INVISIBLE SOLUTIONS FOR SCHRODINGER AND WAVE EQUATIONS
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ABSTRACT. On the Euclidean disk, we construct a nontrivial solution of the Schrodinger (resp.
wave) equation with Dirichlet boundary conditions which vanishes identically on a smaller con-
centric disk for all times. The equation has an additional potential term which is a smooth
function having Gevrey 2+ ¢ (resp. 1+ ¢) regularity in time. This shows optimality of the local
and global results of the authors [FLL25] (resp. of Tataru-Robbiano-Zuily-Hérmander [Tat95,
RZ98, Hor97, Tat99]), stating that Gevrey 2 (resp. Gevrey 1) regularity of the potential yields
unique continuation. In turn, this proves that Gevrey 2 (resp. Gevrey 1) regularity in time
is critical for the approximate controllability of the Schrédinger (resp. wave) equation. Our
construction builds on those of Kumano-go [Kg63] and Takase [Tak21].
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1. INTRODUCTION

1.1. Results. This article is devoted to the construction of nice solutions to the Schréodinger and
the wave equations, which vanish identically on a large part of the spatial domain for all times,
violating unique continuation. The equation has a potential with critical (Gevrey) regularity. All
examples are constructed on the (closed) Euclidean unit disk

D= {x = (z1,22) € R?,|z|? := 2} + 23 < 1} C R
Our first result concerns the Schrédinger equation.
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Theorem 1.1 (Invisible solution for the Schrédinger equation). For any pg € (0,1), € >0, n > 0,
by € N, there exist p1, p2 with po < p1 < p2 < 1, and functions

g€ [ G*(R;CHD;C)), ue ()G (Ry; CH(D;C))
£eN ¢eN
such that
(=0 —A+qu=0, inRxInt(D),
u=0, on R x 9D,

satisfying in addition

supp(u) ={z € D, p; < |z| <1}, supp(q) C {z €D, p; < |z| < pa},
HqHC"'O(Rthnt(D);C) <n,
lu(t, M2y =1, forallt €R.

We refer to Figure 1 for a schematic representation of the support of the functions q and u.
In this statement, C*(ID;C) denotes the space of restrictions to I of functions of class C* in
a neighborhood of D in R?. The notation || - [|cto ®xme(D):c) Stands for a norm (on the space

C’Zfo (R x Int(D); C) of functions in C* having all derivatives of order < ¢; bounded on the open
set R x Int(D)) equivalent to

q|lce ) = max sup 0%q(t, z)|.
Jaloro@amemre) = mas  sup - (9%(0,2)

We have also used the following definition of Gevrey functions (with “global bounds”).

Definition 1.2. Given J C R an open interval, (B, || - ||5) a Banach space and s > 0, we say that
f is a globally s-Gevrey function valued in B, denoted f € G°(J; B), if f € Cy°(J; B) is such that
there are constants C, L > 0 such that for all « € N

sup Hf(o‘) (t)H < CL%a!®.
teg B

We refer e.g. to [H6r90] or [Rod93] for more properties of Gevrey functions Notice that s; <
s = GY(J;B) C G%2(J;B) and for s = 1, G1(J;B) is a space of real-analytic B-valued

functions.

Our second main result is an analogue of Theorem 1.1 for the wave equation, in which the
critical Gevrey regularity 2 + ¢ is replaced by 1 + €.

Theorem 1.3 (Invisible solution for the wave equation). For any pg € (0,1),e > 0,17 >0, ¢y €N,
there exist p1, p2 with po < p1 < p2 < 1, and functions

q" e (g (®;C*(D;C)), u" e ()G (R;C(D;C))
£eN LeN
such that
(02 — A+ g™ =0, inRxInt(D),
u =0, on R x dD,

satisfying in addition

supp(u) = {z € D,p1 < |z <1}, supp(q”) C {x € D, p1 < |2| < pa},
19" [lcto mxmsc) < 7,
|0pu™ (2, ')H%2(D) + | Vu (2, ')”%2(@) =1, forallteR.

The interest of Theorems 1.1 and 1.3, when compared to the existing literature, is twofold:

(1) Firstly, they provide with counterexamples to local unique continuation with critical Gevrey
regularity.
Theorem 1.1 is a counterpart to the following result of the authors in [FLL25, Theo-
rem 1.5] (see also [FLL24, Theorem 2.2]), proving that q € G?(L*°) implies local/global
unique continuation for the Schréodinger equation in a general setting.



INVISIBLE SOLUTIONS FOR SCHRODINGER AND WAVE EQUATIONS 3

x2

supp(q) C {p1 < |z| < pa2}

Ty

supp(u) = {p1 < |z| < 1}

FIGURE 1. Schematic representation of the support properties of u and q in The-
orem 1.1 (resp. of u and q" in Theorem 1.3). The purple region corresponds to
the support of the solution u. The support of the potential q is contained in the
purple dashed region.

Theorem 1.4. Let T > 0 and M = Int(M) LI OM be a connected smooth manifold with
or without boundary M. Suppose that g € W>°(Int(M)) is a Riemannian metric on

ocC

Int(M), that q € G2 .((0,T); L2, (Int(M); C)), Then, denoting by A, the Laplace-Beltrami

loc
operator on Int(M), given w any nonempty open set of M, we have

(—i0y — Ay +q)u =0 in (0,T) x Int(M)
ue€ LE ((0,T) x Int(M)) = u=0in(0,T) x Int(M).

loc

u=01in (0,T) X w

In this statement G2 _((0,7); LS, (Int(M); C)) stands for the space of functions that
belong to G2 .(J; L>(W;C)) for all open sets J with J C (0,T) and open sets W with
W C Int(M).

As for the wave equation, Theorem 1.3 is a counterpart to the Tataru-Robbiano-Zuily-
Hoérmander theorem [Tat95, RZ98, Hor97, Tat99] (see e.g. [LL19] for global quantitative
statement) stating that q € G*(L>) implies local unique continuation for the wave equation
across any noncharacteristic hypersurface and global unique continuation from any open set
in sufficiently long time. That G! is the critical regularity for local unique continuation was
already proved by Hormander [Hor00]. This results however only disproves local unique
continuation; the solution constructed is however not solution to a well-posed Cauchy
problem, hence not disproving global unique continuation.

Secondly, the functions u,u" in Theorems 1.1 and 1.3 are solution of a well-posed Cauchy
problem. Hence Theorem 1.1 (for instance, a similar discussion holds for Theorem 1.3)
implies existence of q (as in Theorem 1.1) and ug € L?(D) such that the unique solution u

(=10t —A+qu=0, inR xInt(D),
u=20, on R x 0D,
) = Uo, in ]D)v
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(that is to say, to (1.1) with u(0,-) = up) satisfies supp(u) = {z € D, p; < |z| < 1} (one
indeed only have to take u(0,-) := up). The construction of such global counterexam-
ples seems to be new and suggests that these solutions are "physical". Moreover, it also
contradicts some approximate controllability results as described in Section 1.2.1 below.

Remark 1.5 (Neumann boundary conditions). Theorem 1.1 (resp. Theorem 1.3) remains valid
if we replace the Dirichlet boundary condition ulgxsp = 0 in (1.1) by the Neumann boundary
condition d,ulgxaop = 0, where v = I:%I is the outward pointing unit normal vector field to dD. The
proof simply uses Lemma 5.4 instead of Lemma 5.3 below.

Remark 1.6 (Conserved quantities). The solutions in Theorems 1.1 and 1.3 actually have many
additional preserved quantities. In fact, they share many common properties with the free Schrodinger
and wave equations. They are indeed constructed as superposition of truncated free solutions, as
described below. Quite surprisingly, the cutoff functions do not kill the orthogonality between the
different free solutions, see Lemma 5.1.

1.2. Comments and related literature. In all the article, we write
Dg:= {r € R? |z| < R} = B(0O,R), R>0,

for the closed disk of radius R. With this notation, D = Dj;.

1.2.1. About approzimate controllability. Theorem 1.1 has the following corollary concerning (lack
of) approximate controllability. We recall that the controlled Schrodinger equation

0w+ Av+qu=1,f, in (0,7) x Int(D),
v=20, on (0,7) x ID, (1.3)
v(0,-) =0, in Int(D),

is approximately controllable in time T if for any target vr € L?(f2), there exists a control force
f € L?((0,T) x w) such that the associated solution v of (1.3) satisfies v(T,-) = vr.

Corollary 1.7. For any py € (0,1), € > 0, n > 0, {y € N, there is q € ),y G2 (R; C*(D; C))
with ||ql cto mxmscy) < 1 such that for any open set w C D,, and any time T' > 0, the Schrodinger
equation (1.3) is not approzimately controllable from w in time T.

Corollary 1.7 is a direct consequence of Theorem 1.1 with q = ¢, the fact that the solution u
in this result is actually the unique solution to the well-posed Cauchy problem (1.1) with fixed
u(0,-) € L?(D), and the link between unique continuation and approximate controllability, see
e.g. [FLL24, Lemma 1.1]. This proves that the regularity G2(L°°) is critical for approximate
controllability in general (that is to say, without any further geometric assumption).

Similarly, we recall that the controlled wave equation

v —Av+qu=1,f, in (0,7) x Int(D),
v=0, on (0,7)x JD, (1.4)
(v,0:v)(0,-) =0, in Int(D),

is approximately controllable in time 7" if for any target (v%,vk) € H}(D) x L?(D), there exists a
control force f € L?((0,T) x w) such that the associated solution v of (1.4) satisfies v(T,-) = vr.

Corollary 1.8. For any po € (0,1), e >0,17>0, {y €N, there is q € [,y G1E(R; CY(D; C)) with
lallcto rxmscy < 1 such that for any open setw C D, and any time T > 0, the wave equation (1.4)
is not approximately controllable from w in time T.

Corollary 1.8 is a direct consequence of Theorem 1.3 with q = q, the fact that the solution u
in this result is actually the unique solution to the well-posed Cauchy problem (1.2) with initial
data, and the link between unique continuation and approximate controllability, see e.g. [LL23,
Section 1.1.2].

This proves that the regularity G'(L°°) is critical for approximate controllability in general (that
is to say, without any further geometric assumption).
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1.2.2. About unique continuation for the Schridinger equation on the disk. Theorem 1.1 completes
the characterization of subsets of the disk which enjoy “stable unique continuation”. Namely, we
recall the following result, consequence of [ALM16, Theorem 1.2] (combined with a perturbation
argument).

Theorem 1.9. Let T > 0, w C D be an open set of D such that wN D # (). Then there is g > 0
such that the following unique continuation property
(—i0y — A+ q)u=04n (0,T) x Int(D)
u € C°([0,T]; L*(D))
u=0 (weakly) on (0,T) x OD,
u=01in (0,T) X w

= u=0in(0,T) xD.

holds for any q € L*(0,T; L>=(D)) such that lallz1 0,752 @)) < €o-

Theorem 1.9 is a direct consequence of [ALM16, Theorem 1.2] (with zero potential) together
with a perturbation argument proved in Proposition D.1. Actually, these two results imply an
observability inequality, which is a linear quantification of the unique continuation statement (1.9).

Theorem 1.1 provides with a counterpart of this result: in case @ N 0D = {}, stable uniqueness
in the sense of Theorem 1.9 does not hold.

1.2.3. About pseudoconvexity. We recall here for comparison the general results of stable local
unique continuation for the wave and Schrédinger operators, across a hypersurface. We begin with
the wave equation where the statements are easier to present.

For a general second-order operator, the classical Hérmander Theorem [Hor94, Chapter 28]
assumes that the oriented hypersurface S = {¥ = 0} is strongly pseudconvex for P at xo =
(to,mo) € I x V (see [LL23, Section 2]):

p2(%0,8) = {p2, V}(x0,€) = 0 = {p2, {p2, ¥} }(x0,&) > 0, for all £ € T (I x V)\{0}. (1.5)

Here, {-, -} denotes the Poisson bracket, and the geometric content of this condition is explained e.g.
in [LL23, Section 2]. In the particular case of the wave operator P = 92 — A, then pa(t,2,&;, &) =
—&2 + |&,]?, and, if the oriented surface is R x 0D, = {¥y = 0} with Uy (¢t,z) = £(|z| — p1),
then (1.5) can be equivalently rephrased at the point (g, zo) as

(1&] = &, & 2o =0) = £|&|> >0, forall (&,&) € Ty (I x V)\{0}. (1.6)

The latter is satisfied for ¥, whence stable unique continuation holds from |z| > p1 to |z| <
p1, but not for ¥_. The Hormander Theorem [Ho6r94, Chapter 28] does not apply to prove
unique continuation from |z| < p; to || > p; and Theorem 1.3 actually proves that stable unique
continuation does not hold.

