Uniform observation of semiclassical Schrodinger eigenfunctions on
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Abstract

We consider eigenfunctions of a semiclassical Schrédinger operator on an interval, with a single-well
type potential and Dirichlet boundary conditions. We give upper/lower bounds on the L? density of the
eigenfunctions that are uniform in both semiclassical and high energy limits. These bounds are optimal
and are used in an essential way in the companion paper [LL22| in application to a controllability problem.
The proofs rely on Agmon estimates and a Gronwall type argument in the classically forbidden region,
and on the description of semiclassical measures for boundary value problems in the classically allowed
region. Limited regularity for the potential is assumed.
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1 Introduction and main results
We investigate the localization of eigenfunctions of the semiclassical Schrédinger operator
P. = —?0% + V.(x), (1.1)

on the interval [0, L], with Dirichlet boundary conditions, where V; : [0, L] — R is a family of real-valued
bounded potentials. In this setting, for any € > 0, the operator P. endowed with domain D(P.) = H?([0, L])N
HL([0, L)) is a selfadjoint operator on L?(0, L), with compact resolvents. Its spectrum Sp(P:) thus consists
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only in countably many real eigenvalues with finite multiplicity (equal to 1 since this is a 1D problem). We
are concerned with properties of eigenfunctions of P., that is to say, solutions ¢ to

Pp=FEy, e H(0,L)NHy([0,L]),  [[¥llL20.z) =1 (1.2)

where, as already mentioned, F is necessary a real number (depending on €). We shall further assume that
the potentials V. converge to a fixed potential V. The assumptions we make on V. and V are one of the two
following.

Assumption 1.1. Assume

eV €C0,L];R), V. € L*(0, L;R) are real valued and |V — Vel o,y — 0;

o there is © = x¢ € (0, L) such that V is strictly decreasing on [0,%q] and strictly increasing on [xo, L].
Assumption 1.2. Assume

e V.,V € CH([0,L];R) are real valued and ||V — V|1 (po,)) — 0;

e the only x € [0, L] such that V'(z) =0 is x = x0 € (0,L) and V(x¢) = minj 1 V.

The typical shape of the potential V is illustrated on Figure 1.

Figure 1: A typical potential V satisfying Assumption 1.2 (and thus Assumption 1.1)

Note that Assumption 1.2 implies Assumption 1.1. We shall also write alternatively V¢ (z) = V(x) + ¢-(x)
with ¢. — 0 in L> or C! topology as ¢ — 0. That is to say, we consider the single well problem on the
interval. We denote by Ej the ground state energy, that is to say

Ey = mIer[l(l)nL](V(x)) = V(xp).

The classically allowed region at energy E for the potential V' is defined by:
Kg={x€][0,L],V(x) < E},

and the Agmon distance (see e.g. [Hel88, Chapter 3]) to the set K at the energy level E by

/j JV(s) — B), ds /: JV () — B), ds

where (V(z) — E), = max(V(z) — E,0) and where yg is any point in Kg. Note in particular that da g
vanishes identically on K (and only on this set). If E < Ej, we have K = ) so that the Agmon distance
above is not well-defined; in that case, we shall use the convention that

da p(z):= inf

if £ > F 1.3
yeEKE ’ ! =" ( )

dA,E(x):dA,EO($)7 if £ < Ej.



This is the appropriate convention since, if 9 and E € R satisfy (1.2), the L? inner product of (1.2) with ¢
yields

2
= 9/ ooy + /[ UaRalts (1.4)

and thus, under Assumption 1.1,
EeSp(P:) = E>Ey— HQEHOO —resot+ Eo- (1.5)

Under Assumption 1.2, we prove upper and lower bounds that, roughly speaking, say that solutions of
da, g (@)

P.1) = Ev behave, in the sense of L2-density, like |[{)(x)| ~ e~ = — up to some loss e?. The upper bounds
on the eigenfunctions of P. are expressed under the form of uniform Agmon estimates.

Theorem 1.3 (Upper bounds on eigenfunctions: uniform Agmon type estimates). Let V, V. satisfy Assump-
tion 1.1. Then, for all 6 > 0 there exist eg = 0() € (0,1] such that for all E € R and 1 solution to (1.2),
we have for all € < &g

d d
P | 4|y <el. (1.6)
V |E| +1 2 L2
da p(0)—6 da p(L)—6
)| < e T, (D) < e (1.7)

VIE|+1 VIEl+1
The main result of this note is the following converse estimate.

Theorem 1.4 (Lower bounds on eigenfunctions). Let V, V. satisfy Assumption 1.2. Then, for any interval
U C [0, L] with nonempty interior and any § > 0, there is g > 0 such that for all E € R and ¢ solution
to (1.2), we have for all € < &g,
1] 2y > €2 aE O dy p(U) = inf dap(a), (1.8)
€
€ €

VIE[+1 T V]E[+1

Note that this lower bound is as precise as the upper bound (1.6) (except for the § loss) and thus essentially

[ (0)] > e~ @20+ [0/(L)] > e e @), (1.9)

optimal. Also, in these estimates, the loss e~f can be removed /improved in several situations (see e.g.
Proposition 2.3 in the classically allowed region).
Remark that Theorems 1.4 and 1.3 are counterparts one to the other. They state essentially that, in

this very particular one dimensional setting, an eigenfunction 1 associated to the energy E satisfies |[¢(x)] ~
4 2 (I) . . . . . .
e~ in the sense of L2 density (and that this is uniform in F, z, ).

Notice finally that, under Assumption 1.1, the set K is an interval given for £ > Fy by K =
[x_(E),z4+(E)] C [0, L], where x4 (F) are defined precisely below.

Definition 1.5. For E > Ej, set
e z_(E) the solution to V(x_(F)) = E which is < x¢ for E < V(0), and _(E) =0 for E > V(0),
e 1z (E) the solution to V(z(E)) = E which is > x¢ for E < V(L), and 2 (E) = L for E > V (L),
(with xg = z_(Ep) = x4 (Ey) if E = Ey).

The proof of Theorem 1.4 relies on an explicit expression of semiclassical measures in the present context,
which is of its own interest.

Theorem 1.6. Assume that V.,V satisfy Assumption 1.2. Suppose that e, — 0, E,, — E, € RU{+o0} as
n — 400, and Y, solves

(P, = En =ta o € HA0,L) NHY(0.L),  lonllaqo.sp = L (1.10)



where ||y ||2(0,0) = 0(en). Then, in the sense of weak—x* convergence of measures, we have [y, (z)[*dz — mp,
for a nonnegative Radon measure mg, on [0, L] explicitely given by

—1
1s - d 4 (Ex) d
mp, = Cp, Xe=@as @O p e, mmc&:</ )
(B —V(z))+ v (B VB« —V(z)
mE* = 6X07 ZfE* = EO?
dx .
mE* = f, Zf E* = +o00.

Moreover, in R we have

lentn (0)]* = 2Ce, /B = V(0O)Ly(oy<p., lentn(L)]> = 2Cp, VE. = V(L) ly(1y<p., if Bx < +o0,

E et OF = 2, B leath (D = 2, if Eu = oo

Several remarks are in order. First, for a given FE,, the uniqueness of the limit measure implies that the
whole sequence |1, (z)|?dz converges. This is an extremely rare situation (probably linked to the simplicity
of the spectrum and the regularity of the spectral gap in this 1D situation, but we do not use this information
here).

Second, this theorem only describes the limit measures of |1, (x)|?dx. The latter are projections on the
x-space of the semiclassical measure that live in the phase-space (z,¢&) € [0, L] X R, and are as well described
explicitly in the proof of Theorem 1.6. Their expression is slightly less readable, so that we decided not to
write them here.

Other possible approaches to this problem (which could in principle also lead to statements like those of
Theorems 1.4 and 1.6) include WKB expansions (at least to leading order), see e.g. [GS94, pp139-143] for
the single well problem in R or [Dui74] (in a much more general seeting), or ODE methods see e.g. [Olv74,
Section 6 pp 190-198], [BS91, Theorems 4.5 and 4.6] or [FF02].

The study of eigenvalues and eigenfunctions for 1D Schrodinger operators in the semiclassical limit is a
classical topics; we refer e.g. to the seminal papers of Simon [Sim83] and Helffer-Sjostrand [HS84] for the
bottom energy and Helffer-Robert [HR84] for higher energies, as well as the books by Helffer and Dimassi-
Sjostrand [Hel88, DS99|. In particular, the proof of Theorem 1.3 consists in a rather classical Agmon esti-
mates [HS84, Hel88, DS99, and we essentially need to check here the limited regularity of the potential and
the uniform dependence on the energy levels E. This uniformity is necessary for the proof of Theorem 1.6
in [LL22].

The literature on lower bounds (such as given in Theorem 1.4) and semiclassical measures (such as given
in Theorem 1.6) for a boundary value problem is slightly poorer. We mention the article [All98] where an
analogue of Theorem 1.4 is stated in which the lower bounds in the right hand-sides of (1.8) and (1.9) is given
in terms of the Agmon distance to the ground energy da g,. Similar (but less precise) estimates have been
also used by the authors in [LL21a, LL21b] for applications to eigenfunctions on surfaces of revolution.

The exponential bounds obtained in both Theorem 1.3 and 1.4 could certainly be refined under additional
assumptions (analyticity of V. = V| non degeneracy of V at xq...), especially for the bottom energy FEy, using
e.g. some of the techniques developed in [HS84, HS86, Hel88, DS99, HNOG].

Note finally that there are very few situations in which semiclassical measures of eigenfunctions/quasimodes
can be described explicitely; see e.g. [Jak97] on the torus or [ALM16] on the disk. It is therefore satisfactory
to be able to express all semiclassical measures in this very simple geometric situation. We refer to [HMRS7,
Section 4] (relying on [Dui74]) for a related statement in a boundaryless setting with V. = V smooth, linked
to quantum ergodicity. Note by the way that the proof of Theorem 1.6 below implies in particular that the
operator (1.1) is quantum unique ergodic at all energy levels under Assumption 1.2.

The plan of the article is thus as follows. Section 2 is devoted to the proofs of the above results. The proof
of Theorem 1.3, consequence of Agmon estimates, is first given in Section 2.1 below as a warmup. Then, we
focus on the proof of Theorem 1.4, which relies on three key lemmata:

e a geometric control estimate in the classically allowed region, proved in Section 2.2. The latter essentially
reduces to the description of semiclassical measures as stated in Theorem 1.6, and Section 2.2 is thus
dedicated to the proof of Theorem 1.6;



e a tunneling estimate into the classically forbidden region (inspired by [Al198]), with sharp tunneling
rate, proved in Section 2.3;

e a rough Gronwall estimate used to patch the previous two estimates in the transition between the
classically allowed and forbidden regions (that is, near the two turning points), also proved in Section 2.3.

The last two points use arguments inspired by [All98, Section 3.2 ppl541-1546]. There are three main
differences with that reference. First, we have d4 g in the exponent of Theorem 1.4, where Allibert only
had da,g,. Second, our estimate is uniform with respect to the energy level E. Third, the potential has
limited regularity and can be perturbed by lower order terms (denoted g. here). This uniformity is actually
a source of some complications in the proofs. Yet, it is necessary for the proof of the cost of controllability in
Theorem 1.6 in [LL22]. We finally prove Theorem 1.4 from the three key lemmata in Section 2.4.

Section 3 is devoted to the proof of several technical properties of semiclassical measures for boundary-
value problems (and in dimension one only), that are prerequisites to the proof of Theorem 1.6. The results
are summarized in Proposition 2.4.

The plan of Section 3 is as follows. We start by proving a priori estimate and the so-called hidden regularity
of traces in Section 3.1. This allows to define semiclassical measures associated to the eigenfunctions 1, (z)
(as well as limits of the Neumann traces), that are lifts to the phase space (z,€) € [0, L] x R of the measures
mpg, appearing in Theorem 1.6. We then prove that these semiclassical measures are supported on the energy
layer {¢2 +V (x) = E.} in Section 3.2. Next, we prove in Section 3.3 that the measure satisfies an appropriate
transport equation (charged at the boundary). Invariance properties near the boundary are finally deduced
in Section 3.4.

