, 2)

for all (t,y,v,w) € RxS* 1 x (RN)2 and z € (T,S* 1)V satisfies the same property;
this holds also for any function g, so that

gm(t, Yy,v,w, Z) = §m(ta Y,v,w, Z)
for all (t,y,v,w) € R x ST~ x (RM)2 and z € (RH)N.
Remark 5.2. The point in mentioning g is to underline the fact that the function g is
only applied with w = V,v whose coordinate lie in T;,S?~1. We could have defined g
only on TS?~! for the (y,w) variable, but then the series expansion property would

be not as tractable. This will be useful when the nonlinearity has some structure,
see Theorem [5.6] and its corollaries below.

Ezample 5.3. Harmonic maps from R? to the sphere S ¢ RN*! solve
Au = u|Vul?.

We can write the system near the north pole ex11 = (0,...,0, 1), and consider only
the coordinates u1,...uy, taking into account that u takes value in S with

N

2

1 *Z“e'
(=1

UN+1 =
Then
1 N
‘VUN+1|2 = —N Z U Un VU, + Vg,
A/ 1-— ZZ:l u% m,n=1

so that for s = 1,..., N, the corresponding nonlinearity writes

N+1 d

filwm) =ui } > =iy
j=1 k=1
N d N d

1
2
= U; E wj’k+—N E Uy Uy E Win k Wn, k-
° 2 —
j=1k=1 1= r—1 g mn=1 k=1

This is the formulation of the Harmonic map equation in local coordinates, which
usually contains Cristoffel symbols of the target manifold. From there, one derives
the formula of g;, fori =1,...  N.

Proof. In order to avoid tedious notations, we only prove the result when w is scalar.
We denote t = In|z|, y = & € S?"L. We recall the notation (3.10) Au for the

E]
angular derivative. We will use similar definition for (Age-1u)(x). As

_ 4y d—2u  Ou t
it = et (15244 5 )

Vyu(t,y) = ed%tAu(ety).
We have u(z) = |x|f¥v (ln ||, ﬁ) so that (as Vv L y)
x Ou 1 d—2 x

Vu(z) = ——(z) + —Au(z) = — > TU + 5 O0v +
)= faar O+ ) = gEE =

— Vv

ok

d—2
— o5t < 5 yo(t,y) + yorv + Vy’u) .
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In particular,

d—2 | ,
o;u = e~ 3t <—2y1v + y'Ov + Div)

d
=e 2

"y (0w — Dv) + Ryv) .

So, we have
fu,Vu)=f <e_d22tv(ety), et (— yu + yov + V_,,v))

=f (e_thv(ety), e~ 5t (y(Opv — Dv) + 9“&1)) .

Concerning the Laplacian, we compute

8ttv + Agd—l’U

d—2\" @2 . d—2 @2t ,0u, ,
= (2) e u(e y)+(2 (2)+1)e ea(e Y)

20 0%u
or?

-2 2 —2)t

= (%57) “Fuie

w2 [d—10u, , u , , 1 .
e | T )+ ) + g (Bss ey

(d—2)t

(e'y) +e = (Agaru)(e'y)

(d—2)t
2

+e e

_ (d;’ﬁ’) ot ) + 5 (Au)(ety)

(d+2)t

That is (Oyv — D%v)(t,y) = e 2  (Au)(ely). Then, u solves (5.5) if and only if

- d—2
at“)i@?v :e%t‘f (edzztv’egt < 5 varyathrVyv))
= g(t’ Y, v, at’U, vyv) = gm(ta Y,v, (6t - ®)U7 9‘{'[)),
with the chosen definition. This gives the first result for g and gm.
For g, we only have to notice that g(t, y, v, Oyv, Vyv) and §(t, y, v, Opv, Vyv) take the

same value for all (¢,y), which is the case by the assumption, since V,v € TS~ =
1
Y. U

We now state our main results for (5.3): the first one relates to Theorem [4.2] and
the second one to Theorem H For f as in (5.1), the relevant exponent is

(5.6) vy :=inf{(d = 2)(|p + lg|) — d : a;pq # 0}
Theorem 5.4. Assume d > 3. Assume that f as in (5.1), satisfies the supercriti-
cality assumption

(5.7) v > 0.

(So that in fact vy > 1). Let ug € H*(S%™ 1), and uy, € Z2° given in (5.4).
Then, there exist ro > 1 and a unique smallu € 2. solution of (5.3) on {|z| > ro}
and such that

(5.8) |(w—wur)(r)|| ;o , <r™—0 as r— +oo.
/o
Moreover, the map uo — u is injective; and if ||uol| g.(ga-1y is small enough, we can
take ro = 1.
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Recall that from (2.8) and (2.4), ||ur(r-)]
r — +oo, so that (5.8) gives the leading term of the expansion of u, and as a
consequence, uy, is unique.

Theorem 5.5. Let d > 3 and v > 0. Assume that f as in (0.1)) satisfies with the
supercriticality assumption:

7, remains bounded from below as

(5.9) v > 0.
Let ug € H*(S?Y), and ur, € Z2° given in (5.4), and assume that
(5.10) sup 2 flur, Vur) (r) || oo <o

r>1 8—LT

We also assume that at least one of the extra conditions holds true:
o |lugl|gss-1) is small.
e ugy has mean zero: Pyug = 0.
e foralli € [1,N] and p € NV, if a; 0 # 0, then |p| > 5% (this is always
fulfilled if d > 5).
Then, there exist ro > 1 and a u € Zg5, solution of on {|x| = 1o}, and such
that

_ . < p7V
=) ()lgm, ST S22 0.

This solution is unique among those such that

zeo  +

sup | [[(w— g, — g ) ()22,

r>To

0
rg(u —up —ug1)(r)

Z

s—1,m/7

is small (where ur 1 € 25 is the solution to Aury = f(ur,Vur) such that
|1 ()] 75,0 0 as T — 400).

Moreover, the map ug — wu is injective (when defined); and if ||uol| g (ga-1) and the
left-hand side of are small enough, we can take ro = 1.

Note that the assumption |[p| > d/(d — 2) seems to be necessary in some cases
where the solutions deviate from the linear asymptotic we describe by a logarithm
correction, see for instance [V81].

Theorem will typically be used in the case of the semi linear elliptic equation
with supercritical exponent, whereas Theorem is in order when considering the
same equation with critical exponent. Theorem is a particular case of Theorem
(.4 where f(u, Vu) = f(u).

Sometimes, notably when derivative are involved, we can make use of extra structure
in the nonlinearity which leads to appropriate cancellations. One example is given
by the next result.

Theorem 5.6. 1) Assume d > 3 and that the coordinates of f(u,w) can be written
in the form

(5.11) > i quP I/

(p,a) ENN Xy (2N)\ (0,0)
where Q € Mn(R) is the matriz of the scalar products (in R?): Q;x = w; - @y, =
Zle wj 1@k, and we assume that the summability condition holds. The rel-
evant exponent is now

vig o= inf{(d = 2)|p[ + (d — 1)lg| = d : aipq4 # 0}
Then if d > 3,

(a) The conclusion of Theorem holds replacing assumption (5.7)) by v1 , > 0.
(b) The conclusion of Theorem holds replacing assumption (5.9) by v1., > 0.
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2) Assume d =2 and that the coordinates of f(u,w) can be written in the form

(5.12) > WP (@7, Q2 + bip g 292,
(@) ENN X.4n (2N)\(0,0)

where X € M (R) is the matriz of the symplectic products (inR?): 3, = w; 1wk 2—
w;owk1 (and (5.2) holds for the (a; pq)p.q and the (b;pq)p.q)- Define now

v = inf{(d —2)|p[ + (d = )|g| = d: aipq # 0 orbipq # 0}
Then, if uy either small or with mean 0, the same conclusions can be reached as in
(a) and (b).
Note that in (5.11]), the scalar product is in the base space R?, that is with respect to
the the derivative variable while in ((5.12)), the index 1 and 2 are with respect to the
derivatives in the target space R?. In particular, w; 1wk 2 — @;j2wk,1 corresponds
to the Poisson bracket {u;,uy} = 0yu,;0,up — 0yu;0,ui, where the running variable
in R? is (x,7).
This kind of special structure on f will be relevant for Harmonic maps, which
precisely take the form (5.11)) while the structure ([5.12) is typical of the H-system.

Remark 5.7. Tt might also be possible to add some potential V' in some suitable
space (like V' € Z£°). Yet, it seems at first sight that it would require the initial
time to be large. Indeed, the fixed point that we perform for ¢ = 0 requires that
the nonlinearity is of order at least 2.

Theorems [5.4] and [5.5| rely on the applications of Theorem [£.2] and [£.7] respectively.
We make the proofs simultaneously since a large part of the argument is common
to both situations.

Proof of Theorems and[5-5 Here we do the proof for general N. We check that
concerning (Vu)? for g € My 4(N), we have

d—2 !
(e—gt(_ 2 v®y+w®y+z)> = e 5P (y,0,w, 2)

where P, is a polynomial, of partial degree |g| in the variable (v,w, z), and which
can be written

Pq(yvvvwaz) = Z Cq,a,L,’y,éya’ULw’yzéa
(a,e,7,6)€Jq
where
Jq = {(a,1,7,8) € NT x N¥ x NV 5 .y a(N) : |a| + 6] = ¢, |¢] + 7| = |al},
and the coefficients cq,a,5,4,6 are bounded by
< (d/2+ 1),

from the multinomial formula of Newton. Notice that if («,¢,7,0) € Jg, then
leel, |el, |71, 16] < |¢| so that we can bound the cardinal of J,

(5.13) gl S (lg| + 1)+28+N,

(Notice that in the scalar case N = 1, a and «y determine ¢, but for general system,
this is no longer the case). Then using Fubini (to be justified by the following
computations)

|Cq,a,b,%5

d+2

gi(t7y’y’w,z) —e 2 t Zai,P,qei(%lpHF%‘q‘)t'Uqu(y, v, w, Z)

p,q

d—2 d d+2
— ) (== Ipl+glal=5=)t, o, e, v 8
= E E Qi,p,qCq,00,0,7,6€ (%3 2 2 )y vt w 'z

P4 (a,e,7,0)EJq
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= Z by (t)y*vPw? 20

Y€O
where (recall we denote ¢ = (a, 8,7, 0,¢))

d—2 d d+2
§ 4 —(Zptilad-=7)¢
Qi,p,qCq,a,1,7,6€ (3 2 2 )7

(p.q)ETls
with Iy = {(p,q) e Nx N%: (a,1,7,0) € Jy. B=p+1L}.

Let ¥ € © such that by # 0, so that Iy # @. For any (p,q) € Iy then

(514)  |pl=18—l and gl = |+ |7+ 8] are prescribed

so that the rate in the exponential as well and can be expressed in terms of ¥J:
d + 2 -2 d d+2

(5155 21ol + Slal - 22080~ 1+ S+ 1+ 181) — L2 =

Also notice that |3] + |'y| + 16| = |p| + |g|- Denoting

-319 = (d/2 + 1)|L|+"YH‘I5I Z max
(el i€[1,N]

(By = 0 if Iy is empty), we have the expected estimate (4.3)). We can then express
vy in terms of ¢}, without involving ¢. Note that if By # 0 then J, # & and so

il + 17| = [a. From (@&3),
d—2 d—4
vo = o ol + (18] + Il - 1) w——

= (d=2)(IBI +16]) + (d = D)y + [e| = |Ot| -
(5.16) = (d=2)(IB] + [6] + [7]) —
In particular, since (p,q) € Iy, by (5.14]), we have:
vo = (d=2)(lp| +lql) —d = r1.
As this is true for any 9 € O, we infer vy > 14 (recall that v is defined in (4.7))).

Under any of the assumptions (5.7) or (5.9), we see that (4.8) is fulfilled. Also
18] + 7] + 18] = |p| + |g] = 1 so that (6] holds as well.

Under the supercriticality assumption (5.7)), and as only integers are involved, we
infer 19 > 1 > 0: this means that under the assumptions Theorem [5.4] the first
hypothesis of Theorem [£.2] holds.

We now turn to the convergence of the series defining h. Recalling , we have
for0<o <1t

= 3 Bola) (18] + 1| + [gl)o 1 hI+0-1

JeEO
S - 15[13%]] |@ip.g|Rpq(0) where
Ruglo) = X (d/24 )P a8 ] 4 gl 0l

Y€
(c0,,7,0)EJq,p=B—1t

Given p, ¢, in the sum defining R, 4(c), we have |p| + |q| = || + |y| + |6], and
|l < ]g|. Also the cardinal of the indexation set is |J,| (because B is prescribed by
p and ¢. Hence, using (5.13)), there hold, for 0 < o < 1

Rpq(0) < (d/2+ 1) (p| + [q] + 1)+ 2o Pl g,
< (d/2 + D)ll(|p| + |g| + 1) TN FD(E@+2) lpl+lal-1

44



Since (|p| + |g| 4+ 1)*TWN+DE+2) < Oy 2IPIFlad=1 for some large constant C y 4,
and all p, ¢, we conclude

hi(o) S Zzenﬁlla)l\(fﬂ la; p,ql((d+ 2)o)lPlHlal=1,
Psq ’

By the assumption on f , this is convergent for o small enough, and h; is well
defined for small o.

Due to (5.9), if ap,q # 0, then (d —2)(p+ |g|) —d > 0 and in particular p+ |q| > 2,
and so hy(0) = 0.