The classical Hérmander Theorem [Hor94, Chapter 28] does not apply to the Schrodinger opera-
tor —id—A. Taking advantage of the anisotropic (or quasi-homogeneous) nature of the Schréodinger
operator, Lascar and Zuily proved in [LZ82] that the results of Hormander [Hor94, Chapter 28]
can be generalized to the anisotropic case with an appropriate modification of the symbol classes
and Poisson bracket, see also [Deh84], [Isa93] and [Tat97] for later results in this direction. In the
context of the Schrodinger operator —id; — A, at a point xo = (tg, o) € I x V, the related sufficient
condition for unique continuation across the oriented time-invariant hypersurface S = {¥ = 0} for
U(t,z) = ¥(x) is d¥(zp) # 0 and

€o - 02U (x0) = 0 = Hess U(x0) (&, &) >0,  for all & € T, V\{0}.

As in the case of the wave equation with Wy (¢,2) = %(|z| — p1), this condition reads &, - ¢ =
0 = £[&|? > 0 for all ¢, € T,,,V\{0}. Thus it holds for ¥, whence stable unique continuation
holds from |z| > p1 to |z| < p1, but not for ¥_. The result of [LZ82] does not apply to prove
unique continuation from |z| < p; to |z| > p1 and Theorem 1.1 actually proves that stable unique
continuation does not hold.

In the case of partial analyticity of the coefficients with respect to the time for the wave equation,
or partial Gevrey 2 regularity for the Schrédinger equation, the pseudoconvexity needs to be
checked only in {&; = 0}. This leads to much less restrictive geometric conditions as in Theorem 1.4
for the Schrodinger equation or the Tataru-Robbiano-Zuily-Hérmander theorem [Tat95, RZ98,
Hor97, Tat99] for the wave equation.
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1.2.4. On previous counterexamples to unique continuation. There are mainly two families of coun-
terexamples in the literature, which are reviewed [LL23, Section 2.4] in the case of the wave oper-
ator.

The first family concerns local constructions of counterexamples near a point. A very general
theorem of Alinhac [Ali83, Théoréme 2] holds for all second order operator P with nondegenerate
real symbol py. It states that if ¥ € C°(Q;R) is such that U(xg) = 0 and pa(xo, d¥(z)) # 0, and
if there exists & € R™ \ {0} such that

p2(‘r07€0) = {p27\11}($07§0) =0 and {p27{p27\11}}($0750) < 07 (17)
then, there exist U C  a neighborhood of z¢ and ¢,u € C*°(U; C) such that
Pu+qu=0inU, and supp(u)nNU={¥ >0}NU.

In particular, under Assumption (1.7) on the oriented hypersurface {¥ = 0}, unique continuation
from {¥ > 0} to a neighborhood of zy does not hold for the operator P + ¢. This applies to
the wave operator. Condition (1.7) is a strong negation of strong pseudoconvexity (1.5), which is
satisfied in the setting of the Theorem 1.3, see (1.6) in case ¥_.

In the particular case of the wave operator P = 97 — A in R'*2 Alinhac-Baouendi [AB79,
Théoréme 2] and [AB95, Theorem| actually pushed the local counterexamples to the limit case
where {p2, {p2, ¥} }(x0,&) = 0 (improving on [H6r63, Theorem 8.9.4] where an additional first-
order term appears). They prove that there exist an open set U C R'*? with 0 € U and ¢,u €
C>(U;C) such that

Pu+qu=0inU, and supp(u)NU={z; >0}NU.

This implies that unique continuation fails for the operator P+ ¢ across the hypersurface {z; = 0},
even though P has constant coefficients and the perturbation q is of lower-order and smooth. Note
that the principal symbol of P + q is pa(t, 7, &, &) = —&2 + |€,]? and the hypersurface {z; = 0}
barely fails to be strongly pseudoconvex (1.5). The regularity in this result has been pushed by
Hérmander [Hor00], showing that the potential ¢ and the solution w in the Alinhac-Baouendi result
can be taken in the Gevrey class G'*¢ for any € > 1.

Lascar-Zuily proved in [L.Z82] an analogue of the result of [Ali83] in the setting of the Schrédinger
equation, showing that stable local unique continuation does not hold if (1.6) is “strongly violated”.

Finally, Guisset and Shao [GS24] generalized the constructions of [AB79, AB95] to geometric
wave equations having a singular potential.

The second family of counterexamples (to which the present work belongs) is concerned with
semiglobal counterexamples. They have been constructed by Kumano-go [Kg63] (inspired by a
construction by John [Joh60] and Pli§ [Pli61]) and Takase [Tak21]. Kumano-go [Kg63] proved the
existence of u, g,q € C*°(R*2;R) real-valued solving (for the Euclidean metric) the damped wave
equation (07 — A + gd; + q)u = 0 in R™? with supp(u) = R x (R?\ B(0,1)). Takase [Tak21],
proved existence of u,q € C®°(R'*2;C) solving (for the Euclidean metric) (97 — A + ¢)u = 0
(resp. (—i0; — A+ ¢)u = 0) in R'*? and supp(u) = R x (R?\ B(0,1)). As already mentioned,
the construction in the proof of Theorems 1.1 and 1.3 builds on those of Kumano-go [Kg63] and
Takase [Tak21].

1.3. Sketch of proofs and plan of the paper.

1.3.1. On the construction and Gevrey regularity. We start by explaining informally the idea be-
hind the constructions appearing in [Kg63] and [Tak21], which are closely related to the ideas
of [Joh60], and upon which the present paper builds. We focus on the wave operator

O:=0} —A=0; —02 —02..
t oz
P1’ p1
constructing a solution w to Ow + Vw = 0, with V' to be determined, having supp(w) = R; x
(R2 \ B(0, 1)) In particular, the boundary of the support is the spacetime cylinder R x {|z| = 1}.
In this situation, it is natural to work in usual polar coordinates

R?\ {0} 22 = (rcosf,rsinf), withr e R%,0€S' =R/27Z.

Using a scaling argument (¢, z) +— ( ) leaving unchanged the operator [, we are left with
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In this setting, the building blocks of the the construction of the solution w are the functions
(t,7,0) = Jn(nr)e™ 9 where J, is the Bessel function of order n € N. From the Bessel equation
satisfied by J,, the latter are exact solutions of the wave equation

O (Jn(nr)em<t+9>) =0, (tr0) €RxR, xS

Now, J,(nr)ei™(+9) solves the wave equation but has full support in R x R* x S'. We therefore
truncate them by using a family of radial cut-offs r — x,(r), with supp(xo) C (2,400) and
supp(x») C (1 + m, 14 1), n € N*. This forces the support of Xn (1) Ty (n1)e™ 49 outside the
cylinder r < 1, at the price of not solving anymore the free wave equation since

O (Xn(T)Jn(nr)ein(t+6)> =[O, xn] (Jn(m)em(tw)) £0.

In order to be able to divide Cw by the function w in the construction, as well as to impose that
w has full support in r > 1, one defines

t r 0 an 'Ln(t+0)

This is an infinite but locally finite sum, and the supports of the radial cut-off functions x,, cover
the whole set r > 1, while accumulating to r — 17 as n — oo. They are also trivially zero for
r < 1. The function w constructed in this way is no longer an exact solution of the wave equation,
and this is where the potential comes into play. We define the potential V by V = % so that
Ow 4+ Vw = 0. The delicate part is then to verify that w has indeed the desired support properties
and that such a potential V' is well defined and regular.

A crucial point of this construction is that the family r — J,(nr), n > 1, changes behavior
radically at » = 1: for r < 1 the functions are positive and decay exponentially as n — oo,
while for » > 1 they strongly oscillate and decay like a negative power of n. This motivates the
introduction of two oscillation parameters A, and k,, in the above construction, and work with
the functions

w(t,r,0) Z A Xm (1), (kmT)e" iAmtkmt)
m>M
where a,, € R" are correction parameters. Here, ),, is the main oscillation scale, satisfying
A € N, A\, = +00 and k,,, ~ A, is of same order. Each building block Jy, (kp,r)e!Am0+kmt)
remains an exact solution to O (J oy (B 1") WA O+km t)) = 0. The concentration scale in the variable
r remains fixed by supp(xm) C (1 + va 1+ L), Imposing km/Am = 1 — 1/m ensures that on
the support of x,, the function

Tn (k) = T, (Am . 1)r>
m
decays exponentially as m — oo since (1 - %)T < (1 — %) (1 + %) =1- # < 1 for r € supp xm-
This is what makes w smooth at » = 1. The parameters a,, are there to ensure that V' grows in a
controlled way, and guarantee that it is sufficiently smooth.

To establish our main theorems, we need to examine each of the objects arising in the con-
structions above in detail. Obtaining Gevrey regularity considerably complicates this task, as it
necessitates quantitative control of derivative growth with respect to the various parameters in-
volved. The treatment of the potential is particularly delicate and was the primary motivation for
employing an abstract Gevrey framework.

In addition, carefully choosing the initial cut-off x; in the definition of w and exploiting the
behavior of the first zero of the function Jy,,(-) allows to force w = 0 (resp. d,w = 0) at some
r = Ry > 1 (as close to 1 as wished by choosing M large). This provides with a solution satisfying
a well posed Cauchy problem with Dirichlet (or Neumann) boundary conditions. The statements
in a disk of radius 1 finally follow from the scaling argument described above.

1.3.2. Link with complex WKB solutions. It is interesting to relate the construction used in this
paper (together with [Kg63, Tak21]) with the counterexample machinery developed in [Ali83, AB79,
ABO95]. The latter articles produce a general mechanism resulting in non uniqueness examples and
they are based on the construction of Complex WKB (or Complex Geometric Optics) solutions,

which are approximate solutions of (v = 0 of the form v = a,,e**? with a complez valued phase
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& and a large parameter A — —+oco. Here a,, is the amplitude of the approximate solution and
one can imagine that «,, ~ 1. Hence, in the case of a real valued phase one obtains solutions
whose magnitude is roughly speaking equal to 1. Allowing the phase to take complex values with
positive imaginary part gives some decay on the modulus of the solution and it is important for
the construction of those examples. We refer to [Ler19, Chapter 6.1.2] for a detailed presentation
of this approach.

In these WKB constructions, one considers a real-valued function ¢ satisfying the eikonal equa-
tion p(z,d¢) = 0, where p denotes the principal symbol of the operator under consideration. In

2
case the operator is [J in polar coordinates, then p(t,r,0,&, &, &) = —€2 + €2 + f—‘; The function

& then plays the role of the real part of the complex phase ¢. In the case of the wave operator in
dimension 1+2 the eikonal equation reads in polar coordinates
Dp)?
ono)? = 0,092 + 22
and we see that for r = 1, this is satisfied by ¢ = ¢ + 6. This makes a connection with the
construction used in this article and allows to interpret it as WKB solution as well. Indeed,
looking at Jy, (k)19 we see that ¢(t,r,0) = t+6 corresponds to the real part of the phase
close to r = 1. The imaginary part is already encoded Jy, (k,,r) in the sense that Jy, (kn,7) has
an exponential decay, similarly to the general complex WKB constructions.

1.3.3. Plan of the paper. In Section 2 we define the main parameters and construct the solution
and the associated potential in the case of the Schrédinger equation. In Sections 3 and 4 we prove
the Gevrey regularity properties for the solution and the potential respectively. In Section 5, we
prove that the solution just constructed has many conserved quantities, and correct it so that it
satisfies a Dirichlet/Neumann problem. We then put all the pieces together and finish the proof
of Theorem 1.1 on the Schrédinger equation. We explain the modifications needed for the proof of
Theorem 1.3 (wave equation) in Section 6. Appendix A contains properties of the (modified) Bessel
functions and Appendix B collects various technical statements on B-valued Gevrey spaces, which
are then specialized to the case B = C*. In Appendix C we provide with a technical maximization
lemma transforming parameter depending derivative estimates into Gevrey classes statement, and
we conclude with Appendix D, which proves that observability is stable by perturbation.