Most arguments in Section 3 are essentially inspired from the seminal paper of Gérard and Leicht-
nam [GLI93], where eigenfunctions of the Laplace operator are considered in any dimension, in domains
with boundary having limited smoothness. We believe it is useful to provide here with a detailed argument
in our context for two reasons. First, the results of [GL93] do not apply here since they only deal with the
flat Laplacian without potential. Second, the proofs of [GL93] (as well as other references on boundary prop-
agation for semiclassical measures, e.g. [Leb96, Bur97a, Bur97b, RZ09]) are highly technical because of the
geometry and the weak regularity of the boundary. Many arguments simplify considerably in our 1D context.
We thus take this as an opportunity to write a proof as detailed and pedagogical as possible, which we hope
can be read as an elementary introduction to boundary propagation.

Note that although the problem is one dimensional, the fact that we consider a semiclassical Schrédinger
operator makes it a very good toy model that encompasses part of the richness of propagation theory for
boundary value problems [MS78]. Indeed, we shall see that elliptic, hyperbolic and glancing points all arise
on the energy layer ¢2 + V(z) = E, for certain values of the energy F, (see Section 3.4).

Note finally that all proofs of the present article are completely self-contained except for the standard
semiclassical calculus in R.
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2 Proofs

Before turning to the proofs, we start with two simple remarks that will be used along the proofs. The first
remark aims at reducing the proofs to the energies F that are > Fj.

The first remark concerns the a priori regularity of the functions x4+ of Definition 1.5 and d4, g defined
in (1.3).

Lemma 2.1. Under Assumption 1.1, the functions x4 : [Fg,00) — [0, L] are uniformly continuous function.
The function R x [0,L] — R defined by (E,z) — da g(x) is uniformly continuous and x — da g(z) is
C-Lipschitz with C independent of E.



Proof. The first statement comes from continuity of V~! on the compact [x¢, L] (and similarly on [0, xg]).
The second statement follows from the explicit expression

dap(z) = fj+(E) V(s) — Eds, if E>Ey x>z, (F),
dag(x)=0, if E>Epx€[z_(F),z+(E)],
dap(x) = [ /V(s) = Eds, if E>FEya<a_(E),

dap(z) =dag,(x) =| [ V/V(s)— Eds|, if E<Epxel0,L],

and in particular, da g(z) = 0 for E > maxV and da g(z) = da,g,(v) for E < Ey. Moreover, we see that
du g is C-Lipschitz with C' = max {N/V(:c) " B,E € [Ey,maxV],z € 0, L]}. O

The second remark concerns the reduction of the statements for all energy levels E € R to only F > Ej.

Remark 2.2. We notice that it suffices to prove the statements of Theorems 1.3-1.4 for E > FEy (and not
for all E € R).

Indeed, if P.¢p = Ev, and if we set E. = FE + ||¢c||co, we then have E. > Fy from (1.5). Moreover, with
P. = P.+]/¢c||oo (which is equal to P. with g. replaced by ¢z = . + ||ge||oc > 0 which is such that ||¢. |z~ — 0
under Assumption 1.1 or ||Gz||c1 — 0 under Assumption 1.2) we have P.tp = E.1).

The results of Theorems 1.3-1.4 apply to P. and E. > Ey with da,r replaced by da g .. The conclusion
for all E € R follows from Lemma 2.1 below: for any § > 0 there is ¢y > 0 such that for all dy g —6 < da . <
da g + ¢ uniformly on z € [0, L] and € < &o.

2.1 Uniform Agmon estimates: Proof of Theorem 1.3
We follow e.g. [Hel88] for the proof of Theorem 1.3.

Proof of Theorem 1.3. Notice first that according to Remark 2.2, it suffices to consider £ > Ej. Next, consider
the range ' > max|o ) V. In that case, (V — E), =0 and the Agmon distance d4 g vanishes identically on
[0, L]. Hence the statement (1.6) writes

9 3
=19 + ¥l < e,

VIEl+

which, for e sufficiently small, is a consequence of [|¢)[| 2 1)) = 1 together with

2
19 2oy < (B4 Vo + 1),

which follows from (1.4). Next, Estimate (1.7) holds uniformly on compact sets of energies F as a consequence
of the hidden regularity Estimate (3.2) in Lemma 3.1 below, taken for h = ¢ and V =V, = V. — E. For
E > 1, we write Estimate (3.2) for h = ﬁ,vl =Y = Z—;VE and Vo = —1. This implies that ﬁ|w’(0)| =
A (0)] < Ch7 V1| + C < &||Vi||p~ + C < e72Cy,q. uniformly in E, ¢, and in particular (1.7) holds in
this range of energies.

We finally consider the most substantial case, namely £ € [minp ;; V' —1, maxjy 1) V], and proceed with the
proof of the Agmon estimates. We start with the following integration by parts formula. For all ¢ € W1:°°(0, L)
and v € H?> N HE(0, L) we have

L L
/ (62\3m(e¢/€u)|2 - |6m¢|262¢/6|u|2) :Re/ 2?5 (—e202u)u.

0 0

We use this identity with w = 1) a solution to —e21"" + V) + q.1» = P.p = E1p. This yields

L L
/ 62|81-(6¢/51/))|2 _|_/ (V _E_ |8;c¢|2 + Qa)€2¢/s|¢|2 -0
0 0

We now write (0,L) = QF UQ; with QFf ={V — E > a?} and Q, = {V — E < o?} for some 0 < a < 1 to
be chosen later. We obtain

L
/62|8x(e¢/w)|2+/ (V—E—|6x¢|2+qa)e2¢/5|¢|2sSup|V—E—\ax¢|2+qE|/ 2y (2.1)
0 Qf Qo

Qo



We now choose the weight ¢ = (1 — §)da g for § € (0,1) (where d4 g is defined in (1.3) and is Lipschitz
continuous according to Lemma 2.1).
On QF, noticing that |dy p|* = (V — E); =V — E, we have

V= E—0:0]" + ¢ = (V= E)(1 = (1-06)*) +¢c > a6(2 = §) — [l¢cl »

hence providing with a lower bound for the left handside of (2.1). Concerning the right handside of (2.1), we
write for E' € [miny, 1) V, maxjo 1) V]

sup |V — E — |0,0)? + ¢.| <4(|V]|, +1) +1=: Cy.
QL

We fix g9 = e0(d, @) such that [|¢.||, < 1a?6 for all € € (0,0). Coming back to (2.1), we have obtained for
0 €(0,1) and ¢ < ¢,

L
1
| touteru + 50 [ P <oy [,
0 2 Qi Q

a

This implies

L L
1
| el + a2 [l < v w1y [ ol (22)
0 0 Qo

To conclude the proof, we now estimate the right handside in (2.2). We write Q7 = (23 N [0,x0)) U (25 N
[x0, L]) and split the integral accordingly, using that V' is injective on each part. We now only consider the
second term, the first one being treated similarly. Uniform continuity of V=1 on the compact [xq, L] implies
the existence of a = a(d) € (0, 1] such that

(EER, z,ye{znE<V(z)<E+a’}N[xe, L)) = |z —y| <4 (2.3)

As a consequence, we have for z € Q7 N [xg, L] (and V(x) > E, otherwise ¢(x) = 0 and the same estimate is
true)

x

o) =1 —-06)dar(z)=(1-9) ) VIV(s) = E)yds < (1 =8)(z — 2, (FE))a < (1—16)da,

T4 (E

using (2.3) (where =4 (F) € Kg is the solution in [x¢, L] of V(24 (E)) = E). Coming back to (2.2), we now
have

L L
/ €2|az(e¢/€w)|2 + %a26/ €2¢/E|¢|2 < (Cy + 1)625a/6/ |w|2 < (Cy + 1)6260‘/5.

We now want to replace ¢ by da g. Recall that ¢ = (1 — 0)d4 g, and that 0 < d4 g(x) < LDy for another
constant Dy := \/maX[OQL] V —miny ) V + 1 uniformly in x, F, so that we may write

L L
/ |am(edA,E/Ew)‘2+/ €2dA,E/5|,Z/)|2
0 0
L L
:/ |aw(€6dA,E/Ee¢/5w)|2+/ |€6dA’E/Ee¢/Ew‘2
0 0
D 2 L 1 L
< 1+6—V+7 edLDv /e / |5m(€¢/€¢)|2+7a25/ €2¢/5|w|2 .
€ a?d 0 2 0
Combining the above two estimates implies

L L 6Dy 2 5
/ €210, (e?-B/5qp) |2 +/ 24 B/2 2 < (Cy + 1) (1 t— 0425) esGHLDV)
0 0

which proves (1.6) up to changing § (2 4+ LDy ) into 6.



To obtain the bound on the normal trace, we need an H? bound on e?4.5/). To this aim, we follow
e.g. [Hel88, Remark 3.3] and first regularize d 5. We consider p; = $p(5) € C°(—6,6) a nonnegative smooth
approximation of the identity, and define dfm g = ps*da g for § small enough, where V, ¢. (and d4 g accord-

ingly) have been extended in a fixed neighborhood of [0, L]. We have 0 < di},E < SUPge(_s,n+6) da,E(T) <
2L Dy, and, uniformly for z € [0, L],

@ 5(0) ~ da (@) < [ daslo—9) - dap@losw)dy < Dy [ lylps(u)dy
< 5Dv/|y|p(y)dy, (2.4)

where we used that |dy p| = /(V — E); < Dy. As a consequence, from (1.6), we now obtain for a constant

Dy depending only on V, for € < gg = £0(6), denoting |||l ;51 = 'l 12 + || £]| > and T, = e¥a.5/=y)

8
eé(dA,E_dA-E) HedA,E/EwH S C(Sg_leDVgeg.
H]

19y < 2]

. (2.5)

The function W, is solution of
(P. — E)U, = —2¢(e®an/e) ey — c2(e%an/eY"p, W, (0) = W.(L) = 0.

According to the above inequality (2.5) and bounds on d‘i"E, we obtain ||WZ||, ., < CysePv+2)2 yniformly for
E € [ming ) V —1,maxjg 1) V 4 1] and € < g9(0). This together with (2.5) directly implies |ed§4»E(0)/Ew’(O)| =
W.(0)] < CsePve (and similarly at L). Using again (2.4) finally replaces e@a,n(0)/¢ by eda.2(0)/ in this
estimate with an additional e“Pv ¢ loss, and thus implies (1.7) (after having changed C'Dy/§ into 6). This
concludes the proof of the theorem. O

2.2 Lower estimates in the classically allowed region

In this section, we first deduce the following “geometric control estimate” from the description of semiclas-
sical measures in Theorem 1.6. We then give a proof of Theorem 1.6, relying on technical statements for
semiclassical measures for one-dimensional boundary-value problems, proved in Section 3 below.

Proposition 2.3 (Geometric control in the classically allowed region). Let V' € C*([0, L]) satisfy Assump-
tion 1.2 and g — 0 in C*([0,L]). Then for any family (A)ec(0,1); Ae € R, converging to zero as € — 0T,
for any v > 0, there are constant C,eq > 0 such that for ally € [0,L], all e € (0,e0], all E € R and ¢
satisfying (1.2), we have

Hw“LZ(U) ZO’ thhU:(y_V7y+V)m[O7L]v ZfEZV(y)_)\Ea (26)
ﬁw}’(on >0 fE>V(0)+u, (2.7)
—— W) >C,  fE>V(L)+w. (2.8)

VIE|+1
Some remarks are in order:

e Note that the lemma states “observability inequalities” for eigenfunctions (1.2) from a neighborhood of
a point y, assuming a “geometric control condition”, which is here formulated as E > V(y) (internal
case) or E > V(0) + v (observation from the boundary 0) or E > V(L) + v (observation from the
boundary L). The latter condition ensures that all classical trajectories with energy F intersect the
region (y — v,y + v) (internal case) or 0 (observation from the boundary 0) or L (observation from the
boundary L).

e Note that the proof below proceeds by contradiction and uses semiclassical measures, following the
general strategy introduced by Lebeau [Leb96].

e Note that the explicit expression of the measures in Theorem 1.6 can be used to describe for instance the
asymptotic values of the constants C in (2.6)-(2.7)-(2.8). Note also that the eigenfunction equation (1.2)
can be “relaxed” to a quasimode equation as in the statement of Theorem 1.6.