For Theorem in the general case, we want to apply Lemma [£.4] assumption
(2) (in the specific case where [|ugl| 7« (ga-1) is small and ro = 1, we use Lemm
Case (1)). So it suffices to check the lower bound on vy: in view of (5.16)
and as d > 3, we can choose e =d —2 >0 and D = 2.

This shows that under the conditions of Theorem [5.4] we can apply Theorem
and construct the solution v in conformal variables. Letting u be the conformal
inverse and 7y = e’°, u is in the appropriate space thanks to . This also gives
the convergence in the original variables. Theorem [5.4] is proven.

Regarding Theorem we want to apply Theorem it remains to check (4.20)
and (4.21)). Recall the assumption (5.10): written in conformal variable, we see that

it implies (due to (2.3))
(517) Hg(t7y7UL7atvL,vaL)||y

s—1,t o~ )

- 6_%t||rd2jf(uL,VuL)||Zoo_l < vt
and so using Lemma [2.2] we infer that for ¢ > 0,
I (O)llye, = 19(g(t, y,vi, Orvr, Vyvr))lye,

—+o0
< / (1+7 = Ol 100, Veyur)(lly, o odr
t

+oo
< / (1+7—1)e T Ddr < e,
t

~

Taking the supremum in ¢ > 0, we infer that ¥(0) € X, o and (4.20) is satisfied.
We now focus on (4.21)). If |lug || g2 (se-1) is small, we can apply directly the case (1)

of Lemma (4.8).
Otherwise, we want to apply Lemma (4.8)), Case (2), with £y = 0 or 1: so we are to

check (4.12)) with D = 0.

Let ¥ € © such that By # 0. Let (p, q) € Iy such that for some i, a; 4 # 0, then
we can express from the definition ((5.15)

d—2
(5.18) Ko+ Lo+ € (18] + [y +16] = 1)
(lo+d—2—¢)(pl + gl = 1) +lg -2

By assumption v; > 0, so that |p| + [¢| > 5%;. Therefore the above term (5.18) is
bounded by below by

2 2@0 — E)
_g_Z20 7<)

izl d—2
If |gl > 1 or ¢y > 1, it can be made positive for e = 1/2. If |¢| = 0 and ¢y, = 0, the
term in (5.18) writes (d —2 —€)(|p| — 1) — 2. As |p| > 2, this is positive if d > 5.

Otherwise, our assumption implies that |p| > d% + 1 and so

2
de
d—2

(bo+d—2—¢) + |ql-

(d=2-e)(pl-1)-2>d-2+
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which is non-negative for e = 1/d > 0.

Due to case (2) of Lemma (4.8)), there exist to > t; > 0 (large) such that
holds and we are in a position to apply Theorem [I.7} we obtain a suitable conformal
solution v € Y, . As this space is included in ;t , undoing the conformal trans-

s,to*
form yields a desired solution u € Zg5, where ro = In(tg). This proves Theorem

0.0l O
Proof of Theorem[5.6 Here, due to cancellations specific to the vectorial nature of
the equations, we also do the computations for general N > 1.

Let us compute the term w; - w; according to the change of variable of Lemma
for i,5 € [1, N]): we obtain (for the term corresponding to gm)

d
e” " (yrwi + zi) (Yew; + zj1)

k=1
d d d
—dt
=e W;W; + Wy E YkZjk + Wj E YrZik + E ZikZik | -
k=1 k=1 k=1

We used that 22:1 y? = 1 since y € S~ 1.
In dimension 2, we compute w1 ;s ; — w2 ;w1,; according to the change of variable
of Lemma [5.11 We obtain
e~ ((yrwi + zin) (Yow; + zj2) — (y2w; + zi2) (Yrw; + 2j1))
=e (Y1wizje + zi1 (Yow;s + zj2) — Yyow;izj1 — zip(yr1w; + zj1)) -
Observe that in both cases, terms are at most linear in y and those where y appear
also carry a z factor: hence, for any contributing by, there hold

laf < 0.

Also, there is no v involved in any of the expressions, so that the index ¢ is not
useful anymore, and we drop it for the rest of the computations.
We can now argue as in the previous proof of Theorems [5.4] and [5.5]
Regarding u?(Q)4/? for ¢ € .#x(2N): denote
d d d

m; (Y, w, 2) = wiw; + w; E YrZjk + W; E YrZik + E ZikZjks
k=1 k=1 k=1

the contribution where we erased the e~ factor. m(y,w,2)%? is a polynomial, of
partial degree ¢ in the variable (w, z). Therefore, uPQ9/? can be written

o (F2Ipl+5lal—4E2)t Z Cormy 5y 0PWT 20
(o,7,0)€Jq
where
Jg = {(2,7,0) € N* x NV 5 sty a(N) = |7| +16] = |ql, || <161}
Let ¥ = (o, 8,7,0) € © such that («,v,d) € J; and 8 = p, the corresponding

d— d+2 d+2
woo =T 21+ Slal - 52 = 21014 Sl 1oy - 132,
and so (see Remark [1.9)
d—
vo = ko — o] + (Bl + [y = 1)—— |5|

= (d=2)|l+ (d—D)|(]7] + \5I) + 0] = Jaf —
(d—=2)|8] + (d = 1) (v +d]) =
(d—2)|p| + (d = 1)|q| -
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Thus, we obtained vy, > 11 m, for both cases (1) or (2).

One can then reproduce the end of the proofs of Theorem [5.4] and using in-
stead the refinement given by Theorem [£.10] Now, we want to check that some
assumptions that allowed to apply Lemma [.4] or [£.§] can be fulfilled.

First, note that the assumptions also imply |p| + |¢| = 2 if a; 4 # 0 or b; p 4 # O,
so that we will also have h1(0) = 0. In particular, if we assume smallness, the Case
(1) of Lemma [4.4] or is applicable.

For the equivalent of Theorem we have vy, > (d — 2)(|8] + | +|9) — d, so
is satisfied with e = d —2 > 0 since d > 3. So, we apply Lemma Case (2).
For the equivalent of Theorem [5.5] we want to verify Case (2) of Lemma The
computation still holds for xy 9:. We denote that under both cases d > 3 or
d = 2, we always have £y +d—2 > 1. In particular, if € < 1, the expression in
is positive as soon as |q| > 2. Moreover, under the structural assumptions of the
nonlinearity we made, we have either ¢ = 0 or ¢ > 2. So, it only remains to check the
case ¢ = 0. It can only happen for d > 3, for which the same analysis as in Theorem
[5.4] works, under the same assumptions. We conclude the proof similarly. O

Remark 5.8. In what follows, the refined Theorem 5.5 will be applied in cases where
the better behavior of the first Duhamel estimate will be valid for any ug,
as seen in Section [3.2] for the case of derivative nonlinearities satisfying some null
condition. Yet, there can be some cases where the better behavior of the Duhamel
term is due to ug. For instance, in dimension d = 3, if we consider polynomial type
nonlinearities as in Theorem the critical exponent is given by the condition
v=(d—2)p—d>0,that is p > 3. Consider the system

Au = u® + v?u,
Av = v® +u2v

It is critical for our criterium because of the cubic coupling nonlinearity. Yet, if
we consider some "asymptotic datum" of the form uy = 0, vy € H*(S%"1) then,
(5.10) will be satisfied because f(ur,vy) will be of the form (0,v?) which has a
good behaviour since the power 5 is supercritical.

6. SCATTERING CLOSE TO ZERO

For problem close to zero, each one of the theorems in Section [f] has its counterpart
close to 0. We only write those corresponding to the applications we have in mind,
and omit the proofs unless when they are not as in the scattering close to infinity.
We start with the equivalent of Lemma[5.1] but close to zero. The results look very
similar except for the sign of the exponent terms. This will not change the ideas
of the proofs, but it does impact the numerology. In particular, our results close to
zero require some “small” degree of monomials for the nonlinearity while the results
close to infinity required some “large” degree.

Lemma 6.1 (Conformal change of variable close to zero). Let d > 2 and R > 0.
Let D(0,(p,0)) = {(w, 2) = (w, 21, ...,24) € R jw| < p,|2| < o} be a polydisc
in R4 and f: D(0,(p,0)) — RN be a smooth function on D(0, (p,o)).

We define the smooth function g by

d+2t

d—2
ot yovw,2) = e~ 5 f ((— v@y—w®y+z>)

2
gn(t,y,v,w,2) = e*%tf (6d2;2t”0, e%t(fw Ry + z))

where t >0,y €S¥1, v e RV, w e RY, 2 € M a(R).
For u € C*(B(0, R)) with lullwr. (B0, Ry < min(p, o), we have the equivalence
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e wu solves the equation
Au = f(u,Vu), € B(0,R)

° U(tvy) = e_%t

6ttv - 921} = g(ta Y,v, atva VyU), (tv y) € [7 IOg(R), +OO) X Sdil'

u(e~ty), v solves the equation

o v(t,y) = efﬁtu(e*ty), v solves the equation
v — D% = gn(t,y,v,000 + Dv,Rv),  (t,y) € [~ log(R), +00) x S* 1.

Moreover, any other function g so that g(t,y,v,w,z) = g(t,y,v,w, z) for all (t,y,v,w) €
R x S x (RM)? and z € (T, S )N satisfies the same property.

The same also holds for any function g so that gn(t,y,v,w,z) = gn(t,y,v,w, z)
for all (t,y,v,w,2) € R x ST1 x (RV)2 x A 4(R).

Proof. The computations are mostly the same as in Lemma[5.1] up to a few changes
of exponent and signs, changing t to —t, that is t = —In|z|, y = T € S9=1. For

instance, as we have instead u(z) = |x|_%v (— In|z|, ﬁ) so that (as Vyv L y)

d—2 T

Vu=— TV — —5z Ov + —5 Vv
2|z = x| 7= ||
d—2
— 5t (_ 5 yu(t,y) — yowv + Vyv>

So, we have f(u,Vu) = f (e%tv, st (—952yv — yov + Vyv)>.

Concerning the Laplacian, changing ¢ to —t in the formula of Lemma [5.1] we still
_ (d42)t

have (Oyv — D%0)(t,y) = e~ = (Au)(e™'y). O

Here is the result without extra structure (analog to Theorem [5.4]).

Theorem 6.2. Assume d > 2 and f as in (5.1)) satisfies the subcriticality assump-
tion
Qi p.q 7é 0= q=0.
Let ug € H*(S?1), and denote uy, € Z° the associated bounded solution of
(6.1) Aup, =0 on B(0,1) and ug|ga-1 = up.

1) If either [ is polynomial, or ug has zero mean, then, there exist ro < 1 and a
unique u € 22, solution of (5.3) on B(0,70) \ {0} so that

S$,T0

H(u—uL)(r-)HZo/ <r?=0 as r—0.

Moreover, the map ug — u is injective.
2) If instead [ satisfies (aipq # 0 = |p| = 2) and |Juol| g+ (ga-1, is small enough,
the conclusion of 1) holds with ro = 1.

Here is the results where the first iterate is better behaved, when the nonlinearity
f has structure (corresponding to Theorem [5.6)).

Theorem 6.3. Let d > 2, v > 0 and assume [ has the structure as in Theorem

that is (5.11)) and, if d = 2, (5.12), with the summability condition (5.2]). Also
assume that f as in (5.1) satisfies the subcriticality assumption:

Qip,q 7 0= lq| < 2.
Let ug € H*(S1Y), denote uy, € Z0 the associated bounded solution of (6.1). We

assume furthermore that

(6.2) sup 27V | f(ur, Vur)(r)|l 4o < 4o00.
0<r<1 s=lr
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1) If ug has zero mean, then, there exist ro < 1 and a unique u € Z solution of

on B(0,79) \ {0} so that

(w—ur)(r )|, Sr”—0 as r—0.

To

Moreover, the application ug — u is injective (where defined).
2) If instead f satisfies
ipg # 0= |p| + g = 2,
and |[uo|| s (ga-1) and the right-hand side of are small enough, the conclusion
of 1) holds with ro = 1.

Remark 6.4. The extra assumption that ug has zero mean is natural in this context:
the associated linear solution converges to this value at zero and we need to be sure
that f is well defined there. It can be easily removed by transforming f by f(-4+xo).
It was not necessary in the problem at infinity, since all linear (bounded) solutions
converge to zero at infinity, except for d = 2.

Proof of Theorems and[6.3 The computations are similar to that in the proofs
of Theorems and (we use their notations): the gain and losses explained in

Remarks and [4.9| (respectively) are the same, and the exponent in e? in front of

2 d-2
the monomial, is now the opposite _axe +——1p|+ f|q|

More precisely, due to Lemma @ g now takes the following form:
gty v,w,2) = e F0N " ay (TR P (0, —w, 2)
p.q
= Z Z aiw,qca,u"hé(_l)’ye_(#_%p_%m)tyavzﬂmwﬂyz&
P (a,e,7,8)€dq
(6.3) = Z bi o (t)y*vPw? 2’
JeO
where ¥ = («, 8,7, 6,¢) and

bio() = (—1)Cauns D @ipge CF T =gl

(p,9)€ly

As before, p = f—1 and |q| = |¢|+ ||+ 0] are prescribed in Iy, so for any (p,q) € Iy

G452~ T2 Sl = T2 - 208 ) — S+ + 13 =

We also define

Bo — (d/2 4 1)ld+11+16] 1
9= (d/2+1) Z Zerf[lf%]]m Pl
(P.a)€ly

(otherwise 0 if the sum is empty), and we have the expected estimate (4.3)).
If b; (t) # 0, then Iy # @ and we have
d—2 d—4
vo = ko — || + (18] + | = == + 8] ——
=2—|af = |7 = [¢[ — 2/¢]
=2—|a| —[q| = 14].
We start by considering 1) for both Theorem [6.2] and Theorem
In the context of Theorem [6.2] the assumption is that ¢ = 0 so that a are § as well

(as |a| < |g|). Hence vy = 2, and vy = 2. We want to us Theorem [£.2] It remains to
check the smallness condition (4.10]), which we do by applying Case (3) of Lemma

that is verifying (4.12]).
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If f is polynomial, this condition is always satisfied (by choosing D large enough).
Otherwise, we assumed that ug has zeo mean, so that £y = 1 (that is ug of zero
means). Now, as for contributing b; g, |¢| = |y| = |§] = 0 (as ¢ = 0) formula (6.4)

writes
w0 =52 = 5520002 (- (14 557) 1) (91 1) 42

so that Case (3) of Lemmal[4.4/holds with e = —1 and D = —2. Theorem [4.2]applies,
and gives the claimed convergence rate.