2. CONSTRUCTION OF THE SOLUTION u AND THE POTENTIAL V

We start by collecting basic informations about the objects involved in the construction. We
shall use polar coordinates (r,0) € R% x S', St = R/27Z, for the space variable in R? \ {0}.

2.1. Definition of the oscillation scales, modified Bessel functions, and cutoff functions.
As already mentioned, there are several oscillation scales, which we introduce now. The main
oscillation scale is the oscillation scale A, in the angular variable . The second main oscillation
scale is the oscillation scale ky, (or rather k2, for the Schrédinger equation) in the time variable ¢.

Assumption 2.1 (Oscillation scale Ay,). We assume that there is p € (0, 1) and A > 1 such that
for all m € N* the sequence (Am)men satisfies the following properties

e )\, €N,

o )\, < Appq1 for all m € N*,

. mz% <IAn < Am% for all m € N*,

Am
e lim .

m—r oo m

One can take for instance \,, = Lm%J + 1. The parameter p will be chosen at the end close
enough to zero only depending on e, see (5.5). So, we will consider it fixed from now on and we
will drop the dependency of the constants on p and also on A which is arbitrary. We consider as
well the sequence of real numbers (k,)me n, defined by

1
km = Am, (1 - ) for m € N. (2.1)
m

Note that we will only use in the construction the set of indices m > M for M € N to be fixed later
on (sufficiently large). The condition \,, < A,41 will only be used in proving that the L?-norm
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of the solution wu(t,-) is preserved (see Lemma 5.1 below). Recalling the definition of the Bessel

functions J, in (A.1), we set
Fi(r) = Jx,, (kmr),
a real-valued real-analytic function, and observe from the Bessel equation (A.2) that

N T
Now for (¢,r,6) € R x R% x S, we define

U (t, 7, 6) := Fm(r)ei(Amefkfnt). (2.3)

Notice that the condition \,, € N implies that # — e*»? is well defined on S' and hence that
um € C®°(R x RY x S'). We recall that the Laplace operator in polar coordinates reads

A=0?+r710, +r 202,
and we set
P .= —i0; — A.
Using (2.2) we see that
Py, (t,r,0) = (—i0; — A)up(t,7,0) =0, for (t,7,0) e Rx R% xS',meN. (2.4)

For m € N* we consider the intervals

1 1
. [H,H].
m+1 m

Notice that

Tal=1+ 4+ (14t )= 1
me m m+1) mm+1)

We divide each interval I,,, into 4 sub-intervals I,,, ; C I, of equal length (see Figure 2),

1 j 1 j—1 _
Lyi=14+——-—9 _q4=-__J=° | 1,2,3,4).
" * m  4dm(m+1) + m  4dm(m + 1)] el }

FIGURE 2. The interval I,,, is divided in 4 sub-intervals I, ;.

For s € [0,1] we define
1 s

m  m(m+1) (25)

rm(8) =1+

so that r,,,(s) parametrizes points in the interval I,,, from the right endpoint of I, at s = 0 to the
left endpoint at s = 1, namely

1

In particular, we have for j € {1,2,3,4}
Jj—17
rm(s) €ln,; <<= s€ [4, 4] .
We define the sequence (i )men+ by
o1 = Fm(rm-&-l(2_l))
T Fr1 (g (271))
Notice that rm+1(2’1) is the middle point of the interval I, 11, and that there is My > 0 such
that Fp,1(rme1(271)) > 0 for all m > My, according to Lemma A.3, whence ~,,, 11 is well-defined

(2.6)
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for m > Mj. Relative asymptotic estimates of the quantities V11, Frnt1 (Tm+1(8)), Fin(rm+1(s))
as m — +oo are given in Lemma A.4.

We now take M € N (M will be taken large enough in the proofs) and define a smooth function
Ay satisfying

. 1 >1 1 L .
A (r) = { A= V%)) "1 A(M+1)(M+2)° Ay € CP(R). (2.7)
07 0 S r S ]- + M7+27
We also define, for m € N smooth functions A4,, by
17 S Im Im U Im Im )
Ay = 41 7€ U\ i) UlaMm)s - ooy, (2.8)
07 7‘6[0,1+m7+2}u(1+5700),

The shape of the function A,, is illustrated on Figure 3.

A m

”mlf/ e \a

Imt1,a Imt1,3 Lmgi,2 Imi11 Imoa I3 I 2 I

F1GURE 3. Shape of the cut-off function A,,.

In particular, supp(A,,) C Ly U Lyy1 and supp(A],) C Ip1 U Lyy14. By rescaling a fixed
function, we can choose A,, so that for any £ € N, it also satisfies for some Cp > 0,

bl <co. matmen 2

2.2. Definition of the solution u. Equipped with the oscilation scales A, k., the modified
Bessel functions F),, and cutoff functions A,,, we are now prepared to define the solution u. Note
that this function will be chosen to have support in r € [1,+00), and our final counterexamples u
in Theorem 1.1 will have the announced support thanks to a scaling argument. We define

u(t,r,0) == Apg(r)uns(t,r,0) + Z ( H ’yn> A (M) um (t, 1, 0). (2.10)
m=M+1 \n=M+1

Note that u depends implicitly on the parameter M, which we already assume M > M,. The

parameter M will be taken large at several places in the proof. Note also that only the functions

A,, for m > M + 1 are used in the definition.

Lemma 2.2. For all (t,r,0) € Rx R% x S! and M > 1, the series defining u in (2.10) converges.
There is My > 0 such that for all M > My, the function uw in (2.10) satisfies supp(u) = R x
[1,+00) x Sh.

We will actually provide a proof in Section 3 (see Proposition 3.1) of the fact that the function
w in (2.10) is smooth.

Proof. As already mentioned right after (2.6), yas41 is defined and vyas11 > 0 from Lemma A.3 for
all m > My, whence all terms in the sum (2.10) defining u are well-defined. Next, we let M > M
be fixed and notice from the definition of A,; and A,, that

{AM#O}C<1+A41+2,+OO), {Am#o}c(Hmiz’H;) (2.11)

As a consequence of (2.11), given 1o > 1 we have A4,,(r¢) # 0 for at most two indices m, so that

the infinite sum in (2.10) is locally finite and hence the series defining u(t,r, 8) converges for r > 1.
On the other hand, all terms vanish if r € (0,1] so the series converges as well there.

The rest of the proof is devoted to proving supp(u) = R x [1,+0o0) x St. From (2.11) we first

notice that u(t,r,0) = 0 if r < 1. We now study vanishing of u(¢,r,8) on different intervals of r,

noticing that Ry C [0,1]UU,,5 040 Im U |1+ #ﬂ’ _|_oo)_
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(1) On the interval r € [1 + ﬁ, +oo>, we have A, (r) =0 for all m > M + 1 from (2.11),
hence, recalling (2.3), u(t,r,0) = 0 if and only if

0= Ay (ryun(t,r,0) = AM(T)FM(r)ei(AMG*’“ﬂt)_

Recalling from (2.7) that Ay (r) = 1 forr > 1+ Mlﬂ > 14+ M1+2 + 4(M+1§(M+2), we deduce
that this is equivalent to 0 = Fs(r) = Jx,, (kar). The set of r satisfying this equation is
discrete (see e.g. Lemma A.2), whence the statement for 7 > 1 + =

M+1
(2) Forr € Iyy41 = [1 + ﬁ, 1+ moﬁ] for a fixed mg > M+1, we notice first that Ay, = 0

and that A,, =0 for all m ¢ {mg, mo + 1}. In this interval, we thus have from (2.10)

mo+1

u(t’ Ty 9) = ( H '771) Amo (T)umo (t,?”, 9) + < H 771) Amo+1(7ﬁ)umo+1 (t,?“, 9)7

n=M+1 n=M+1

and, given that -, > 0, u(¢t,r,0) = 0 is equivalent to
0= Amo (T)umo (t7 T, 6) + ero-l-lAmo-i-l (T’)Um0+1 (tv T, 0)7

that is to say
0= Amo (T)Fmo (r)ei()\mge_kfnot) + 7mo+1Amo+1(T)FmoJrl(T)ei(kmo-*—le_kzno-ut)’ (212)

We now make the distinction between three different subsets of the interval I, 4.
(a) On the central part I, +1,2 U Ing+1,3, we have both A,,, = A;y+1 = 1, so that this
reformulates as

i(Amp 0—k2 ¢ i(Armp10—k2 t
0= Fmo (T)el( 0 mot) + '7mo+1Fmo+1(r)eZ( ot mott )a

but the function on the right-hand side is real-analytic (since J, is, see e.g. (A.1)) and
non identically vanishing, so has full support in this interval.

(b) On Ipny41.1, we have A,,,, = 1. Moreover, since mg > M+1 > My+1, Inequality (A.4)
in Lemma A.4 yields 0 < Y41 Fimg+1(r) < Ce‘“’\momgsFmo (r), for all 7 € Ipy411-
In particular, we may divide by F,,, on I, 11,1 and take modulus in (2.12) to obtain

Fm0+1(7")
Fo (1)

Thanks to Assumptions 2.1 and 0 < p < 2/3, this is a contradiction if M > M; =
M (C, p, My), so u does not vanish on Ly,,411.

(¢) on Ipy41,4, we have A, 11 = 1. Moreover, since mg+1 > mg > M +1 > My + 1,
Inequality (A.5) in Lemma A4 yields 0 < F,(r) < Ce #mm "y Foia(r), for
r € Ipmgt1,4. In particular, we may divide by Vmg+1Fmo+1 on Ipyt1,4 and take
modulus in (2.12) to obtain

—Amgmg ®
1 :’Ym0+1Amo+1(7') < Ce Homa™o

Finy ()

Mmoo\ < Cef/v\mm_s.
Ymo+1Fmo+1(7)

1=A,,(r)

This is again a contradiction if M > M;, so u does not vanish on 41 4.
(3) Finally, for r € Inp4q1 = {1 + ﬁ, 1+ ﬁ , we obtain from the definition of u in (2.10)
together with (2.11) that

u(t,r,0) = AM(r)uM(t,r,G) + Yarr1Anrp1 (P upr(t, r, 6),

see Figure 4. The situation is then exactly the same as in the previous case r € I,;,,+1: the
function u is real analytic for © € Ipnr41,2 U Ipr41,3, and it does not vanish for r € Ipryq 1
and r € Ipr41,4 thanks to the asymptotics of Lemma A.4.

This concludes the proof of the lemma. |
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2.3. Definition of the potential V. Since Pu,, = Puj; = 0 from (2.4), we have that
Pu:[P’AM]ukI+ Z ’7M+1'~~"’Vm[PaAm]um«
m>M+1

Notice that for m > M + 1

/

[P, A = [—i0, — A, Ap] = — [83 + r—lar,Am] =_ (2,4;”& + AT’" + A;g) , (2.13)

is a first order differential operator on R x R} x S!, supported on r € supp(A’,). The same
computation and remark holds for [P, Ay;]. That is to say, [P, Aa] is supported on

1 1 1
1 1 =1
R L yans +M+2+4(M+1)(M+2)] Mi+1.4
and for all m > M + 1, [P, A,,] is supported in r € I, 414 U I, 1. This implies
supp(Pu) C U I Ul 4. (2.14)

m>M+1

Ana A

1 1 1

Inpp2,4a Ingos Inrg2,2 Inrg21 Inrg1,4 In13 Inrg,2 Ing1

FIGURE 4. In blue the graph of A,; and in purple the graph of A,, for m = M + 1.
We now define the potential V. Consider the set

1
K = [0, 1] @] |:1 + m, JrOO> U U (Im72 U Im73), (215)
m>M+1

and define finally the potential V' by

V(t,r,0) = { e LS [IS:OO)\K. (2.16)

Remark that for r € K we have that Pu = 0 thanks to (2.14) and the definition of K. Together
with (2.16), this yields
(Pu)(t,r,0) + V(t,r,0)u(t,r,0) =0, for (t,r,0) € R x R% xS (2.17)

For the proof of Theorem 1.1 to be complete, we need to check the regularity of the solution u and
the potential V', especially the Gevrey regularity. This will be done in the next two sections.

3. REGULARITY OF THE SOLUTION u

The present section is devoted to proving the following regularity property of the solution wu
defined in (2.10). Checking the regularity of the potential V' is more intricate and postponed to
Section 4 below. We recall that the space of Gevrey functions G*(R; B) is defined in Definition 1.2.