Proof of Proposition 2.3 from Theorem 1.6. We proceed to the proof by contradiction, following the strategy
introduced by Lebeau [Leb96]. Given A\. — 0 and v > 0, if the statement of the lemma is not satisfied, the
following holds: for all n € N, there exist y, € [0, L], €, € (0, %], E, € R, ¢, satisfying (1.10) with r,, = 0,
together with

1
19nll L2y — gm0y < — incase E,>V(yn) — A, (2.9)
En / 1.
resp. ————=|¢,,(0)| < — in case E,, > V(0) + v, 2.10
b o O < ©) (2:10)

n I
resp. 67|1/),/1(L)| < —incase E, > V(L) + v.
n

VIEL+1

We may now extract from the sequence (yn,&n, Fn,¥n)nen @ subsequence (which we do not relabel, with a
slight abuse of notation) such that

€n =0, yn =y« €10,L],
En — By € [V(y.), +o0],

[¢n(@)Pdz — mp. ,

where the last convergence holds in the sense of weak—x convergence of measure. The measure mg, is
described explicitly in Theorem 1.6. Note that the assumptions yield E, > V(y.) > V(xo) = minV. This
implies y. € [z_(Ey),24(FE,)] and in particular, mg, ((y« — v/2,y« + v/2)) > 0 in all three cases of the
definitions of mg, in Theorem 1.6.

Remark also that dominated convergence in (2.9) implies that

||wn||L2(y*72u/3,y*+21//3) — 0, asn— +oo. (2.11)

We obtain a contradiction with mg, ((y« — v/2,y« + v/2)) > 0 by taking a bump function ¢ € CO((y. —
2v/3,y.« + 2v/3), [0, 1]) equals to one on (y. — /2, y. + v/2) which yields

||1/]nH2L2(y*_2y/3,y*+21,/3) > Hﬂpwn||2L2(07L) n—)_+>00 ‘/[0 g CP(LE)Qde* (x) >mp, ((y« —v/2,y« +1v/2)) >0,
and contradicts (2.11). This proves the internal observability estimate (2.6) and we are now left to prove the
boundary observability. We only treat the case at the left boundary x = 0, that is to prove that (2.10) gives
a contradiction.

To this aim, we now consider the cases E, = +o00 and E, < +oo separately. If F, < +00, then Theorem
1.6 gives |e,17,(0)]* = 2CE, \/Ex — V(0)Ly (0)<p.. Moreover, taking limit in the second part of (2.10) gives
E, > V(0) + v. This implies 2Cg, \/E, — V(0)1y(0)<p, > 0 and therefore lim,,_, 4o [€,},(0)[* > 0 which is
a contradiction to (2.10).

If now E, = +o00, Theorem 1.6 gives E, e}, (0)[> — 2. Yet, since E;* < ﬁ for n large, (2.10)
gives E, en1)(0)|? — 0, which is a contradiction and ends the proof of the Lemma. O

We are now left to prove Theorem 1.6. It relies on the following Proposition 2.4 in which we describe
fine localization properties and transport equations satisfied by semiclassical measures for solutions to 1D
boundary value problems. The proof of Proposition 2.4 is given in Section 3 below. In the statement of
Proposition 2.4, we change slightly the current notation: we focus on the energy level £ = 0 for a potential
Vn — V, and consider the semiclassical parameter h,, — 0. When deducing a proof of Theorem 1.6, we will
use Proposition 2.4 both with

e h, =¢, and V,, =V,, — E,, which converges to V =V — E, (in case E,, has a finite limit E.,),

o h, = j%n and V,, = -1+ ELW + qbi: which converges to V = —1 (in case E,, — +00),

and in both cases, we describe the energy level ¥V = 0.



Proposition 2.4. Let V,,,V € C*([0, L]) real valued so that V,, — V in C*([0,L]). Let hy, — 0 and 1, be
such that

wn S H2(07L) C Cl([O,L]), ¢n(0) = ¢n(L) = 07 ||wn||L2(0,L) = ]-7
—hi i + Vu(@)n = in D'((0, L)), (2.12)

and, given a function u defined on [0, L], denote by u the function such that u = u on [0, L] and u = 0 on
[0, L]°. Assume that r,, = Orz2(0,1)(hn), then there exist

e a subsequence of indices (still denoted by n),

o a probability measure p on T*R =R, x Re, supported in [0, L] x Re, such that
(Opy, (@) ¢n, ¥n) o = (uoa),  for alla € CZ(T*R), (2.13)

e two nonnegative numbers by and £1, so that

o, (0) 2 = €o, R, (L7 = Lo, (2.14)

e a probability measure m on R such that \%(x)?dx — m, in the sense of weak—+ convergence of measures
on R.

Moreover, writing p(x,€) := &2 + V(z), the following statements hold:
1. we have supp(p) C {p(x,§) =0} N[0, L] x Re;
2. if rn = 0(hn)12(0,1), then w satisfies Hyp =0 in D'((0, L) x Re¢);
8. if rn = o(hn)r2(0,1), then depending on the value V(0), we have

e (Elliptic case): if V(0) > 0: then £y =0 and there is § > 0 such that u =0 in (=§,6) X R,
e (Glancing case): if V(0) = 0: then Hypp = —Loby=0 ® 0¢_q for x close to 0. If moreover V'(0) < 0,
then ly =0 and Hypu = 0 in D'((—o0, L) X R),

e (Hyperbolic case): if V(0) < 0: then Hypu = Q\/fi"vi(o)égc:o@(é&:m—ég:_m) inD'((—o0, L)%
R),

(and symmetric relations are true close to L).

4. The measures m and p are linked by m = 7*u, where m : Ry Xx Re — Ry is the canonical projection, that
is to say [ o(x) dm = [ @om du for all p € C2(R?).

Note that since H), is only assumed to be a C? vector field, Hpp is defined by duality which makes sense
since p is a measure (and not only a distribution), see Lemma 3.5 below.

Let us now prove Theorem 1.6 from Proposition 2.4. Note that the regularity assumption on V' € C*([0, L])
requires some care in the propagation estimates for semiclassical measures (in the proof of Theorem 1.6 as
well as in the proof of Proposition 2.4). One reason for this is that the Cauchy-Lipschitz theorem does not
apply to the continuous Hamiltonian vector field 260, — V' (x)0¢.

Proof of Theorem 1.6. We consider the cases F, = +o0o and E, < 400 separately. In each case, we will
compute a semiclassical measure, but with respect to a different small parameter namely h, = \/557 or
hn, = e, respectively. In the present proof, we shall describe the full semiclassical measure ppg, in phase
space, associated to the sequence of eigenfunctions v, (extended by zero outside [0, L]) and the scale hy,.
Then, the measure mg, will be the (restriction to [0, L] of the) projection in x of the semiclassical measure
™ pp, = Lo yme, , where 7 : R, x Rg — R, is the canonical projection (see the last Item of Proposition
2.4). The limits of the respective boundary terms will result from the computation of £y and ¢;, in the same

Proposition 2.4.
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Case 1: E, = +oo. We rewrite the first equation in (1.10) as

(*hi@i + Vn)tbn = TnEgla

where we have set h,, = \/EE — 0T and V, = -1+ ELTL + % Extending t,, by 0 outside of [0, L] (without

changing notation), Proposition 2.4 can be applied with V,, = —1 + EL + (E” and V = —1 with V,, = V

n

in C1([0, L]) and # = o(hy) since 7, = o(g,). It provides a semiclassical measure p such that, up to a
subsequence, '
(Ophn (a)wmwn)m — (u,a), forallae CF(R xR).

Moreover, according to Proposition 2.4, the measure p is supported by [0, L], x {£1} and locally invariant
by the flow of the vector field 260, in (0, L), x {£1}¢, we necessarily have

]1[07[1] dx

1. pdx
uz@lw ® Og=1 + 02

T - ®@ 0g=—1+ 030(0,1) + 040(0,—1) + O50(1,1) + 069(L,—1),
with 6; € [0,1], Y 0;=1.
J
(see below for a justification of this decomposition in a slightly more intricate setting). Also, the second part
of Proposition 2.4 gives

1 14
2801 = (20593—0 - 2L(Sw—L> ® (0g=1 — de=—1) on R, xR, (2.15)
where £y and £, are the limits of the normal traces h2|¢!,(0)|? and h2 |, (L)|* respectively.
In particular, the derivative of i1 is a measure. This implies that x({(0,1)}) = p({(0,-1)}) = u({(L,1)}) =
p({(L,—1)}) =0, and thus 6; above vanish for all j > 3. Therefore, there is 6 € [0, 1] such that

1o n1d 119 n1d
p=0-L0" s+ 1-0)20" o5 onRxR

L L
Now, we compute the derivative of this measure, namely

20 2(1—-46

260, = f((sm:o —0p=1) ® g1 — %(51»:0 — 0p=1) ® O¢g=—1.
Identifying this with (2.15) yields
1 2
9257 and KOZKL:Z' (216)

We can now finally compute 7*p = M which gives mg, = dfw after restriction to [0, L]. Since the limit
is the same for any subsequence, we deduce that the convergence holds for the full sequence. Recalling that
h, = =2 the values of ¢y and ¢y, in (2.16) and the convergence result of (2.14) gives the expected limit for

VE,’
the boundary terms.

Case 2: V(xg) < E. < +o0o. This time, we consider semiclassical operators scaled with the small parameter
hn = €, — 0%, namely for a € C°(R, x Re), Op,, (a) = a(z,,D,).

Proposition 2.4 applied with h,, =e,, V,, =V — E,, and V =V — E, gives again a subsequence of indices
(still denoted by n) and a nonnegative Radon measure 1 on T*R = R, x R¢ such that

(Opsn (a)wn,d)n)m — (p,a), foralla € C°(R x R).

where we have again extended 1,, by zero without changing names.
Writing p(x,€) = &2 + V(x), Proposition 2.4 gives that p is a probability measure, supported by the
compact set

p NE,) = {(z,¢) € [0, L] x R such that p(z,¢) = E.},

and moreover invariant by the flow of the Hamiltonian vector field of p, namely H, = 2£0, — V'(z)0¢, locally
in the interior of (0, L), x Re. Note that, as already mentioned, we have slightly changed by a constant the
notation for p with respect to Proposition 2.4 without changing the Hamiltonian flow.
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We assume further in the proof that
V(L) < V(0). (2.17)

The case V(L) > V(0) is treated similarly. In the case V(L) = V(0), there are actually less sub-cases to
consider and the additional sub-case E, = V(L) = V(0) is treated as in sub-case 2 below (glancing near
both endpoints of the interval); the two closed trajectories at energy E, are smooth and tangent to both
boundaries + = 0 and « = L. Given this additional assumption (2.17) on the shape of V', we only have to
consider separately the following six sub-cases:

1. V(0) < By < 400
2. B, =V(0)

3. V(L) < E, < V(0)
4. B, =V(L)

5. V(xo) < E, < V(L)
6. B, = V(xo).

Sub-case 1: V(0) < E, < +o0o. Both 0 and L belong to Kg, = n(p~!(E.)) (where 7 : R, x Re — R,
is the canonical projection) and the set p~*(E.) decomposes as p~1(E,) = Cy UC_ U{(0,++/E. —V(0))} U
{(L,£\/E. =V (L))} where Cy = {(x, +E. -V(z)),z € (O,L)} are two disjoint bounded curves (that

are both orbits of H, in case V is regular enough). We may decompose accordingly the measure u as

p=pley +ple +uly sz T Yo vE Vo TP @ vE v T @B vy
(2.18)

in the sense of measures, i.e. for F, E two Borel sets, plg(F) = p(E N F). In this decomposition, the four
measures supported by points are proportional to Dirac masses. We define ¢, as