For Theorem we want to use the structure assumption (5 and apply Theo-
rem [ Followmg the proof of Theorem [5.6] first notice that

d=2y . dt2 -
lg(t.y,ve, 0, Vyvi)lly, =€ = ‘llr > flur, Vur)zo — Se™™
Hence (4.20) holds. Then we need to compute the new exponents: g, has a similar
structure as (6.3) (mostly only changing w to —w), and we recall that there is no
index ¢, p = B, |7| + 9] = |¢| and |a| < |8]|. Then as before for a contributing ¥ and
(p,q) € Lo,

65 22 Gt =152 T2 S+ 19l) = mon
and so
mm—Wm—mew+ww4¢33+w
d+2 d-2 d—2

= T2 2 el ol + (ol + el - ) +

=2— gl —laf+ 6] = 2 — |q|.

By assumption |g| < 2 so that v % > 0. Now, we need to check that we can obtam

the smallness of ( - 4.10) by applymg Lemma , Case (2). The definition

gives

d—2 d—2
ko =2 = —— (1Bl + 1y + 18] = 1) = (r[ +10]) > === (1Bl + h| + 18] = 1),

since || + 6] = |g|] < 2. In particular, (4.12]) holds true with ¢y = 1, ¢ = 1 and
D = 0. We are in a position to apply Lemma (4.8]), Case (2) and then Theorem
4. 10

It remains to treat 2) of both Theorems. We use the case [1| of Lemma and
Lemma (4.8]). Recall the relation (5.14)), so that the extra assumption ensures that
for any contributing ¥ (and (p, q) € Iy)

1B] + [y +10] =1 =|p[+ gl =1 >1,
and so h1(0) = 0. O

7. GENERAL RESULTS FOR THE DIRICHLET PROBLEM

In this part, we gather the equivalent of the previous theorem we stated for scatter-
ing at infinity or at 0 for a Dirichlet problem. The proof are mainly the same once
we have the equivalent of the Duhamel formulation for Dirichlet problem stated in
Lemma 2.3
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7.1. The Dirichlet problem in conformal variable. In conformal variable, we
are interested in solving in )Y the problem

(7.1) Oy — D% = g(t,y,v,0v,Vyv), v(0) = vg,

where vg is given (we underline that the condition bears only on the function, not
its time derivative).

It will be convenient to introduce a map similar to ¥ for which we will seek a fixed
point, and adapted to data at infinity: for this, we use the operator ® well adapted
to the Dirichlet boundary condition, instead of ®.

More precisely, given vy € (H*(S4 1)V, we denote

(7.2) v = S(+)(vo, —Dup),

and define the operator

(7.3) VP v P (g(t,y,v +vp, v+ 01, Vy (v +v1)))
where ®P is defined in and acts component by component.

Theorem 7.1 (Conformal variables). Under the same assumptions as Theorem
and hq1(0) = 0, there exists n > 0 so that for any given data

vo = (01,0, 0n0) € H(STY),  with vl gresa-1) <7

there exists a unique solution v = (v1,...,vy) € Vs (defined for timest > 0) to
the integral formulation of the system (7.1), with initial condition v(0) = vg.
Moreover, there exists a unique vy € H*(S1) so that

lv = SC)(ve, =Dy, S =0 as t— +oo.

Proof. The proof is the same as Theorem [5.4} our goal is to construct a fixed point
for UP. The only modification in the argument is that we have to take tg = t; = 0
which imposes the smallness of |[vg || g=(se-1): this corresponds to case in condition

(1) of Lemma
We need the following variant of Lemma adapted to the Dirichlet operator:

Lemma 7.2. There exists a universal constant C > 0 so that, given vy, as in (7.2)
and v,w € (ys)k so that denoting M = max (||v||y,, ||w|ly., |vL|y.), then we have

1P (0) = U2 (w)l|y, £ 3" By (@)™ (18] + 7| + 8]) (€M) P+
veo

+oo
x / (14 r)e" |l — wlly, .dr
0

where WP (depending on vy ) is defined in . ). Similarly,

ly, S 37 By (@)™ (18] + Iy] + 8]) (CM)IPI+II+1e1 =1
veoe

197 (v)

—+o0
x / (1 +1)e " (lwlly,. + loclly,.) dr
0

We omit the proof of Lemma 7.2 since it follows closely the lines of that of Lemma
[4.6]where the estimates of Lemma[2.2] are replaced by the estimates (2.17)) in Lemma

23l
Using now Lemma we get for v,w €Y :={w: |

[ (v) — ¥P (w)l|y,

<37 By (@) (18] + 7] + 18] + 1)(Cllww 1y, ) B+
veEO

v. <lvzlly.}
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—+o0
X / lv —w|y, ,Te”""dr
0

S Bl (1814 ] + 18] + D(Cllogly,) e

ved®
+oo
v, (/ T@VOTdT)
0

v —wly,.

X ||lv — w]

S ha(Clloclly,)

And similarly, [|[¥2 (w)|ly, < hi(CllvLly,)|lvLlly.. A classical argument shows that
for > 0 small enough, ¥ admits a unique fixed point r» € Y.

Also g(t,y,r+vr,0¢(r+wvr), Vy(r+vr)) € Vs so that Lemma [2.3|applies (and the
discussion that precedes it): in particular, v, is the first component of

/OOO S(=7) <g(7', y, T+ vL,at(r(iir vr), Vy(r + UL))) dr.

In the case of a gain of the first Duhamel iterate, we get similarly the following
result.

O

Theorem 7.3 (Conformal variables 2). Under the same assumptions as Theorem
there exists n > 0 so that for any given data vo = (v1,0,...,vNn,0) € H¥(S41)
such that

lvoll zrs -1y + 17 (0)]

v, S
and satisfying

\IID(O) S XL/,O‘
Then there exists a unique solution v = (v1,...,vN) € Vs (defined for timest > 0)
to the integral formulation of the system , with initial condition v(0) = vy
Moreover, there exists a unique vy € H*(S*"1)N so that

v =SC)(wy, —Dwy)ly,, S e "' 50 as t— +oo.

Proof. 1t follows the lines of the proof of Theorem [£.7} with the same modification
as in the proof of Theorem [7.1] using Lemma [7.2] a

7.2. The Dirichlet problem close to infinity. We consider again the system
(5.3), now with boundary condition:

{Au = f(u,Vou) on {|z| > 1},

(7.4)
U|Sd—l = U,

where g is given. We have analoguous results to that in Section [5 and the proofs
follow the same lines: we leave the details to the reader.

We assume f can be expanded in power series as in , and we recall the definition
(5.6) of the exponent:

vi = inf{(d — 2)(|p[ + lg]) —d : aipq # 0}
Here is the first general statement (corresponding to Theorem [5.4)).
Theorem 7.4. Assume that d > 3 and f satisfies
(75) 1%} 2 0.

There exists n > 0 so that the following property holds.
Let ug € H*(S*™') with |Ju||gssi-1y < n, then, there exists a unique u € Z5°
solution of (7.4]); moreover, there exists a unique uy 1, € Z5° solution of Auy =0
so that

[(w—wuyr)(r)|zee -0 as r— 4o0.
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Actually, convergence holds with rate r—"*.

The next statement consider the case when the first Duhamel iterate has improved
decay (corresponding to Theorem [5.5)).

Theorem 7.5. Letd > 3, v > 0 and assume f satisfies
(76) %1 2 0.

There exists n > 0 so that the following property holds.
Let ug € H*(S?1), denote uy, € Z° the solution in Z° of

Aup =0 on{|Jz|>1} and wup|se—1 = uo,
and assume that

ol zre(ga-s) +supr* ™ £ (ur, Vur) (r)l e, < -
r> >

Then, there exists a unique u € ZJ° smallﬂ solution of (7.4]); moreover, there exists
a unique u, 1, € Z3° solution of Auy =0 so that

I(w — u‘*‘vL)(r')Hzg —0 as r— +oo.

Actually, convergence holds with rate r=".

Finally, in the case when f has a structure so that the corresponding g does not
depend on y, we have the analoguous of Theorem

Theorem 7.6. Let d > 2. Assume that f has the structure as in Theorem[5.6, that
is (5.11)) and, if d = 2, (5.12)). Recall the relevant exponant

vig = inf{(d = 2)|p| + (d = 1)lq| = d: aipq # 0}

Then:

(1) The same result as Theorem holds replacing assumption (7.5) by v1 i > 0.
(2) The same result as Theorem holds replacing assumption (7.6) by v1.% > 0.

7.3. The Dirichlet problem close to zero. Finally, we state the equivalent of
Theorem [6.2] and [6.3] for Dirichlet boundary condition, close to zero, that is:

(7.7) {Au = f(u, Vu) on B(0,1)\ {0},

U|Sd—1 = Ug-

Note that the solutions are naturally constructed outside of zero because of the
change of variable. Yet, they will be proved to be solution on B(0,1) in several
cases.

The proofs are the same, and we leave the details to the reader.

Theorem 7.7. Assume d > 2 and that f as in satisfies the subcriticality
assumptions

Aipg 7 0= (¢ =0 and |p| > 2).
There exists n > 0 such that the following holds.
Let ug € H*(S*™') with |Juo||gssi-1y < n, then, there exists a unique u € Z5°
solution of ; moreover, there exists a unique uy 1, € Z2 solution of Auy =0
(on B(0,1)) so that

[[(w — u+»L)(T')HZ}3T —0 as r—0.
Actually, convergence holds with rate 2.

43ee Theorem for a precise condition.
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Theorem 7.8. Assume d > 2, f as in (5.1)) satisfies the structure condition of
Theorem (that is, (5.11)) and, if d = 2, (5.12)) ) and the subcriticality assumptions

aip.q # 0= (lg| <2 and |p| + |q| > 2).
Let ug € H*(S?71), denote ug 1, € 29 the associated bounded solution of
Aup =0 on B(0,1) and wup|ga-1 = ug,
and assume that we have the bound

luoll ey + sup 127 [ flur, Vur)(r)ll 0 <.
VS ’

Then, there exist a unique u € Z? smallﬂ solution of (7.7); moreover, there exists
a unique uy 1, € Z2 solution of Auy 1, =0 (on B(0,1)) so that

H(u*u+,L)(7"’)Hng —0 as r—0.

Actually, convergence holds with rate r”.

8. APPLICATIONS

8.1. Critical semilinear equations. This section is about the proof of the main
results about the critical semilinear equation. We first give a definition of weak
solution.

Definition 8.1. We say that u € H} ({|z| > R}) is a solution of
Au= f(u) on {[z[> R}
if we have
Yo € €°({|z| > R}), /
lz|>R

Proof of Theorem[I.1 This is just a particular case of Theorem [.4] when f does
not depend on the derivatives. O

Vu~Vvd:1:+/ fw)v dz =0
|z|>R

Proof of Theorem[T.3. 1) Let ¢ > 0 small to be chosen later. Since u € H'({|z| >
1}), there exists ro so that | V| 2|45, /2) < €- Denoting u™ (z) = (r0)¥ 2~ Yu(rox),
the function v’ satisfies ||Vu"||12(,>1/2) < € and is solution of the same ellip-
tic equation. By Sobolev estimate , we have also [[u" || z2r (p151/2) S € I € s
small enough, the trace estimate of Proposition [A-6] given in the Appendix, yields
[w"lga-1l o (ga—1y S &

We notice that for the critical exponent p = 2* — 1 = %, Theorem H and
hold with vy = (d — 2)p — d = 2. Let us choose £ small enough so that Ce < 7
where 7 is given in Theorem it applies and yields a solution u € Z¢° so that
Ulga-1 = u"|ga—1. We check easily that it satisfies

[ill o0 S U™ lge=1ll o (sa-1y S €

Due to Lemma ue H'(z|>1),NS [al] 2+ (jy51) S Ul zee < €. In particular,
for e small enough, the uniqueness property given in Proposition [AZ3] applied with
qg=2*—1and @ = 2*, implies that u = u"™ and therefore, u"™ € Z2°. Hence
u€Zy, .

The scattering result is obtained from the similar statement in Theorem
2) The converse (and last part) of the Theorem is actually a consequence of Theorem
and a special case of Theorem [I.1 O

5See Theorem for a precise condition.
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Proof of Corollary[1.3 Theorem [I.2] gives ry > 1 such that for any ¢ € N,

(/o) [ Pow = wn) () ooy < Nw = un) () <0 0.

From the assumption and triangular inequality, we infer
(7“/7“0)(1_2“Z ||P€uL<T'>||Hs(Sd71) —0 as r — +oo.