Proposition 3.1. There exists My € N such that if M > My in the definition (2.10) of the
function u, we have u € Gz (R; CY([0, R] x St; (C)) for all £ € N and for all R > 0.

We will see in the proof that the parameters 7, are not really used: the latter are useful for
the regularity of the potential V' in Section 4 below.

Proof. We fix £ for the rest of the proof. We define I, = [1+ ﬁ? R] so that [0, R] = [0,1]U ;U

Usz—i-l Im
Let (¢t,7,0) € R x I,,,, x S* for some mg > M + 2.
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Since supp(A,,) C I U L4 for any m > M + 1, we have A,,(r) = 0 except for m = mg or
m = mg — 1. Moreover, Ay; = 0 on I,,, since mg > M + 2. In particular, formula (2.10) becomes

u(t,r,0) = Z YMA1 " - YmAm (P um (8,7, 0).
mée{mo,mo—1}
Recall that by definition (2.3), 8 u,, = (—ikfn)j F (r)ei@mf=kt)  Using the notations of Lemma B.7
and the algebra property we find,

O ult)

() = Yo e ki [Aml e Fn(Ml ey 1627 oy - (3:1)

mée{mg,mo—1}

Inequality (2.9) allows to estimate |Am|C[(T) < Cym?'. By Assumption 2.1, we get |ei/\m9 cep) <

Co)e, < CgAém%. Combined with (2.1), it also provides k,, < A, < Ams. Moreover, Esti-
mate (A.13) of Lemma A.7 gives [Fip[ce(,y < C\e | Fn(r)] < C’ZAZm%|Fm(r)|. We finally get, for
B, p) =20+ % and with some different constants Cp,

7 u(t) <C Y e Yl En(n)mPO AP

Cl((r0)

me{mg,mo—1}

where we have used (2.1).
Now, we notice that that since s € [0, 1] is equivalent to r,,(s) € I,,, Lemma A.3 implies that
there exist C, ¢ > 0 depending on p € (0,1/5) only such that for m > M

|E(r)| < Ce=mm™" VeI,

If M > My, (A.3) implies 7, < 1 and more precisely Yar41 -+ Ym < Ym < e~ mm ™ We finally
obtained, since A, > m%,

.4 ¢ 2_3
< CA*'my +A( ’p)efcmlf

— )

’agU(t) Ct((r,0))

and therefore, since the estimate is uniform for (r,0) € I, ;, we get for any m > M + 2,

. j 2_3
Ct(I,n xS1,C) < CAM IR e (32)
m X973

ot

In particular, since % — 3 > 0 by choice of p, it implies the fact, already proved in Takase [Tak21]

that the constructed function & u(t), extended by zero for r < 1 is actually in C*([0, R] x S';C).
Therefore, the decomposition [0, R] = [0,1] U I; U U arg1 Im allows to write

ag'u(t)‘

ofu(t)|

E)gu(t)’

C2([0,1]x51;C) ‘ Ct(fyxstc)’

= max ’
C¢(]0,R] xS1;C) {

:max{‘

since u(t) = 0 on [0,1] x S'. An estimate like (3.2) is also true uniformly in j € N for m = M and
m = M + 1, up to changing the constants. So, we conclude

‘ 8gu(t)‘

Using the optimization performed in Lemma C.2, and using the notation I'y from Appendix B.1,
we obtain the bound

sup H@iu(t)‘
m>M+1

cf(zmxsl;C)}

Ggu(t)‘

8§u(t)‘

sup ‘
c@(zmxgl;@} ’

v )
Ct(ImxSHC)  m>M+1

. j 2_3
< CA%Y sup m7 TBUP) —em? , VjeN.
C*([0,R]xS*;C) m>M+1

< CAYI’Ty\(j), foralljeN,

H&fu(t)‘ C*([0,R]xSL;C) —

with A = ﬁ > 2 and some appropriate constants C, L > 0. This yields the stated Gevrey

regularity and concludes the proof of the proposition. O
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4. REGULARITY OF THE POTENTIAL V

The present section is devoted to proving the following regularity property of the potential V'
defined in (2.16).

Theorem 4.1. There exists My € N such that if M > My in the definition (2.10) of the function
u, the potential V' defined in (2.16) satisfies the following statement. For all £ € N, R > 1,

V € G5 (R; CY([0, R] x S%;C)).

Moreover, given 1 > 0 and £y € N one can find My > 0 and L > 0 such that if M > My in the
definition (2.10) of u, the potential satisfies in addition the bounds

IV

Qf’%p (R;Cfo([o,R]xgl)) =, ”VHC%(RX(&R)xSl) <.

Proof. Recalling the support property (2.14) and the definition of V' in (2.16), we study the term
-V = % on the intervals I,,,4+11 and I, 41 4 for m > M (where Pu is non zero).

Step 1: Computation of V in I, 11,1

Let us consider r € I,;,41,1, m > M + 1. Then, the non zero terms in the sum defining u are A,,41
and A,,. But A,, is constant equal to 1 in I,,1;1 1. As a consequence, for r € I,,+1,1 we deduce
that

Pu=vyprp1 oo Ym P AmJum + a1 - Yme [P At | um
=M1 Ymr1 [P Am1]Uma
=YM+1 - r)/m—&-l[Pa Am-‘rl]FnH-l (’r)ei(km*—leikfni—lt% (41)

has a single term (here we used Pu,, = 0). Next, on the interval I,,41 1,

U=YMt1 "« Ymt1Amt1Ums1 F Y41 - YmAmUm
=YM41 - Ymr1 Amt1Ums1 FYMEL Ymlm,
since A, = 1 on I;,41,1. As a consequence, recalling that M +1 < m < m + 1, we obtain on
Lt1,1,
Pu Y1 Ymead [Py Amy1|Umg1 _ Ymi[P A tmg
U YMa1 e Yt A Ul VML e Yl Ymsd A1 Umg 1 + U
after simplification by yar41 - ... - ¥m. We notice as well that this formula also holds for m = M.

We next recall that [P, A,,4+1] is a differential operator of order one in the variable r, and
Uy = Fop (r)e*m 0=kt This implies
Pu Y1 ([P, A1) Frgr )€ m 10~ it

- ; - for all m > M.
u »-ym+1Am+1Fm+161)\m+19—1k3n+1t 4 Fmeume—ik%t ’ =

From (A.4), for m > M we may divide by Fy,e?*=9=¥nt and we finally obtain for r € I,y1.1,

Pu, g B P Ani)Fnia) ) B (.0
w1y et A (1) B (1,0)
with
By (t,0) = e Comai=Am)0=ilki sy =)t (42)

This can be rewritten as

P
Pu .Am-&-l,l7 on R X Iyt xSl, m > M,
u Cm+11
with
.Am-l—l,l(t,’f'y 9) = ;mi:"l) ([P7 A77L+1]Fm+1)(T)Em+1(ta 0)7 defined for (t,’/’, 9) eRx Rj‘ X Sl’

Crnt1,1(t,m,0) =1+ WAm+1(T)Em+1(t7 0), defined for (t,7,0) € R x R* x S'.
(7
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Step 2: Computation of V in I, 4.
We now consider the case © € I;,11,4, m > M. The non zero terms in the sum defining u are still
Apt1 and Ay, but now A,,41 is constant equal to 1 in I, 41 4. Similarly to (4.1) we find that

Pu=9p41" - Ym[P, Am]Fm(r)ei()‘me_k?"t).
On the interval I, 41 4,
U=YM41 " Ymr1Ami1Umir FYv41 - Y AmUm
=YMAL e Ymr 1 Umt 1 FYMAL A YU,

since Ay41 =1o0n Ip414. We get, for m > M,

ﬂ _ 7M+1’7m[PaAm}um _ [P,Am]um
U YMA1 - VmA1Umtd T YMAL - A YmUm Ymg1Umt1 + AmUm
after simplification by vypr41 - ...« Y-

. .2
From (A.5), for m > M we may divide by Yi11tUms1 = Vo1 Fppy1€m+19= k1t and, using

that [P, A,,] is a differential operator of order one in the variable r, we finally obtain for r € ;414
and m > M

@(t r,0) = m(m Am}Fm)(T)EN‘m+1(t’6)
u 1+ 7%;?521@) A (r)Epmy1(,0)

with

E‘m+1(t, 9) — e—i(Am+1—>\m)9+i(’€3L+1—kfn)t.

This can be rewritten as

Pu _ Am“v‘*, on RXIni14xSY, m>M,
U Crnt1,4
with
1 -
Amg1,4(t,r,0) := —————— ([P, App) Fin)) (1) Epug1(t,0),  defined for (t,7,0) € R x R} x St,
Ym+1Fm1(r)
Fn (1) =

Cr1,a(t,7,0) =1+ A (r)Emy1(t,0), defined for (t,7,0) € R x R% x S'.

Ymt1Fmi (1)

Step 3: Reformulation of the problem.

As a consequence of the above discussion, we deduce that supp (Am+1,4,Am71) C supp[P, Ap] C

I UIpg1a for m > M and supp Apr41.4 C supplP, AM] C Inr41,4. As a consequence, we have
Pu Am+1’4(t77‘,9) Am+1,1(t,7“7 9)

t,r,0) =
( ) M Crnt1,4(t,7,0) Crnt1,1(t,7,0)

]llm+l,4(’r) + Im+1,l(r)

u
where the sums are locally finite: two different terms in the series have disjoint supports. Hence,
it now suffices to prove that, for the appropriate value of A, some L > 0 and for all m > M,

Am+1,4

A
€ GL(R; C* (Ins1.4 x SY)), T € G R; CF (Lngra x SY),

Cm+1’4 Cm+1,1

together with the following equality,

’ Pu
U llgx mict (0. R xs1))
Am Am
= sup HC +1,4 ”C +hl , (4.3)
m>M m+1,4 G2 (R;C*(Img1,4XS1)) m+1,1 G2 (R;C¢ (Im+1,1x51))

where the appropriate definitions of G and its related norm can be found in Section B.1. For
each of these terms, we will now be in position to apply Corollary B.8 (inverse in Gevrey classes)

together with Lemma B.2 (product in Gevrey classes).
Step 4: Regularity of % on R x 111 xS

From the definition of E,, 11 in (4.2) we have

0]052 Epyr = (=) (kpsr — k)" 1% (At = A ) B
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and hence, we can compute for |a| < £,

o (;::(*7}) (P, Am+1]Fm+1)(T)> (20— K2Y (s — A

R0 05 A 1.1 (1,7,0)| =

j j « le% Ym
< C{,m4,7/pm2 2/P g (sz;l)([P, Am+1]Fm+1)(T)> , (4.4)
after having used
k21— k2 <2, <OmYP, for all m € N*, (4.5)

which is a consequence of (2.1) and Assumption 2.1. Here, C only depends on p and A.
Using (2.13) and (2.9) we have (using the notation of Lemma B.7 for the pointwise C* norm)

|[P, Am+1]Fm+1|ca1(T) < Cgm2(01+2) ‘Fm+1|ca1+1(a~) :

and hence the algebra property of | - |ca: () (Lemma B.7) gives

o (7 ([P,AmH]Fmﬂ)(m)’soe !

F(r) F,

2001 +4
m-* |Fm+1|CO‘1+1(r) .
o1 (r)

From Estimate (A.15) in Lemma A.8 together with Lemma A.7, we finally deduce

1
o (Fm(r)([P’ Am+1]Fm+1)(T)>
foralll1<r <1+
and for all j € N

2
< CoApt m2e AN By ()]

[E ()] m
Coming back to (4.4) , we have now obtained for all |a| < ¢, for 8 = 5(¢)

_1
m—+1"

’Ym—&-lFm—i-l (T)
Fp(r)

Thanks to Lemma A.4 and the assumptions \,, > m2/? and p < 2/3 we obtain finally

H@,Z'Amﬂ,l(t, ')’

1
, foralll<r<14——

07005 A1 (8,7, 0)| < CF 9 PO mrl

< C’j+1m4j/pm5(£)e_“m%73. (4.6)
Ct(Imyrax8Y) — ¢

The maximization Lemma C.2 and (4.6) give the bound
|0 At )]

for A = ﬁ and some Ly > 0 and Cp > 0, depending on A,p,¢ only. This is A,,411 €
Gp,(R; C(Ig1,1 x S1)) for a Gevrey radius Lo depending on A, p, /.