-1

<5Ci790> =CEg, /0 oz, £/ Ey — V(x))\/ELV(I), with Cg, = (/0 (Ey — V(s))‘%is) ,  (2.19)

for ¢ € CO(R, x R¢) or, with a somewhat loose notation

Lo,1)(z)dz 5
* E, — V($) {=+\/E.—V(x)’

Let us now prove, using invariance by Hy,, that pl¢, is proportional to dc, , that is, it is the unique invariant
measure on Cx. This would be straightforward if we would have V' € C!, as a consequence of the Cauchy-
Lipschitz theorem, but we only assume V' € C° here. We define a measure v on (0, L) by

v ) meoo,n) = <u]lc+7 VE. - V(z)f ® 1>

Let us first prove that 0, = 0 in the distributional sense: we have

5Ci ZCE

with f @ 1(z,§) = f(x)

M,CO((0,L)XR)

(v, arf>M,Cg(0,L) = <M]10+, VE. Vo, f® 1>

= (ple, &0, ] ® 1>M,cg((o,L)xR)
= <:u]lC+aHp(f 2 1)>M,CS((O,L)><R) =0

M,C2((0,L)xR)

where we have used that { = \/E, —V(x) on C4 in the first equality and the invariance property of plc,
in the last equality (the latter is a consequence of the invariance of y and the fact that C, NC_ = () in

12



this subcase). This proves in particular that there exists a constant 8 so that ¥ = Sdx. In particular, for
0 € CY(0,L) x R), we compute, using again that ¢ = \/E, — V(x) on Cy

(e, 0(2,9) pg.co((0.0)x2) = <'“]lc+’9"(x’ E.-V()e >M CO((0,L)xR)

_ [, ¢ VE —V(x) _ VE. — V(@)
< © VE V() >M’CS(O’L) 5/ VE. = V()

= BCEJ <5C+>@> :

Coming back to the decomposition (2.18) we have now obtained

0= 916C+ + 020¢ + (93(5(07 BV (0) + 94(5(07_ [E.=V 0)) + 956(L, /E.—V(L)) + 966(L _JE V(D)
0; € [0,1], Ze =1

Note also that for any ¢ € C}(R?),

L dx
(6c,, Hyp) = Ch, /0 (j:2\/E* “V(2)dy — V’(I)@&) o, £VEr — V(@)

E, —V(x)
L
= i2CE*/o % [go(am:l: E, — V(m))} dx
= 4205, ¢(L, /B, — V(L)) F 2C5.0(0, £\/E. — V(0)). (2.20)

So that

Hybe, = i2CE*5(0,i\/M) + QCE*(s(L’i\/m). (2.21)

Moreover, both boundary points are of hyperbolic type (as in the case E, = o0). Using Proposition 2.4, these
measures satisfy the following equation

Ly

o= 00 ® Ve Bv® ~ Y= B0
Ly,
T v e yE D e B (222)

where H,u is well-defined as a distribution according to Lemma 3.5 below (using that the coefficients of H,
are continuous and p is a measure). We can thus conclude as in the case E, = oo that H,u is a measure
and therefore 03 = 0, = 95 = 0 = 0. Again, comparing (2.21), (2.22) and pu = 616c, + 026c_, we obtain

. _ £O KL . 1. . o _ l
01 =05 = PV~ eV The fact that p is a probability measure gives 6; = 02 = 5. In

particular, y = 3 (¢, + 6¢_), lo = 2Cp.\/E. — V(0) and ¢, = 2Cp,\/E. — V(L) which gives the expected
result for mg, = m.pu and the limits of the boundary derivatives.

Sub-case 2: E, = V(0). The set p~1(E.,) writes p~*(E.) = C; UC_ U{(0,0),(L,+£/E. — V(L))} where
again Cy = {(az, +VE.—V(z)),z € (0, L)} are two disjoint bounded curves (that are both orblts of H, in

case V is regular enough). As in the first sub-case, we have accordingly

W= 015C+ + 020¢c + 935(070) + 945(L,\/W) + 955(L _\/m),

0; € [0,1], 29_1

where dc,, is the unique invariant measure carried by C+ and given by (2.19). Note that in the present situation,
the right boundary = = L is of hyperbolic type whereas the left boundary point = = 0 is of diffractive type.
Now, the second part of Proposition 2.4 yields in this case the equation
Ly
! - e _
(260, — V'O ) = NGRS Oa=1.® (O¢_ /5 =70y ~ e /B-v (D))" (2.23)
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in a neighborhood of = L. In particular, the derivative (2£0, — V'0¢)p is a measure near = L. This
implies as in the above cases that #, = 5 = 0 and thus

n= 915C+ + 020¢c_ + 935(070). (2.24)

Near = L, we are as in the previous Case 1 and differentiating this expression (i.e. away from z = 0) yields,
using (2.21),

(2{833 — Vlag),u = 720E*5r:L ® (elégzm — 025527\/&77‘/(11)) .

(See again Lemma 3.5 below for the meaning of the left handside.) Identifying the above two lines, we obtain
again 61 = 65 = £L

4Cp, \/E.—V(L)’

We now consider the diffractive boundary at = 0 in (2.23). Assumption 1.2 and Proposition 2.4 imply
that Hpp = 0 close to 0. A variant of (2.21) implies Hpd¢e, = 0 close to 0, which combined with (2.24) gives
03 = 0. As a consequence 01 = 0y = %

We have finally obtained that p = %((5(3+ +dc_) and £, = 2Cg,\/E. — V(L). We can check that m.u
gives the mg, announced in the Theorem. It only remains to check that the Glancing case of Proposition 2.4
combined with the Assumption 1.2 (which implies V/(0) < 0) impose o = 0. This is the expected result since

VE«=V(0)ly@<p. = 0.

Sub-case 3: V(L) < E, < V(0). In this case, there is a single point zg, € (0, L) such that V(zp,) = E.
(it is given by zp, = x_(FE,)), and we have zp, < xo and V'(zg,) < 0. The set p~*(E.) writes

YE)=Ccu{(L,VE. - V(L) }u{(L,—/E. - V(L (2.25)
where C = {(z,£\/FE.—V(x)),z € [xE*,L)}. (2.26)

We define the following probability measure on C

dx . _ L dx -
e 0 = Z/ BV W”hCE*—</m m) ’

and we now aim at proving that pl¢ is proportional to §c. Note that the difficulty in proving this comes again
from the fact that V' is only continuous. Would we have V/ € W1, then the Cauchy-Lipschitz theorem
would apply to H,, and invariance of ;11 would readily imply that it is proportional to dc.

We define as above

L
dx

dey ) =C AEVE — V(1) e,

(9e.¢) = C. /IE - @) E.— V()

and we decompose further plc = ple, +ple_ +plg, o)) We notice that these measures are all compactly
supported; we may test them with any function in C°(R?). The same proof as in Subcase 2 implies that
necessarily ple, = a+dc, and ply, o)} = Bz, 0). Invariance of p reads (u, H,¢) = 0 for all ¢ €
C'(R?),supp(¢) C (0,L) x R. Applied to ¢(z,&) = x(z)p(€) with ¥ € CL(0, L) such that y(zg,) = 1, we
notice that H,yp = 26X/ (x)p(§) — V'(z)x(z)¢’ (€) and thus deduce

(e, +a-dc_ + Bd(ap, 0), 26X (@) (&) — V'(2)X(2)¢'(€)) = 0.

Take x € C°(R) with x =1 in a neighborhood of zero and ¢ (¢ fg/ t)dt. We obtain

0= {ade, +a-de + F(ap, 02X (2)pe(€) — V/<x>>z<x>§x<s/e>>,

whence multiplying by e,

0= {asde, +ade_ 20 (@p.(6) ~ V@) Ua) Ix(E/) )~ BV (o),
Letting ¢ — 0 and using dominated convergence, we deduce

BV (xp.) = —(axde, +a—de_,V'(2)X(2)Le=0}) =0
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since C+ N {¢ =0} = (). This implies BV'(zg,) = 0, and thus § = 0 since V'(zg,) > 0.
Now we take any ¢ € C1((0, L) x R) and compute as in (2.20)

L
d
(Geu o) = Co. [ 21 [olo, 2B = V()| do = ¥Ci.¢(w8..0)

TE,

As a consequence, we obtain for all ¢ € C1((0,L) x R)

0= (. Hyp) =Y o (bc,, Hyp) = —a.Cp, p(xp,,0) + a_Cp, p(zE, ,0),
+

and thus a; = a_. This concludes the proof that pl¢ is proportional to d¢.
We now come back to the decomposition (2.25) and have obtained that

n = 015C + 025(L,\/m) + 035(117_\/&_—‘/([/))’ ej € [Oa 1]7 203 =1

J

The same computation as before gives
L
d
(6, Hpp) = Cim, Y / o [so(x, +\/E. — V<x>>} dx = +Cp,o(L,+\/E. - V(L)).
+ YTE, +

So that Hyéc = >, FCE, 5(L?i\/m) . We thus argue as in the previous cases that 65 = 63 = 0, hence

0, = 1. As a consequence, p = d¢. Concerning the boundary estimates at 0, we are in the Elliptic case of
Proposition 2.4 which implies £y = 0. This is the expected result since \/E, — V(0)1y(o)<p, = 0. At L, we
are in the Hyperbolic case, and we conclude as in the other subcases.

Sub-case 4: E, = V(L). The set p~!(E,) writes p~'(E,) = C U {(L,0)} where C C (0,L) x R is defined
as in (2.26) (and is an orbit of H), in case V' is regular). We have accordingly p = 0dc + (1 — 6)J(1 0y, with
dc the unique invariant measure carried by C (a proof of uniqueness of this measure under the sole regularity
assumption V’ € C? follows as in the above two sub-case). Moreover, the second part of Proposition 2.4 yields
in this case the equation

(260, — V'0¢)pu = 0.

The point = L is of diffractive type and the same analysis as in Sub-case 2 yields u({(L,0)}) = 0, hence
0 = 1. This proves ;. = d¢ and we can conclude as in all other above cases. The proof that ¢y = ¢, = 0 is
performed as before for the respective Elliptic and Glancing cases (using that V/(L) > 0).

Sub-case 5: V(xg) < E. < V(L). The set p~!(E.) is a C* closed curve contained in (0,L) x R and
dp|p71( £.) does not vanish. The measure p is supported on this curve and invariant by the vector field Hyp,
being nondegenerate and tangent to p~!(E,). Henceforth, u is the unique probability measure carried by
p~(E.) and invariant by H,, (again, uniqueness of this measure for V’ € C° follows as in the above sub-cases)
defined by

-1
Cr /$+(E*) dr _ /$+(E*) dr
L) = = r, 2tV E, — V(1)) —, ith Cg, = R .
{1, 90) = = a o ¢( @)= Ty O ) V0

_(E. _(E.)

*

The projection on z of p gives the expected result. Moreover, we are in the elliptic case at both boundaries
x =0 and L so that the normal trace converges to zero.

Sub-case 6: E, = V(xg). Note that the assumption V(y.) < E, implies that V (y.) = E, and thus y. = xo.
We have p~*(FE,) = {(y«,0)} and the only probability measure carried by this set is p = O(a,6)=(y.,0) We
compute . = dx, and we are again in the Elliptic case at both point of the boundary.

This concludes the proof of the theorem. O
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2.3 Lower estimates in the classically forbidden region and near the turning
points

Next, we define the following “semiclassical energy densities” of the eigenfunctions ¢. For x € [0, L]:
E(x) = [ (2) + [ (2),
et (x) =W (2) + (V(2) — B)W[*(2).

The following lemma is a variant of [A1198, Lemma 12], see also [LL21b, Lemma 4.10], in which we keep track
of the dependence with respect to the lower order terms.