Now, notice that Pyur(r-) = (r/ro)~ =2t P (ro-): hence Ppuy, = 0 for any
¢ € N, and therefore u;, = 0. The uniqueness in Theorem 2) implies v = 0 in
{|z| = r1} for a possibly larger r1 > rq.
Now, due to the result of Trudinger [Tru68] (see also Section[A.2|of the Appendix for
a quantification), we have u € €°°({|x| > 1}). In particular, u solves the equation
Au=Vu with V = kuP~t € L2 ({|z| > 1}). We can conclude by standard unique
continuation arguments that v = 0in {|z| > 1}, see for instance [LRLR22), Theorem
5.2].
For the second part of the Corollary: let ¢ € N, then for any 8 > 0, the condition
u(x) = O(|z|~?) gives

1Pew(ro) e ga-1y < Cts l[ulr)ll 21y < Cos ()| oo a1y < Ces ™"
Choose 8 > £+ d — 2, so that the assumptions of the first part of the Corollary are
fulfilled, and this gives the result. O

Proof of Theorem[I.]} The scheme of the proof is quite similar to the critical case
with different scaling and spaces. We only stress the differences. 1) The appropriate
2
scaling is given by denoting u" (z) = r{~ " u(rox): then u" is solution of the same
elliptic equation and satisfies ||u" ||Loo(‘z|>1/2) < Cry". For sufficiently large o, we
can apply Proposition to get that [[u"[ga—1 | faga-1y < Cse. Then Theorem
[74] applies and we can construct a nonlinear solution @ € Zg° with the same
Dirichlet data as u™, and with convergence to a linear solution. To conclude as
in the critical case, we want to apply the uniqueness Theorem [A-3} it remains to

check that ||Ju™||  am-1) and @] -1 are finite and can be made small
L7z (Jz[>1) L7z (Jz[>1)
enough, possibly making ry even larger. We use the decay assumption to get
d(p—1) +oo dp—1) o dp=1)
d d—1 —d—
lu™ | 221 < Crj / T ()T T dr < Gy gy
z - (lzI21) 1
For u, we use Lemma as p > d%‘lQ there hold @ > ﬁ. O

Proof of Corollary[1-5 Note that since p € 2N + 1, then |u[P~!u = uP (recall that
u is real valued) which is the context of the equations considered in [BBC75, [V81].
Véron proved in [V81, Théoréme 4.1] that |z|9~2u(z) converges to a constant. In
particular, since d — 2 > p%l, the decay assumptions of Theorem is satisfied

and we can also get by Lemmathat u € H'({|z| > R}) for R large enough. In
particular, the assumptions of Theorem [T.4] are verified. O

8.2. Conformal equations in dimension 2. The purpose of this section is the
proof of Theorem [1.6

The formulation considering the embedding N' C RM is well adapted for
regularity results of weak solutions as is often the case in the literature. Yet, in one
part of our results, we want to construct some solutions and it seems better suited
to consider local coordinates on the manifold A/ to ensure that the constructed
solutions indeed belong to . This will not be a loss of generality when the solution
is regular enough and we can localize in the target manifold N.

55



Let use € N and W be a small open neighbourhood of wus, in N so that there
exists some coordinate charts so that W ~ V C R¥. In local coordinates, for
u € €?%(Q,N), we will study some solutions of

(Conf-C) Au = f(u,Vu) with
filu,Vu) = ZI‘ u)Vu? - Vu—z auau

= —ZI‘ uw)Vu? - Vul + = z:Hz Wl - Vut,
7,
where Fj‘z are the Cristoffel symbols and H;,z =—H 27 ;=—H Z’Z. Here, we denoted

V4tu = (—0,u, d,u). Note, that in what follows, when we will say that u is solution
of , it will always be implicit that it is valued in some local charts in the
considered domain.

Before starting the proof of Theorem per se, we begin by checking that equation
(Conf-C|) satisfies the null condition and the various conditions of our abstract
theorems.

First we verify that the assumptions of Theorem @ are satisfied. We have then

@) = —Zfﬁ(u)wj Z ) (@1 k2,0 — W12 k)
Jt

We see that the harmonic part of the conformal system (the first sum in (Conf-C)
where the Christoffel symbols I appear) has the form (5.11)) of Theorem while

the H-system nonlinearity are sums of terms of the form
H,iyg(u)(amukayuz — O up0yug)
which satisfies the typical form in Theorem Concerning the exponents:
d =2 and |¢q| = 2 when a; , 4 # 0, so that we compute
vim = inf{(d —2)|p| + (d—1)|¢| —d: a;pq # 0} =0.

We compute the associated g for y € S* and 2 € (T,S')": the expression is the
same as in the proof of Theorem [5.6] for go, but with more simplifications. Indeed,
gi(t,y,v,w,2) = e* fi(v, e Hw @y + 2)).

Let us compute the term corresponding to w; - wy. It writes
2 2

Z(ykwj + Zj,k>(ykw€ + Ze,k) = w;we + Z 25 k20,k-
k=1 k=1

We used that Zizl y2 =1 (asy € S') and Zizl ykzik =y 2 =0 (as z; € T,St).
Then, the term corresponding to @y, 1@02 — w1 k,2 Writes
(y1we + 2i,1) (Yowe + 2e,2) — (Yy1we + 201) (Yo2wp + 21,2)

= wr(y12e2 — Y2201) + We(Y22k,1 — Y12k,2) + 26,1202 — 20,1%k,2

= WgZzg - yl — W2k - ?JL-
We used that z 1202 — 2¢,125,2 = 0 (as 2z and z, are necessarily colinear). Notice
that for two function u , v defined on S! ~ R/27Z with running point 6, we have
Vyu-yt = dpu and Zizl(ek -Vyu)(ex - Vyv) = Vyu- Vyu = pudpv. In particular,
we get

(84it,y,v, 0w, Vyv) Zfﬂ )V, ov7 - Vs, ovt — Z Vtgv Vt79vj.
7,

This expression also allows to recover the conformal invariance of the equation.
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Let us now check (5.10). As in the proof of Theorem (see the computations
(5.17)), it suffices to verify that there holds

—vt

||g(t»y7UL73tUL,VyUL)||y571,t S., € 3

for some v > 0.

Now, in view of Remark the nonlinearity g given in satisfies the ellip-
tic null condition at each point. Hence Proposition applies. As |lvrlly,_,, S
||uL||g;ot0 for t > to := In(rg) (and the standard product law (3.2)), the improved

product law (3.4) gives
||g(t7 Y,vr, atv[n Vva)HYs—l,t 5 €

In particular, due to ((5.17)), we see that (5.10) is satisfied with v = 2. Hence, we can
apply our general Theorems and with v = 2. For yo, € V C RY, it means

that there exists n > 0, so that for any ug € H*(S?!) with ||“0||Hs(sd71) < n, we
can construct

—2t

(a) a solution of the problem with prescribed data at infinity, that is a unique
small solution u € Z° of (Conf-C) on R? \ B(0,1) so that

lur) = (v + s ()l g, S72

(b) asolution of the Dirichlet problem at infinity, that is a unique small solution
u € Z2° of (Conf-C) on R?\ B(0,1) so that
Ulsd-1 = Yoo + uo

and moreover, there exists a unique wy, € Z$° solution of Awy, = 0 so that
= wr)(r) e, <772

Concerning the problems close to zero, a similar analysis (or using conformal in-
variance of both problems) allows to apply Theorem (since |g| = 2 for non-zero
coefficients). With the same assumptions, we can construct

(c) a solution of the Dirichlet problem close to zero, that is a unique small

solution u € Z2° of (Conf-C)) on B(0,1) \ {0} so that

Ujsd—1 = Yoo T Uo-

Item (a) answers part 2) of Theorem

We now focus on part 1) of Theorem For this, we need two extra independent
results. The first one is the following theorem of removable singularity; it was proved
by Sacks-Uhlenbeck [SU81| in the particular case of Harmonic maps, i.e. H = 0.
The proof, presented in the appendix, is mostly the same once we have proved the
improved regularity Theorem and an equipartition result (Lemma .

Theorem 8.2. Ifu : B(0,1)\ {0} — N is solution of (Conf-E)) with finite en-
ergy, then u extends to a smooth function u : B(0,1) — N, solution of the same
equation.

We will deduce from this result some decay for harmonic maps at infinity (by
conformal equivalence).

Proposition 8.3. There exists € > 0 so that for any u solution of (Conf-C)) in
R?\ B(0,1/12) with the smallness assumption
IVull L2 @2\ B(0,1/12)) T 1t = Yool oo 2\ B(0,1/12))) < €

for one yoo € RY, then, u € Z>° and u is the unique small solution on R?\ B(0,1)

defined by Item with ulst = Yoo + Uo.
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In particular, there exists vy, € Z3° solution of Avy, = 0 (with ||vp|z~ <€) so that
lu(r) = (Yoo + v2.(r )l 7, S 772

Proof. We consider u(z) = u (N%) which is also a harmonic map with the same

bound for the energy on B(0,12) \ {0}. Theorem implies that @ is solution on
B(0,12). By Proposition if € is small enough, we have

||V17||Loo(3(0,3/2)) <Ce and |ufs — yoo||Hs(sl) < Cse.
Using Item we define ¥ € Z? small solution of (Conf-C)) on B(0,1)\ {0} and so

that ¥lg1 = ulg1 = ulgi. We claim that we have a similar smallness bound as that
for @ on v, namely

IVl e (50,1)) T 1V = Yool oe ((0,1)) < Ce-
(This is not direct from being in Z?). Indeed, following Theorem [7.8] we decompose
U=yo+ Uy +Ww,

with 0 1, solution of A?} 1, =0 and r~"w € Z? for v = 2. The term U j, satisfies
the expected estimates since for a linear solution and s > 1,

||V5+,L||Loo(3(o,1)) + ||5+,L||Loo(3(o,1)) S ||5+,L(0>||Hs(sl)'

We use Lemma[3.15]to estimate w. Note also that the proof of Theorem [7.8| provides
the smallness of v ;, and w in the norms used. We define ¥, = 94 1 + Y0 — Yoo-

T heorem implies that v can extended to a smooth solution on B(0, 1) of
(there is no singularity at 0). Proposition then gives u = v. In particular,
this implies that 4 € Z2 and therefore u € Z>° by Lemma Finally, denote
vr(x) = ﬂL(ﬁ). This gives the expected result, due to uniqueness in the class of
small solutions in Z:°. O

Remark 8.4. In the above proof we perform a conformal transform so as to work
in B(0,1): it allows to conveniently make use of the Poincaré inequality in the
uniqueness result and to get smallness in W2 using results of the existing litera-
ture [SU8I]| or [Sch84]. We believe however that it should be possible to complete
a proof directly in R? \ B(0, 1) without resorting to the conformal transform.

The second result is the existence of adapted coordinate charts where the Christoffel
symbols vanish at a point.

Lemma 8.5. Let yoo € N C RM, and consider nT, N the orthogonal projection
(with respect to the Euclidian metric of R™ ) on T, N. There exists a small neigh-
bourhood W of Yoo € N such that ® := 71, _nx|nnw is a diffeomorphism to its
image (in RM).

Moreover, if we take orthonormal coordinates on T, N & Tyoo./\/l, its inverse can
be obtained writing N as a local graph

V(@1 an) = (@1, eN YN (@1, 2N), - Y (- TN)
where the 1; are analytic functions. In these coordinates, we have I‘;m(yoo) =0,
for the Christoffel symbols.

Moreover, if u is solution of (Conf-E)) on with Q C R? with u(Q2) C W, then ® ou
is solution of (Conf-C)) on Q.

Proof. Writing N as a local graph is classical. In these coordinates, we compute for
i=1,...,N,

a., oy

) OYn+1 O
8.’[1' o &cl o

dzx; T Oy )

U (0,...,0,1,0,
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where the 1 is in position i. Note also, that by definition of the tangent space, we
have

0
(8.2) awe(yoo) =0 foralli=1,...,Nand/=N+1,..., M.
T
Concerning the Christoffel symbols: denoting g the metric of A/ in the coordinates
given by v, and (g7 1);; = g% its inverse, recall that

N
i 1 i
Uim =5 > 5" (9jgme + Omgej — Oegjm) -
=1
(see for instance [GHLO4, p71]). Now,

99 SHCAVED
9ij = g(aT:i’ 87%) =0i5 + l:%:ﬂ (8@) (8:1:]) ‘

In view of (8.2), we infer that (9n.9:;)(0) = 0 for all 4,j,m € [1,N], and so
T, (yoo) = 0. 0

We can now conclude the proof of Part 1) in Theorem

We consider a harmonic map u as specified. We apply Corollary with € small
enough so that u,,(-) = u(rg-) defined in R?\ B(0, 1) is supported in some coordinate
charts of A/ close to ¥, and moreover satisfies

(8.3) ||Vuro||L2(R2\B(o,1)) + |, — yoo||Loo(R2\B(o,1)) Se

In particular, we can consider the solution of with value in a single chart.
More specifically, for W C N a small neighborhood of vy, in A/ we consider the
chart ® : NNW — T, N defined by ®(z) = 71, _n(z). Due to Lemma we
see that for W small enough, ® is a diffeomorphism to its image V = ®(W). In
particular, for ro large enough, ® o u,, = 7, A(ur,) with value in Ty N ~ RN
is a solution of an equation of the type with analytic Christoffel symbols
I' and coefficients H, and 77, _n(uy,) satisfies similar estimates as (8.3). We can
then apply Proposition to 71, n(ur,): we obtain that 77, ar(ur,) € Z5° and
there exists wy, € Z2° solution of Awy, = 0 so that

70, () () = (e + w2 ()| g = [, (W) r0r) = (e + w2 ) o S 772
In particular, since ry is fixed now, we can define uy,(x) = wy, (z/rg) so that wy,(r-) =
vy, (ror:) and

e, n@)() = (oo +un ()] o S 772
It is the expected result (L.11]). Moreover, the same computation gives w7, ar(u) €
Zs ro- Note that the fact that u(z) — Yoo implies Pyur, = 0. Under the as-

|x| =400
sumption Pyuy, = 0, the uniqueness is obtained as in other cases (this assumption
is necessary since in dimension 2, this component do not decay).
Up to now, we have only proved nr, ar(u) is in the correct space, but we do not
control the orthogonal component. Yet, as explained in Lemma [8.5) up to some
rotation and translation, we can assume that 77, » = RY x {0} and NN W can
be parametrized by a local graph

NOW ={(z1,...,en,¥UN+1(T1, - ZN), - V(1o 2N)) s (21, .., an) € VT
where the 1; are analytic functions. In particular, since u(z) € N, we can write
u= (rr, n(W), nii(mr, (), om(rr, ar(w)) -

Therefore, due to Corollary u belongs to 225, .
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This completes the proof of part 1) of Theorem

We are now concerned with part 2) of Theorem If ug is small, Item @ settles
this result. If not, ug is assumed to have zero mean, and Theorem [5.6]also concludes
for ro large enough: we do exactly the same analysis, but in the other direction.
We first construct the solution of in the tangent plane using Theorem
and then raise it to A/ C R™ by adding the other coordinates. It is then solution
of (ConfE]). We leave the details to the reader since it is very similar to part 1).