Let now L > Lg. Using (4.7) and recalling the definitions of Gevrey norms in Section B.1 we
find that

G AT (4 ip (s :
L 2 x81) < CC, LDA(j) < CoLpl'a(j), for all j €N, (4.7

Lo\’ .
W G (R:C (I 11 x81)) < CoLo Sl>118 <L) (G + DA,

J
and therefore

”'Aerl’l ||g£(R;CZ(1nL+1,1 xSt))

Lo Ly J .
<max{26||Am+171||Lx<R;cz<I,mlxsw72300Lsup(L> G+Dhp. (@8
' Jj=0

We can now observe that given n > 0, one can choose L; > Lg sufficiently large depending on
A, p, ¢ such that 2300% SUp;>0 (L")] (7 + 1) < n. Moreover, using (4.6) for j < £y we get the

T
bound
2_3

H‘Am""lalHCEO(R;CZO(IWHJ><Sl)) < Cgomﬁ(lo)efﬂmp
This implies that since m > M, up to taking M > M, for some M, depending on p, A, , {y we can
have
||‘Am+1’1||CEO(]R;CZO(Im+1,1><Sl)) S n. (49)
Using (4.8) this implies as well that given n > 0 there is My > 0 and L; > 0 depending on p, A, ¢
such that if M > M one has

H'Aerlll||Q£1(R;C[0(Im+1,1><51)) g n. (410)
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We now look at the term C,,1,1 for which we will apply the inversion Corollary B.8. We start
by noticing that Lemma A.4 ensures that for all m > M,

TYm+1 Fm+1 (T)

'Ym-‘,—lFm-‘rl(T) A
F,.(r)

Fn(r)
>1-— Ce=HAmm™? >1—Ce P

Covsra] 21— m+1<r>Em+1<t,e>\ >1-

2/p—3
)

where we have used A, > m? and p < 2/3. This implies the existence of M7 > M, depending
only on p such that for all m > M > M,

, on R X Ipir1 xS 4.11
+1,

N | =

[Crnt11] >

In order to use Corollary B.8 we need to verify that C,,11,1 € QA(R;CE(IMJFM x S1)) for the
appropriate value of A. We proceed as for A,,+1,1 by writing for all || < £ and for j > 1,

OO 0 Con 1.4 (t,7,0)| =

'm Fm r j s
ot (T T, ()) (s = K2 s = )
oy Yt 1 Fmr1(r)
o (e A |

’7m+1Fm+1
Fp,

< CImAi/pgp2az/p

< CImAi/pm2a2/p

|Am+1

ce1(r
cor () 1(r)

’Ym—‘—lFm-&-l

< Og+1m4j/pmﬁ(f) =

Ce1(r)
< Cgﬂm‘lj/”mﬁ/u)e*“mE%, (4.12)

where we used (2.9) and then Lemma A.8 and Lemma A.4 combined with \,,, > m?/? and p < 2/3.
Recall the constants might depends also on p and A fixed. The maximization Lemma C.2 yields
as before, for j > 1, some C, L > 0 depending on p, £ and p, that

[iCmsrate, )|

For j = 0 we notice that Lemma A.4 implies that for m > M > M; one has

s 3

< -.
-2
We notice as well that (4.12) also holds for j = 0 and || > 1. As a consequence (4.13) remains valid
for j = 0 as well. This gives Cpni1,1 € G7, (R; C*(Imy1,1 xSY)) for A = ﬁ, a Gevrey radius Lo and
Gevrey norm |[|Cpy41,1|,, depending on p, £ only. Thanks to the uniform bound (4.11) we are now
in position to apply Corollary B.8 with 7y = 1/2. We get that =—— € G} (R; C*(L,n41.1 x SY))

Crm+41,1
with

< CGIITAG). 413
CK(I"L+1,1><S1) - pvg )‘(]) ( )

i/
Crg1g <14+ Cerm™”

01
o

where 19 = 1/2 and L, C, ||Cppt1,1]|, depend on A and £ only. Using (4.13) for j < £y we find

¥4
L' = Lo - max (2 C Hchrl’l”Loo(R?C[(Imﬂ,l xS1)) ||Cm+1’1||L2>
= L2 ) )

Hcm+1,1”cfo RX Iypyaq 1 XST < Cfoyz)'
( +1, )

Applying (B.6) we have as well

4
||Cm+171 HLDO(R;CZ(IMM xSt
0+1
Co

) <y,

H :
Crt 11 llgy, (B0t (nsaax81)

for a constant Cy, > 0 depending on p, ¢. In particular, we have shown that

1

Crt1,1

€ g/\(& CE(Im+1,1 x S1)).
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Recalling (4.9) (4.10) and that A, ;1.1 € GMNR; C*(Ln41,1xSh)) we get that % € GMR; C(Lpt11 %
S1)). The Banach algebra properties of Lemma B.2 and Lemma B.6 imply as well that given n > 0
there is M3 and L3 depending on p, £y such that

HA””“ < Cyppn, forallm> M > M. (4.14)
Cm—i—l,l gzg (R;CZD (1m+1,1><51))
and
H Ami1,1 < Cpypn, forallm>M > Ms. (4.15)
Cmt1 C (RX Iy41,1 XST)

Step 5: Regularity of % on R x I,114 xSt

This is dealt in a similar fashion as Step 4, with the difference that here one needs to use the
estimate of Lemma A.4 in the regime s € [3/4,1]. This corresponds to working on the interval
re Im+1,4- We find for Am+1’47

67?‘1 (1([P, Am]Fm)(T)> (k72n+1 - krgn)j ()‘m+1 - /\m)az

aga;llaggAm+1,4(t7T’9)‘ = Ym+1F, +1(T)

< Cgm4y/pm2az/p 7

o (s (PAnF )

Y1 Em1(r)

thanks to (4.5). Using (2.13) and (2.9) we have
|[P’ Am}Fm|CG1(r) < Cm2a1+2 |Fm|CE¥1+1(r) )
and hence the algebra property of | - |cei () gives

2c01 42

m

‘FTFL'C"‘ +l(r) -
o (r) 1H1(r)

o0 (5 (P | <]

Estimate (A.15) together with Lemma A.7 give

Fm+1

[ 1 Oéf 1 ag aq
o (([P, Am]Fm><r>) ‘ < O ),

Frnga(r) Frnga(r)]
for all 1 <7 <1+ L5. Hence, for all |a| < ¢, for 5 = ({) and for all j € N
) . . F,.(r) 1
8]0 052 A1 a(t,r,0 ’ < I A0 | T o all 1< <14 ———.
! 0 +1a(tr )] < Gy Fm Ym+1Fm1(7) ' ="= m+1

Thanks to Lemma A.4 applied this time for s € [3/4,1] we get

Hafflm+174(tv ')’

2_3

1 a 3
SC’J'Z mA/PBE) g—nm? ,
C¥(Ipp 41,1 xSY) b

and after maximization we find that Ay, 414 € GMR; Ce(ImHA x S1)) for A = ﬁ and a Gevrey
radius depending on p, £. In addition, the same argument as in Step 4 yields that given 1 > 0 there
is My > 0 and L > 0 depending on p, ¢ such that if M > M, one has
H'Am""l»‘lHQ’L\(R;CZ(IM,+1,4XS1)) S n,
and
||Am+1,4||c€o (RX I 14,1 %S1) <.

Concerning the term C,,11,1 we apply again Lemma A.4 which guarantees that for all m > My,
Fo(r) - ‘ ‘ Fin(r)
— A, (r)E t,o)|>1— | ————
'77n+1Fm+1(7‘) m( ) m+1( ) 7m+1Frn+1(T)
>1-— CeHAmm™® >1—Ce #m

ICrgra] > 1 —

2/p—3
)

where we have used A, > TI:L% and p < 2/3. Therefore, there is M, > My depending only on p
such that for all m > M > M,

1
|Cm+174| > 5, on R x Im+1,4 X Sl.
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Next, we write for all |o| < £ and j > 1,

a <%+}17}:—l‘::r)1(7“)14m(7‘)> (kiﬂ - k?n)] (A1 — Am)*?
o531 Frn(r)
7 ()|
F,
Vi1 Fm1
Fm
lym+1Fm+1

0] 05" Cony1.(t,7,0)| =

< Cgm4j/Pm2a2/P

< C}J)’ mAi/Py2az/p

|Am|Ca1 (r)
Co1(r)

< CT il

Ce1(r)
< O /2y (0 g=pm 3~

= "p,

where we used (2.9) and then Lemma A.8 and Lemma A.4 combined with \,, > m?/? and p < 2/3.

From this point on, we can proceed exactly as in Step 4. Corollary B.8 shows that 5 11 T €

GMR; C(Iy41,4 x S)) and by the algebra property % € GMNR; C¥(Ipy1.4 x SY)). We also
have the same quantitative bounds on the Gevrey and C* norms. Namely, given 1 > 0 there is
My > 0 and Ly > 0 depending on p, £y such that

HAerlzl < Cpypn, forallm>M > My, (4.16)
Cmt1,1 g3, ®;C*0 (Imy,4xS1))
and

Cm+1,4 CZO(]RXI"HJAXSI)

Step 6: Conclusion.
The theorem now follows from the definition of V' in (2.16) combined with (4.3), (4.14), (4.16)
(Gevrey norms) as well as (4.15) (4.17) (C*0 norms) and after renaming the constants. O

Remark 4.2. Note that if instead of the third item of Assumption 2.1 we assume the stronger
assumption that there is ¢y > 0 such that % =1+2+o (%), then,

2 2 2, —1
ki1 — ko ~ A,m™

and the rough bound k2, ., — k2, < Cm*'? we used can be replaced by k2, — k2, < Cm?>~". This
leads to maximizing instead

4. %—3 3
(0,400) >m — m>» Je *m" mP.
The calculation of Lemma C.2 gives then a slightly better Gevrey index A’ given by
)\/ — 4 - p
2—-3p
In this case, the Gevrey regularity of the potential V' is higher than that of the solution wu.

5. END OF PROOF OF THEOREM 1.1

Before concluding the proof of Theorem 1.1, we establish two lemmata related to preserved
quantities for the solution u and boundary conditions.

Lemma 5.1 (Preservation of norms of u). Assume that \,, € N are pairwise distinct. Then
for all M,R > 0, the function u defined in (2.10) satisfies, for all a, 8,7 € N and w = w(r) €
L2 ((0,00),rdr),

loc
[lw 8?8?8;%(15, M2 = llw afafagu(s, M r2me)s for all s,t € R,

where
Dg = {z € R? |z| < R}.

Note that the fact that the \,,’s are pairwise distinct is part of Assumption 2.1.
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Remark 5.2. Note that the proof shows that not only norms are conserved, but also inner products
of the form

t— (wl aftlafl 8g1u(t, '), (1] 8?28E2832U(t, .)>L2(DR).

Proof. Set Bas(r) := Apg(r)Faz(r) together with By, (1) := Yar41 - - - Yo Am (1) Fon (1) for m > M+1.
Notice that the B,,’s are supported in [1,+00) and they are real-valued functions since A4,,, A
and F, are. Using the definition of w in (2.10) together with (2.3), we have

u(t,r,0) E B, “\’"ee_ikibt.
m>M

The sum is locally finite (see the proof of Lemma 2.2) and converges in C* as a consequence of
Proposition 3.1 (and its proof). We thus have

6?6f8gu(t, r,0) = Z (,ikfn)a(iAm)wBT(r?)(T)ei)\mee—ikfnt'
m>M

From uniform convergence of the series, we may expand the squared norm, and integrate term by
term, thus obtaining

lw 8707 0 ult, ) 2

R 27
_ / 0% ult, r, 0)0R L u(t, 1, 6)w(r) [2rdrdd
0 0

R 2m
ST KRN kRN ek / B (r)BY (r)w(r) Prdr / elAm =20 g,
m,j>M 1 0

Since the \,, are pairwise distinct integers by assumption, we deduce

27
/ e Om=2)0 49 — 976,
0
Hence

o 070t Moy = 2 3 KN [ 1Bt Pra, CBY

m>M
which is indeed independent of ¢. O

Lemma 5.3 (Dirichlet boundary condition). There is a sequence (Rar)aren of real numbers and
My € N, satisfying

Ry > 1+

M1 >1 forall M > M,, and Ry — 1", as M — +oo, (5.2)

such that, for any M € N, the function u defined in (2.10) satisfies u(t, Ras,0) = 0 for all (,0) €
R x St.