Lemma 2.5 (Tunneling into the classically forbidden region). For all « > 0, all E, v, e solution to (1.2), and
all points x,y belonging to the same connected component of {V — E > a?}, we have

[ =g+ 12

Proof of Lemma 2.5. We differentiate the function &, yielding

) <emp (2

e

(€)= 2" Re($'v") + V'[¢o]” +2(V — E) Re(vy)).
We recall from the definition in (1.1) and Equation (1.2) that we have
Ey = Pap = =" + Vip + g1
This implies that
(EF) =2(V = E+q.)Re(¥d) + V'|¢* +2(V — B) Re(¢:¢))
= (4(V = B) + 2.) Re(§) + V'[u* (2.27)

We now estimate each of the terms in the right handside of (2.27) on the set {V — E > o?}. We first have
the pointwise estimate

|4V — By Re(id)| = 4" VV = E (elw')) (VV = Elv])
<2V —E @]+ (V-E)W?) =2V - EET.
Second, we have the pointwise estimate

vV
V—E

Third, we have on {V — E > o?}
2 2 _

S ||q5||oo (€|w/|2 _~_a|w2|) S ||q5||oo (E|1/)/2 +aV 2E 2) — ||q5||o<)8+
o e o

9 9 ag

V/
Vil = S - < Wlesgr on (v - B> 0y,

2. Re(d)

Combining the last three estimates in (2.27) yields, for all t € {V — E > o?}

(eH) ()] < ( Vi) - F + IV'||OO+HQsH ) (0).

Two applications of the Gronwall Lemma imply that for all z < = such that [z,2] C {V — E > o?}, we have
e HERet () < et (x) < et®Aet(2),

for p(x,z) = 2 f V Edt + ( a€|°°> (z — z). This yields the sought result. O

Note that the estimate involving ||[V||, could be slightly refined using a sign assumption on V'.

The following Lemma is an analogue of [All98, Lemma 11|, see also [LL21b, Lemma 4.11], and gives a
rough Gronwall type estimate for the energy £, without precise constants. The interest of this less precise
result is that it remains true uniformly for all = € [0, L]. This allows in particular to compensate the fact that
Lemma 2.5 is not uniform when z is close to the boundary of the set {V — E > 0}.
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Lemma 2.6 (Rough Gronwall estimate). For all E € R, € H%([0, L]) N H([0,L]) and all € > 0 such that
P.yp = Ey, and all z,y € [0, L], we have

1
ew) < exp (Lo = ol (IV = B4 1l + el ) £,
where I, is the interval between x and y.
Proof. The proof is very close to that of Lemma 2.5. We write similarly
(€)' = 2 Re(¥'") + 2Re(yd) = 2V — B+ ¢. + 1) Re(u¥)).

This implies on the interval I ,

1
EY1< 2 (IV =B+ lmg, ) + el ) &

and we conclude the proof with a Gronwall argument on I, , as in Lemma 2.5. O

2.4 End of the proof of Theorem 1.4

With the three previous Lemmata at hand, we are now in position to prove Theorem 1.4. We first prove the
following intermediate result.

Lemma 2.7 (Lower bounds on eigenfunctions). Suppose V,V. satisfy Assumption 1.2. Then, there is a
constant D > 0 such that for any yo € [0,L] and any § > 0, there is g > 0 such that for all E € R,
0 <e <eg and @ solution to (1.2), we have,

[0l 2y = € s WD) 1 = (yo — 8,0 +6) N [0, L], (2.28)
€ _1 9 _1
JE T 9/ (0)] > e~ (da.(0)+9) NIES] [/ (L)] > et (dap(D)+0), (2.29)

Note that in this statement (as well as in all statements of the article), § is thought of as a small parameter.

Proof that Lemma 2.7 implies Theorem 1.4. Notice first that according to Remark 2.2, it suffices to consider
E > Ey. Then, the only difference between the two statements concerns the internal observation. We
write U = [z1,2z2] with 21,22 € [0,L]. We treat the case for which z; > xo: the case z3 < xq is treated
similarly. Concerning the case z; < xg < 22, we take yg = xg and choose § > 0 small enough so that
(xo — 0,%x0 + &) C (z1,22) and Lemma 2.7 yields the result since in this case inf,cy da g(z) = da g(x0) for
all £ 2 E().

Since we assume now z; > Xg, we have infyey da g(z) = da p(2z1). According to Lemma 2.1, da g is
uniformly Lipschitz, so there 5 > 0 small enough uniform in E > Ey so that |da g(z) — da g(z1)] < § for
|z — 21| < 5. We can also assume § < (zo — 21)/2 and 5 < 6. Applying Lemma 2.7 with yg = z1 + 5 and &
Y0—8,y0+0)N[0,L]) = e 2 (@09 Since (yo —d,y0+9)N[0,L] C U and

using the previous estimates, this gives [[¢[| 2y > e~ (dap()+(D+1)9) which is the expected result up to
changing §. O

replaced by 4, we obtain 191l 2

We now prove Lemma 2.7, as a consequence of Theorem 1.6 and Lemmata 2.5 and 2.6.

Proof of Lemma 2.7. We first prove the internal observation inequality (2.28). We distinguish different cases
according to the respective location of the points yo and xg.

Consider first the case where xo € (yo — 0,y + ). Then, Proposition 2.3 with v small enough so that
(yo — v, y0 +v) C U, yields
19l 22y 2 19112 (g —vxe ) 2 Cos

uniformly for E € R, which implies (2.28) in this case.

We now consider the case where xg ¢ (yo—0,y0+9), and assume further in what follows that xo < yo—9.
The case xo > yo + 0 is proved similarly (by symmetry). In particular, this implies V'(yo) > 0 and V (yo) >
min[O’L] V
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For this §, Proposition 2.3 yields the existence of Cy, g > 0 such that for all z € [0, L], all € € (0, &), all
E € R and % solution to (1.2), we have

E>V(z) = ||7/’||L2((z_5 2+3)N[0,L]) > Co. (2.30)

2

Thanks to a variant of Remark 2.2, we can assume from now on that £ > FEj.

Case 1: 2z, (F) > yo — §/2. In this case, either z(E) > yo (hence E > V(yy)), then (2.30) with z = yg
yields

12 ((yo—s.y0+83000.20) Z 1¥Ml L2 (=6 /2 90+5/2)000.20) = Co:
which concludes the proof in that case.

Or else if 4 (F) <yo < z4+(F) 4 /2, then (2.30) with z = z, (E) yields
”wHL2(((Y0—57YU+5)Q[07L]) = ”1/)”L2(((aur(E)—%,ach(E)-&-%)ﬂ[O,L]) > Co,

which concludes the proof in that case.

Case 2: x,(E) < yo — /2. Lemma 2.1 (uniform continuity of V! on the compact [xq, L]) implies the
existence of o > 0 such that for all z,y € [0, L], E € R,

ry€{z €[xo,L,E—a? <V (2) < E+a’} = |z —y| < /4 (2.31)

In this case, that V(z, (F)) = E together with (2.31) implies that yo ¢ {z € [x0,L],E —a? < V(z) <
E + a?}. Since x4 (E) < yo in this case, this implies that necessarily V(yo) > F + o?. Estimate (2.30) with
z = x4 (F) implies

Co < Wl (@ (8- .00 m+ r00,11) (2.32)

Lemma 2.6 together with |g.||,, <1 yields
1
6Pe) < o (Fo - yl2+ 20V ) €0 oy € .21 (289

Integrating over = € (z4(E) — 5,24 (E) + $) N[0, L] implies, for y = 24 (E) + § <yo < L,

) 1
1610 it < S0 (S 420V ) ) € (4(E) +5). (2:34)

Now, remark that (2.31) implies 0 < 24 (E+a?)—24(E) < §/4. The point y = 21 (E)+3 € {2;V(2)—F > o2}
is chosen so that to apply Lemma 2.5. Note first that on the set {z;V(z) — E > o?} and for |a| < 1 (which
we may assume), we have & < a~2€* and that z > 24 (E) +6/4 = 2 € {V — E > o?} (this is the case for
2z =yp). Lemma 2.5 now implies, for all z > 2, (F) + §/4,

Q2& (24 (E) + 6/4) < &+ (x4 (E) + 6/4)
< o (2 [

+(B)+6/4
Integrating in z € (yg — /4,y0 — §/8) (which implies z > z, (E) + §/4 according to the assumption x4 (F) <

Yo — 6/2) yields
2 Yo
/ VV(s)— Eds

écu28(m+(E) +9/2) <exp| -
8 +(B)+6/4

3

Sl S

e v’
el |
« «

|2°°L> et(2). (2.35)

3 g 0—6/4

" Yo—46/8
el ZOOL> / et (s)ds.
a y

An interpolation estimate together with P.y = E1 yields

Yo—6/8
—1 2 2
/y 5/4 8+(8)d$ =09 (”¢HL2(Y0*5/4,)'0*5/8) + ||¢||L2(YO*5/2,)'0) ||6 ¢N||L2(YO*5/2,YO)>
o

— 2
<Cé ! ||1/’HLz(wa,yoH)m[o,L] :
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Note that we have used E < ||V, otherwise this zone is empty. Combining the above two estimates
with (2.32) and (2.34) yields the existence of constants C' = C(V, 4, L) > 0 (recall that o depends on ¢ and
V) independent on E, e such that

2 o 4 el 2
1< Cexp {5 ( / VYV Eds| + (24 2||[V|00)d + ; Lof o 19022 (yo—s.y0+o)ni0. L)

+(E)+4/4
We further assume that ¢q is sufficiently small so that assume that %L < ¢ for all € € (0,ep). This then
concludes the proof in that case, and hence the proof of (2.28) in the theorem.

We now explain how this proof needs to be modified in the case of boundary observability (2.29), say, from
the right boundary point L. In this case, the range of energy levels E € R is again split in three different
regimes. We fix again a > 0 as in (2.31).

First, if E > V(L) + 1 then Proposition 2.3 Estimate (2.8) (taken for v = 1) yields

V(D) 2 C,
which concludes the proof in that case.
Second, we consider the case V(L) —a? < E < V(L) + 1. We remark that we have again, by definition of

o and x4,
L—6/2 < a(V(L) —a?) < oy (V(L)) = L.

Hence (z4(V(L) — o?) — 2,2, (V(L) — a?) + $)N[0,L] C (L —§&,L]. Applying Estimate (2.30) for z =
x4 (V(L) — a2) and using V(L) —a? < E, yields

”wHL?(Lfd,L) > Co.

Using (2.33) integrated in z € (L — ¢, L) and taken for y = L implies

)
G < 10 < Coxp (22421711 ) D)

where &(L) = €2|¢)/(L)|* on account to the Dirichlet boundary condition. This concludes the proof in that
case.

Third, if E < V(L) — o2, the proof follows exactly as in the Case 2 above for the proof of (2.28), except
that the proof is finished when writing Estimate (2.35), at the point z = L, together with noticing that
ET(L) = 2]y (L)|?, on account to the Dirichlet boundary condition.

This concludes the proof of (2.29) at the right boundary point L, and the proof is the same at the left
boundary point 0. O

3 Semiclassical measures for one-dimensional boundary-value prob-
lems

The object of this Section is to make precise different properties of semiclassical measures in the presence
of boundary (and in dimension one only). The combination of all results proved in the section constitutes
a proof of Proposition 2.4. The proof relies only on standard facts of semiclassical analysis for which we
refer e.g. to [Rob87, DS99, Zwo12] and semiclassical measures [Gér91l, GL93, GMMP97, Zwo12|. Concerning
the boundary value problem, we essentially follow [GL93] with several major simplifications (due to absence
of geometry of the boundary) and some minor complications (due to the family of limited regularity poten-
tials converging in C'). We thus present a self-contained proof except for usual semiclassical analysis and
semiclassical measure in 1D. The latter material can be found in [Zwo12, Chapters 4 and 5| for instance.
To make the reading easier, we divide the proof in several Lemmata.

3.1 Regularity and traces

We begin with standard regularity estimates (see e.g. [GL93, Lemma 2.1]).