8.3. Harmonic maps in dimension d > 3. The purpose of this section is the
proof of Theorem [I.7] We begin with a few generalities about Harmonic maps.
First, we define the weak solutions.

Definition 8.6. We say that u € H} _(Q,N) is a weak solution of (HM-E) on ©
if, for any v € €>°(,RM), there hold

ZZ/ 3u8v—ZZvA W) pu” | dz =0

a=1i=1"Iz|>R j=1k=1

In fact, we will mostly work in suitable coordinate charts on the target manifold
as in the previous Section 82 from which we borrow the notations given in the
beginning.

For a function u with value in V', we will consider the following equation of Harmonic
maps,

(HM-C) Al +Zr w)Vu? - Vuk =0

where F;k are the Christoffel symbols for the metric g in the chosen coordinate
charts. We will only consider charts where the coefficients are analytic. For simplic-
ity, we will sometimes write equation (HM-C) as

Au+I'(u)(Vu, Vu) =

As before, we state some results concerning the decay, convergence and uniqueness
that will be the main tool to prove that the solution is actually the one that can
be constructed by our general theorem. We begin by some result about the decay
of small solutions.

Lemma 8.7. Let d > 3. Let u € €%(R%\ B(0,1)) of finite energy (see (1.9))
solution of the Harmonic Maps equation (HM-E). Then, for any e > 0, there exists
Ry > 0 and C > 0 so that we have

IVl g2 gy B0, o))
x|d/2 = d/2

o |Vu(z)|<C for all x € RY\ B(0, Ry),

o [IVullp2rayso,ro)) + ||V“||Ld(Rd\B(o,Ro)) IVl Lo v\ B0, o)) S €
The next results proves that the solutions has a limit at infinity.

Lemma 8.8. Under the same assumptions as Lemma@ there exists U €N C
RM so0 that u(z) — tee. Moreover, u — uo € H'(R?\ B(0,1)).

|z]—~4o00
The following results concerns uniqueness of small Whd solutions in appropriate
norms.

Proposition 8.9. Let d > 3. There exists € > 0 (only depending on N the compact
target manifold) so that if u and v are two weak solutions in the energy space
Uso + HY(RT\ B(0,1)) of Harmonic Maps equation (HM-E) in R?\ B(0,1)) so that

w = v on the unit sphere S~ and we have the assumptions

IVull Lagay50,1y) + IVl La@a\50,1)) < €
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Then, u = v in R%\ B(0,1)).
The proofs of the above three statements are done in the Appendix, Section [A24]

Proof of Theorem[1.7} We first need to prove additional smallness and regularity
proved previously. Denoting ug, () = u(Roz), using Lemmawe get for Ry large
enough, |[Vurg || poc e\ po,1/2)) < CR(l)id/2 which can be made arbitrary small. In
particular, for Ry large enough,

[A(ur, ) (Vtury, Vury )|l oo me\B(0,1/2)) < €-

Moreover, with Lemma [8:8 and up to making Ry even larger, we can select us €
N C RM 5o that

lury = too || oo (ra\ B(0,1/2)) < E-

Using standard iterated elliptic regularity, we get that for any s € R and small
n>0

[ure = ool gr=(B(0,14m0\B(0,1-n)) < Comé-
In particular, we have the trace estimate [[(ur, — too)lsa-1| fre(ga-1) < Cse.
Now that we have gained enough regularity and decay, we see that up, is actually
solutions of the equation in appropriate coordinates for the target manifold
N. We choose the coordinates given by the orthogonal projection on T, N as in
Lemma [R5l
We can now proceed as in Section [8.2] the other treated cases, except that we can
apply directly Theorem and without using the null structure (which might
hold true anyway). The equation for v = u — yo, writes

A+ T (Yoo + v)(Vv, V) =0,

with T'(yso) = 0 (see Lemma [8.5)). The quadratic nonlinearity corresponds to ¢ > 2
and, the cancellation I'(yo) = 0 corresponds to p > 1. So, we get, for non zero
coefficients,

(d=2)p+2(d—-1)g—d>2(d—2)=v1.: >0.
Theorem therefore yields the existence of a solution u € Z2° of the Harmonic
map equation with the same boundary condition as ugr, — Yoo on S?~1. We wnat
to prove that

URy — Yoo = ﬂa

and for this, we will apply Proposition[8.9to ug, and y., +u. Note that Proposition
applies either for formulation (FIM-E)) or (HM-C]) in the case of regular solutions.
We need both solutions to lie in y + H'(R?\ B(0,1)) (not necessarily small), and
with gradient small in L4(R? \ B(0,1)). For the constructed solution y.. + @, we
claim the following inequality, for s > % + %,

IVUll 2y p0,1)) + IVl LagayBo,1)) < Clltll z -

Indeed, it can be obtained by combining Lemma estimate of Lemma
and an interpolation argument between L? and L.

For the solution considered ug,, we use Lemma to get ur, € Yoo + HY(R?\
B(0,1)) and Lemma for the norm L? of the gradient, observing the scale invari-
ance

Vg | Laay5o,1)) = IVll a@ar B0, Ro)) -

We are now in position to apply Proposition 8.9/and get ugr, = yoo +u. We conclude
as in dimension 2 to get (1.13)), recalling that 11 » = 2(d — 2).
Finally for the orthogonal part, as in dimension 2, we write

U = (WTyOON(U), ¢N+1(7TTyOQN(U))a e awM(WTwa(U))~
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It is easy to see that in these coordinates, by orthogonality, we have for any j =
N+1,...,M.

2
¥i((@, . on) = O([| (21, -, 2n)I])-
Therefore, due to Corollary with n = 2, each term (71, a(u)) belongs to

Zs r, and the orthogonal component decays like r~"z .

Regarding the additional decay : it is obtained after applying the conformal
transform, as a consequence of the last refinement of Theorem M4.7, with
v=uvy=2(d-2).

Part 2) (on the existence of solution with prescribed scattering data) is proved
applying Theorem [5.6] in local coordinates. O

Remark 8.10. In principle, our general theorem should allow to make an expan-
sion to any order of our solutions using the iterated versions of the Duhamel for-
mula. With the first iteration, we can recover a result of Alama-Bronsard-Lamy-
Venkatraman [ABLV23|. More precisely, it shows that u can be written

1
u:u0+uharm+ucorr+0 ﬁ y

with ug € SZ,

3 3
1 1 1
Uharm = —vo + > pjo; <r) + ) CriOk0i0s <r) ;
j=1

k=1

2 2 3
d _ \Uo| |Uo| 3 P 1
and  Ucory = ——5—N0 — —5 V0 — — vo - ;05 | — ) no,
r 6r o r

with vg and p;, j = 1,2, 3 orthogonal to up.
According to our description, we can divide the terms in several parts:
® g is our constant part Y., at infinity
® Upqrm 1S the first sphree spherical components of our linear part uy,
2
° —‘%lno — % Ei,é:l vo - p;0; (%) ng is the nonlinear correction orthogonal
to the tangent space. In coordinates (21, ’) so that ng = e, the sphere S?
12
can be written as a graph z; = /1 —[2/|2 =1 — % + O|2'|*. So up to
terms O (%4), the main terms will be

2
3 3
1)1 1 1 o 1 1 1
1-— 5 ;UO +]E:1p]aj (7") =1- ﬁ |U0| — ; J:E 1pj . ’anj <T) + O(Tj)

2
‘g% vg is the first nonlinear tangential correction that corresponds to the

first iterate of the Duhamel formula in our setting, taking only “¢ as linear
component, i.e. it solves

|vol? volvo*  wo Vo \ |2
A (=) = -2 ()
( 6r3 " rd r T
All the other terms of the linear part lead to more decaying terms in this
formula.

8.4. Local problem for analytic functions. The purpose of this subsection is
the proof of Theorem [I.T1]
We begin by recalling the notion of Fischer decomposition and related results, we
refer to [Ren0g].
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Definition 8.11. A polynomial P and a differential operator Q(D) form a Fischer
pair for the space F, and we say that (P, Q(D)) is a Fischer pair if for each f € F,
there exist a unique elements ¢ € F and r € F such that f = Pg+r and Q(D)r = 0.

Let Br := {z € R™ : |z| < R} be the open ball in R™ with center zero and radius
0 < R < 400, and let A(Bg) be the set of all infinitely differentiable functions
f : Bg — C so that for any compact subset K C Bpg, the homogeneous Taylor
series Z:Lo__oo fm(z) converges absolutely and uniformly to f on K, where f,, are
the homogeneous polynomials of degree m defined by the Taylor series of f.

It follows from Lemmam (sometimes called Gauss decomposition in this context)
that (|z|?,A) is a Fischer pair for C[xy,...,z,]. We need this result for analytic
function. It is proved in the following theorem which is a particular case of a much
more general result in [Ren08§].

Theorem 8.12 (Theorem 13 of [Ren08]). Let 0 < R < +oo. Then (|z|?,A) is a
Fischer pair for A(Bg).

A(BRr) seems to have naturally a structure of Fréchet space while it would seem
preferable to deal with normed spaces. We will use the following space and norm
for analytic functions on R%. For R > 0, we say that f € A(R) if, for |z| < R, it
can be written as its Taylor expansion

fay= 3 =2 gy

et al Oz
with
1]o0%f
= > = |5=(0)| R .
HfHA(R) = ol 8330‘( )' < 400

With these notations, we have A(R) C A(Bgr) C A(cqR) for some constant cq >
only depending on the dimension. To prove the last embedding, notice that due to
|[Ren08, Lemma 22] (actually quoting [Sic74, Lemma 1), any function f in A(Bg)
can be extended holomorphically to some domain of C% containing Bga(0, R/v/2).
In particular, f is also holomorphic in the polydisc Be (0, R/v/2d)¢ C Bea(0, R/v/2).
The Cauchy inequality for polydiscs (see for instance [H90, Theorem 2.2.7]) gives

ng (0)’ < Cﬁ\/%d)m. This gives f € A(cqR) for ¢g < (1/V/2d).

Proposition 8.13. Assume f € A(R) is an analytic function around 0 of radius
R > 1, then, u € Z° with

[fllzo < C(R) NSl acr) -
Proof. We write for |z| <1< R

aa
@ =3 Lo
aeNd

We can write using the second estimate in Lemma |3.13

1]0%f o
1£llzg < X2 — |5z O] 2%l 29 < COR) 1 llacmy
aeNd
with C(R) = sup,ena (la])*** R~lel which is finite for any R > 1. O

Lemma 8.14. Let f € A(BR) for R > 1. Let f = fr + |z|?q with Afy, = 0 and
fr, q € A(BR) be the Fischer decomposition of f for (|z|*,A) and A(Bg). Then,
we have, for any 0 <r <1,

1) = ol o < CF*.
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where C' depends on R and f.
Proof. Select R = ¢4R so that A(Br) C A(R) and f, fr, and q are in A(R). Then,

we write
116 = 20z, = a0y =7 la()lza, <7 a2 < CORY lallagr,

where we have used Proposition [S8.13] for the last estimate. O

Proof of Theorem[I1.11] The first part is a direct application of known results on
Fischer decomposition. Indeed, it is known that C° solutions are actually smooth
and also analytic (see for instance [Fri58])in B(0,1). In particular, they belong to
A(Bg) for some R > 0. By Theorem [8.12] there exists uy, and ¢ in A(Bg) so that
is satisfied.

For the converse, let u;, be a bounded solution. Up to rescaling (by a factor 2 for
instance), we can assume that ur|se—1 is in H*(S?~!). We can therefore apply The-
orem (6.2 and there exist ro < 1 and a unique u € Zg o solution of Au = f(u)
on B(0,79) \ {0} so that ||(u— uL)(r')”ZS,,/T < 72. Due to Lemma in the
Appendix, v is also an analytic solution in tﬁe classical sense on B(0,7r9/2). We
can therefore apply Theorem to u to get that there exist ﬂL and ¢ analytic
on B(0,70/2) so that Auy = 0 and u = uy, + |z|?g. Lemma gives after scal-
ing ||(u— ﬂL)(r')HZS one < Cr?. In particular since Z° C Z we obtain

|(ur, — L) (r)|l 4o /, < Cr?. From Lemma 2.1} we conclude that u; = %y on
s,7/310

s,1/3rg s,r/ro?