Lemma 5.4 (Neumann boundary condition). There is a sequence (R);)aen of real numbers and
My € N, satisfying
1
R'M>1—|—M7H>1 for all M > My, and Ry — 17,  as M — +oo,
such that, for any M € N, the function u defined in (2.10) satisfies Opu(t,Ry;,0) = 0 for all
(t,0) € R x Sh.

The proof of Lemma 5.4 is exactly that of Lemma 5.3, replacing the use of the asymptotics of
the first zero j,,,1 of the Bessel function Jy,, in Lemma A.2 by that of the first zero j} , of its
derivative J}  , also given in Lemma A.2.

Proof of Lemma 5.3. We first notice that, recalling the definition of the function w in (2.10) and
the cutoff functions A,, in (2.8), we have

u(t,r,0) = Apr(ryup(t,r,0), forallr>1+

M+1
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As a consequence, noticing that 1 4 ﬁ > 1+ M1+2 + 4(M+1:;(M+2) for all M € N, we obtain
from (2.7) that Ap(r) =1forr > 1+ ﬁ and deduce

1
M+1

u(t,r,0) = up(t,r,0) = ei)‘“fefik%WtFM(r) = ei’\M‘Q*ik?WtJAM(kMT), forr > 1+ (5.3)

We now fix ‘ .
Ml Il

kv Am(l-4)
where jy,,.1 is the first zero of the Bessel function Jy,,, defined in Lemma A.2. We deduce from
that result that if Ays > vy (that is to say, for M > M), then

L+ 18550, _ Aa + L85, Ry = P A + 18567, _ 141856,
1-37) A (1= g7) ke A (1= 37) 1-7)

Noticing now that

. (5.4)

1 1 2
1 l-—)=1-—77-—"-<<1
(+M—|—1>< M> M(M—|—1)< ’

2

PR SRRNS SR o P Y

M+1 " (-5)  (-g)
we deduce from (5.4) that 1 < 1+ ﬁ < Ryps. In addition, we notice that Ry —ar 400 17

from (5.4) and Assumption 2.1, which concludes the proof of (5.2).
As a consequence, coming back to (5.3), we obtain in particular that

u(t, RM79) _ ei)\MG—ik;"utJ)\M (kMRM) —_ ei)\MG—ikatJ)\M (j)\M71) _ 0’

by definition of jy,, 1, which concludes the proof of the lemma. O

and hence

1

We conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. Given pg € (0,1),e > 0, > 0,4y € N as in the statement of Theorem 1.1,
we first fix p close to zero so that

1 4
- d <2 . .
p6(0,5> an 53 = +e (5.5)

For these parameters p, 1, £y, the functions u defined in (2.10) and V defined in (2.16) depending
on M > My (to be fixed later on), satisfy the following properties, provided that M is taken
sufficiently large (according to Lemma 2.2, Proposition 3.1 and Theorem 4.1):

e suppu = R x [1,4+00) x S! from Lemma 2.2, and supp(V) C R x {1,14— ﬁ} x St
from (2.15)—(2.16),

u and V satisfy the Schrodinger equation (2.17),

uweGrm (R; C*([0, R] x S%;C)) for all £ € N, R > 0, from Proposition 3.1,

V € 6= (R; CY([0, R] x S';C)) for all ¢ € N, R > 0, and

IVllceo @ 0,3)x51) < ™
from Theorem 4.1 (where we have fixed R = 3 in the estimate),
t = |lwdgdlo)u(t, )|l L2y is constant for any o, 8,7 € N,R > 0, and w = w(r) €
L?((0,R),rdr), from Lemma 5.1.
We now let Rj; be defined by Lemma 5.3, and assume that Mj satisfies this lemma as well, and
notice that 1 < Ry; < 2. We set

u(t,r,0) :== u(R3;t,Rur,0), q(t,r,0) =R}V (R} t,Rur,0), (t,7,0) € R xR, xS

From the above items, we deduce that

1 1

[} Suppu:RX [RLM,—FOO) XSl and Supp(q)CRX m’m+m XS]',

e the functions u, q satisfy

(—=i0; — A)u+qu=0, on (t,r0) €RxR: xS
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e uc Gz (R; C([0, #-] x §4C)) for all £ € N, R >0,

o q € G = (R;C([0, &&] x §5C)) for all ¢ € N,R > 0, and |[|q < Con,

Cto (Rx(o,ﬁ)xsl) =
where Cy depends only on ¢y (since 1 < Ry < 2),
ot |lwdrdou(t, )| L2y is constant for any «,8,7 € NJR > 0, and w = w(r) €
L2((0, R),rdr),
e from Lemma 5.3, we in addition obtain that u(t, 1,6) := u(R%,t, Ry, 6) = 0.
Now, recalling that py € (0,1) and Ry; — 11 (from Lemma 5.3), we fix M > M, such that
min(3, p%) > Rjps. We then set

1 1 1

: ==t —,
P P2 Ry Ry (M +1)

m
and we have pg < p1 < p2 < 1, where the last inequality is a consequence of (5.2) in Lemma 5.3.
With this notation, we have obtained that supp u = Rx [p1, +00)xS! and supp(q) C Rx[p1, p2] xS*.

Finally, all statements of the theorem are satisfied if we replace u by m (from the

support properties of u together with conservation of the L?-norm, we have |[u(0, Nr2my > 0),
and undo polar coordinates (which is a fixed real-analytic diffeomorphism away from r = 0 where
u and q are supported). (|

6. THE WAVE EQUATION

This section is devoted to the proof of Theorem 1.3. The method of proof follows exactly the
same lines as the one of Theorem 1.1. The only difference is that in the wave case the oscillation
in the time variable ¢ is chosen equal to k,,. As a consequence, a j-th order derivative in time
contributes a power of order m?/? instead of m*/? which in view of the optimization step of
Lemma C.2 yields a Gevrey regularity of ﬁ instead of Qf—gp. We write here the exact differences
with respect to the Schrédinger case.

We use the notations and definitions of Section 2.1. Let

uW (t,r,0) = F, (r)e!Pm0Fhnt)
so that
DuﬂVIV = (8,:2 —A)uy,‘: =0, for (t,7,0)€eRxR] x S!.m e N,
We define then

u(t,7,0) == Ay (r)uyy (£, 0) + > < II %> A (r)ul¥ (t,7,0),

m=M+1 \n=M+1

and

0, rekK
vW(t,r,60) = ’ ’
(¢,7,6) { —Pul e [0,00)\K,

where the set K is defined in Section 2.1. One can immediately verify the following points.
w

e The function u" is well defined and satisfies supp(u"”) = R x [1, +00) x S!. The proof is
exactly the same as the one of Lemma 2.2.

e Following the steps of Proposition 3.1 we find that there exists M; € N such that if M > M;
in the definition of ", we have u" € G7% (R; C¥([0, R] x S';C)) for all £ € N and for
all R > 0. Indeed, in the wave equation case the bound (3.1) is replaced by

o] u' (t)

j iAm 0
Ce((r0)) S Z YMA41 e "Ymkgn |Am‘Cf(r) ‘Fm(r)‘cf(r) |€ |C£(9) )

me{mg,mo—1}
which in turn gives

ofu (1)

. 2
25 2_3
> TALp) g—cmP

sup Cm

< , VjeN,
C([0,R]xS1C)  m>M+1

and hence the stated regularity by means of Lemma C.2.
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e Following the proof of Theorem 4.1 we get an analogous statement for
V" e gz (R; C*([0, R] x S%;C)).
Indeed, we have

w w
Pu o Am+1,1

on RxIn,y1xSY, m>M,

uvoo CnV"IL/+1,17
with
AW (tr,0) = ;m(t}) ([P, Apy1] Fons 1) () EY [ (£,60),  defined for (t,r,0) € R x RY x S',

m Fm *
Cora(t,r,0) =1+ WAmH(r)E,VXH(t, 0), defined for (t,r,0) € R x R% x S,

and
EYI;IL/-&-I (t, 9) = Ei()\m+17)‘m)6+7;(km+1*km)t'

The bound (4.5) is replaced by
Emi1 — km < Amar < Cpym?/P, for all m € N,

and this leads to
Hag-/‘lvvr‘z/+171(t7 )’

) ) 2_
< C;-Zlm%/pmﬁ(é)e—#mp 3.

Ct(Im41,1XSY)

This shows that A}V, ,, € gﬁ(R;Cz(ImHJ x S1)). Similarly, the bound (4.12) is
replaced by

. . . , 2_3
00 05ClY. 1 (17,0)| < €U P rn O emim T

which implies that C}Y,, ; € Gz (R; C*(I ;411 xSY)). The same modifications are applied
in the intervals I,;,11,4. The rest of the proof remains as in Theorem 4.1.

Equipped with the functions ©"V and VW we can conclude the proof of Theorem 1.3 as in

Section 5. Given € > 0 as in the statement of Theorem 1.3, we fix p close to zero so that

pG(O,é) and 2_23p§2+5.
We take the Rj; given by Lemma 5.3 and observe that
u(t, Ry, 0) = 0.
The proof is exactly as in Lemma 5.3 with k2, replaced by k,,. We define
u(t,r,0) == u" (Rart,Rarr, ), ¢V (t,7,0) == R, VW (Rart, Ryr, 0),  (t,7,0) € R x RY x S,

and observe that u" and q" satisfy all the properties of Theorem 1.3 with the exception of the
energy preservation property. In order to conclude, it suffices to observe that Lemma 5.1 remains
valid for u" as well. The proof uses exactly the same calculation with the sole difference that
identity (5.1) is replaced by

R
lw 870703 u™ (¢, ) |22 (0 = 27 k?ﬁ’“)ﬁ?/ B (1) w(r) Prdr.
m>M 1
The preservation of the above norms together with the fact that w(r) = 1 € LE ((0,400), rdr)

loc
show that the energy
o™ (¢, M2y + IVu (@&, ) Femy, tER,
is preserved. Remark finally that ||9.u" (0, -)||2L2(D) + [[Vu? (0, -)HQLZ(D) > 0 (since the support of

u" implies in particular that it is not constant). We can therefore replace u""' by

UW‘D
[0 (0, )2 ) + VA7 (0, B )] 72
This finishes the proof of Theorem 1.3.
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APPENDIX A. BESSEL FUNCTIONS AND THE FUNCTIONS F),

This first appendix is devoted first to recall classical properties of the Bessel functions J,, and
second to collect properties of the functions F,,, all used in the main part of the article.

A.1. Bessel functions J,. The Bessel functions J, for v € Ry, see e.g. [OLBC10, Equation 10.2.2
p217] are defined by

© —1)? 7 2p+v
Jy(r) = Z p'F(() (5) , >0, (A1)

= v+p+1)
where T is the I' function (satisfying I'(v +p+1) = (v +p)! if v € N). For v € N, it can be
rewritten as J,(r) = %foﬂ cos(vt — rsin(7))dr. For all v € Ry the function J,, solves the Bessel
differential equation [OLBC10, Equation 10.2.1 p217]
d*J, dJ,
2 72 (ry+r o (r)+ (r* =vHJ,(r) =0, r>0. (A.2)

We will need the following asymptotic, which is taken from [Tak21, Lemma 2.1] for § = 1/4
(which yields the range p € (0,1/5) in the lemma).

Lemma A.1. Letp € (0,1/5) and Jy be a Bessel function of order \. We then have the asymptotic
formula uniformly for a € (0,1 — A7P],

Jr(Aa) = exp (A(tanha — a)) (1 + O(}\fl/4)) ,

1
V27 A tanh «

as A — oo where o > 0 is defined by

1
cosha= - >1.
a

Note that a related estimate is proved and used in [LL21, Lemma 3.12], where the function
a+ —(tanh a(a) — a(a)) with a(a) = cosh™" (%) is interpreted as an Agmon distance.

The following properties of the first zero of the functions .J,,, J/, follow from [AS64, Section 9.5].
Lemma A.2. For v € RY, the functions J,,J,, have an infinite number of real zeros on R*., all

of which are simple and denoted (ju.1)ken+, (J;, 1 )ken= ordered increasingly, and both tend to +ooc.
Moreover, concerning the first zeros, there is vy > 0 such that for all v > vy,

v+ 1.85505 < j,q < v+ 1.85603,
v+ 1.8083 < jl, < v+ 1.809v5.