Lemma 3.1. There is C > 0 such that for all h € (0,1), r € L*(0,L), V € L>(0,L) and ¢ € H*(0,L) C
C([0, L]) such that
P(0)=9¢(L) =0, —h*"+Vy=r inD'((0,L)),

19



we have
W21 1320,y < IVlLee 0,0 1901720,y + 117122 0,) 19 20, ) (3.1)

and if moreover V = V1 + Vy with Vo € C1([0, L]) and h € (0,1),
W2 RO0) + 2 (L) < C (W 21V By + Palloncosy + 1) 00220y + CH 2 B0y (32

Note that all along the present Section 3, we have Vo = Vy € C1([0, L))

Proof. Multiplying the equation by ), integrating on (0, L) and using an integration by parts, we obtain

h2/ |1//|2dx+/ V(x)|w|2dx:/ ridz.
(OvL) (O,L) (OaL)
—

The Cauchy-Schwarz inequality yields (3.1). To prove the second inequality, multiply the equation by x(z)
with y € C°(R;[0,1]) equal to —1 near 0 and equal to 1 near L. Integrating, we obtain

0 =h?Re W'\ dw — Re/

V(m)wxﬂldx + Re/ Y dx (3.3)
(0,L) (0,L)

(OVL)

Next integrating by parts, we obtain for the first term of (3.3)
2

— h? d h? _ h
Whe [ wnide =" [ Pde = WPOY +WPCO) -G [ P,
(0,L) (0o,L) @x (0,L

)

Concerning the last term of (3.3), we simply write

Re / TX@/ dx

s

<l 2,0y 19" 20,0y < P2Y G20,y + 271 F2 00,1

We may estimate the second term of (3.3) with V=V, +V,, Vi € L™V, € C! as

- B
Re Vi(@)xd de| < |Villpoe [l callv e < B2 Vel Toe 1N Z2 + B2 (101172,

(0,1)

and, integrating by parts, using ¥ (0) = (L) = 0,

1/ d, 9
- Vo(z)x — |¥|“dx
3 [, P

Combining the above four lines in (3.3) implies

< CIValler o, 191172 0.2)-

1
= ‘2/ (VQX)/|¢|2d$
(0,L)

Re/ Vs (x)wxwdx
(0.L)

2P (0F) + B2 P(L7) < CR2 ¢ [ T2 0,1y + +CR2|VallZoe 122
+ CValloro.01¥17200,0) + Ch 2Pl 72(0,1)-
The sought estimate (3.2) then follow from (3.1) and h < 1. O

We now extend the potentials V,,V as V,,,V € C}((—1,L + 1); R) (abusing notation slightly) such that
Vi = Vlle1(~1,041) — 0. We define the operator
o d?

P=-n2 L
" dax?

+V,, acting on L*(R).

Note that P, is symmetric on C2°(R) since V), are real-valued. The equation in (2.12) together with the jump
formula imply that

Potp = =y, (¥3,(07)00 = 41, (L7)0L) + 1m,  in D'(R). (34)
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Corollary 3.2. Assume (2.12). Then,

1. ifry = Or20,0)(1) and Vy, = Opee(jo,2))(1), then hy, (%)/ = h, (1)) is a bounded sequence in L*(R) and
i particular,

lim sup H@‘ 0 (3.5)

—
n—+00 L2(|hp€|>R) R—+o0

(where @ denotes the classical Fourier transform of u).

2. if rn = Or2(0,)(hn) and Vi, = Oci(po,17)(1), then hpip), (01) and hypip, (L) are bounded sequences in
R, and up to a subsequence, there are £y > 0 and £y, > 0 so that

o, (0) 2 = Co,  [haty, (L7)P = Le. (3.6)

Moreover, we have

haty

(3.7)

lim sup
n—-+o00

—
L2(|hng|2R) R—+o0

Property (3.5) (resp. (3.7)) says that the sequence v, (resp. hpiy,) is h,—oscillating. This means that
the scale h,, “captures the maximal oscillation rate of the sequence”.

Proof. Using (3.1) (applied to 1,,) together with the fact in (2.12) that v, is normalized in L?, and the
assumption r, = Oprz2(g,1)(1), we obtain that h,1, is bounded in L?(0, L), whence the first statement since

(%)I = (¢},) thanks to the Dirichlet boundary condition. The Plancherel formula then implies that

‘ on < @0) 'R | hntn|| o < CR™ = posio .

rn

L2(|hn€|ZR)

The fact that hy1),(07) and h,4,(L™) are bounded directly follows from (3.2) together with the fact that
h,t Irallpz(0,) and [Vall o1 (o,z)) are bounded and 4y, is normalized.

We finally consider the oscillation property for the sequence hn%. Taking « € (1/2,1), using Equa-
tion (3.4) and the Plancherel formula, we obtain

};\, <R—1+a hn _ah2/77
H Yn L2(|hn€|>R) — (€| b (Yn) L2(|hn€|>R)

< 2R (j6,(0)] + [94(E 7)) |1hné] =G|

< 2 () + 1) [[lngl ],

@0 B Vs .
Since
1/2 o 1/2
[1he=o5) ([ merae) e ([Ta) = o reen,
L2(|hn&|>R) |hn€&|>R) R

we then deduce (3.7) from the facts that hy, (|9}, (0%)] + |, (L7)]) and ||[Vaton — TnHLQ are bounded. O

3.2 Localization in the characteristic set

The existence of semiclassical measures p associated to (¥, hn)nen as in (2.13) is classical, see e.g. [Zwol2,
Theorem 5.2|. In this section, we explain how the fact that v, solves Equation (2.12) (or rather ¢, solves (3.4))
relates the associated limit measures p to the classical hamiltonian

p(e,§) = € +V(x).

Remark that in case ¥V € C*°(R) and V,, =V, the function p(z, ) is the semiclassical principal symbol of the
operator P,,. We also denote by Hy(z,§) := 260, — V'(x)0¢ the Hamiltonian flow of p. Localization and flow
invariance properties for the measures p away from the boundary are proved e.g. in [Zwol2, Theorem 5.5
assuming C*° regularity. Limited regularity is considered in [Bur97a]. Here, we precise these proofs in the
case of Dirichlet boundary condition and of family of potentials converging in C! regularity.
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Lemma 3.3. Assume (2.12) with 7, = Orz2(0,1)(1) and V, = Opee(po,))(1). Then, the measure pu in (2.13)
is a probability measure supported in the set [0, L] x Re.

Proof. To prove that u is a probability measure, we take x, xr € C°(R;[0,1]) such that x = 1 in a neighbor-
hood of 0, and xz = 1 in a neighborhood of [0, L], and write (using supp(v») C [0, L])

L= [|9all ey = IxX2¥all ey < lIx(anD/R)XLn]| gy + (1 = X(AnD/R)) Yn| 2y

Using Item 1 Corollary 3.2, we have limsup,, , , . H(l X(hnD/R)) w"HLz(R T 0, and pseudodifferential
calculus yields

X (hn D/ RYX1ton |} 2 ) —nsioo (X3 @ (-/R))-

We deduce from the above two lines that

1< (X7 @ X*(-/R)) + 0r—00(1),

and hence 1 < (i, x% ® 1) < 1 by dominated convergence. This proves both that p is a probability measure,
and that supp(p) C [0, L] x Re. O

Lemma 3.4. Assume (2.12) with r,, = Or2(0,0)(hn), Vo = Ocr(o,r))(1) and |[Vi — V|co(—1,041) — 0.
Then, the measure p in (2.13) is a probability measure supported in the set {p(z,&) = 0} N [0,L] x Re.
Moreover, for all a € C(R%*R) such that a = 1 in neighborhood of {p(z,£&) = 0} N[0,L] x Re, we have
|Opy, (1 — a)%HLz(R) — 0 as n — 4o00.

Note that the compactness of the set {p(x,{) =0} N[0, L] xRe C [0, L] x [-A, A], with A = /—minj ) V
thus implies that u € &'(R?), i.e., has compact support.

Note also that the assumption that r, = Orz2(o,)(h,) can be weakened to r, = OL2(07L)(h}/2+6) for any
e > 0 for the same proof to work (using directly (3.2) instead of Corollary 3.2 Item 2). We did not try to
optimize the proofs in this respect.

Proof. Let a € C®(R, x R¢). Applying A = Op,, (a) to equation (3.4) and taking the inner product with
%n, we obtain (after having noticed that Op,, (a) is a smoothing operator),

(APns n) 2y = —h3 (A (W4(07)00 = ¥, (L7)OL) %) gy + 0(1):

Corollary 3.2 Ttem 2 (i.e. boundedness of hy, |1/ (0)|) and continuity of the trace H/?*5(R) — C,u + u(0),
gives

h2

n

(AW (0)80), $u) | = B2IG4O)] | (A(B0), n) o] = B21EL O [ (B0, AT} g, g 0|
< Chy [(A* ) (0)| < Cehiy || A < Cehi ||thn

HH1/2+E(R) ||H1/2+5(R) )

after having used uniform boundedness of A* on H*(R) (classical Sobolev spaces). The last term is of order
Os(h}/ 2_8) by interpolation in Corollary 3.2 between L? and H', and hence converges to zero for e < 1/2. The

same convergence to zero holds for hZ | (A(y),(L)dL), ) ;2 |» and we have thus proved that for all a € CZ° (R?),

(AP, ¥n) @ 0.

For e > 0, let p.(z) = Lp(z/€) be an approximation of identity (p € C°(R), p > 0, [, p = 1). We define
V€= pexV and VS := p. * V,,. We notice that for any € > 0, we have (under the assumptions of the lemma)
that V5, = O, c1(jo,))(1) and [|[V5, = V|lco(—1,041) = 0 as n — 4o00. Moreover, ||V — V| co(—1,4+1) — 0 as
€ — 0. We now write

The first term in the right hand-side converges to zero, whereas the second term is bounded by

[l 22y Vi = Vallgo = 1Al 22y V= Viio,  as n— +oc.
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Pseudodifferential calculus (composition rule) in the left hand-side of (3.8), together with the fact that ||V —
V|l co(—1,041) — 0 as n — +o00 and the definition of 4 imply that it converges towards (u, (|¢]* + V<)a). We
have thus obtained that

(i (117 +V9)a)| < [[All gz IV = Viigo = 0, as e — 0T

Since {(u, (|¢]? + V)a) N {u, (|€* + V)a), we have obtained (u, pa) = 0 for all @ € C2°(R?). This implies
e—0

that supp(u) C p~*({0}), and concludes the proof of first statement of the lemma.
Concerning the second statement, using pseudodifferential calculus and the normalization of the ,,’s, we
have

Hophn(l - a’)%Hiﬁ(R) = (Ophn ((1 - a’>2) %7 %)L%R) + O(hn)

= ([l ) + (O, (=20 + ) n, Yn) 12 g + Olhn)
— 14 (u, —2a + a?).

Recalling that a = 1 in a neighborhood of supp () and that y is a probability measure, we have (i, —2a+a?) =
(u, —1) = —1, whence the sought result. O

3.3 Propagation of the measure

We next want to investigate propagation properties for the measure p, and start with a propagation statement
“away from the boundary”.

Lemma 3.5. Under the assumptions of Lemma 3.4, with V € CL([—1,L + 1)), the distribution H,u defined
by

(Hp,u7 a>D/(R2)’D(R2) = —<,U,, (25[“)36 - V/ag)a>M(R2)’CO(R2), ac CEO(RQ), (39)

is of order at most 1. If moreover rn, = 0r2¢9,1)(hn) and ||Vyy — V||c1(—1,041) — 0, then
supp(Hpp) C {€* + V(z) =0} N ({0, L} x Re). (3.10)

The support statement (3.10) in Lemma 3.5 says that the measure p is Hp-invariant “away from the
boundary” of the interval [0, L]. The proof is classical in case V,, = V is smooth, but requires some care in
the present limited regularity setting.

Proof. Since V € C*(R), we have from the definition (3.9) that [(Hpu,a)prr2),pr2)| < Crkllallci(rz) for all
a € C(K), K C R? compact. Hence Hyu is a distribution of order 1.