B(0,79/3). In particular, u = ur, + |z|>g with g analytic in B(0,7/3), which is the
desired result. O

APPENDIX A. VARIOUS ESTIMATES ABOUT THE APPLICATIONS
A.1. A continuation result.

Lemma A.1. Letd > 2 and ro > 0.

1) Let u € L*>(B(0,719)) solution of Au= f on B(0,r9) \ {0} in the distributional
sense for some f € LP(B(0,rp)) for p > %. Then, it is solution in B(0,rg) in the
distributional sense.

2) Assume that s > 4 —1 andu € 29, satisfies Au = f(u) on B(0,70)\ {0} in the
distributional sense, where f is analytic. Then, u is solution Au = f(u) in B(0,rg)
in the distributional sense and is therefore analytic.

3) Assume d =2 and v € L>®(B(0,19)) is a solution of (Cont-E) on B(0 \ {0}
and so that Vu, viewed as a distribution ofB(O r0)\{0}, belongs to LY(B ( )\{0})

for some ¢ > 2. Then u solves ( on B(0,79) and is analytic.

Proof. 1) To simplify the exposition, we assume ro = 1, and p < 400 (p = +o0 is in
fact a stronger assumption). Consider v = Au— f € 2'(B(0,1)): it is a distribution
supported in 0 and so can be writen

V= Z Ca0a 00,
o] <N
where N € N and ¢, are constants. Denote G = ‘,i s € LY(B(0,1)) C 2'(B(0,1))

(or —s=1In|z| if d = 2) the Green function: —AG = dy. Define the distribution
= — Z|a\<N €a0aG. Then

Ah= " cadubo=v=Au—f inZ'(B(0,1)).
lal<N

Let w be the solution of Aw = f on B(0,1) and w = 0 on S !. Since f €
LP(B(0,1)), for some 1 < p < 400, w € W2P(B(0,1)) by elliptic regularity (see for
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instance [GT01, Theorem 9.15]). Since p > d/2, the Sobolev embedding gives that
w € L*®°(B(0,1)) (and in fact has some Holder regularity).
Let r =u — h —w. We have

Ar=Au—(Au—f)— f=0 in 2'(B(0,1)).

In particular, r € €°°(B(0,1/2) ¢ L*(B(0,1/2)), and so h = v —r —w €
L*>(B(0,1/2)). To finish, it suffices observe the:

Claim: Assume h € L*(B(0,1/2)) can be written h = =3_ | <y ca0aG (Where
co are constants), then ¢, = 0 for all @ and h = 0 in 2’ (RY).

The claim immediately implies that v = 0 and so Au = f in D/(B(0,1)). We
postpone the proof of the claim after the other items, which are consequences of 1).

2) Using Lemma we can extend u to B(0,1) with v € 29 € L>(B(0,1)) C
D'(B(0,1)). Since f(u) € L°°(B(0, 1)), elliptic regularity gives u € W2P(B(0,1/2))
for any 1 < p < +00. We can then iterate to prove that u is smooth and then
analytic by classical analytic regularity, see [Fri5g].

3) The regularity result of Riviére gives the result once we have proved that w is
a solution of on B(0,79) (or we bootstrap the estimates). Now, as f is
only quadratic in Vu, and from the assumptions, we actually have f(u, Vu) € La/2,
with ¢/2 > 1. We can conclude using 1).

This finishes the proofs up to the verification of the Claim, which we do now.

As h € €°(R%\ {0} N L>=(B(0,1/2)), we can consider, for w € S?~!, the function
hy :t— h(tw). Then h, € C°R\ {0} N L>®((—-1/2,1/2)).

Assume d > 3 for the moment. In view of the formula for G, we can write h,,(t) =
Zgl:_dz_);N % for t > 0 and for some constants ¢ € C (which may depend on w).
Considering the asymptotics close to 0, as h,, is bounded close to 0, we infer that
¢, = 0 for all k. In particular, h,, = 0 on (—1/2,1/2\ {0}. Now this is true for all
w € S%71 hence h(z) = 0 for all x € B(0,1/2) \ {0}. As h € L>(B(0,1/2) and is
analytic on R%\ {0}, h = 0 in 2'(R?).

The case d = 2 is similar taking precaution with the value @ = 0 which contains
the term ¢g In|z|. But the asymptotics close to 0 imply the same result.

So, we have obtained h = 0. In particular, in the sense of distribution of B(0,1),
we have 0 = Ah = Zlal <N Ca0a00- By the uniqueness of this decomposition, we
get cq = 0. U

A.2. Some estimates for semilinear equations. We recall the following classi-
cal fact.

Lemma A.2. Assume thatd >3, q=2*—1 and u € H'({|z| > R}) is solution of
Au=ru? on {|z| > R}.
(in the sense of Deﬁnition if q is not an integer, we write u? for either |u|9 " u
or |u|?). Then, we have
(A1) Ywe Hi(lz] = R), / Vu- Vo dl‘—I—/ﬁl/ ulv dx = 0.
{lz|ZR}

|z| >R

Proof. Due to Sobolev embedding, u € L* ({|z| > R}) so that u? € L) ({|z] =
R}), and v — f\w\>R ulvdx is a continuous linear form on H{({|z| > R}). We can

conclude by density of €>°({|x| > 1}) in H} ({|z| > 1}. O
Proposition A.3. Assumed > 3 and q > 1. Then, there exists a universal constant

d.q > 0 so that if u; € H'({|z| > 1}) , i = 1,2 both satisfy
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o Au; = kuf on {|z| > 1} in the sense of Definition [8.1] for some  with
k[ <1,
e u; =uy on {|z| =1},

. ||u1||Ld<q2—1> + ||U2||Ld<q—1>

<e¢
(l2|>1) 7 (l2lz1)

then u1 = us.

Proof. The result is certainly classical, but we provide a short proof for self con-
tainedness. Consider r = u; — ug: its satisfies —Ar = Vr on {|z| > 1}, where

V()] < Cq (Jua ()7 + ug(2)771) .
That is

/ Vr-Vo dmz/ Vro dx
|| >1 || >1

for any v € €>°({|=| > R}). Since r € H}({|x| > 1}), we can pick v, € €({|z| >
R}) so that ||Vr — Vu,| ;2 — 0. This gives the convergence of the first term to
f‘z|>1 |Vr|2dx. For the second term, using the bound on V, Holder estimates with

;£4+41,+,2472 },,Al +,2471
2+ 2 4 T\2 d d 7

and Sobolev embedding (3.8), we get

/ Vo, (z)dz
|31

qg—1 q—1
< Cagllrllzes oz lonll e o) Ul ey iy T 2 ats s (\wl?l))

<7l pex a1y 1onll L2e (@1 ||V||L%(\z|>1)

< Cag VPl 2oz IVUnll 20 51) €7

In particular, after passing to the limit, we get

2 _
/{|m>1} (VrPde < Cag IVrlya ez e

If Cyqe?! < 1, this yields V7 = 0 and then r = 0. O

The following Lemma is a quantified version of the regularity result of Trudinger
[Tru68, Theorem 3]. We follow the original proof, tracking the estimates.

Lemma A.4. Assume q = 2* — 1. There exists €9 > 0 and C > 0 so that for any
real valued uw € HY({|z| > 1/2}) solution of Au = rku? on {|z| > 1/2}, with |k| < 1
and so that

e = llull g2 (goj>1/2y) < €0
then we have, for p = % = % > 2%,

||uHLP({|9c\E(3/473/2)}) < Ce.

Proof. We denote o = 2*/2, f = 2* — 1 and notice 8 > 1, a = % € (1,p). For
any any (large) L > 0, we define the Lipschitz functions on R

0 if £+ <0
GrLt)=¢ t° if0<t<L
Lot (el 't —(a—1)L%) ift>L
0 if £t <0
Frt)=1{ t° fo<t<L

al® 1t —(a—1)L* ift>1L
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They satisty for every ¢ € R (except for t € {0,L} for (A.2)) and uniformly in
L >0,

(A.2) (FL.(1)* < aGh ()
(A.3) (FL(1)? > G (t)
(A.4) Gty <P, Fult) <t
(A.5) GLt) < %\/G'L(tm(t)

Denote u = max(u,0). Let n € 65°({|z] € (1/2,2)}) non negative nonnegative
values, so that n(z) = 1 when |z| € [3/4,3/2]. Then v := n*G(u) = ?GL(u) €
H'N L+ ({|z] > 1/2}), and
Vo = Gl (w)Vu + 2G L (w)n V.
According to Lemma we can now substitute the test function v in (A.1]) to get
0= / G (w)|Vul|® + 2/ nGr(w)Vu-Vn+ n/ n?Gr(u)ul
lz[>1/2 |z]>1/2 lz|>1/2

So, noticing that Gp(u)u? = Gr(u)u? and using (A.5) and then Cauchy-Schwarz,
we get

/ PG, () Va2
\w|>1/2

m/ G (W) Fr(uw) |Vul [V +/ n°Gr(wu?
f o2 \/ ) IVl [V ()

lz|>1/2

2
o L YO L N (R Aty
|z|>1/2 |z|>1/2 |z>1/2

We now bound separately the three terms of the right-hand side. For the first one,
for a constant C' = C(n, a),

/ G (w)|Vul> < C (Fr(w)®+C G (w)u’
|z|>1/2 lz]€(1/2,2) |z|>1/2
Using that V(Fp(u)) = Fi(w)Vu and (A.2), we get
[ e = [ P <o [ PG
|z|>1/2 |z|>1/2 |z|>1/2
Concerning the third term, we use (A.3)) to get

/ PG (W < / 72 (Fp(w)? ui ™
o] >1/2 o] >1/2

Summing up, at that point, we have proved

[ W) < O eom +C [ o (Fuw)ur
lz|>1/2 lz|>1/2

(A.6) <C|Fp(u )HLZ({\:c\e(l/Z oy T ClInFL(v )72

q =
2*

UHL2* (|z|>1/2})°

where we have used Holder inequality using that 5 Z 4 = 1. Now, using Sobolev

embeding for nFy(u), we get

< CIIV FL@) 122 (1a151/2))

< CnVFL )72 + C (V) Fr(u)| 72
<C

IV EL(w)l[72 + CIFL @)1 2 (aje 1 /2.2))
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So, combining with (A.6) and using [ull po* (z)>1/2) = € < 1, we get

(1= C" ) |InFr(w)zer < CHFL(Q)||L2(|97|E(1/2,2))'

Finally, using (A.4)) which holds uniformly in L, for e < (2C)~ a- 1 , we get uniformly
inL >0
mFr(uw )||L2* C||uHL2"(\ac\e(1/2 2)) = = Ce
(recall @ = 2*/2). This estimate is uniform in L: letting L — +o00, we obtain,
”nﬂaHiz* < O,

Replacing u by —u, we obtain the same result for v and an estimate

||U||L2* (zle(3/4,3/2)) < O O

Remark A.5. Note that a quite twisted way to prove the previous result of Lemma
[A74 would be to use Strichartz estimates for the non linear wave equation outside
the translated cone. Indeed, a solution of Au = ku? on |z| > 1/2) is also a constant
solution Cu = ku? on |z| > t+1/2). This should prove that u € L? for some p > 2*.

Proposition A.6 (Trace regularity). For any s > 0, there exists Cs > 0, given u
under the conditions ofLemma with q € N, ulga—1 € H*(S*1) and ||ulga— Il s ga-1y <
Cse.

Proof. We will need a (finite) sequence of decreasing domains around S?~!. Define

n=1{lz| € (1 -1/(n+4),1+1/(n+4))} so that Q,41 € Q, and S C Q,.
*\2

The previous Lemma gives Hu||Lp0(QO) < Ce with pg = % > 2*, In particular,
[ulll rora(a,) < Ce? with 1 < %" < 400, and we are in position to use elliptic

regularity. Using the equation, we get

||UHW2 Po/a(y) <C ||Au||L,,0/q () +C ||uHLpUq (0)
< Cllut HLPo/q(QO) +C HUHLPO(I(QO)
<

C ||u||%p0 (Q0) +C HU’”LPO (€0) < Ce.

By Sobolev embedding, we get ||ul|,,, (@ S Ce with p; = dpo2d , except if gd <

2po in which case we get the same estimate for any 1 < p; < 4o00. We get p1 > 146
(6 > 0) if and only if pg > % 7 - m,
Then, we can iterate the previous process with some increasing sequence p; with
pi+1 = (1+0)p; to get that for any ¢ € N, there exists C; so that [|lul| s, q,) < Cie.
Fix j so large that p;/q > d. Using once again the equation, we get Hu||W2,pj/q(QH1) <

which is the case for § sufﬁmently small.

Cje, and since p;/q > d, Sobolev embedding implies that
[ullcr(q,) < Ce.