A.2. The functions F;,,. We now deduce properties of the functions F,,,. We start with the follow-
ing results taken from [Kg63, Tak21], and consequences of Lemma A.1. Note that Assumption 2.1
on the sequence A, is slightly stronger than the assumptions made in [Tak21, Equations (2.1)
and (2.2)], so that results taken from [Tak21] apply.

Lemma A.3. With r,, defined in (2.5), we have uniformly for s € [0, 1],

\/ﬁe—(1+o(1))¥(1+s)%xmm*3

(272(1 4 8)) iV A

A consequence of Lemma A.3 is the following result.

Fr(rm(s)) = (14 0(1)) ,  asm — Q.

Lemma A.4. There exist C, My > 0 and p > 0 such for all m > My one has, with ~,+1 defined
in (2.6),

0 < Ymy1 < e*’\’”m_i (A.3)
0 < Yot Fong1 (Fmg1 (8)) < Ce P mm B (r 1 (s)),  for s € [0,1/4], (A.4)
0< F7n(7'm+1(5)) S Ceiu)\mmig’ym-‘rlFm-&-l(Tm+1(5))7 for s € [3/43 1] (AS)

We refer to [Tak21, Lemma 2.3] for a proof of Lemma A.3 and Lemma A.4. Note that the
fact that Fq1(rms1(s)) > 0 in (A.4) is a straightforward consequence of Lemma A.3. The



INVISIBLE SOLUTIONS FOR SCHRODINGER AND WAVE EQUATIONS 25

fact that F,(rm+1(s)) > 0 in (A.5) (and ym41 > 0 in (A.3)) follows from Lemma A.1. Indeed
Fr(rms1(s)) = JIn,. (Am(1 = 2)rpmp1(s)) where
1 1

1 1
- — <(1-— V<1l —<1—)\p
(1= )rmai(s) < (L= )1+ ——g) S 1= —5 < 1=, forall s € [3/4,1],

since, from Assumption 2.1, we have m# < Am. Lemma A.1 thus applies and implies F, (1p4+1(8)) >
0 in (A.5) and y,,+1 > 0 (together with the sought upper bounds).

Remark A.5. The last two estimates above can be written as:
0 <Ym+t1Fms1(r) < Ce’“’\’"m_sFm(r), for r € Ipy11,

0<F,(r) < C’e*")‘mm_sfymHFmH(r), for r € Iyy14.

We also need to obtain a bound on the derivatives of F,,,. We start with the following lemma.
Lemma A.6. There are J\Zfl > 0 and C > 0 such that for m > Ml and 1 <r <1+ % one has
[Fp(r)] < CAm| Fin(7)].

Proof of Lemma A.6. Let us recall that Fy,,(r) = Jx,, (knr), with l;\—"m =1— 1. Remark in partic-
ular that since k7 < A, Lemma A.2 implies that F,,(r) #0 for 1 <r <1+ % We notice the
recurrence formulae for Bessel functions, namely (see [OLBC10, Equation 10.6.2 p. 222])
v
J, () = ;JV(fE) = Ju1(2),
and apply it to Fy,(r) = kmJ}, (kmr) to find

F! (r) =km <k)\m;J/\m(km7"> - J>\m+1(k‘m7")> (A.6)
Fl.(r) A I, 11 (kmr)
- Frn(r) = <kmr - I, (k) '

We need therefore to study the ratio % Notice that
Ix,, (kmr) = JIx,, (Ama), a=(1—=1/m)r.
1

Remark that the assumption 1 < r < 1+ 1/m implies that 0 < a < 1 — = <1 - AP since
AP > m? hence we are in the regime of Lemma A.1. This implies that we have, uniformly as
m — 00,

Irn (k) = I, () = ————ee exp (An®(@)) (1+0Y), (AT)

with

Here we used the relations

inh 1 14+ v1—a?
tanha = % — /1 —a?, «=arcosh— = log <H> .
a

cosh a a

We now look at the term Jy  41(k,,r) and write it as

D1 (kmr) = Ix, 41 ((Am + 1)D),
with

Again, we notice that
0<b<a<l=AP<1-—(Ap+1)72,
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so we are in the regime of Lemma A.1 which yields
Inmt1(kmr) = I, 41 ((Am +1)b) (A.9)
1
exp (A + 1)) (14 O((Am +1)714)).

- V2O + DV B2

Observe that in particular a,b lie in the compact interval a,b € [%7 1] in which ® is smooth.
Recalling that a — b = -7 we can then bound

|Am + 1)B(D) — Ay ®(a)] < A | ®(b) — B(a)| + B(D) < CAplb—al + C (A.10)
gc()\)"il +C> <.

Notice as well that using the definition of b in (A.8) we can write

1—b2 ) a®> 22, +1

1—a2 +17a2()\m+1)2'

Therefore, for large m
1— b2
< 2.
1—a? ~

1/4/2 V1—a? 1 1— b2
/V 21\, a \/)\ +1 |V b2 < (A11)

1/\/271()\m+ VI-b2 Vi-a?
for large m. We can then use the expressions (A.7) and (A.9) combined with the bounds (A.11)
and (A.10) to find that there is M, large enough such that for m > M; one has the uniform bound

This yields

J)\ +1(km7“)
== < A2
J)\m (ka) -7 ( )
for some C' > 0. Going back to (A.6) we use (A.12) to get that for m > M,
FE! (1) Ix,, +1(kmT)
m\") | g o | Rt W) ) oy
'me : ( o ) | ) =
since f\—m =1- % This proves the lemma. O

We can use this to prove an estimate for the derivatives of any order for F,,.

Lemma A.7. With M, > 0 given by Lemma A.6, for £ € N there is Cy > 0 such that one has for
m > M, andlgrgl—l—%

| ( )| < Oé)‘ IFm( )‘
In particular, using the seminorm given in Lemma B.7, we have

Enloey < CeXpul Fan (7)) (A.13)

Proof. The key point is to make repetitive use of the differential equation (2.2) satisfied by F,

that is )
Finr) = L F () - (k - A) Fonr). (A.14)

Note that on the interval 7 € [1,1+ -1, all derivatives of 1/r and 1/r? are uniformly bounded.
We proceed by induction on ¢. For £ = 0, there is nothing to prove, and for £ = 1 this is Lemma A.6.
Assume now that there is £ > 0 such that for all 0 < j < £+ 1,

| ()] < M| F (7).
We differentiate the equation (A.14) ¢ times

2
FU+2) — gt EF’ oY (k2 = A F, .
m T r m T m /',,2
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By Leibniz’ rule and uniform boundedness of derivatives of the coefficients,

041 ¢
[FS < OY IEDI+ 0N D IED).
j=0 j=0
Using the induction hypothesis,
241 ‘
[F 2 S CLER| [ DM+ 20D N,
j=0 j=0

Since Afn < )\f,;“Q for 0 < j < £+ 2 this gives
[T ()] < CXGP (),
for a constant C' depending on ¢ and M; only. This completes the induction and the proof. |

Lemma A.8. With M; > 0 given by Lemma A.6, for all { € N, there is C; > 0 such that for all

m Z Ml;
1 2 1 1
— < CpN . foralll<r <1+ —, (A.15)
'Fm cl(r) " Fon (1) m
)
Fm+1 02 Fm+1 1
< 1<r<14——-:.
‘(Fm > (r)| < CeAy, — (r)|, foralll<r< +m+1

Here, the norm |~|Cz(7,) is the seminorm given in Lemma B.7.

Proof. With the chosen seminorm, Lemma B.7 provides the following algebra property.

Fm+1 (Z) (’f') Fm+1
F,

m
Using now the inversion result of Lemma B.7, we deduce

<C

S C |Fm+1|cz(7.)
ct(r)

1
Fl ooy

14
1 |Finlcer 1
— <Cp—=———F~, foralll<r<1+ —.
’Fm Ct(r) | Fn (r) [ m

Estimate (A.13) of Lemma A.7 implies |Fin|ce(,) < CoeM | Fy(r)| and hence (A.15).

Using again Lemma A.7 we have |Fiyi1|ce(y < Codfyiq[Fing1 (7)) < CeCON | Frpga (r)] for all
m > Ml and 1 <r <1+ mLH, after having used that there is C' > 1 such that A, 11 < CA,, for
all m € N, from Assumption 2.1.

Combining the last four inequalities, we deduce (changing the value of the constant Cy)

)
Fm 1 © OZ)‘Z |F (T)‘ NN 02 Fm 1
(5} ] < ol tEn < G | P )
for all m > Ml and 1 <r <1+ —-— which concludes the proof of the lemma. O

m—+1"’

APPENDIX B. GEVREY TYPE FUNCTIONAL SPACES

B.1. Abstract Banach valued Gevrey spaces. This appendix is devoted to technical results
concerning Gevrey regularity of % for a Gevrey function f, and we follow closely [Yam89, Yam92],
see also [LR20, LRR25]. In all this section A is a Banach algebra with unit. In Appendix B.2 below
(and in the main part of the article), we specify to the case where A is the set of C* functions,
with a well chosen norm making it an algebra, see Lemma B.6.

We will define Banach spaces of Gevrey A functions for A > 1 with values in A. All the spaces
in this section depend on the algebra A and on the Gevrey coefficient A > 1, but it will be fixed,
so we will sometimes omit this dependence. We introduce the function

(k) =27°(k)*1 + k)72
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For any L > 0, we consider the space of functions u € C*(7,.A), where J C R is an open
interval, such that

[v® @]
lul; = Sup{LkFA(k)A’tEI’k e N} <oo0.

The following space is defined in Yamanaka [Yam92].

Definition B.1. Let A > 1,L > 0 and J C R be an open interval. We denote by G} = G7(J;.A)
the (Banach) space of functions u € C*°(7,.A) such that the norm

lullgy (ray = lully, := max {2 l[ull o 7y 227 o],
is finite.

Note that, with this definition, we have in particular (J;.,G7(J;A) = G*(J;A), where the
latter is defined in Definition 1.2. The following result is a specific case of [Yam92, Theorem 5.4]
and will be used several times in the sequel.

Lemma B.2. (Algebra property) For any u,v € G} (J,.A),we have uv € G} (J,.A) together with
the estimate

luvlly, < llull ol Yu,v € GR(T,A).

Note that since A is an algebra, the product wv is the function defined by ¢ — (uv)(t) := u(t)v(t),
where the product in the right hand side is that of A.

Proof. The result is essentially [Yam92, Theorem 5.4], which actually considered linear applica-
tions. We only translate this result to our context. Setting J = (¢1,¢2), and using the notation
of [Yam92, Theorem 54| for X =Y = Z, G(J,A), we set X =Y = Z = A. In that notation,
we have G(J,A) = QQ(J,A) with equality of the norms. For any v € gf(j,A), t € J define
(Ly)(t) € L(A), the application of multiplication by v(t), that is (L,)(t)(uo) = v(t)uo for any ug €

A. Ifv € GT, A), we see that %Lv(t) = L, ;) together with H‘%Lv(t)Hc(A) < o™ @)]| , by

the algebra property of A. In particular, for v € G2 (J,.A), we have L, € G(J, L(A)) with
”LUHG(J,L(A)) < ||'U||gg(j,,4)~ (B.2)
Then, [Yam92, Theorem 5.4] implies

[Lvullg 7,4y < 1 ollgr,ceay 1z, a) -
But we have [|Lyullg s 4) = Hvu||g£(‘7’A) and ||ullgy 4) = ||u||g2(‘7’A). This gives the result
using (B.2). O

The next lemma is straightforward, but we write it in order to stress the fact that making L
large enough allows to make the norm as small as desired if the L°° norm is small.

Lemma B.3. For any 0 < L < L', G} (J,.A) C G2.(T, A), together with the following estimates:
for allu € G (T, A)

fuly < fulps el < el
1 L
lull < max {2° ull o, 22" ] } < max {26 e 2° 5 ||u||L}

Proof. The first inequalities are straightforward, and the last one is a consequence of |u'|p <
L|ul L. O

The following proposition shows that the inverse of a Gevrey function is a Gevrey function. The
proof is a consequence of [Yam89, Lemma 6.4], which we recall in Lemma B.5 below.