Let us now turn to the support property (3.10). Lemma 3.4 first implies that Hpu is supported in the set
{¢€2+V(z) =0} N ([0,L] x Re). It is therefore sufficient to prove that

(Hppt, @)pr((0,L)xRe), D((0,L) xRe) = 0 (3.11)

for any a € C°((0, L) x R¢) (with Hpu defined in the sense of (3.9)). By density of vector space spanned by
tensor products of smooth functions in C}((0, L) x R¢), it is enough to prove (3.11) for test functions a under
the form a(x, &) = x1(z)x2(§) with x1 € C2°(0, L) and x2 € C(Ry).

As in the proof of Lemma 3.4, for € > 0, we let p.(z) = %p(x/e) be an approximation of identity and define
V€ = pexV and V5, := pe * V,. We notice that for any ¢ > 0, we have ||V — V| ¢1(—1,041) = 0 as n — +00,
and ||V = Vl||¢1(—1,041) — 0 as € — 0. We also set A = x2(h,Dz)x1(z). The proof of (3.11) consists in
computing in two different ways the limit of the quantity

1 — 1 —
LA(hn) = H <Apnﬂa %>S(R),S’(R) - E <A%7 Pn%>S(R),S’(R) ) (312)

which makes sense since A1), € S(R) and AP,¢,, € S(R). Using that P, is formally selfadjoint together with

pseudodifferential rules, we have on the one hand
1 1 . 1 .
La(hy,) = W ([4, Pn]%,%)m = ([A7Pn]%,%)m + W (4, P, — Pn]%,ﬁ)m , (3.13)
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where PS = —h%% + Ve. We first study the first term in (3.13). For fixed € > 0, [A, P¢] is a semiclassical
operator, so we can write

1 1 1 1
hi ([Aa sz]%a %)Lz — <:u’7 Z-{a7p€}> = _g <.ua Hp€a> —e—0+ _Z <,u’7 Hpa> . (314)

n——+o0o

Concerning the second term in (3.13), we have 7= ([4, P, — PS5y, %)m = ([A, Vo = V5], ¥n) ;2 Where,
using the product form of A,

[A, Vi = V5] = x2(hn Do) [x1(2), Vo = Vil + [x2(hn D2), Vi = Vilx1 () = [x2(hnDz), Vi — Vilxa(2).

As a consequence, recalling that v, is normalized in L?(R), we obtain

1 € 1 €
hi ([A7Pn - Pn]%’ %)Lz < hi ”[XQ(hnDZ)’ Vn — Vn]”[L(L?)
<C0Vn =Vl =3 Cl(V =Vl S0 0, (3.15)

where we used Lemma 3.12 below with € = h,,. Combining (3.13) with (3.14) and (3.15), and letting n — +oo
and then € — 07 (recall that L(h,) is independent of ¢), we have obtained for a(z, &) = x1(2)x2(§) with
X1 € C2(0,L) and x2 € C2(Re),

1

La(hy) s S (w, Hpa) . (3.16)
We now compute L4 (h,) in (3.12) using Equation (3.4). Using moreover that A = xa(h,D;)x1(x) with
supp(x1) C (0, L), together with the pseudolocality of A*, we obtain

1 1 * o0 / /
Then, L? normalization of ¥ together with L? boundedness of A and the assumption r, = or2(0,)(hn)
imply that the first two terms converge to zero as n — 4o00. Item 2 of Lemma 3.2 implies that the last term
converges to zero as well. Combined with (3.16), we have thus obtained (3.11) for all a in product form, and
finally for all a € C2°((0, L) x R¢) by density. This concludes the proof of (3.10), and thus of the lemma. O

As a preliminary for propagation properties, we first prove that the convergence in (2.13) holds not only
for compactly supported symbols a but also for symbols of order 2. For m € R, we shall say that a € S™(R?)
if |8§‘8§a(x,§,h)\ < Cop(&)™ P for all a,B8 € N,(z,£) € R% h € (0,1] (note that such symbols depend
implicitly on A, with uniform bounds).

Lemma 3.6. Assume (2.12) with r, = Op20,1)(hn), Vi = Oc1(j0,27)(1) and [|[Vyy = V||co(=1,041) — 0. Then,
for all a € S*(T*R) independent of h, we have

(Opy, (@)thn, %>H71}H1 = {1, @) e/ (R2) & (R?)- (3.17)

We denote for s € R by

lully, = [+ w2 a©Rds, where ile) = [ e ua)ds, ue SE)
' R R
the usual semiclassical Sobolev norm. Note that in Expression (3.17), Op,,, (a)¢, € H™', and is bounded
uniformly in H h_nl since ¥, and hn%' are bounded in L?(R), see Corollary 3.2. In particular, one can replace
in (3.17) a € S*(T*R) independent of h by a + e(h)b with b € S*(T*R) possibly depending on h (with
uniformly bounded seminorms in this class) and €(h) — 0.

Here and below, we take the convention that duality brackets between H~! and H' or between H n L and
H} in (3.17) are C—linear in the first variable and C—antilinear in the second variable.

Before giving the proof of Lemma 3.6, we give the following corollary which is actually the last item of
Proposition 2.4 (and is valid under less restrictive assumptions).
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Corollary 3.7. We have |%($)|2dx — m where the nonnegative Radon measure m on R is given by m = w*p.

Proof of Corollary 3.7 from Lemma 3.6. For any ¢ € C>*(R), we can apply Lemma 3.6 to a = pom €
SO(T*R), to obtain [ ¢(2)[¢n(2)]? dz — (1, ¢ o Term2)eme) = (M, @)e/(r),em®) by definition of m. By
density of C°(R) in CY(R), this implies the result. O

Proof of Lemma 3.6. We choose ¢ € C°(R?) real-valued such that ¢ = 1 in a neighborhood of supp(u). We
decompose

<Ophn (a)%a %>H*1,H1 = <Ophn (¢) Ophn (a)%v %>H*1,H1 + <(1 - Ophn (d))) Oph71 (a’)%a E>H*1,H1 .
We first notice that we have on the one hand (for any a € S™(R?) with principal part independent of h)

(Oby, (#) Op, (@)¢n; Yn) 12 = (OPs, (@6 bus ) o + Olhn) 3t da) = (psa),

using pseudodifferential calculus and the support properties of ¢.
To conclude the proof, it suffices to prove

(1~ Opy, (8)) Oy, (@), )y 1 s — 0. (3.18)

We first prove the intermediate statement that

|2 =0py, (@),

- 0. (3.19)

L2 n—+oo

To prove (3.19), we decompose for x € C°(R) equal to one near zero,

(1= Opy, (¢))hnty, = (1 — Opy, (6))X (R hnDa)hnthy, + (1 — Opy,, (0))(1 — X(R™ hyyDy)) ¥y,

for R large. For the second term, we have

— 0,

limsup | (1= Opy, (6))(1 = x(R huDa)) it et

n——+00

_ < Climsup H(1 (R D)),

L n—+00 -

using (3.7). As for the first term, using that 1, is supported in [0, L], we write for any R >0

(1= Oy, (BDX (R Do)ty

= (Brba ),
for Bg = x(z/L)X(R"'h,D;)(1 — Opy, (¢)*)(1 — Opy,, (¢))x(R™'h,D,), that is a semiclassical pseudodif-
ferential operator in Op,, (S°). Writing Br = Opy,(bgr) + hOp,(S™1) with bg(z,£) = x(x/L)x(R™¢)?(1 —
é(x,€))?, we have obtained
(BRﬁv %) 2 — <N7 bR> =0,

since ¢ = 1 in a neighborhood of supp(u), for any R > 0. Combining the above three lines, we have
proved (3.19).

We finally prove (3.18) for a € S52. Denoting by * Op;, (¢) the transpose of Op,, (¢) for the duality bracket
between H, Vand H L, we have

= (0D, (@) (1 = 0Dy, (D)) 1
< Hophn(a)%HH;l H(l —tophn(ﬁb))%HH;L
< Ol gy (111 = O, (6D [ 2 + 11 = * Op, ()2l )

— 0,
n—-+00

(1= 0D, (6)) Ops, (@) ) o g

where we have used (3.19), the fact that Opy(a) : H} — H; ' uniformly in h, and Lemma 3.4 for the last
convergence. This concludes the proof of the lemma. O

Note that the right hand-side of (3.17) makes sense for any a € C°°(R?), using that p is compactly
supported. Convergence in (3.17) however uses a € S?(R?).
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Lemma 3.8. Assume (2.12) with 7, = o0r2(9,1)(hn) and ||[Vn — V| c1(<1,L41) = 0. Then, for all ag, a1 €
C§°(R,) real valued and a(z,§) = ag(x) + a1(x)&, the measure p in (2.13) satisfies

(u, Hpa) = —£oa1(0) + Lras(L).
In the next proofs we need an function x such that
Y € C2((=2,2);[0,1)), x even, x(s) =1 for |s| <1, (3.20)

When ¢ > 0, is given, we will denote the function x.(s) = x(&s).
The proof of Lemma 3.8 follows the general scheme of that of Lemma 3.5, but we now need an extra care
to handle the boundary terms.

Proof. We set A = x(h D,)Ag with Ag := ag(x) + a1 (z)h,D,. As in the proofs of Lemmata 3.4 and 3.5, for
€ >0, we let pc(z) = 2p(x/e) be an approximation of identity and define V° := p. * V and V5 := p, * V,,. We
notice that for any € > 0, we have ||[V5, — V| c1(~1,041) — 0 as n — 400, and ||V = V||c1(—1,041) — 0 as
e — 0.

The proof consists in computing in two different ways the limit of the quantity

1

La(hy) ”

R 1 J—
<AP’I’L%7 %>S(R),S/(R) - hfn <A%a Pn%>S(R),S’(R) ) (321>

which makes sense since A, € S(R) and AP,9, € S(R). Using that P, is formally selfadjoint together with
pseudodifferential rules, we have on the one hand

)

1 1
LA(hn) = E ([A, Pn]%’ %)Lz = E ([A7P7€L]%7%>L2 + h,

([A7 Pn - Prﬂ%7 %)L2 ) (322)
where PS = —h2 -4, 4 Ve,

We first study the first term in (3.22). Recalling A = x(h3 D,) Ay, we decompose
On the one hand, we have [x(h)D,),P5] = [x(h}D,),V5] = Or2)(h}) according to pseudodifferential

calculus (or Lemma 3.12 below), and thus

([X(h’?LDI)3 P;]A()%a %) L2

1
— < Ch2||Agnllr2]|¥onl 2 = Oc(h2),

according to Corollary 3.2 and the definition of Ayg. On the other hand, we have

1

1 €
Fn <X(h”:r))lDiU)[A07Pn]%?%>H—1’H1 = <hn

[A()a Pri]%? %> + Rf’u
H-1,H!

with

R =

<hln[Ao, Balton, (1= X(hiDz))ﬂ’n>

< Celltbnll 110 = X D) tnl| 1
H-1 H! hn hn

using that hin[Ao, P¢] € Op,, (S?) (actually, it is a semiclassical differential operator of order 2, that is finite
sum of terms of the form Cjk(x)h,,;D%, k> j,0<j<2). We conclude that RS converges to zero as n — oo
thanks to Corollary 3.2.

Combining the above lines and using Lemma 3.6 (and the remark thereafter), we have obtained that the
first term in (3.22) satisfies

1 1
F([A,Pﬁ]%a%)m = <h[A0»PfL]1/Jn,%> +o.(1)
n n H-1,H1
1 1 1
njroo <:u’7 i{a,p€}> = —Z </~L7 Hpea> —Fe—s0+ —; <,LL7 Hpa> . (323)
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Concerning the second term in (3.22), we have i ([A, P, = PJtn, ¥n) 2= ﬁ ([4, V0 = V], ¥n) 2 Where
[,V = V5] = x(h Do)[(a0 () + a1 (2)hnDy) , Voo = Vil + [X(B D), Vi — V5] (a0(x) + ax ()b D,
by,
= X(hiDaﬁ)al(x)Tax(Vn -Vo)+ [X(h‘li)a Vi = Vpl (ao(2) + a1 (2)hnDy) .