In particular, ||u? H%l(ﬂi) < Ce? and using again the equation and elliptic regularity,
||u||W2,T(Qj+2) < Cye for any 1 < r < +00. Choose 7 > d > 2 so that Wk is an
algebra for all £ € N, then using repetitively the equation and elliptic regularity,
we infer that k € N,

”uHW’%T(QHHk) < Crae.
In particular, for all s > 0 integer, |[ullgas1/2(q,,,,.) < Cs€ and we get the result
by trace estimates. O

The previous results were about the energy critical equation. We now obtain similar
result for more gene general pure power nonlinearities, but under a much stronger
assumption of small L*° norm. We only sketch the proof.
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Proposition A.7 (Trace regularity). Let ¢ € N*. Then, for any s > 0 and Ry > 0,
there exists C > 0 so that for any uw € H*({|z| € (1/2,2)}), solution of Au = kud
on {|z| € (1/2,2)} and so that

e := Jlull g jajeqa/2.2)) < Ros
then wga— € H*(S*"1) and [ulsa—1 [l s (ga-1y < Ce.
Proof. By elliptic regularity and using the equation, we get for any 1 < p < +00

lullwz ) < ClAUl| L) + C llull Loy
< Cu?l| o ) + C llull oo 0y < C(Ro)e-
We can them iterate as before to get the expected result. O

Lemma A.8. Assume d > 3 and ¢ € N*. Let u € L>®({|z| = 1}) be a solution of
Au = ku? on {|z| = 1} and assume that there exists C > 0 so that

Vjz| > 1, |u(z)| < Clz|~@=2,
Then, there exists C' > 0 and R > 2 so that u € H'({|z| > R}) and

Viz| > R, |Vu(z)| < |z~
Proof. For 2y € RY, we will use the rescaled and translated solution wu,(r) =
|m0|%u(1‘0 — |xg|x). For |zg| > 2, it is solution of the same equation on B(0,1/2)
with [Juz, || e (5(0,1/2)) < C?d*2|x0|%_(d_2). We will use the following Claim.

Claim: Let v be a solution of Av = xv? on B(0,1/2) with |[v[|pep(0,1/2)) < 1-
Then, Vv is bounded on B(0,1/4) and there exists a constant D so that

IVl Lo (50,1 /2y) < D10l Lo (B(0,1/2)) -
The Claim is classical by elliptic estimates, we omit the proof.
Let R so large that C2d-2R7r 1 (4-2) < 1. We apply it to u,, and obtain that
IVu®(0)] < Clao|7-7 =2, that is
[Vu(zo)| < Clao| =1

This holds uniformly for |z¢| > R. This implies Vu € L%({|z| > 2}), since d > 2.
Note also that the decay |u(z)| < Clx|~4=2) also implies u € L?" ({|z| > 1}), so
that u € H*({|z] > R}). O

A.3. Conformal equations in dimension 2. In all this section, we are in dimen-
sion d = 2 and consider solutions of equations of the type . We gather some
already known facts and also some results that are quite classical consequences of
them. For some of them, the results are already written for Harmonic maps, but
we did not find the exact similar statement for equation . We refer to
[HO2, TW08], [Sch84] for books or survey on Harmonic maps.

It has been noticed by Riviére (see the proof of [Riv07, Theorem 1.2.]) that if u is
solution of , then, it is also solution of —Au = Q - Vu (scalar product in
R2ff with © = (2))1<i,j<m defined by

, Mo : 1L, :
Q= =3 (A5(0) = Aw)) Vu' + 37 (Hglw) = Hy () V!
=1 =1

which satisfies Q) = —QJ. This is a consequence of the fact that H;e =—-H zje and

we have Zjle Aze(u)Vuj = (A(u)(e;, er), Vu) = 0 (the last scalar product being
on RM) since A(u)(e;,e,) L TN and Vu € (T, N)2

SThat is —Au; = S0, @] - Vuy = S0, (90 00u; + Q40,0 ) for i = 1,..., M.
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In particular, if Vu € L?(B(0,1)), we have Q € L?(B(0,1),so(M) ® R?) together
with (| 12 (5(0,1)) < C I Vull 2 (p(0,1)-

The result of Riviére [Riv07] combined with the result of Giusti-Miranda and Mor-
rey (see Theorem 9.8 of [GM12] for the Holder continuity of the gradient which can
be iterated by Schauder estimates) provides the following regularity result. This
followed an earlier result of Hélein [Hél91] for Harmonic maps.

Theorem A.9. Any u € H'(B(0,1),N) weak solution of (Conf-E)) is smooth.

We have the following result of Riviére [Riv07] (we found it written in this way in
[LR14, Theorem 3.2.]) and [ST13]:

Proposition A.10. [Riv07] There exists g > and C, only depending on p € N*
so that for every Q € L?(B(0,1),s0(M) @ R?) with 1€ £2(p(0,1)) < €0 and every
u € WH2(B(0,1)) solution of —Au = Q- Vu, we have

IVull o501 /4)) < Cp VUl 22(B(0,1)) -

We immediately obtain the following result (also written in [Laul7, Lemma 4.3]).
The statement was also obtained for Harmonic maps in [SURI].

Theorem A.11. Suppose that u € H*(B(0,7),N) is a solution of (Conf-E). There
exists € > 0 and C > 0 depending only on N and w such that if

/ |Vu(z)|*de < e,
B(0,r)
then u satisfies the inequality
sup  |Vu(z)* € Cr_2/ |Vu(z)|*dx.

z€B(0,r/8) B(0,r)
Proof. By scaling, we need to prove it only for » = 1. Fix an integer p > 2. The
equation and Proposition [A.10] give

2 2
Al 1o 50,172y < CIVUllL20(B(0,1/2)) < Cp IVUllL2(p(0,1) -
Let x € €>°(B(0,1/4)) equal to 1 on B(0,1/8) and denote
0.7,
UB,,, = u(z)de.
VB0, 1/4)] JBo,1/4)
Applying elliptic estimates to the compactly supported function v = x(u — up, /4),
the Poincaré-Wirtinger inequality and our previous bounds, we get
”U”W?vP(B(O,l/AL)) <C ||Av||Lp(B(O,1/4))
<C (”AUHLP(B(OJ/AL)) IVl Lo so.a/ay + [lu = “BI/4HLP<B<0,1/4>>)

<C (”AU’HLP(B(OJ/AL)) + ||VU||L1>(B(0,1/4))> Sp (Ve+1) ||vu||L2(B(O,1)) )
Since p > 2, the Sobolev inequality gives

||vu||L°°(B(O,1/8)) = HVUHLoo(B(o,1/s) < HU||W2=P(B(O,1/4))'
This gives the expected result. (]

The following equality is an equipartition result for solutions of on B(0,1)\
{0}, in the energy space. This was proved for Harmonic maps in [SU8I Lemma 3.5]
using the holomorphy of the Hopf differential u2 + ug + Uz - uy. We prove it here
by a Pohozahev type identity, following Laurain-Riviere [LR14]; there it is proved
for solutions on the full B(0,1) (see also (VII.14) in [Riv12] for the harmonic case).
So, we have to be careful about the cutoff introduced to avoid the point 0 where u
might not be solution.
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Lemma A.12. Let u € ¢%(B(0,1) \ {0}, N) with finite energy on B(0,1), and
solution of (Conf-El). Then, for any 0 < r < 1, we have

(A7) / Opu(r0)[2 d = 12 / 10, u(r0)[2 db.
St St

Proof. By scaling, we suffices to prove the result for » = 1. The key property is the
orthogonality when f is as in ((Conf-Ef), which holds pointwise on B(0,1) \ {0}
(A.8) 0 = (Oyu, f(u, Vu))gnr = (Oyu, f(u, Vu))par -
Indeed, A(u)(Vu,Vu) L T,N and 0,u,dyu € T,N at each point of B(0,1) \ {0}.
For the H, it is a consequence of (|1.10)), which gives
(Ozu, H(u)(Optt, Oyu)u)prr = dwy () (9zu, Opu, Oyu) = 0.

The same holds for d,u.
Define now the vector fields

X =20, +y0, and X, =(1-x)(n)X,

where x € C2°(R?) equals 1 near zero. We claim that, for any function w €
¢%(B(0,1) \ {0},R) with finite energy, we have

1
(A.9) lim AwX,, - Vw dz :/ |0, w|* do — f/ |Vw|? do
n—+o0 [p 1) 8B(0,1) 2 JoB(0,1)
Let us assume that is holds for now, and complete the proof. Due to (A.8)),
M

M
ZAuiazui = ZAuﬁyui =0 on B(0,1)\ {0},

i=1 i=1
and so, as any singularity in 0 is voided by X,

M
> AuX, - Vu' on B(0,1).
i=1
We integrate on B(0,1): using (A.9) with w = w; for each ¢, we can let n — 400

to get
1
0 z/ |0,ul? do — f/ |Vu|? do.
dB(0,1) 2 9B(0,1)

Finally remark that |Vu|? = |9,u|? +|9su|? on dB(0,1), so that we obtained (A.7)
for r = 1, as desired.
It remains to prove (A.9). We obtain by integration by parts on B(0, 1):

/ AwX,, - Vw dx = / OpwX,, - Vw do — / Vw - V(X, - Vw) dz.
B(0,1) aB(0,1) B(0,1)

This leads to compute the following two terms
Vw - V(X,, - Vw) = d(X, - Vw)(Vw) = Dy X, - Vw + X,, - Dy, Vw
= DywXyn - Vw + Hess(w) (X, Vw),

2 2 2
div (x, V0N _ gVl div(X,) [Vl
2 2 2
2
= Hess(w)(X,, V) + div(X,,) 'V;”‘ .

For our specific choice of X,,, we have
DyvwX, - Vw = (1 — x)(n)|Vw|* = n(Vx(n) - Vw)(X - Vw)
and div(X,) =2(1 - x)(n) +nVx(:) - X.
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So, we obtain

. |Vwl|?
AwX,, - Vw dx = OpwX,, - Vw do — div | X, dx
B(0,1) 9B(0,1) B(0,1) 2
n 2
+ [(§Vx(n~) X ) [Vl + n(Tx(n) - Vo) (X - V)] da.
B(0,1)

Since Vw € L?(B(0,1)) and n|X||Vx(n-)| is uniformly bounded, we get by domi-
nated convergence that the last integral converges to zero. For the first two terms
of the right hand side, we use the definition of X,, and integration by parts, and we
get that for each n,

2
/ OphwX,, - Vw do —/ div (Xn [Vl ) dx
8B(0,1) B(0,1) 2

1
:/ 00]? do — f/ Vul? do.
8B(0,1) 2 JaB(o,1)
which gives our claim (A.9)). O

We can now give the proof of removable singularity. The proof follows [SU81, The-
orem 3.6] which was performed for Harmonic maps.

Proof of Theorem[8.3 By scaling, since u is of finite energy, we can assume without
loss of generality that v is defined and a solution of (Conf-E|) on B(0,2) \ {0} and
furthermore satisfies the smallness condition

52 ;:/ Vu(z)de < min(1/5,2),
B(0,2)

where ¢ is given by Theorem [A-T1]

Step 1. Let ¢ be a radial function of the form alog(|x|) + b on each annulus of the
form 27™ < |z] < 27™ ! (m € N) so that ¢(27™) = 5= [o, w(27™0)df. We claim
that

(A.10) Ve € B0,1)\{0}, lq(z) —u(@)] < C[[VullL2(p(0,2)) -

Indeed, for 27 < |z| < 27™*1, we have, since ¢ is monotonous on this interval as
a variable of r = |z,

la(2) — u(z)| < lg(x) — a7+ a7 ) — u(2)|
<la@™™) - g2 ) + g2~ — u(@)]
Note that using a finite suitable covering of the annulus, Theorem also gives
uniformly for 0 <r <1

(A.11) sup |Vu(z)|? < C’riZ/ \Vu(z)|?dz.
|z|=r B(0,2r)\B(0,r/2)
So, we get, for all m € N*,

_ .o—m —m-+1 —m-+1
max {Ju(z) —u(w)l; 27" <Jel | <27} <27 max | [Vu(a)

<C HVUHLZ(B(O,Q)) :
In particular, taking y = 27™*+10 and integrating in 6 € S', we get
lg(27™ ) —u(z)| < C IVull L2 (50,2 -
Similarly, taking y = 2=™+10, = 27™0 and integrating in 6 € S', we get
[g(27™) —q(27™ )| < C IVull 20,2y -

Summing up the above two bounds, we obtained (A.10).
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Step 2. For all r € (0, 1], there hold
2
(A12) (1-2) [ o 17 2 <P IV a0

By dilation, (and as 0 = ||Vu| g(0,2) = [|Vul|p(o,2r) for 7 < 1), it suffices to prove it
for r = 1.

Using Lemma[A.12] (observe that u is smooth on B(0,1)\ {0} due to Theorem[A.9),
we get for any 0 < r < 1,

/ |0pu(r0))? do = 7’2/ |0,u(r0)|* dob,
St St

and after integrating in r,

2 1
/ M de = / |0pu(z)|? do = f/ |Vu(z)|* de.
B,y |7 B(0,1) 2 JB(o,1)

Also, since ¢ is radial,

2
/ M dr < / \Vq(z) — Vu(z)*dz.
B(0,1) || B(0,1)

Hence we obtained

1
(A.13) f/ |Vu|2 dr < / |[Vq(z) — Vu(x)\zdz.
B(0,r) B(0,1)

2
To bound the right hand term, we decompose dyadically:
/ |Vq(x) — Vu(z)|?dr = Z / |Vq(x) — Vu(x)|*dz.
B(0,1) mens Y B(0,2=m )\ B(0,2-™)
For fixed m € N*, integration by parts give

/ Vq(z) — V() 2dz
B(0,2=m+1)\B(0,2—™)

Alg—u) - (¢ —u)dz

a(q_u) —m-1
SO 2T e) df

- /B(o,zm+1)\B(o,2m)
4 g-m1 / (g — u)(2-"+10)
Sl

. gy Olg—u) o,
) /Sl(q—u)(Q 9)'T(2 0) do.