Corollary B.4. Let A > 1,L > 0 and J C R be an open interval. Then, there exist constants By
and Ey > 0, only depending on X, so that the following statement holds.
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Assume f € G}J,A) is such that f(t) is invertible in A for any t € J, denote by f~1 the
function t s (f(t))~! where (f(t))~! is the inverse of f(t) in the Banach algebra A, and assume
in addition that f=* € L>(J,A). Then, for all

L > Lax (2,83 [y gy 111
we have f~1 € GMNT,A) together with
1= < B o oy - (B.3)

Proof. We consider £ = F = A and let ® : U — Iso(E, F) be the multiplication by f defined
by ®(t)u := f(t)u for t € J,u € A. The inverse ®(¢)~! is the multiplication by f(¢)~!. By
assumption, we have ® € C°(J;L(A)) and for all t € J

-1 -1
127 O 2y < 1 0y < 00
12Ol eay < Ifllpoe oy < 27° M7,
*) t“ <“(k)t H < LFID\(k = 1)|f’ vk > 1
[#©0],, <[rO0), < Tt DI, vk
< AL TAR) (I £, »

where C = 273 sup;~, %@;) € (0,+00) and we have used the definition of || - || in (B.1). In

particular, for any L’ > L, since k > 1, we have LF = (%)k (L"k < %(L')k. This implies

HCIJ(’“)(t)HL(A) < B(L')"Ts\(k), Vte J,Vk>1,

. LC . _ . _
with B = % Taking L' > max (L,2 ||f lHLm(ij) LCy ||f||L) and denoting A = Hf 1||L°°(j,A)’
we obtain AB < 1/2. Applying Lemma B.5 for any n € N, we get for ¥(¢) = ®(¢)~!, and for all
te Jand k>1

qu(k)(t)Hﬁ(A) < A(L')*T5 (k).

Since W(t) is the multiplication by v(t) = f(t)~!, we have H\Il(k)(t)HL(A) = ||v(k)(t)HA and we
obtain

v(k)(t)HA < A(L')*Ty(k), Ve J,Vk>1.

In particular, this yields
H(v’)“) (t)HA < A(L')MITy\(i + 1) < DAA(L')HIT0 (i), Vit e J,¥i > 0. (B.4)
where we have denoted some constant Dy = sup;s 2*(”1)%&1) which is finite since (i + 1)! =
(i 4+ 1)i!. Now, Estimate (B.4) can be written as
(2L')7" '], < DAA.

Recalling the definition (B.1) of the norm together with |[|v[[;w (7 4) = If=
have obtained

IHLw(j,A) = A, we

vy, < Amax(2°,2°Dy).

This is the sought estimate (B.3), after having changed the name of the constants: L =2L and
By = 4Cy, and E) = max(25,23D,). ]

The following result is a particular case of [Yam89, Lemma 6.4].

Lemma B.5. Let E, F be Banach spaces and J an open interval of R. Let A>1, L >0, A >0,
B > 0 be real constants and n be a positive integer. Assume that AB < 1. Let ® : J — Iso(E, F)
be a C™-map such that

|®(t <A teJ

)71 HL(F;E
and

H(I)(k)(t)Hc(EF)SBLkFA(k), teJ, 1<k=n.
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Setting U(t) = ®(t)~! fort € J, the map ¥ : J — Iso(F, E) is a C"-map and satisfies
A’B
<
c(rE) — 1—AB

H\I/(k)(a:)H L*Ta(k), ted, 1<k<n.
Note that this lemma is written in [Yam89, Lemma 6.4] in a more general context where J is
replaced by a Banach space, so that ®*)(¢) is a multilinear operator with value in £(E, F), for

which the norm is more intricate to define. We can check that if 7 is an interval, ®*)(¢) can be
identified with an element of L(E, F').

B.2. Gevrey spaces with values in C*. In this section, we give the applications of the results
of Section B.1 to Gevrey functions with values the Banach algebra of functions of class C*. Before
this, we start with preliminaries concerning the C* norms we consider.

Lemma B.6. Let Q C R? be open and let £ € N. There exists Dyq > 0 such that the following
statement holds. Let A be either
.« A=CLQ),
o (in case Q compact) A= C*(Q), the set of restrictions to Q of functions that are C* in a
neighborhood of €2,
o (in case Q compact) A = C*(Q x SY), the set of restrictions to Q x S' of functions that are
C* in a neighborhood of  x St in R* x S! .

Then, A endowed with the norm
e = 30 18 e,
<2 ’

is a Banach algebra. More precisely, we have ||fgllce < |fllcellgllce, for every f,g € A. Moreover,
assume that f € A satisfies |f(x)| > no > 0 for x € Q (resp. for x € Q xSt in the last case). Then
% € A and we have

Il £1I¢
< Dy ZJrcllZ :
o

|

Lemma B.6 directly follows from the pointwise version in Lemma B.7 below.

ol

Lemma B.7. Let U be either an open set U C R? or U =V x S* where V.C R?~1 is an open set,
and let £ € N. There exists Dy > 0 such that the following statement holds. For all x € U and all
f,g € C* in a neighborhood of x, defining the pointwise quantity

0% f ()|
|f|ce(w) = Z T

| <0
we have
|f9|c£(x) < |f|cf«($) |9‘c£($) : (B.5)
If in addition f(x) # 0, then % is C* in a neighborhood of x, together with the estimate

| fleeay
Mm < Diffeiien

Proof. Let us first prove (B.5). For every multi-index a with || < ¢, Leibniz’ rule gives

a%ﬂﬂu>§j(§ywﬂmaaﬁmm.

BLa

Hence

U ) 195 sy 02 (0)| - IWfIW“%U\



INVISIBLE SOLUTIONS FOR SCHRODINGER AND WAVE EQUATIONS 31

Summing over all multi-indices « such that || < ¢, we obtain

o8 aaﬁ
oo < X 3 211 “ﬁ'

lal<t <o

8ﬂf g(x 0P f dg(x
<y y APl | 5 B {5 20 ) = il oo
B1<¢ |y]<t v p<e <t

where we used the change of index v = « — 3, so that the summation set {(3,7) : |8| + |y| < £} is
contained in {(3,7) : |8] < ¥, |y| < ¢}. This proves (B.5).

To bound the inverse let us set ¢ = 1/f. Since |f| # 0, g is well defined and in C* in a
neighborhood of z.

For a multi-index a # 0, the Faa di Bruno formula (see for instance [Ler19, Lemma B8]) applied

to g = ®(f) with ®(s) = 1/s satisfying &™) (s) = = 1,,2+1 , yields

W@ZE:R%ﬁHW

1<m<[al

where §; is a non-zero multi-index for 1 < j <m with
Br+- 4 B =,

8, is a combinatorial constant. Using [0° f(z)| < Cy|f|ce (s for |B] < ¢, we obtain for

.....

laf 0
17, 0% f(x G
FYOED DS czugh_qﬁm——ﬁj%—jp;;f—f €7 T

m=1p+-+Bm=a

. . Floee, ey 1
Finally noticing that 0 < |f(z)| < |f|ge(,), whence 1 < |f°Em<)|), we deduce 7 ?lfnﬂ < ‘f(wc)‘éjlf r

all m < /. Recalling that g = 1/f, the result follows up to changing the constant.

We finally formulate a corollary of Corollary B.4, in the setting of C** functions, using Lemma B.6.

Corollary B.8. Let A > 1,L > 0,£ € N, J C R be an open interval and I = I 114 or
Imi11 a compact interval of R. There are C,D > 0 depending only on X and ¢ such that the
following statement holds. We let A := C*(I x S') be endowed with the norm in Lemma B.6.
Assume f € GNJT;A) satisfies |f(t,r,0)] > no > 0 for (t,7,0) € J x I x St. Then, with

L’ = L'max <2 CW) > 0 we have 1 € G (T A) with

¢
1 e 7.0y
< D=4,

G} (T3A) o

(B.6)

|
Proof. The product in the algebra A is the product of functions, so the inverse of f for this product

is % From the assumption |f(¢,7,6)| > 1o > 0 for (¢,7,0) € J x I x S!, together with Lemma B.6,
we have

4
i

<D <
L>=(J,A) 776“ ﬂé“

|
Corollary B.4 writes for L’ > L max (27 By ||f*1||L(x,(j 4) Hf||L) Moreover, we have

. [F
17 ey 140 < D=2 1L
0

So, picking C' = B)D provides the expected result. |
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APPENDIX C. THE MAXIMIZATION LEMMA

We write here the maximization lemma which is used in order to calculate the Gevrey index.
Its proof is straightforward.

Lemma C.1. Let a > 0. The mazimum of the function (0,4+00) > x — x%~" is attained for

T =« and is equal to a®e™“.

The following Lemma will be used with € = 4 for the Schrédinger equation and € = 2 for the
wave equation.

Lemma C.2. Let 0 < p < 2/3 and €, u, 8 > 0. Then, there exists C, L > 0 so that one has

. 2_. .
mEtBe—rm? " < OIT, (i orallj e Nym>0
< 2J)s J ’ ’

J— €
where A = 5=3p > 0.

2
2_3
P 1 .«

Proof. We denote QI := ms FPe—pm and notice that QJ, = el

T = um%73 > 0. Lemma C.1 then yields for any j € N, m >0

—T _ €j+PBp
e~ with a = sy 0,

FL g R
J < i (et B v
m = ep 9 _ 3p )

which has the advantage not to depend on the parameter m anymore. We set b = Qf—gp > 0 and

A = 5= > 0. Then the previous estimate reads

2—-3p
Aj+b
) < () (A + DN,
ef
For j > 1, we have
, , . b\
(A + D) = (Aj + D)V (Aj +b)" = (A))N (1 + AJ) (Aj +0)°

< AN (A + )5,

AJ
where we used (1 + )\%) < eb. Consequently,

NPV
Qi < CoL} (i) 2

for some Cy, Lo depending on p, €, u, 3. Using the classical inequality (see e.g [Rod93, p10-11])
(£)” < j! we find that

Qi < CoLg(jH*5°
Finally, there is C' > 0 such that for j > 1 it holds 5®
that Ty () = 27°()*(1 + j)~2, we obtain

Qh < C(2Lo)'TA(G), 5> 1.

This proves the lemma for L > 2Ly and j > 1. It only remains to include the case j = 0

Nr5°.
< C29(1+7)~2 and therefore, after recalling

2_3
after renaming the constant since mPe—rm? < (O uniformly in m > 0 for some other constant
depending on p, €, u, 5. O

APPENDIX D. PERTURBATION OF OBSERVABILITY

This section is devoted to proving the following result, stating that observability (which is a
linear quantitative version of unique continuation) is stable by small perturbations of the evolution.

Proposition D.1 (Observability for small bounded perturbations). Let X', be two Banach
spaces. Assume that an operator (A, D(A)) generates a strongly continuous semigroup (e')cr,
on X, and that C € L(X,Y) is a bounded observation operator. Let T > 0 and assume that there
18 Cops > 0 such that

T
||u0||3( < Cobs/o ||CetAu0||§,dt, for all ug € X. (D.1)
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Then, there is Ko > 0 such that for all B € L*(0,T; L(X)), we have

T
(1- K0||B||2Ll(07T;L(X)))||vo||2X < 2C’Obs/ [Co(t)||5dt,  for allvy € X, (D.2)
0

where v denotes the unique solution to
ov—(A+B(t))v=0, te(0,T), wv(0)=uwp. (D.3)

The output of Proposition D.1 is that observability continues to hold for the system perturbed
by B if || B|| 11 (0,7;2(x)) is sufficiently small.

Proof. A fixed point argument in the Duhamel formula

t
v(t) = ey +/ e=)AB(s)v(s)ds,
0

implies well-posedness in C%([0, T7; X) for (D.3), together the estimate (for some Co = Co(A, B,T))
lo(t)llx < Collooll, ¢ € [0,7].
The Duhamel formula also implies the estimate (for some C; = C1(A4, B,T))
[o(t) = e vollx < Col|Bllro,ricxp vl o.r52),  forall t € (0,T).
Combining the last two lines implies
[v(t) — e vllx < C1Co|| B 10,752y llvollx,  for all £ € (0,T).
Applying now (D.2) to vy and using the last inequality, we obtain

T
[vo]|% < Cobs/o |Cet g |3dt

T
< 2Cobs/o ||Cv(t)H§zdt+QCobsCngT“OH%(x;y)||BH%1(0,T;L(X))||U0||/2v7

which concludes the proof with Ko = 2Cops CTCET(C17 (1. O

Disclosure: no LLM was used for this article except for some help in drawing Figures 1, 2, 3
and 4.
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