As a consequence, recalling that ¢, and hnﬁ' are bounded in L?, we obtain

l (G,l (x>8m(Vn - V;)%, X(hiDm)%>L2

]

1
o (4, P~ Pl ) | =

n

_% ((a0(x) + a1(2)hnDy) s [x(B2 Da), Voo = Vilthn)

€ 9 €
< CN0s(Vn = Villpee + Chol|0:Vn = Vi)l =2 ClO:(V = V)l e
(3.24)

where we used Lemma 3.12 below with ¢ = h2 in the last line. Combining now (3.22) with (3.23), (3.24), and
the fact that ||0,(V — V)|~ — 0 as € = 0, we have obtained

Lal(hn) = = (i, Hya). (3.25)

We now compute L (h,,) defined in (3.21) inn: ;r;fofere;t way using the equation (3.4). We obtain
La(hn) = —hn (A (¥, 07)80 =¥, (L7)01) s o) (g ey
o (A, (90 00)60 ~ B/ (L)L) ) o))
= I |, (0F) (A7) (0) + (A (0)0, (07)]
+ ho [9,(L7) (A ) () — (Aun) (L) (L7)] + 0(1). (3.20)

We now only treat the boundary terms at 0; the boundary terms at L being handled similarly. Recalling the
definition of A at the beginning of the proof, we have

A* = (ao(x) + thall(x) +aq (x)hanc) x(h3 D).

As a consequence, we have

(A%)(0) = <ao<0) + ’;aa(O)) [X(h&D2)¥n] (0) + a1(0) [x(hE Da)hn Dythn] (0), (3.27)
(AYn)(0) = [x(hi D2) (agthn)] (0) + [x(hiDz) (a1hnDatbn)] (0). (3.28)

It is now possible to apply Lemma 3.9 below with & = h3, with f = 1y, or hy, Dby, or ag(x)1y, or ay(x)hy Dythy.
For instance, using that v,,(0) = 0, we have

[x(00) (a0)] 0)] = 0 (o) [, + lavsa] ) < o0

on account to Corollary 3.2. Similarly, according to Lemma 3.9, we have

(D) (arhn Dathn)] (0) = 510 Daton (07) + 51,

5 1
with  |s,| < Chg (H(a’lw’:l)/HLQ(U,L) + HGN%HL?(O,L)) < Cha,

where we used the equation (2.12). Note that the power 3 in x(h2 D,) has been chosen so that to handle the
remainder terms. Collecting all terms in (3.26)-(3.27)-(3.28), we have obtained

Lalha) = 1010, 09 — rar (D)t (L) +0 (B2) = Z(aa(0)f — ar(L)02),

where we used (3.6) in the limit. This concludes the proof of the lemma when combined with (3.25). O
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We have used the following Lemma which is a 1D simpler version of [GL93, Lemma 3.8], and which proof
relies on the elementary lemmata 3.10 and 3.11 below which sometimes use the specific properties (parity)
for x in (3.20).

Lemma 3.9. Let f € L% . (R) be such that, in D'(R), we have

comp

f'=F+ady+ Boy, with FeL*R), a,pfcC.

Then, with x as in (3.20), we have f|(_c0) € C°([=20,0]), flo,ry € C°([0,L]), fliz,00) € C°([L,0]),
together with
FOT) + f(0~ .
(D) P = OO it oy < 012 (1 ey + 1l o) -

Proof. The fact that f is piecewise continuous follows from the fact that f’ is a Radon measure. Using
Lemma 3.11 below and a partition of the unity, we are reduced to the case where f is supported in (—L/2, L/2)
and 8 = 0.

We define g(z) = W Then, g is CO(R) with ¢’ € L*(R) and 19'l L2y < II1Fllp2(r)- We have

g(0) = w. Using that y is even and writing x.(s) = x(gs), we also have (denoting by X. the inverse
Fourier transform of y.)

(=Dl 0) = 5 [ )+ Fl ey = 5 [ W) + X)) Fddy = (D)1 0),
We can conclude by applying Lemma 3.10 below to g. O

Lemma 3.10. There is C > 0 such that for all f € CO(R) with f' € L*(R), we have
|(X(5Dx)f) (0) — f(0)| < Cel/? ||f/||L2(R) ,  foralle > 0.

Proof. Denoting Y. the inverse Fourier transform of x., we have x:(§) = 2x(¢71¢). Since x(0) = x.(0) =1,
we have [, X-(£)d¢ = 1 so that

(xe(D2) £)(0) — £(0) = / [F(~) — F(0)] Xe(w)dy = — / ¥ () / F(—ty)dtdy

=—¢ /Rm zx(x) /01 I (—tex)dtdz.

We have by Cauchy-Schwarz inequality

1/2

6O = O <2 [ [ fastal 17 (~teo)] dtde < < ol [ (/R If’(—t€:v)l2dx> dt

1 1/2
<o [ ( / If’(8)|2d8> 0t < CV2 |y
0 Rs

which is the sought estimate. O

Lemma 3.11. Let ¢ > 0 and N € Ry, then, there exists Cy,. > 0 so that for all f € L*(R) so that f =0
a.e. in (—c,c), we have

|(x(eD2) ) (0)] < COnee™ I f 2

Proof. With the same notations as the proof of Lemma 3.10, we have

| (x(eD2) £)(0)| = ‘/Rf(—y)x”e(y)dy’ <y f e [l Xe W] < X2 N F N e 2 X (@) 2 s

whence the sought result after having changed the value of N. O

We have also used the following lemma to handle “low-regularity” potentials.
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Lemma 3.12. Assume V € C°(R) such that V' € L®(R) and x € C2°(R). Then we have
[x(eD),V(2)] € LIL*(R)),  with  [[x(eD), V(@)lll 2y < Cxe IVl oo gy

Proof. The operator x(eD) is the convolution by 15( (g) where Y is the inverse Fourier transform of x. Its
kernel is therefore 1y (*=%) and the kernel of [x(eD), V (z)] is therefore K.(z,y) = 1% (:2%) (V(y) — V(=)).
The Schur Lemma and symmetry of the kernel in (z,y) give

Ix(eD), V@) 22 )y < max {supHK (@ 9) L1 g, )asupllK Y L1 e, )}

1
stup/ x(
€ zeR JR,

<V lmysup [ (s =) (s - 1) at
seR JR,

)\W(y) o dy < s [ (s =011Vt Vi)

This yields the expected result with Cy = [[tx(¢)] .1 O

3.4 Invariance properties near the boundary

Now, we will state the propagation at the boundary. We only consider the boundary problem at = = 0, the
problem near = L being handled similarly. The following is a 1D version of [GL93, Theorem 2.3].

Lemma 3.13. Under the assumptions of Proposition 2.4, with ||ry||L2 = o(1), we have
e (Elliptic case) if V(0) > 0: then €o =0 and p =0 for = close to 0

e (Glancing case) if V(0) = 0: then Hypu = —Lody=o ® d¢_q for x close to 0
. . . - ) _
o (Hyperbolic case) if V(0) < 0: then Hpp = T —Ov(o) Oz=0 ® (552\/% 6527\/%) for x close to 0.

Note that the simple 1D setting here allows to avoid the use of the Malgrange preparation theorem and
provides with a self-contained elementary proof (as compared to [GL93, Theorem 2.3]).

Remark 3.14. Note that one recovers the equation in the glancing case V(0) = 0 by taking the limit
—V(0) — 0 in the equation obtained in the hyperbolic case.

Proof. In the first elliptic case, that p = 0 near x = 0 is a consequence of Lemma 3.4 together with {p =
0} N ({0} x R) = 0 if V(0) > 0. Applying Lemma 3.8 with ap = 0 and a1 satisfying a1(0) = 1 and
supp(a1) X R Nsupp(u) = 0 yields ¢y = 0.

For the glancing case, we use Lemma 3.5 together with {£? + V(z) = 0} N {0} x R¢ = {(0,0)}. Classical
Distribution theory implies that close to x = 0,

Hyi = q(0,09(0,0) + 4(1,0)92(0,0) + (0,1)99(0,0)>
where ¢, € C. Lemma 3.8 gives, for every a(z, &) = ao(z) + £a1(x)
loa1(0) = — (i, Hpa> = Q(o,o)ao(o) - Q(l,o)af)(o) - Q(o,1)al(0)-
Since ag and a; are arbitrary smooth functions, we obtain g0y = ¢@1,00 = 0 and g1y = —fo, so that

Hyp = —Lody=0 ® 0¢_, which is the sought result.
For the hyperbolic case, Lemma 3.5 together with

{€2 +V(z) = 0} N {0} x Re = {(0z, v/=V(0))} U {(0z, —/=V(0))}

imply again that, close to x = 0,

— gt + +
Hpp = 410,0)00,, /@) T 91,0990,y oy) T %0,1)%%0, /o))
+90,0)%0,—v o) T U000 /oy T U020, (3.29)
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This time, Lemma 3.8 gives for every a(z,&) = ao(z)
0 = — {p, Hya) = (Hypi,0) = () + 05,0))20(0) — (075 o) + 075.0))ab(0).

This implies

90,0) = 4lo0) = 900y A 410) = 410y = 10y (3.30)
Then, Lemma 3.8 gives for every a(z,£) = ai(x)€

loa1(0) = — (u, Hpa) = /=V(0) [2@1(0)(](0,0) - 2a/1(0)11(1,0)] - (q(JBJ) + Q(_()J))al(o)'
This gives g(1,0) = 0 and
=V =V(0)24(0,0) — (4(p.1) + 4(o.1))- (3.31)
To finish, we now choose a(x, &) = p(x,£)b(x, ) as a test function, for b € C°(R?), and obtain
{1, Hpa) = (p, pHpb) + (b, Hyp) = 0,

where we have used Lemma 3.4 for the first term and Hpp = 0 for the second. Applying again (3.29)
to this function a and using the information we already have on the coefficients in (3.29), we obtain using

a(0,4+/=V(0)) = 0 (recall that p = €2 + V(z)) that
0= — (. Hya) = g 1, () (0, v/"VO)) + g 1 (050) (0, —/~V0)).
But now for a(z, &) = p(x, &)b(x, €), on the set p = 0, we have

(Oga)(@,€) = (9ep) (2, )b(x, &) + (9eb) (2, E)p(x, §) = 28b(, §).

So, we deduce

-V Q(O 1) b 0, \/ V \/ V Q(o 1) _V(O))

Since b is arbitrary and 1/—V(0) # 0, we obtain qa’) 1) = 40,1y = 0- This, together with (3.31) implies that

lo = 24/=V(0)q0,0y which, combined with (3.29), (3.30) and g1,y = 0, gives the expected result in the

hyperbolic case. O
We now specify to the glancing and diffractive case at x = 0.

Lemma 3.15. If V(0) = 0 and V'(0) <0, then £y = 0. If moreover V'(0) < 0, then u({(0,0)}) = 0.

Proof. For this, we follow [BG97]. We take x € C°(—1,1) with x = 1 in a neighborhood of 0, x > 0 and
Jg x = 1. Define X(s) = fjoo x € C*(R) and test the identity Hyu = —{yd,—0 ® d;_, obtained in Lemma 3.13
with the function a(z,£) = x(z/a)x(£/8) € C*(R?) for a, B > 0. This yields (for « sufficiently small)

5 V'(z ~ 14 60
(=2 @)/ 9)) + s Z SN/ (€/8)) = (o) = 2.
Multiplying by 3, choosing o = 1/f3, and using dominated convergence yields, in the limit 8 — 0%
O (VB) + {u. V' @/ VBIX(E/))
Now taking the limit 8 — 0" and using again dominated convergence implies V' (0)u({(0,0)}) = 4o. hat
V'(0) <0, p >0 and ¢y > 0 implies that £ = 0. If moreover V'(0) < 0, then, we obtain p({(0,0)}) =
which concludes the proof of the lemma. D
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