Let us precise that %(r) is piecewise smooth, so that 86?‘1 means the respective left

and right derivative; u is regular outside of 0, so we can write 8—7;‘ instead of 2% 8“

Also j(2 ™@) is constant in § because g has radial symmetry, and so that from
the definition of ¢(27™),

—mgy. 94 (g-m _
| a=wemo- gLemo -

Now, using (A.10) and (A.11)), we have the estimate

ou
—m+1 o —m—+1 el
2 [ g we e 3

S ClVullpa (s, IVUllz2s0,2-me2pBo,2-my = 0 as m = +oo.

(27 t1g) d&‘

Hence, summing up the telescopic series and recalling that Ag(z) = 0 on each
annulus 27! > |z| > 27 and the equation on u, we infer

2 . —u)axr
[, V)~ utwar = 3 f Au- (g~ u)d

meN* B(0,2=m+1)\B(0,2-™)



+ [ a=w®)- 250 a

- u-\qg—ujax —u . M

B /13(071 Au- (g Jdz + /S1 (g )(0) or+ (0) df
_ W) - (0 — w)de — u - Ou(0)

B /B(o,1)f( V) - (g —u)d /Sl(q )(6) o de.

Using again the estimate (A.10) and that f is quadratic in Vu, and A and H are
(smooth and so) bounded on the compact manifold N we can estimate

flu,Vu) - (g —u)dz| < C

(Il oo, [ H | o) [Vl ? llg — ull

o) L2(B(0,1) Lo=(B(0,1))
<C ||VU||2L2(B(0,1)) IVull L2 (B(0,2)) »

@

or

df < [lg — ull g2 sy

[ =6 252

So, inserting in (A.13), we arrive at
1

[P [ Vaa) - Vu)Pds
2 JB(o,1) B(0,1)

2
< CNVullzepo,) IVl z2(po,2)) + 114 — ull 22y

L2(§1) '

Ju
or

L2(S1)

Recall that [|Vul|;250)) = 0 and, again due to Lemma |A.12 || ,||L2 (s1)

i ||V“||i2(sl) so that equivalently, this writes

1 1
_6>/ |VU|2dl‘<7 q— Uljp2s Vull 721y -
<2 B(0,1) V2 I Iz (st) [Vull, (s1)

Since on S!, ¢ is the average of u, we have, by Poincaré-Wirtinger inequality (and

Lemma ,
1
lg = ull 21y < 0oull 21y = NG IVull 2 -
So, we get
(1-20) [ [Vu@) do < [Vulfu
B(0,1)
as desired.
Step 3.

The inequality (A.12) writes

u—mAg@w<mmehmm=wwawww

This differential inequality in r integrates to yield

(A.14) vr e (0,1], / |Vul|? de < 7*1*25/ |Vu|? d.
B(0,r) B(0,1)

Applying Theorem on balls B(xg,|zo|) C B(0,

@),

) and some translation of

Vo € B(0,1/2), |vm%wo<kmr2/
B(zo,|z0l)
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As we choose § < 1/2, then —3 — & > —1, and v has a finite limit at 0 (see the
proof of Lemma [8.8)). We can therefore extend u to B(0,1) with u € €°(B(0,1)).

Also, so there exists ¢ > 2 such that (—4—4)q > —2. Therefore, Vu € L4(B(0,1/2)).
We are then in a position to apply Lemma[A-1] which assures that u is smooth. O

Corollary A.13. Let u be a weak solution of (Conf-E) on R?\ B(0,1) with finite
energy. Then, there exists us € N CRM so that u(z) — Uso-

|z| =400

In particular, for any € > 0, there exists R > 1 so that for any r > R, denoting

ur(x) = u (rz), u, satisfies (Conf-E)) on R?\ B(0,1) and

IVt || 2@\ (0,1y) T [tr = Yool oo (m2\ B(0,1)) < €

Proof. Define u(z) = u (#) which is also a solution with finite energy on B(0,1)\

{0}. Theorem [8.2 implies that @ can be extended to a smooth function on B(0,1).
In particular, denoting u., = @(0) € N, u(z) = (z/|x]*) = us as ¥ — +o00. The
second result is then direct once we check that w, is also a solution of on
{|z] = 1/r} with

/ IV, ()] 2de = / P2\ V() Pde = / Vu(y)2dy.

lz|>1 |z|>1 ly|>r

So, it can be made arbitrary small. O
Proposition A.14 (Regularity and trace). Let us, € N. There exists g > 0 and

C > 0 such that the following holds. Let u € H*(B(0,12)) be solution of (Conf-C))
taking values some chart around us., so that

||Vu||L2(B(0,12)) + Ju— Uoo||Loo(B(o,12)) =:€ < €o-
Then, we have the estimate
||Vu||Loo(B(o,3/2)) < Ce.

Moreover, for any s < 4, there hold uis1 € H*(SY) and HU'S] < Cie.

- uOOHHS(Sl)

Proof. As w is a solution of with values in some fixed coordinate charts
around s, by considering some embedding ' C R, we can identify u with a
solution of and we use this representation from now on; the result by
Riviere |Riv07] ensures that u € €°°(B(0,12), ). Due to Theorem

sup |Vul? <C |Vu(z)|?dr < Ce2.
B(0,3/2) B(0,12)

Using the equation (Conf-EJ), it implies

sup |Au| < Ce?.
{3/4<r<5/4}

Let x be a cutoff function supported in {3/4 < |z| < 5/4} and equal to 1 on
{7/8 < |z| < 9/8}, and denote & = (u — 1o )x. For any 1 < p < 400, we have

AUl 1o mey < ClAU oo (3/40<r<5/1)

< CllAull oo 370572y T VUl oo 370572y T 18— ool oo (3/a<r<5/1)
< Ce.

By Calderon-Zygmund estimates [GTO01, Theorem 9.11], we infer

1 = toollw.r(z/s<ia1<0/8) S I = toollLn(3/a<r<say + 18Ul Lo a<r<s/ay < Cpe-
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Since u = % + us on {7/8 < |x| < 9/8}), we can iterate by checking the equation
satisfied by Vu and then V2u to get

lu— UDO||W4v1’(31/32§|;v|<33/32) < Cpe.
For any 7/2 < s < 4, choosing p so that 2 < p < 21—, then s < 4 — 1/p and by

. 4—s’
trace estimates:

st — U’OOHHS(Sl) Cs [y — “00||W4—1/p,p(sl)

<
<Csu— U’OO||W41P(31/32<|m\<33/32) < Cie. O

Proposition A.15. There exists ¢ > 0 (depending on N and w) such that the
following holds. Let u and v be two smooth solutions of (Cont-C)) in B(0,1) so that
u=v on the unit sphere S' and are small in the sense that

IVull Lo (50,1)) + IV oo (B0,1)) < €
Then, u=v in B(0,1).
Proof. Let w = u — v, then w satisfies
(A1%w = —[['(u) — T(0)](Vu, Vu) — [I'(v)(Vw, Vu + Vo)
+ [H(u) — H(v)](0pu, Oyu) + H(v)(0zw, Oyu) + H(v)(9yv, yw).

where we have used the bilinearity of I' and H and the symmetry of I'. Taking
scalar product in RV of with w, integrating and then performing an in-
tegration by parts, we get, using the Dirichlet boundary condition for w and that
ITlls1 (arys 1 H [l61 (&) < Caryw are bounded (since the target manifold N is compact)

/ |Vw|?dx = / ['(u) —T(v)](Vu, Vu) - w dx
ES! |l|<1

! /I:vél PNV, Vu+ Vo) w0 do / [H(u) — H(v)](0ru, Oyu) - w dz

lz|<1
- H(v)(0,w, 0yu) - w — H(v)(0yv, 0yw) - w dz
lz|<1 |z|<1
(A.16X C |Vul*|w|? dz + C |Vw| (|Vu| + |Vv)) |w]| dz
lz|<1 l|<1

< 082/ |w|? dx + Ca/ |Vw]? + |w|? dz
ol <1 o<1

< C’&:/ |Vw|?dz.
|z|<1

(we used the Poincaré inequality on the bounded set B(0,1), which holds due to
the Dirichlet boundary for w). For Ce < 1, this gives w = 0. (|

A.4. Some results about Harmonic Maps in dimension d > 3. In this sec-
tion, we gather some already known facts about Harmonic Maps in R? (for the
initial manifold). We refer to [H02, [TW0S), [Sch84] for books or survey on this very
studied topic.

One important tool will be the following e-regularity result of Schoen-Uhlenbeck
[Sch84l Theorem 2.2].

Theorem A.16 (Theorem 2.2 of [Sch&4]). Suppose u € €>*(B(0,r),N) is a har-
monic map. There exists € > 0 and C > 0, depending only on d, N such that
76



r2*d/ |Vul? < e
B(0,r)

then u satisfies the inequality

sup |Vul? < C’r_d/ |Vul?.
B(0,r/2) B(0,r)

We begin by a result about the decay of regular solution in the energy space. The
proof relies on the regularity result of [SU82] for small solutions and a scaling
argument. Some similar results also appear in [ABLV23].

Proof of Lemma[8.7. For xg € R? and R = || > 2, we denote @(x) = u(zo+Rx/2)
which is still solution of the Harmonic map on B(0,1) . We compute

/ |Va(z)|*de = (R/2)? / \Vu(zo + Rx/2)2dx
B(0,1) B(0,1)

— (R/2)* / Vu(y)Pdy.
B(zo,R/2)

Since d > 3, this becomes small for large R, so that we can apply Theorem to
% and 7 =1 to get

VaOP<c [ Va@Pa<or [ u)dy
B(0,1) B(xo,R/2)

<er | Vu(y) Pdy.
B(0,3R/2)\B(0,R/2)

Since |Va(0)| = R|Vu(zo)|, We get

Vutao)? < CR [ [Vuy)Pdy,
R4\ B(0,R/2)
which is the first item once Ry is chosen large enough.
Concerning the second point, the L? part is immediate when Ry is taken large
enough, the L part is a consequence of the first item, while the L? part is obtained
by interpolation. O

Proof of Lemma[8.8, We first fix a direction e; = (1,0,---,0) € R? and prove
that u(ney) is convergent in N' C R™. Lemma and the fundamental Theorem
of calculus give for n large enough |u((n + 1)e;) — u(ney)| = Zg}l In particular,
since d/2 > 1, the series is convergent and u(ne;) is convergent to some uo, €
N C RM™. Now, for any n € N and € R? with |z| € [n,n + 1], there exists a
path v C R?\ B(0,n) piecewise affine and of length |y| < Cyn so that v(0) =
ne; and v(1) = x. The fundamental Theorem of Calculus gives |u(z) — u(ney)| <
nsuP,eo 1] Vu(y(s))| = o(n'~4/?) after having used again Lemma Since 1 —
d/2 < 0, we get the expected convergence. Note also that the proof gives more
precisely

(ATt — toell e (Boms 1y Bomy = 0~ ¥2) +0(1) 3 kY2 = o(n'~4/2).

k>n

Now, we prove u — s € H'(R?\ B(0,1)), that is u — us can be approximated for
the energy norm by a sequence of functions in €>°(R?).

First consider u, = x (%) (u — uso) where x € €°(B(0,2);]0,1]) equals to 1 on
B(0,1). By assumption, u, € €2(R?) and for

vn::u—uoo—un:(u—um)(l—x(%)),
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X

T =Tu(1-0(2) - Lo (2.
we can bound, using estimate ,

1
andeg/ Vul?dz + ||u — tso ? " n */
[ 1wl o 4 I 0 00,0 55

/ |Vaul?dz 4+ o(n®*~)n?"2 -0 asn — +oc.
R\ B(0,n)

w3l

N

Once © — U has been approximated by some % compactly supported functions,
it is easy to approximate it by some smooth compactly supported functions by
standard approximation process. O

We will use the following result of uniqueness. Some uniqueness result appear in
bounded domain in [Str98] for small data in some more refined norms.

Proof of Proposition[8.9 The beginning of the proof is a similar computation as in
Proposition[A-T5]except that since we are on an unbounded set, we need to interpret
the integration by parts as the weak formulation of Deﬁnition Also, we consider
the equation for the embedded formulation. Let w = u —v € HY(R?\ B(0, 1)) with
w =0 on S, that is w € H{(R?\ B(0,1)) In particular, there exists a sequence
of w, € €°(R?\ B(0,1)) so that ||V(w — w,)| ;. — 0. Using that w solves (A.15)),
we arrive as in (A.16)) to

/ Vw - Vwnpdr < C’/ |Vul?|w||w,| dz
{lz|>1} {lz|>1}
+C |Vw| (|Vu| + |V|) |wy]| de.
{lz[>1}

Using Holder inequality for the exponents % + QL + 2% =1 and % + é + QL =1,
together with the Sobolev embedding (3.8)), we obtain for n large enough

/ Vw - Vw,dx
{lz[>1}

< CIVUlLacazin 100z (gapsayy 100l 2 (a1
+ONIVWll L gapz1y) <‘|V“||Ld({|m|>1}> + HV”HLd({Ir\%})) lwnllL2- ((la1213)
< C(e? + ) [IVWll g2 gas1y) V0l L2 (fla1y) -
Taking the limit n — 400, this gives
”Vw”i?({hﬂ}l}) <C(e +¢) ||Vw||2L2({\x|>1}) :

For & so small that C(e2 4+ ¢) < 1/2, we get Vw = 0 and therefore w = 0 as
expected. O
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